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Abstract

We consider a jump type diffusion X = (X;); with infinitesimal generator given by

Loe) =3 3 ey G + @)Vt + [ (0t cle.) — vl ()

d
1<i,j<d R

where g is of infinite total mass. We prove Harris recurrence of X using a regenera-
tion scheme which is entirely based on the jumps of the process. Moreover we state
explicit conditions in terms of the coefficients of the process allowing to control the speed
of convergence to equilibrium in terms of deviation inequalities for integrable additive
functionals.

Key words : Diffusions with jumps, Harris recurrence, Nummelin splitting, continuous time
Markov processes, Additive functionals.

MSC 2000 : 60 J 55, 60 J 35, 60 F 10, 62 M 05

1 Introduction

Let N(ds,dz,du) be a Poisson random measure on R x R? x R, defined on a probability
space (Q, A, P) with intensity measure dsu(dz)du, where p is a o—finite measure on R?
having infinite total mass. We consider a process X = (X¢)i>0, Xt € R?, solution of

t t
X = :c+/ 9(Xs) ds+/ o(Xs) dWSJr/ / c(z, Xs- ) y<y(z,x,_)N(ds,dz,du), (1.1)
0 0 0, JRIXR -

z € R? where W is an m—dimensional Brownian motion. The associated infinitesimal
generator is given for smooth test functions by

2

i) =5 3 aii(0) g @) + 9@ V() + [ (Wl elz) — bz 0uldz)

1<i5<d 89528% R4
(1.2)
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where a = oo*. Notice that the jump rate at time t of process depends on the position of
the process Xy itself, i.e. the intensity measure in the infinitesimal operator L is vy(z, z)u(dz).
Moreover, since p has infinite total mass, jumps occur with infinite activity, i.e. the process
possesses infinitely many small jumps during any finite time interval [0, 7.

The principal aim of the present paper is to give easily verifiable conditions on the coef-
ficients g, o, ¢ and v under which the process is recurrent in the sense of Harris and satisfies
the ergodic theorem, without imposing any non-degeneracy condition on the diffusive part.
Recall that a process X is called recurrent in the sense of Harris if it possesses an invariant
measure m such that any set A with m(A) > 0 is visited infinitely often almost surely (see
Azéma, Duflo and Revuz [2] (1969)): For all 2 € RY,

Px[/ooolA(Xs)ds:oo] =1.

For classical jump diffusions there starts to be a huge literature on this subject, see e.g.
Masuda [8] (2007) who works in a simpler situation where the “censure” (or “intensity”)
term 1,<+(;,x,_) is not present. In order to prove recurrence, Masuda follows the Meyn and
Tweedie approach developed in [9] or [10]. Kulik [6] (2009) uses the stratification method in
order to prove exponential ergodicity of jump diffusions, but the models he considers do not
include the censured situation neither. Finally, let us mention Duan and Qiao [5] (2014) who
are interested in solutions driven by non-Lipschitz coefficients.

On the contrary to the above mentioned papers, in our model, jumps occur at a given
intensity depending both on the current position of the process and on an additional noise z.
The presence of this intensity term y(z, Xs_) in (1.1) is in fact quite natural, but it implies
that the study of X is technically more involved than the non-censured situation when ~ is
lower-bounded and strictly positive.

The aim of the present paper is to show that the jumps themselves can be used in order
to generate a splitting scheme which implies the recurrence of the process. The method we
use is the so-called regeneration method which we apply to the big jumps. More precisely,
for some suitable set E such that u(E) < oo, we cut the trajectory of X into excursions
between successive jumps appearing due to “noise” z belonging to E. In spirit of the splitting
technique introduced by Nummelin [11] (1978) and Athreya and Ney [1] (1978), we state
a non-degeneracy condition which guarantees that the jump operator associated to the big
jumps possesses a Lebesgue absolutely continuous component. This amounts to imposing
that the partial derivatives of the jump term c with respect to the noise z are sufficiently
non-degenerate, see (2.7) and (2.8) below. We stress that we do not need any non-degeneracy
condition for the diffusion coefficient o.

In this way we are able to construct a sequence of regeneration times R,, such that
the trajectories (X(g, 44)t<Rns1—Rn)n>1 are ii.d. In particular, “regeneration generates in-
dependence immediately”, i.e. at each regeneration time R,, the “future” Xp ¢t > 0 is
independent of the past 0{Xs, s < R,,}, without imposing any time lag as usual in the study
of processes in continuous time.

Notice that we do not apply the splitting technique to an extracted sampled chain nor
to the resolvent chain as in Meyn and Tweedie [10] (1993); the loss of memory needed for
regeneration is produced only by big jumps. This approach is very natural in this context,
but does not seem to be used so far in the literature, except for Xu [14] (2011), who works
in a very specific frame where the jumps do not depend on the position of the process.

Our paper is organized as follows. In Section 2 we state our main assumptions, prove a
lower bound which is of local Doeblin type and state our main results on Harris recurrence



and speed of convergence to equilibrium of the process. Section 3 introduces the regeneration
technique based on big jumps and proves the existence of certain (polynomial) moments of
the associated regeneration times. Section 4 is devoted to an informal discussion on explicit
and easily verifiable conditions stated in terms of the coefficients ¢, o, ¢ and v which imply
the Harris recurrence. Finally, we give in Section 5 a proof of the local Doeblin condition.

2 Notations

Consider a Poisson random measure N(ds,dz,du) on Ry x R? x R, , defined on a proba-
bility space (£2,.A, P), with intensity measure dsu(dz) du, where p is a o—finite measure on
(R4, B(R%)) of infinite total mass. Let X = (X;)i>0, X; € R?, be a solution of

t t
X, = ot / g(X.)ds+ / (X,) AWt / / (2 Xo )L o x ) N(ds, dz, du), (2.3)
0 0 [0,t] JREIXR -
z € R? where W is an m—dimensional Brownian motion. Write IF = (Ft)i>0 for the
canonical filtration of the process given by
Fi=c{W,, N([0,s] x Ax B),s <t,Ae B(R?),B e BR,)}.

Throughout this paper, for any = € R, |z| will denote the Euclidean norm on R?. Moreover,
for d x —d matrices A, ||A|| denotes the associated operator norm.

2.1 Assumptions

In order to grant existence and uniqueness of the above equation, throughout this article, we
impose the following conditions on the coefficients g, o, ¢ and 7.

