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Abstract

The structure of the solutions to the one dimensional focusing nonlin-
ear Schrodinger equation (NLS) for the order N in terms of quasi rational
functions is given here. We first give the proof that the solutions can be
expressed as a ratio of two wronskians of order 2N and then two determi-
nants by an exponential depending on ¢ with 2N — 2 parameters. It also
is proved that for the order N, the solutions can be written as the prod-
uct of an exponential depending on ¢ by a quotient of two polynomials of
degree N(N + 1) in z and ¢. The solutions depend on 2N — 2 parame-
ters and give when all these parameters are equal to 0, the analogue of
the famous Peregrine breather Py. It is fundamental to note that in this
representation at order N, all these solutions can be seen as deformations
with 2N — 2 parameters of the famous Peregrine breather Py. With this
method, we already built Peregrine breathers until order N = 10, and
their deformations depending on 2N — 2 parameters.

1 Introduction

The term of rogue wave was introduced in the scientific community by Draper
in 1964 [1]. The usual criteria for rogue waves in the ocean, is that the vertical
distance from trough to crest is two or more times greater than the average
wave height among one third of the highest waves in a time series (10 to 30
min). The first rogue wave recorded by scientific measurement in North Sea
was made on the oil platform of Draupner in 1995, located between Norway and
Scotland. Rogue waves in the ocean have led to many marine catastrophes; it
is one of the reasons why these rogue waves turn out to be so important for the
scientific community. It becomes a challenge to get a better understanding of
their mechanisms of formation.

The rogue waves phenomenon currently exceed the strict framework of the study
of ocean’s waves and play a significant role in other fields; in nonlinear optics
[2], Bose-Einstein condensate [3], atmosphere [4] and even finance [5].

Here, we consider the one dimensional focusing nonlinear Schrodinger equation



(NLS) to describe the phenomena of rogue waves. The first results concerning
the NLS equation date back the works of Zakharov and Shabat in 1968 who
solved it using the inverse scattering method [6, 7]. The case of periodic and
almost periodic algebro-geometric solutions to the focusing NLS equation were
first constructed in 1976 by Its and Kotlyarov [8, 9]. In 1977 Kuznetsov found
the first breather type solution of the NLS equation [10]; a simular result was
given by Ma [11] in 1979. The first quasi rational solutions to NLS equation
were constructed in 1983 by Peregrine [12]. In 1986 Akhmediev, Eleonski and
Kulagin obtained the two-phase almost periodic solution to the NLS equation
and obtained the first higher order analogue of the Peregrine breather [13].
Other analogues of Peregrine breathers of order 3 were constructed and initial
data corresponding to orders 4 and 5 were described in a series of articles by
Akhmediev et al., in particular in [14, 15] using Darboux transformations.
Quite recently, many works about NLS equation have been published using dif-
ferent methods. In 2010, rational solutions to the NLS equation were written
as a quotient of two wronskians [16]. In 2011, the present author constructed
in [17] another representation of the solutions to the NLS equation in terms of
a ratio of two wronskians of even order 2N composed of elementary functions
using truncated Riemann theta functions depending on two parameters; ratio-
nal solutions were obtained when some parameter tended to 0. In 2012, Guo,
Ling and Liu found another representation of the solutions as a ratio of two
determinants [19] using generalized Darboux transform; a new approach was
proposed by Ohta and Yang in [20] using Hirota bilinear method; finally, the
present author has obtained rational solutions in terms of determinants which
do not involve limits in [21] depending on two parameters.

With this extended method, we present multi-parametric families of quasi ratio-
nal solutions to the focusing NLS equation of order IV in terms of determinants
(determinants of order 2)V) dependent on 2N — 2 real parameters. With this
representation, at the same time the well-known ring structure, but also the
triangular shapes also found by Ohta and Yang [20], Akhmediev et al. [25] are
given.