Assumption 2.1 1. g and o are globally Lipschitz continuous; o is bounded.
2. ¢ and vy are Lipschitz continuous with respect to x, i.e.
le(z,2) — e(2,2)] < Le(2)le — /| and |y(z,2) — 7(z,2)] < L ()] — 2,
where Le, L, : R — R,.
3. $uD, fra(Le(2)y(z@) + Ly (2)le(z 2) Du(dz) < oe.
4. 5D, o (2 2) ez, 2)|(d2) < ox.
5. limp e sUp, fpa ¥(2, 2)|c(2, ) 1 r<q(z0)3(dz) = 0.

Under these assumptions, Theorem 3 of Bally and Rabiet [3] (2015) implies that (2.3)
admits a unique non-explosive adapted solution which is Markov, having cadlag trajectories.
Notice that our assumptions do not imply that there exists a finite total jump rate

[t antaz)

for any = € R%. In other words, the above integral might be equal to +o00, and jumps occur
with infinite activity. We also stress that due to the presence of the censure term 1,<,(. x, )



in equation (2.3) we are not in the classical frame of jump diffusions where the jump term
depends in a smooth manner on z and .

In the present article we are seeking for conditions ensuring that the process X is recurrent
in the sense of Harris without using additional regularity of the coefficients, based on some
minimal non-degeneracy of the jumps and without imposing any non-degeneracy condition on
0. Recall that a process X is called recurrent in the sense of Harris if it possesses an invariant
measure m such that any set A of positive m—measure m(A) > 0 is visited infinitely often
by the process almost surely (see Azéma, Duflo and Revuz [2] (1969)): For all 2 € R?,

Pm[/ooo 1A(Xs)d3:oo] — 1

We will prove Harris recurrence by introducing a splitting scheme that is entirely based
on the “big” jumps of X. In order to do so, we introduce the following additional assumption.

Assumption 2.2 1. Writing the Lebesgue decomposition = pige + s, With pgec(dz) =
h(z) dz, for some measurable function h > 0 € L',c()\), A the Lebesque measure on R?, we
suppose that there exists zy € R and R > 0 such that

inf h(z) > 0.

2€R%:|2—20|<R

2. There exists a non-decreasing sequence (E,), of subsets of R® and an increasing sequence
of positive numbers 7, with 4, T +00 as n — oo, such that |J E,, = R,

/ Az, 2)(d2) = Fn(z) < 0 < 00 (2.4)

n

for all n.

2.2 A useful lower bound

We fix some n. Thanks to (2.4), we can couple the process X; with a rate 7, —Poisson process
Nl = (Nt[n})tzo such that jumps of X; produced by noise z € E,,

AXt = / / C(Z, Xt—)lug'y(z,Xt_)N(dt7 ClZ7 Cl’LL),
n J0

can only occur at the jump times T[n}, k> 1, of NI,
Let II(z,dy) = L(X m|X m_ = x)(dy) be the associated transition kernel. Our aim is
k k

to obtain a local Doeblin condition of the type

H(l‘,dy) > 1C<m)5’/(dy)v (2-5)

for a suitable measurable set C, some 3 €]0,1[ and a suitable probability measure v.
First notice that 7, in (2.4) is only an upper bound on the total jump rate produced by

noise belonging to F,. As a consequence, for any k£ > 1 and on the event that XT[”]_ =z,
k
jumps are only accepted with probability 7’%—?) Moreover, it is easy to see that the following



lower bound holds. Write K = B(zg, R) with zy and R chosen according to Assumption 2.2
item 1. Then

1
V) > [ At el ))p(d)
> L (2 )Ty (2 + c(z, 2)h(z) dz,  (2.6)
Tn JENK

where h is the Lebesgue density of the absolute continuous part of w. It is natural to use
a change of variables in the r.h.s. of the above lower bound, i.e. to replace, for fixed initial
position z, the argument = + c(z, 2)) by ¥ = y(z), on suitable subsets of R? where z +
x + ¢(z, z) is a diffeomorphism. The difficulty is to control the dependence on the starting
point z, since we are seeking for uniform lower bounds (2.5), uniform in x € C. This uniform
control is achieved in the following proposition.

Proposition 2.3 Grant Assumption 2.2. Suppose moreover that there exist xo € R? and
r > 0 such that for all x € B(xg, 1),
i) there exists A > 0 with

V.c(z0,2)h| > A,  VheRY, (2.7)

ii) there exists K > 0 such that for all z € B(zp, R),

K
V. < = 2.8
I(7-eta) [ o] < 29
i)
inf v(z,z)h(z) = >0, S= sup sup  sup |0,c(z, )| < oo, (2.9)
zi|z—20|<R,z:|z—20|<T 2:|z—20|<R x|z —x0|<1r 0

where h(z) is the Lebesque density of the absolutely continuous part of p.
Fiz ng with B(zg, R) C En,. Then there exist n > 0 and some ball B C R% such that for
all n > ng,

1
inf PX meVIX n =2z> AV NB). 2.10
et [Xpm € VIX g _ =] 2 .50 ( ) (2.10)
As a consequence of Proposition 2.3, the local Doeblin condition (2.5) holds with C' = B,
8= )l(Bd A1l and v(dy) = /\(IB) 15(y)dy. Notice that the set C' is not a “petite” set in the
sense of Meyn and Tweedie (1993) [10].
The main ingredient of the proof of Proposition 2.3 is the following result.

Lemma 2.4 Let V,(z) = x + ¢(z,2), K = Bz, R), ¥,(K) = {¥.(2),z € L} and a, =
x + c(z0,x) = Vy(z0). Put

A 1
p= (R A ﬁ) (2.11)
Then there exists n > 0 such that
p
B(aay, 5) C N 2(K). (2.12)
z€B(z0,n)

Moreover, for all v € B(zo,r), B(az,p) C V4(K), and there exists K C K such that z —
VU, (2) is a C'-diffeomorphism from Ky to B(ag,p).



The proof of this Lemma and of Proposition 2.3 is given in Section 5 below.

Remark 2.5 The ball B appearing in (2.10) can be chosen as B = B(ag,, p/2) with p as
in (2.11) and ay, = xo + (20, z0). If moreover

L.= sup L.(z) < o0,
z:|z—20|<R
then we can choose
1
P A(RA W) A
= AT =— 5 AT
T 90+ A1+ Le)

We close this section with two examples where the ball B and the radius n are explicitly
given.

Example 2.6 We consider the one-dimensional case, with p(dz) = dz. Throughout this
example, f will be a bounded 1—Lipschitz function such that |f(xz)| > f > 0 for all x €
B(zo, 7).

1. Suppose that c(z,z) = e VI f(x) for all z € B(z, R) and that |z| > R+ a, a > 0. Then
for all x € B(xo,r), |Vsc(z0,2)h| = !f(x)e*|Z0|h} > Alh| with A= fe~?0l. Moreover

2¢ elzol _
1(V.e(z0,2)) " g%(z,x)’ = 7@ |fx)e ¥ <elol=e = K vze Bz, R).

Recall that B = B(ag,, p/2) where ay, = xo + (20, T0) = o + e~ 1?0l f(z0). We have

g:ﬂf“%) :fe4zo|(R/\€a2zO|>‘

a

Finally, since Le = sup,.,_ . <r Le(2) < €™,

—|z0] a—|zo|
p fe e
= AT > — RA AT
TT 90+ 1y) 7"—4(1+e—a)< 2 ) "
2. Suppose now that ¢(z,x) = M and that |z0| > R+a, a > 0. Then for all x € B(xq,T),
22
2f|z
|V .c(z0,2)h| = )f(a:) ZQJZrOl)Qh‘ > A|h| with A = ( (%f)'g Moreover
(x5 +1)* 1322 — 1
2c(20,7 = X 2|f(x)|l 75—
It 5002 - o] A Ty
(25 + 1)*13(120] + R)* + 1 BTy
=K B .
=T Jal@ 1y el
In this case,
2 2 1 3
A ST YN O 2 )
2 2+ 1)2 2(25 + 1)2|3(|z0| + R)? + 1]
Since Le = sup,,|._.|<r Le(2) < 1+ ——3, we have
p fzol |20/ (a® +1)?
g 2(1+ L) "= [2(1 + a?)(2% +1)2 ( 2(23 + 1)2|3(|20] + R)? + 1|)} "



2.3 Drift criteria

The set C' = B(xg,n) appearing in the local Doeblin condition (2.5) and (2.10) will play the
role of a small set in the sense of Nummelin [11] (1978) and Meyn-Tweedie [9] (1993). In
order to be able to profit from the lower bound (2.10), we have to show that (X, )k comes

k
back to the set C' i.0. For that sake, we introduce a drift condition in terms of the continuous
time process, inspired by Douc, Fort and Guillin [4] (2009).

Assumption 2.7 There ezxists a continuous function V : R¢ — [1,00[, an increasing
concave positive function ® : [1,00[— (0,00) and a constant b < oo such that for any s > 0
and any x € R?,

E.(V(X,) + E </0 o V(Xu)du> < V(z)+ bE, (/Os]lcx(Xu)du> , (2.13)

where C' = B(xo,4), n as in Proposition 2.3.

This drift condition ensures that the process comes back to the set C' = B(xo, #) infinitely
often. The choice of /2 is on purpose and will be explained by Proposition 3.3 below.

If V € D(L) belongs to the domain of the extended generator L of the process X, then
Theorem 3.4 of Douc, Fort and Guillin [4] (2009) shows that the following condition

LV(z) < —®oV(zx)+ blp(x) (2.14)

implies the above Assumption 2.13.

We discuss in Section 4 examples where (2.13) or (2.14) are verified.

Under Assumption 2.7, Douc, Fort and Guillin [4] (2009) give estimates on modulated
moments of hitting times. Modulated moments are expressions of the type

E. /0 r(5)(X.) ds,

where 7 is a certain hitting time, r a rate function and f any positive measurable function.
Knowledge of the modulated moments permits to interpolate between the maximal rate of
convergence (taking f = 1) and the maximal shape of functions f that can be taken in the
ergodic theorem (taking r = 1). In the present chapter we are interested in the maximal rate
of convergence and hence we shall always take f = 1.

For the function ® of (2.13) put

Ho(u) = fqii), u>1, (2.15)
and
ro(s) =r(s) = ®o Hy'(s). (2.16)

If for instance ®(v) = cv® with 0 < a < 1, this gives rise to polynomial rate functions
r(s) ~ Csﬁ;

a = 1yields r(s) = ce. In most of the cases, we will deal with the case ®(v) = cv*,0 < a < 1
and thus work in the context of polynomial rates of convergence. In this situation, the most
important technical feature about the rate function is the following sub-additivity property

r(t+s) <c(r(t) +r(s)), (2.17)



for t,s > 0 and ¢ a positive constant. We shall also use that
r(t+s) <rt)r(s),

for all t,s > 0.

2.4 Main results

Theorem 2.8 Grant the assumptions of Proposition 2.3, Assumptions 2.1, 2.2 and 2.7.
1. The process X is recurrent in the sense of Harris having a unique invariant probability
measure m such that ® oV € L'(m). The invariant probability measure m is the unique
solution of

2(x
/Rd 1 Z aw(as)g;j};xj + g(z)Vy(x) | m(dx) =

21§i,j§d
/'L/<w@>—w@r%dax»wcwwMM@ m(dz), (2.18)
R4 Rd

for all ¢ € C*(RY) being of compact support.
2. Moreover, for any measurable function f € L'(m), we have

P ree)as = mip)

as t — 00, Py—almost surely for any x € R?.

The above ergodic theorem is an important tool e.g. for statistical inference based on ob-
servations of the process X in continuous time. In this direction, the following deviation
inequality is of particular interest. Recall that v is the measure given in the local Doeblin
condition (2.5).

Theorem 2.9 Grant the assumptions of Proposition 2.3, Assumptions 2.1, 2.2 and 2.7

with ®(v) = cv®,0 < a < 1. Put p = 1/(1 — ). Let f € L'(m) with ||f|lcc < o0, T be any
initial point and 0 < & < ||f|loc- Then for all t > 1 the following inequality holds:

P, (’1 /Ot F(Xy)ds — m(f)' > 5) < K(p,v, X) V(z) = x

2(p—1 .
X{aﬁlmm£’> ip>2 }. (219

LAf115 ifl<p<?2

Here K(p,v, X) is a positive constant, different in the two cases, which depends on p,v and
on the process X, but which does not depend on f, t, .

Finally, we obtain the following quantitative control of the convergence of ergodic averages.

Proposition 2.10 Grant the assumptions of Proposition 2.3, Assumptions 2.1, 2.2 and
2.7 with ®(v) = cv®,0 < a < 1. Then for any z,y € RY,

1 [t 1 /[t 1 . »
IIt/0 Ps(:':,-)ds—t/0 Ps(y,-)dSHTvﬁC';(V(x)(l ) 1V (y)-), (2.20)

8



where C' > 0 is a constant. In particular, if a > %, then

H/ Py(x ds—mHTV<C V()= (2.21)

The proof of Theorems 2.8 and 2.9 and of Proposition 2.10 relies on the regeneration
method that we are going to introduce now.