The aim of this paper is to prove the representation of the solutions to the
focusing NLS equation depending this time on 2N — 2 parameters; the proof
presented in this paper with 2N — 2 parameters has been never published. This
is the first task of the paper; then we deduce its particular degenerate represen-
tations in terms of a ratio of two determinants of order 2N. The second task
of the paper is to give the proof of the structure of the solution at the order N
as the ratio of two polynomials of order N(N + 1) in z and ¢ by an exponen-
tial depending on ¢. This representation makes possible to get all the possible
patterns for the solutions to the NLS equation. It is important to stress that
contrary to other methods, these solutions depending on 2N — 2 parameters give
the Peregrine breather as particular case when all the parameters are equal to 0
: for this reason, these solutions will be called 2N — 2 parameters deformations
of the Peregrine of order N.

The paper is organized as follows. First of all, we express the solutions of the
NLS equation using Fredholm determinants from these expressed in terms of



truncated functions theta of Riemann first obtained by Its, Rybin and Salle
[9]; the representation given in theorem 2.1 is different from those given in [9].
From that, we prove the representation of the solutions of the NLS equation in
terms of wronskians depending on 2N — 2 parameters. We deduce a degenerate
representation of solutions to the NLS equation depending a priori on 2N — 2
parameters at the order N.

Then we prove a theorem which states the structure of the quasi-rational solu-
tions to the NLS equation. It was only conjectured in preceding works [17, 21].
Families depending on 2N — 2 parameters for the N-th order as a ratio of two
polynomials of z and ¢ multiplied by an exponential depending on ¢ are obtained;
it is proved that each of these polynomials have a degree equal to N(N + 1).

2 Expression of solutions to the NLS equation
in terms of wronskians

2.1 Solutions to the NLS equation in terms of ¢ functions

For r =1, 3, we define

2
2N v—Yu
Or(,) = X peqoyen eXP {ZH>V7 =110 (ﬁ) Rk (1)
+ (Ziﬁl iy — 20t + 2y + 300

Yo+

Y=V

u=1, pFv In

+ mie, + ey) ku} )

In this formula, the symbol ) 7, {0;132N denotes summation over all 2N-dimensional
vectors k whose coordinates k, are either 0 or 1.

The terms k,,d,,7, and x,, are functions of the parameters A\,, 1 < v < 2N;
they are defined by the formulas :

,‘<.',VZ2 1—)\12,7 (SV:HV)\V, 71/:\/%); (2)

Tpp = (1 — l)lnz:_::, r=1,3.

The parameters —1 < A\, < 1, v =1,...,2N, are real numbers such that

1< AN4+1 <ANg2 < ... <N <0< Ay <Ayo1 <...< A <1 (3)
)\N—i-j:_)\j; jZl,...,N.

The condition (3) implies that

KjpN =Hjs OGN = —0pN, YN =7 5 TN =@rg, j=1...,N. (4)

Complex numbers e, 1 < v < 2N are defined in the following way :
ej:ia]—fbj, eN+j:iaj+bj, 1<j<N, abeR. (5)

e, € {0;1}, ¢, v =1...2N are arbitrary real numbers.
With these notations, the solution of the NLS equation

iVt + Vgr + 2020 = 0, (6)



can be expressed as ([9])

ZTEZ 3 exp(2it — ip), (7)

v(x,t) =

2.2 From 6 functions to Fredholm determinants

To get Fredholm determinants, we have to express the functions 6, defined in
(1) in terms of subsets of [1, ..,2N]

er(xvt) = Z ]:[(71)6’/ H

Jc{1,...2N}veJ ved, ug¢J

Yo + Yo

T — T

X exp (Z 1Ky — 20t + Xpy + el,> . (8)

veJ

In (8), the symbol EJC{I,..,QN} denotes summation over all subsets J of indices

of the set {1,..,2N}.
Let I be the unit matrix and C, = (¢jx)1<;j k<2n the matrix defined by :

v+
Cuu — (_1)&/@ exp(imux — 26Vt + :C,,.,V + el,), (9)
H’r];él/ |’Yl/ 7777|
¢g=j 1<j<N, ¢=N+j, N+1<j<2N. (10)