3 Regeneration for the chain of big jumps

3.1 Regeneration times

We show how the lower bound (2.10) on the jump kernel (2.5) allows us to introduce regen-
eration times for the process X.

We start “splitting” the jump transition kernel II(z,dy) of (2.5) in the following way.
Since I(z,dy) > Blc(x)r(dy), we may introduce a split kernel Q((z,u),dy), which is a
transition kernel from R? x [0, 1] to R?, defined by

v(dy) if (z,u) € C x [0, ]
Q(z,u),dy) = ¢ 145 U(z,dy) — Br(dy)) if (z,u) € Cx]6,1] (3.22)
II(z, dy) ifx ¢ C.

Notice that .
/0 Q((xr,u), dy)du = TI(z, dy):

it is in this sense that Q((x,u),dy) can be considered as “splitting” the original transition
kernel II by means of the additional “color” w.

We now show how to construct a version of the process X recursively over time intervals
[T,En}7 ,Eﬂl[ k > 0. We start at time t = 0 with Xy =  and introduce the process Z; defined

by
t
Zt::c—l—/ 9(Z )ds+/ dW+/// (2, Zs—)ly<ry(z,2,_)N (ds, dz, du).
0 c

For t < T 1[n], we clearly have Z; = X;. Notice also that T} 1[n] is independent of the rhs

of the above equation and exponentially distributed with parameter %,. We put XT[n]i
1

Zm_ (notice that Z m = Z_pm_, since Z almost surely does not jump at time T 1[n]) On
1 1 1

X

il = z’, we do the following.
[l

1. We choose a uniform random variable Uy ~ U(0, 1), independently of anything else.
2. On Uy = u, we choose a random variable V; ~ Q((2',u),dy) and we put

X = V1. (3.23)
1
We then restart the above procedure with the new starting point V; instead of x.
We will write X for the process with additional color Uy, defined by

X; = Zl[

t)(Xe, U).

7 k+1[



Remark 3.1 Notice that the above splitting procedure does not even use the strong Markov
property of the underlying process. It only uses the independence properties of the driving
Poisson random measure.

This new process is clearly Markov with respect to its filtration, and by abuse of notation
we will not distinguish between the original filtration [F' introduced in Section 2 and the
canonical filtration of X¢. In this richer structure, where we have added the component Uy
to the process, we obtain regeneration times for the process X. More precisely, write

A:=Cx|0,p]

and put
Ry :=0, Rgy1:= inf{T#ﬂ > Ry : XT["]— € A} (3.24)

Then we clearly have

Proposition 3.2 a) Xp, ~ v(dz)U(du) on Ry < oo, for all k > 1.
b) Xg,+. is independent of Fr,— on Ry < oo, for all k > 1.
¢) If Ry, < oo for all k, then the sequence (Xg, )g>1 i i.i.d.

It is clear that in this way the speed of convergence to equilibrium of the process is
determined by the moments of the extended stopping times Rj. In the next section we show
that the drift condition of Assumption 2.7 ensures in particular that R, < oo P,—almost
surely for any x.

3.2 Existence of moments of the regeneration times

Recall the local Doeblin condition (2.5) , the definition of the set C' and of C' = B(z0,7/2).
Let 7o = inf{t > 0 : X; € C'} be the first hitting time of C’. It is known (Douc, Fort and
Guillin [4] (2009)) that the condition (2.13) implies that

Tc/
Ex/ r(s)ds < V(x), (3.25)
0
where r is given as in (2.16).

Return times to C

In particular, equation (3.25) implies that 7o < oo P,—surely for all z. We show that
this implies that the regeneration times Ry introduced in (3.24) above are finite almost

surely. Recall that T; lin] are the successive jump times of the dominating Poisson point process
N having rate An- The regeneration times R are expressed in terms of the jump chain

X m_,k = 0. We have to ensure that the control of return times to C’ for the continuous
k
time process imply analogous moments for the jump chain.
Before stating the first result going into this direction, we have to introduce the following
objects. Let ||o|loc be the sup-norm of the diffusion coefficient o and let B be such that
lg(x)] < B(1+ |z|), Vo € RZ Since g is supposed to be globally Lipschitz continuous, such a

constant B clearly exists. Finally, we choose n sufficiently large such that

Y > B (3.26)

10



(recall that 7, — oo as n — oo) and such that
VT Tn Tn U
ol + By——5 < —, (3.27)
Ty Gt TG Br <
where B;, = sup, [pa c(z,2)v(z,2) du(z) + B(1 + |zo| + 3).
Proposition 3.3 For any n verifying (3.26) and (3.27),

1
inf Po(X g €C)> =
;rlélC’ z( Tl[ I )_

> (3.28)

Remark 3.4 The choice % in the above lower bound is arbitrary, by choosing larger values
of n, we could achieve any bound 1 — € on the right hand side of (3.28).
Proof Recall the process Z; defined by

t
Zt:x—|—/ 9(Z )ds+/ s) dW; —i—/ / / c(z, Zs—)ly<r(z,2,yN (ds,dz, du)
0 C

and recall that for any ¢ < Tl[ }, Zy = Xy. Recall also that T: 1[ " s independent of the rhs
of the above equation, exponentially distributed with parameter 7,. Now let z € C’ and

upper-bound

Po[Xpm_ ¢ Cl=Pu[Zm_ ¢ Cl.

T[n] Tl

Clearly, Py [|Z; — x| > 4] < 2E [|1Z: — =]
Let T'> 0. Then, with ZT = Supycpo,r] | Zt| and m € N,

t
E[|Z — 2|l z5.cm] < Es [|/ o(Zs) AWi[1zz.cm| + B | /g )| sl 7z <]

+ E / / / Z Zs— |1u<7 (2,Zs— (dS, dz, du)]lz;<m:|

t
<E; [|/ U(Zs) dWs’ + Ey / ’g(Zs)‘dS]lZ}<m]
0 0

t o0
+Ex[/0 //0 6(2: Zs )Ly (e, 7, N (ds, dz, du) |

with (using the It6 isometry and the fact that o is bounded)

Ex[| /Ota(zs)dwsq < \/Ez[| /Otcr(Zs)dWSP] < ||oflos VE.

Moreover, for x € B(zg,4) = C’,

t t
B[ [ lo(Zolast ] < B[ [ BO+1Z0) 451z

t
:Bt+B/ E:E[|Zs|]lZ}<m] ds
0
t
< Bt(1+ |z|) +B/ E.[|Zs *$‘]1Z;<m] ds
0

t
< Bi(1 + mo] + 1) + B/ E.[|Zs — 31 22 <] ds.
0

11



We upper bound

t o)
E,| /0 / c /0 e(2, Zo )Ly (e, 2, N (ds, dz, du))|

t [e%¢)
:Ex[/o//o \c(z,Zs,)|1ugv(z7zsf)dzd,u(z)du]

<tswp [ o) duz) < tsp [ elzia)ein) duf:)

R4
and put By, = sup,, [ga ¢(z,2)v(2, ) du(z) + B(1 + |xo| + %). Then

c
n

t
B2~ alzgcn] < [oloVi+ Byt + B [ Eo[|Z, = sl z5.n] ds.
0

Then Gronwall’s lemma (see Proposition 5.5 in the appendix) implies that

Ey(|Z — 21 z<m] < (|ollocVE + Byt)e™,

forallt <T.
Since Z; is a cadlag process, Z7 is finite almost surely. Therefore |Z; — z|1 Zz<m tends to
|Z; — x| almost surely as m — oo, and monotone convergence implies that

Ey|Z: — 2] < (lollooVE + Byt)e™, (3.29)

for all t < T In the above rhs, the constants do not depend on 7', hence (3.29) is actually
true for any t > 0.

Furthermore
E.[|Z- — 2] < (llo]loeVE + Byt)e™, (3.30)

which can be seen as follows. Using (3.29), we have, for s < t,
Eu[|Zs — 21 z;<m] < EullZs — 2] < (l0]|oov/s + Bys)e” < (|[o]looVt + Byt)e™
s0, using dominated convergence when s tends to ¢t from inferior values,
Eu[|Zi- — 21 z;<m] < (lollocVE + Byt)e™,

and letting m — +o00, monotone convergence gives (3.30).
Now, Tl[n} is independent from (Z;);, exponentially distributed with parameter 7,. By
choice of n, 4, > B. Then

+o0 i
Eell 2y =l S/ (lollooVt + Byt)eP y,e~ 7" dt

+00 ~ +00 i
(ol [ Vet g, [T et )
0 0

r'(3) N B,T(2) )

o

) ~ VT 1 By,
:")/ < o — = ( g —_— + —
Al Hoo(% —B):  (n—B)? nloloe3 (. — B)>  (n—B)?
for every x € B(xo, 3). Since n was chosen to have
VT Tn Tn n
lollc5-———F5 + By iz <
T2 (-B): w—B)?



we obtain

_¢Cls suw  Pol|Zpm_ —af2 7]

sup P.[X 5

z€B(wo,3) ! z€B(z0,%)

2 1
< sup S Eg(|Zpm_ —af] <3

z€B(wo,%)

The above arguments imply the following statement.
Corollary 3.5 Let S1 = inf{Tlgn],k >1: X m_ €C}. Then Pp(S) < o00) =1 forall z.
k

Proof We introduce the following sequence of stopping times.
th=171c,81 = inf{Tin] >t} =inf{s>s.1: X, €'}, 5 = inf{T]Eﬂ > 1}
The above stopping times are all finite almost surely. We put
T = 1inf{l : X,,_ € C}.
Then, using (3.28), for any = € R?,

1

no
Pz('r* > n(]) < <2> s

which shows that 7, < co P,—almost surely for all . In particular,
S1 < 87, < 0

P,—almost surely for all x. °

The above proof shows in particular that the polynomial control obtained for the first
entrance time in C’, obtained in (3.25) remains true for S;. Moreover we have the following
control on polynomial moments of the regeneration times.

Proposition 3.6 Grant Assumption 2.7 with ®(v) = cv®*, 0 < a < 1. Let p = ﬁ Then
there exists a constant ¢ such that

E,(S7) < V(). (3.31)
Proof We adopt the notation of the proof of Corollary 3.5.
1. In what follows, ¢ will denote a constant that might change from line to line. We start
by studying FE, f(fl r(s) ds, where r is as in (2.16) and s; = inf{7}" > 7¢r}. Let
A=y

be the rate of the Poisson process associated to Ti”], k > 1. Then by definition of s1,
S1 To! S1 S1
Ex/ r(s)ds = Ex/ r(s)ds + Ex/ r(s)ds < V(x)+ Ez/ r(s)ds,
0 0 Tor To!
where we have used (3.25).
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Now, using that s; — 7o is independent of F;

> exponentially distributed with parameter
A, we upper-bound

E, / s)ds = E,Ex, '/0 r(tcr + s)ds
< Ey(r(re))E(r(s1 — 1¢r)) = cEy(r(7¢r)),

since Ex_ /( r(s1—71cr)) = [;° Ae™Ar(t) dt < oo does not depend on X
Using that

t
r(t) < c+/ r(s)ds, (3.32)
0
we obtain
E((TC/)><C+E/ d8<C+V( )
Therefore,
E, r(s)ds < c+cV(z) < cV(z), (3.33)

e=]

where we have used that V' (z) > 1.
2. We now use r(t + s) < r(t)r(s) in order to obtain a control of E, ftf* (s)ds. We
certainly have

try t1 tn+1
Em/ r(s)ds = E, / ds—i—ZE / s)dsliper,y
0

n>1
< V3B (— /0 r(s)as)
- V@30 (t0mscmr(tBx, [ ro)as)
< V@) + Y Er (Lpo1enyrta) V(X)) (3.34)

n>1

where we have used (3.25) and the fact that 1y, i,y is Fs, , —measurable. Now, X;,
belonging to C’, we can upper-bound V(X;,) < ||[V|lcr = ¢, and obtain

tr,
E/ s)ds < V(x —i—CZE 1{n 1<T*}7‘( )) (3.35)

n>1

We use r(t + s) < r(t)r(s) and the Markov property with respect to ¢; to obtain

E, (1{n71<‘r*}7‘(tn)) < Exr(tl) SuC’p Ey(r(tn—l)l{nf2<7*})'
yed’
Using (3.32), the first factor can be treated as follows
t1
E,r(t1) <c+ Ex/ r(s)ds <c+V(zx) <cV(x),
0

since V(z) > 1.
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Further, let p G]I?TO‘ vV, é[, and ¢ > 1 with % + % = 1. Then, using that P(n —2 < 1) <
(%)n—27

N
By (ln-aerartnn)) < BP0 (5)

We have, by definition of r that rP(¢) < ctTaP , where 2=p > 1 by choice of p. Using
Jensen’s inequality we obtain

r(tn—2) < e(n - Q)ﬁpfl(tfj‘p + oot (tny — taog)T0P).

We now use, by choice of p, that :%-p —1 < 12=> — 1 = %, and therefore

-«

a 1 b o t
tlwp:a/slap 1dsgc/ r(s) ds.
P —1Jo 0

1-a

This allows to rewrite

P (tn—9) < c(n — Q)ﬁp*1 </0t1 r(s)ds+...+ /()tnz}_tn_3 r(s) ds) .