Then det(I 4+ C,) has the following form

det(I+C)= > J[v~ ]

Jc{1,...2N}ved velJ ugJ

Vv +Vu

exp(iky,x — 20,t + pp + €,). (11)
Tv = T

Comparing this last expression (11) with the formula (8) at the beginning of
this section, we have clearly the identity

0, = det(I + C,.). (12)

We can give another representation of the solutions to NLS equation. To do
this, let’s consider the matrix D, = (d;i)1<jk<2n defined by :

dyp = (1) H

nF#p

Yo + Y

Tn — TYu

exp(iky, T — 20t + Tppy + €y). (13)

We have the equality det(I + D,) = det(I 4+ C..), and so the solution of NLS
equation takes the form
det(I + D t
’U(ZL', ): e( + 3(1'5 ))
det(I + D1(z,t))

exp(2it — ip). (14)



Theorem 2.1 The function v defined by

_det( 4 D3(x,1))
~ det(I + D1(x,t))

v(z,t) exp(2it — ip). (15)

is a solution of the focusing NLS equation with the matriz D, = (d;i)1<jk<2N
defined by

dyp = (=1)% H

nF#p

Yo + Vv

exp(iky e — 20, + Ty, + €,).
Tn — Tu

where Ky, 0y, Try, Y, €, being defined in(2), (3) and (5).

2.3 From Fredholm determinants to wronskians

We want to express solutions to NLS equation in terms of wronskian determi-
nants. For this, we need the following notations :

¢rp =5in0,,, 1<v<N, ¢, =cos0,,, N+1<v<2N, r=13, (16)
with the arguments
Oy = KpT/2 4+ 10t —ixr /2 + Yy —ie, /2, 1 <v <2N. (17)

We denote W, (y) the wronskian of the functions ¢, 1, ..., ¢r2n defined by

W (y) = det[(9) ™" br)u, e,....2n)- (18)

We consider the matrix D, = (dyu)y, uent
the following statement

o] defined in (13). Then we have

.....

Theorem 2.2

det(I + D) = k- (0) X Wo(r1,- .., dr2n)(0), (19)
where
22N exp(i 322N, ©,.,)
IN -1 :
Hu:2 ,u:l(’yl/ - ’Yu)
Proof :  We start to remove the factor (2i)~1e!®rv in each row v in the

wronskian W, (y) for 1 <v < 2N.
Then

kr(y) =

2N
W, = [T o240 x W 0
v=1



with

(1—e729m) iy (14e729mr) 0 (im)?N (1 4 (—1)*Nem2i0m)
_ (1 - 6_2Z®T’2> i72(1 + 6_2Z®T’2) o (Z-,yQ)QN—l(l + (71>2Ne—216n2)
(1 _ 6—21'9“21\;) i’yQN(l + €—2i®T,2N) o (i’yQN)QN_l(l + (_1)2n€—2i®T,2N)

The determinant WT can be written as

Wy = det(ajre; + Bik),
where aj, = (=1)*(iv;)*71, ¢; = €729 and Bj = (iv;)F!, 1 < j < N,
1<k<2N,
ajr = (=) 1(iy)F 1 e = €725 and By, = (iv;)" 1, N+ 1 < j < 2N,
1<k<2N.
We want to calculate W,.. To do this, we use the following Lemma

Lemma 2.1 Let A= (aij)i,je[17,,,7N]; B = (bij)i,je[l,...,N];
(Hij)i, jeq,...,N], the matriz formed by replacing in A the jth row of A by the ith
row of B Then

det(Hij)

det(aijzi + bz]) = det(aij) X det(dwzz + m

) (21)

Proof : We use the classical notations : A = (dji)i1j€[1 ~7 the transposed

matrix in cofactors of A. We have the well known formula A x A = det A x 1.

So it is clear that det(A) = (det(A4))NV~1.

The general term of the product (ci;); jen,...n) = (@i 2i + bij)i,jE[L“’N] X (@ji)ijen,.. N
can be written as

Cij = ooty (@ismi + bis) X s

=T ) ey Qisjs + D i bisdys

= 5ij det(A)zz + det(Hij).