Using successively the Markov property at times t1,t2, ..., t,—3, we obtain

EyrP(tp—2) < c(n — 2)TaP "L (n — 2) sup E. ! r(s) ds.
zeC 0
Finally, by (3.25), sup,ccr E. fo s)ds < sup,ccr V(2) = ¢, and therefore
(Eyrp(tn_g))l/p <c¢(n—2)Ta,
Coming back to (3.35) we conclude that

Ex/0 ’ r(s)ds < V(z)+cV(z) Z

n>1

(;) (-2 < V().

3. We now argue as follows.

Sp*

toe
E, / s)ds = / r(s)ds + E, r(s)ds
0

t*

<CV —I-ZE 1{7—*—n}/

n>1

Sn—tn
< cV(x —l—ZE Liresn_1y7(t )/O r(s)ds

n>1

S1
< cV(x +ZE [Liresn—y7(t )Sup/ r(s) ds]

n>1 yec’Jo

< CV —l—CZE 1{7_ Sn— 1}7“(tn)

n>1

where we have used the Markov property with respect to ¢, and (3.33). The last sum is
treated as (3.35), which concludes our proof, since r(s) > csT-=.
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[ ]
The above result implies an analogous control for moments of the regeneration times Ry
of (3.24). More precisely, we can now define

S = inf{TkEn] >8_1:X

Tl e ChHl>2,

and let
Ry =inf{S; : U; < B}, Rgy1 = inf{S; > Ry : U; < 8}. (3.36)

An analogous argument as the one used in the proof of Proposition 3.6 then implies

Theorem 3.7 Grant Assumption 2.7 with ®(v) = cv*,0 < a <1 andletp=1/(1 — a).
Then
E.RY < cV(x). (3.37)

We are now ready to prove Theorems 2.8 and 2.9.

3.3 Proof of Theorems 2.8 and 2.9

Proof of Theorem 2.8.

Let
Ry

m(0) :=F 1o(Xs)ds,
Ry
for any measurable set O. By the strong law of large numbers, any set O with m(O) > 0 is
visited i.0. P,—almost surely by the process X, for any starting point (z,u) € R? x [0, 1].
Hence, the process is recurrent in the sense of Harris, and by the Kac occupation time
formula, m is the unique invariant measure of the process (unique up to multiplication with
a constant).

Now, recall that v is of compact support, hence V' € L!(v). Using (3.37) in the case a = 0,
we obtain m(R% x [0,1]) = F(Ry — R1) = E,R; < cv(V) < oo. This implies that X is positive
recurrent.

The invariant measure m of the original process X is the projection onto the first co-
ordinate of m. In particular, X is also positive Harris recurrent, and m can be represented

as
Rs

m(f) =F f(Xs)dS‘
Ry
The ergodic theorem is then simply a consequence of the positive Harris property of X.
Finally, the fact that ® oV € L'(m) is an almost immediate consequence of (2.13), based on
Dynkin’s formula. .

Proof of Theorem 2.9.
Theorem 2.9 follows from Theorem 5.2 of Lécherbach and Loukianova (2013) in [7] together
with Proposition 3.6. .

We finally proceed to the proof of Proposition 2.10.
Proof of Proposition 2.10.

Let X and Y be a copies of the process, issued from z (from y respectively) at time 0. Let
Ry and R) be the respective regeneration times. Using the same realization V}, for X and for
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Y (recall (3.23)), it is clear that Ry and R} are shift-coupling epochs for X and for Y, i.e.
Xpg,+ = Ypy .. If follows then from Thorisson [13] (1994), see also Roberts and Rosenthal
[12] (1996), Proposition 5, that

”1/0 Py(a, -)ds—i/o Pu(y, )ds|l v SC’%(EI(Rl)—FEy(R’l)). (3.38)

Recall that p = 1/(1 — «). Then
Eqy(Rn) < (BB < eV ().
Now, if a > %, then 1 — a < « and therefore,
E.(Ry) < c®oV(x) € LY(m).

In this case, we can integrate (3.38) against m(dy) and obtain the second part of the assertion.
[

4 Discussing the drift condition

In this section, we discuss in an informal way several easily verifiable sufficient conditions
implying Assumption 2.7 with ®(v) = cv®,0 < a < 1. These conditions will involve different
coefficients of the process. Recall that the infinitesimal generator L of the process X is given
for every C2-function ) with compact support on R? by

2
L) = izjaim)a:ja%w(a:) U@V + [+ clza)) — vla)] K, do)
where a = o0* and K (z,dz) = v(z, z)u(dz). In order to grant Assumption 2.7, we are seeking
for conditions implying that
LV < —cV¥(x) 4+ bl (z), (4.39)

for some 0 < a < 1, with C' = B(xg, ) and b,c > 0.

Example 4.1 If we choose for instance V(z) = |z — x0|? and oo = § it suffices to impose
that for all x € R\ ',

Tr(oo™) + 2(g(x), x — zo) + /Rd<2(x —x0) +c(z,2),c(z,2))v(z, 2)u(dz) < —clz —xzo|. (4.40)

We now discuss several concrete sufficient conditions implying (4.39). In this context, it
is interesting to notice that the influence of the different coefficients can be quite different.
Some coefficients can work in a favorable way in order to ensure (4.39). In that case we
will say that they are “pushing” the diffusion into the set C’. Other coefficients might play
a neutral role or even work against (4.39). Since we have three natural parts of coefficients
(diffusion part, drift and the jump part), we will discuss here the following cases: “pushing”
with the jumps only, “pushing” with jumps and drift together' and “pushing” with the drift
only.

Lthis will be the most interesting case
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Pushing with the jumps

Consider first a pure jump process, i.e. the case when a = g = 0. We choose V (z) = |z — x0|?
and propose the following conditions.
1. Global condition with respect to z. Vz € R%, V& € B(a:o, g)c,

(c(z,2) +2(x — zg), c(z,x)) <O0. (4.41)

2. Local conditions with respect to z on some set K. There exists a set IC such that the fol-
lowing holds.

1. there exists £ > 0 such that for all z € B(xy, g)c,
| ah o) > e (1.42)
2. There exists ¢ € (0,1] such that for all z € K and for all z € B(zo, g)c
(e(z,x) + 2(x — x0), (2, 7)) < —Cle(z,2) + 2(x — zo)]||c(z, )|, (4.43)

3. For all z € K and for all x € B(CCO, %)C,

le(z,2)| < |z — xo]. (4.44)

Notice that this last condition implies in particular that |c¢(z, )+ 2(x — xo)| > |© — x¢|. Then
under the above conditions, for all z € B(:co, g)c,

LV(z) = /E V(@ + e(,2)) — V(@)1 2)u(d)
- /E (c(z,2) + 2z — 20), ez, 7))z, 2)u(dz)
<= [ Jele2) + 202 = z0)| (e D)z 2)n(d)
K

<~z — ol /K le(z2) 7 (2, 2)u(d)

< —(lz = wol€ = —c(V(2))

N

with ¢ = (£ > 0.

Remark 4.2 1. Using the Cauchy-Schwarz inequality, (4.41) implies that for all z €
R? and for all x € B(zo,2)", |c(z,2)| < 2|z — mo|. In particular for all x € B(wo, %),
Sup,cprd |¢(z, z)| < +o0.

2. The condition (4.44) is a natural condition to force the process to enter into the set
B (330, g) .

3. There is a simple geometric interpretation of the conditions (4.43) and (4.44). Indeed,
they lead to the (effective) condition

(e(z,2) + 2(x = w0), ¢z, %)) < —(lo — wol|c(2, 7))

2This condition has to be seen in relation with Condition (2.9).
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or
2(z — 0), ¢(z,2)) + |e(2,2)[? < —Cla — wolle(z, ).
On the one hand, this implies that ((x — xg),c(z,x)) < —%|ZL‘ — xzol|e(z, x)|, which means that

c(z,x) belongs to the convex cone of direction (x — o) and angle arccos ( - %) On the other
hand, using (4.44), the following condition

2((x — o), (2, @) + |e(z, @)[ |z — wo| < —Clz — wolle(z, 2))|

. . ., . 1+
is a sufficient (but not necessary!) condition which leads to ((x — x¢), c(z,z)) < —(—Qo\x -

xollc(z,)|. In other words, it suffices that c¢(z,x) belongs to the convex cone of direction
(z — z0) and angle arccos ( — %LO)

The above conditions on the jump mechanism are naturally quite restrictive since they
ensure that from everywhere in R\ C’, the jumps force the process into the set C’. Neverthe-
less, this example is useful, and we will come back to these arguments later when discussing
the influence of the drift coefficient.

In a next step, let us suppose that ¢ # 0. Then under the above conditions, for all
x € B(wo, g)c,

LV (z) =Tr(o(x)o"(x)) + /E<c(z, x) + 2(x — x0),c(z,x))y(z, z) pu(d2)

< Tr(o(z)o*(z)) — ¢z — zol€.

Let X = supxeB(xmg)c W and suppose that K is such® that ¢¢ > . Then

with ¢ = (£ — X.
Finally, if g # 0, the minimal additional condition (z— o, g(z)) < 0, for all z € B(xo, g)c,
ensures that the above result will remain true.

Pushing with both jumps and drift part

The conditions we made on the jump mechanism in the above paragraph are of course very
strong. In this paragraph, we will therefore consider that these conditions hold only for z
belonging to some set F;. Moreover, we will suppose that the drift coefficient contributes to
force the diffusion into C” when x belongs to another set Fs.

More precisely, we suppose that Ey C B(zo, g)c and put Ey = B(zo, g)c \ E1. We will
impose the global condition (4.41) but aim to weaken the conditions (4.42), (4.43) and (4.44)
by replacing = € B(:po, g)c by x € E;. For x € Ey, we assume additionally that

Tr(oo™) 4+ 2{(g(x),x — xo) < —c|z — x0].

Such a condition is true for example if

Tr — X

ola) = —5(e+ ) 0

| [Tr(o(@)o* ()]

where we recall that > = supmeB(:mg le—z0]

3 Actually it is always possible to multiply v(z, ) with a sufficiently large constant ensuring that £ > $/¢.
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Example 4.3 We continue FExample 2.6 item 1. and consider the one-dimensional case
with p(dz) = dz and c(z,xz) = e *I f(x). We suppose that zo = 0 and let By = [-M — U
[ + M]. Moreover we choose K = [a,a + 2R] in such a way that [ e 1Fldz = 3. Finally we
will suppose that for all (z,x) € K X E;

Y(z,x) >y >0 and fl)>f>0 (4.45)

with
o> 2?. (4.46)
It is clear that (4.42) is verified for all (z,x) € K x Ey, and, moreover, that the jumps are
strong enough to ensure the drift condition even in presence of the Brownian part.
If we impose moreover that for all x € B(0,2), |f(z)| < |z|, then (4.44) is satisfied.
Adding finally the condition that for all z € B(0,%)°, sgn(f(z)) = —sgn(z), (4.41) is true as

well and (4.43) follows with ¢ = 1.

Pushing partially with both

In the last paragraph we supposed that on the subset Fo where the drift is driving the process
towards C’, the jumps do not act in a contradictory way — this is actually ensured by the
condition (4.41). Notice that it is a priori not possible to weaken this assumption on Fj.
Indeed, without condition (4.41) we have the following structural problem: we cannot even
be sure that

/E|c(z,x)|2fy(z,x)u(dz) < +o00. (4.47)

Moreover if we do not suppose a global condition as (4.41), it will be necessary to compensate
the possible non-negative part fE\,C<c(z, x) 4+ 2(x — x9),c(z,2))y(z, x)u(dz) due to jumps in
order to obtain a suitable control for LV (z).

Pushing only with the drift

If we decide to ensure the Lyapunov condition by means of the drift coefficient g only, in the
same spirit as above, we could take F; = (), but would have to keep global conditions, like
the condition (4.41), if we use the same Lyapunov function.

However, if we choose another Lyapunov function, the situation might be more favorable

as we are going to explain now. Let for example V(z) = |z| (= /23 + - +22) for z €
B(zo, g)c Then
€T 82 - 52‘]‘ TiTj

32'33"/(:6) N

Let D be such that
[ ez otz outds) < D

and |a;j| < D, where a = oo*. With v > 0 such that v|z|; < |z| (where |z|; = |z1]|+- -+ |z4])
and D & %(d + %2) we assume that g verifies, for every x € B(:no, g)c,

(x,g(x)) < —c[a:\Ho‘ — Dl|z| — D, (4.48)
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for some 0 < a < 1. Then it is immediate to see that

wa<2(Le ¥ ‘xinj‘)—I—@"i(’x»+/E\c(z,x)|fy(z,ac)u(dz)
<D

— 1P
1<i,j<d

Dd by o)
(gt )+ P
b el

W e

D

5 Proofs

5.1 Proof of Proposition 2.3

Proof We first admit Lemma 2.4 and we put K = B(zp, R). As a consequence, there
exists a ball B(zo,n) such that for all x € B(xo,7), B(az,5) C Y(K). Choose K" C K
such that W, : K" — B(ag,,5) is a C'-diffeomorphism for all 2 € B(zo,n).* Since for all
(z,2) € K x B(zg,n), v(z,2)h(z) > &, we now have

/ 1y (e (2))1(2, 2) da(z) > e / 1y (i (2)) dz

K//

n

e / Ly ()|, (9)] dy.
B(amoag)

Put z = v, !(y), then

1 1
0240 = 551 = et (v e )

and, using Hadamard’s Inequality,

d
|det(V.c(z,2))| < [[10z¢(z, ).

i=1
As a consequence, we obtain

/ Ly (a2 (2 2) dpi(2) 2 AV 1 B (0, ) (5.49)

n

which, together with (2.6), ends the proof. °

It remains to give a proof of Lemma 2.4. This proof goes through several intermediate
steps which are given now.