We get

det(ci;) = det(aijz; + bij) x (det(A))N=1 = (det(A)N x det(5y;2; + Sy,

det(A)
Thus det(a;;x; + b;;) = det(A) x det(d;5z; + deiﬁg) )-
O

We denote U = (aij)i, jeu,....2n1, V' = (Bij)i, jelt,...2N]-
By applying the previous lemma, one obtains :

W, = det(asje; + Bij)

de Hi]‘ _ de Hij
= det(aij) X det(&jei + det‘:n((ozij))) = det(U) X det(&jei —+ dZ‘E(U))>a

(22)

where (Hyj);, jep,...,n] is the matrix formed by replacing in U the jth row of U
by the ith row of V' defined previously.
The determinant of U of Vandermonde type is clearly equal to

det(U) =i"CND T (9 = ym)- (23)
2N>I>m>1



To calculate determinant W,, we must compute now det(H;;). To do that, two
cases must be studied :

1. For 1 < j < N. The matrix H;; is clearly of the VanderMonde type where
the j-th row of U in U is replaced by the i-th row of V. Clearly, we have :

det(Hij) _ (71)N(2N+1)+N71(i)N(2N71) x M, (24)
where M = M(my, ..., man) is the Vandermonde determinant defined by my, =
v for k # j and m; = —v;. Thus we have :

det(Hij) = —(i)NEN=D x [onsisrst, (mu —my)

= —(i)NEN=D H2N2l>m217l7éj7 m¢j(7l = Ym) X Hl<j(*’>’i - M) X Hl>j(’Yl +7i), (25)

= (*1)j(i)N(2N71) X H2N21>m21,l¢j, m;éj(Vl — Ym) X Hz;&j('}’l + i)

To evaluate W,, we must simplify the quotient Qij = dj;igj"])') :
L (*1)j(i)N(2N71) XH2N21>m,21, 1#5, m,;éj(’YL*'Ym)XH#j('YZJF'Yi)
qij = NCN D Ty o mss (=)
(26)
_ (=1 [Ty (i) G i ) T e D Il (nts)
T ILic ;=) sy (=) = (07 e (n—vs) Tl (n=5)°
Hl¢j(71+7i

We can replace ¢;; by r;; defined by _Wl—%;’ because det(d;;x; + (f:t(gg))) =
det(rij)

det(d;5z; + T () ) (similar matrices).

We express 7;; in terms of absolute value; as j € [I;N] and 0 < 11 < ... <
v <1 <7yn <...<7vyNy1, We have :

[l (=) = (0" i I =il s Tl (e + ) = Tl e+l - (27)
So the term 7;; can be written as

(71)iw — (,1)6(i)w = ¢; ;e 21Ori(0) (28)

ris — — — o
K ILizilvi—il Iz lvi—il K

with respect to the notations given in (10) and (13).

2. The same estimations for N +1 < j < 2N are made; det H;; is first
det(H;;) = (—1)NENFOEN=L(HNEN=L) o pf, (29)

with M = M (my, ..., may) the Vandermonde determinant defined by my = i
for k # j and m; = —v;. Thus we have :

det(H;;) = (i)NVEN=D x [onsisks1, (u —mk)
= (i)N(QN_l) X H2N2l>m21,l7€j, m;ﬁj(% — Ym) X Hl<j(_’7i — M) X Hl>j (v +7i), (30)

= (=17 H)NEN=D [onsisms1, 125, mes (00— m) X Tz (0 + %)



det(H;;)

The quotient ¢;; := Jot(0) equals :
B ( 171 (i) NEN = 1)><1_[2N>L>m>1 12, gty (N =Ym) XTI T2 (i +73)
t iNEN-1) H2N>L>m>1('Yl Ym)
(31)
(=17~ Hz;ﬁj(ﬁ’l‘f‘%) _ (-1)7~! Hz;ﬁj(ﬁ’l‘i‘%) _ Hl¢j(Vl+V¢)
Hl<g(’YJ ’YL)HL>]('YZ i) (=1)771 Hl#j(7177j) B Hz¢j(’ﬂ*7j)'