Lemma 5.1 Let g : R — R? be a C2-function such that

“Indeed, from Lemma 2.4, there exists K’ C K such that ¥, : K' — B(as, p) is a C*-diffeomorphism, and
since B(az, £) C B(aq, p), there exists K” C K’ C K such that ¥, : K" — B(aa,, 2) is a C'-diffeomorphism.
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1. g(0) =0,
2. Clgo = Id,
3. there exist R, K > 0 such that for all z € B(0, R),

32%
Z ’ 82182] ‘ K

7]7

Put R = RA . Then B(0,%) € g(B(0, B)).
Proof The third condition allows to apply the Mean Value Inequality to z — dg, since
ld(dg)-|l < K,  Vze B(0,R).

Therefore, with R = R A 2}(,

ldg- —1d|| = [|dg- — dgol| < K|z| < vz € B(0, R).

N | —

Let now y € B(O, §> and set h: B(0,R) — R?, 2z — h(2) := y 4 z — g(2). We have

1 _
ldh=]| = 1d —dg.|| < 5, Vz € B(0, ).

Using again the Mean Value Inequality, we obtain for all z, 2’ € B(0, R),
/ 1 /
h(z) ~ | < 5l 2|

In particular |h(z)| < 3|z — 2'| + |h(2)], so |h(z)| < 3|z| + [R(0)] = &|z| + |y| < R, for all
z € B(0,R).

This last result highlights two facts. First, h is an %—contraction from the complete space
B(0, R) into itself, so the fixed-point theorem gives us the existence of z € B(0, R) such that
h(z) = z, and, secondly, the range of h defined on B(0, R) is B(0, R), so we have in fact the
existence of z € B(0, R) such that h(z) = z, or equivalently, g(z) = y, which ends the proof.

Remark 5.2 1. g is in fact a C*-diffeomorphism from V = B(0, Ryng! <B (0, g)) to

B(0,%).

2. We could have taken, of course, R = R A 1

" €]0, 11

Lemma 5.3 Let A be a d x d matriz such that
Vh € RY, |Ah| > K|h|.

Then

B(Au, KR) C A(B(u, R)).
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Proof Notice first that A is clearly invertible. Let now y € B(Au, KR). Then for v € R?,
o] = |A(A"10)| > K] A~ o),
80, with v = y — Au,
KR > |y — Au| > K|A™ (y — Au)| = K|A™'y —u],
or, equivalently, R > |A~'y — u| implying that A~'y € B(u, R) and y € A(B(u, R)). .
We now have the following extension of Lemma 5.1.
Proposition 5.4 Let f: R — R? a C2-function and a € R?* such that
1. |df,h| > A|h| for all h € R,
2. there exist R, K > 0 such that for all y € B(a, R),

1
s 12]8 50

IN

K
—

Then, with R = R A 2}0

R ~
B(f(a),A;) c f(B(a, R)).
Proof 1) We use Lemma 5.1 with
9(2) = df7 ' (fa+ 2) = f(a)).
All hypotheses needed in Lemma 5.1 are satisfied since

329 -1 82f
8z,;8zj (Z) N dfa 82202] ((l + Z).

Thus

R N
B(o, 5) c 9(B(0, R)).
2) Since f(y) = df,g9(y — a) + f(a), using Lemma 5.3,

B(O,Af) < df.(B(o, %)) C dfag(B(0,R)),

where we have used the preceding step in order to obtain the last inclusion. Therefore,

B(f(a),A%) c f(B(a, R)).

We are now able to prove Lemma 2.4.
Proof [of Lemma 2.4] 1) Let = € B(zg,r). We can apply Proposition 5.4 with a = zy,

f = ¥, which gives p = %(R A ﬁ) such that

Blas,p) © Wa(Bl20, ) € LK)
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where we recall that K = B(zg, R). Since our conditions are uniform in x, the radius p will
be the same for all z € B(xg,r).
2) The previous point implies in particular that

B(amm p) C Yo (K).

Since x — W, (zp) is continuous, there exists n with > 1 > 0 such that
T —xz0| < = |Wu(z0) — Uay(20)| < g (5.50)

Therefore,

N Blay.p) € V().

y€B(z0,m)

so it is sufficient to prove that

Blas 5)c () Blay.p)

yEB(zo0,m)

which can be seen as follows. Let y € B(ag,, §) and 2 € B(xo,7), then

laz —y| < |z, — Y| + az — az,|

= |aaco - y| + ’\IIZ(ZO) - \I/aco(z()”
P, P _

so y € Blag, p), for every = € B(zp,n) and the statement is proved. .

Proof [of Remark 2.5] Recall that we have imposed the additional hypothesis L, = sup,¢i Le(2) <
00. Since
|C(Z,$)—C(Z,y)| SLC(Z)L/E_@/L \V/ZL',yERd, VZEE,

it is sufficient to set

p
= ——Ar,
T+ L)

in order to grant (5.50). .

Appendix
In this paper, we have used the following version of Gronwall’s lemma.

Proposition 5.5 If a measurable function g : [0,T] — RT is such that
1. G = supsejo 9(1) < +0o0;
2. for all t € 10,7,

g(t) SA—I-B/0 g(s)ds

then, for all t € [0,T],
g(t) < Aexp(Bt).
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Proof It is easy to obtain by induction that, for every n € N*,

n—1
Bt k t t1 tn—1
g(t) < A<1+Z ( k,) +B”/O /0 /O g(tn)dtn---dtldt>,
k=1 )

which implies

n—1
(Bt)k (Bt)"
9(t) SA<1+kZ W)
=1
Since limy,— 400 G(Bnt!)n = 0, the assertion follows. .
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