We replace g¢;; by r;; defined by %, for the same reason as previously
1#i i

exposed.
ri; is expressed in terms of absolute value; as j € [N + 1;2N] and 0 < 11 <
<IN <1<y <...<7YN+1, we have :

Hl;éi(’}/l — i) = (*DQN*HN Hl# v =il Hl# (i +7) = Hl# I+l (32)
So the term 7;; can be written as

i [l v+l IT vt 90
rig = ()N = GO e = ege 0O, (33)

with respect to the notations given in (10) and (13).
Replacing e; by e=2©ri det W, can be expressed as
det WT = det(U) X det(éijei + det(HM)) = det(U) X det(éijei + Tij)

det(U)
= det(U) Hfivl e—2i0; det(d;; + (,1>e(z‘) Hl# €2i0r.)

Yt (34)
Yi—7i

We estimate the two members of the last relation (34) in y = 0, and using (23)
we obtain the following result

det WT(O) = 'L'N(QN_l) H2N21>m21(% ’Ym) H2N1 ~2i6r.:(0)

X det(5ij + (* )e(z) H i ’Yii_vz 62i@r’1(0))

= iNCN=D TP T2 (= 7)™ 2 255 000 det (6 + cij)

(35)
_ ;N@N-1) H H ( i)e=2 2 0ri(0) det(I + C;)

= iNCN=D TN T2 (s — yi)e 20220 Oni ) et (I + D).
Therefore, the wronskian W, given by (20 ) can be written as

W’I‘(¢’I‘,13 ey ¢T,2N)(O) = H?fl eiar'j(o) (2)_2N(’L)_N X WT

=122, €m0 (2) 72N (4) = NiNCN=D [N TT/ 71 (7 — i) 2 251070 det(I + D,)  (36)

= @)V ILL T (g —1)e ™ 25 9O det(T + D).
As a consequence
det(I + D) = ky (O)We (@1, d2x)(0). (37)



2.4 Wronskian representation of solutions to the NLS equa-
tion
From the initial formulation (15) we have

_det( + Ds(x,t))
~ det(I + Di(x,1))

v(x, t)

exp(2it — iyp).

Using (19), the following relation between Fredholm determinants and wron-
skians is obtained

det(I 4+ D3) = k3(0) X W3(pr1,- .., ¢r2n)(0)
and
det(I + D3) = k3(0) x W3(¢r.1, - .-, Pran)(0).

As O3 ;(0) contains N terms x3; 1 < j < N and N terms —z3; 1 < j < N, we
have the equality k3(0) = k1(0), and we get the following result :

Theorem 2.3 The function v defined by
_ Ws(¢s1,.. -, ¢32n)(0)
Wi(b11,---,¢1,2n)(0)

is a solution of the focusing NLS equation depending on two real parameters a

and b with ¢, defined in (16)

v(z,t)

exp(2it — iyp).

¢rp = sin(kpx/2 +i0,t — ixr /2 + 1y —ie,/2), 1<v <N,
Grp = cos(kpx/2 4+ 10t — iy, /2 + Wy —ie,/2), N+1<v<2N, r=13,

Kus Ou, Tru, Yo, € being defined in(2), (3) and (5).

3 Families of multi-parametric solutions to the
NLS equation in terms of a ratio of two de-
terminants

Solutions to the NLS equation as a quotient of two determinants are constructed.

Similar functions defined in a preceding work [21] are used, but modified as ex-
plained in the following. The following notations are needed :

X, = kox/2 +i0,t —ixs, /2 —ie, /2,
Y, = kox/2 + i0,t — ix1,, /2 — ie, /2,

for 1 <v < 2N, with ,, 0,, z,, defined in (2).
Parameters e, are defined by (5).
Here, is the crucial point : we choose the parameters a; and b; in the form

=

N-1 -1
a; = Z dkj2k+1€2k+l, bj — b~kj2k+1€2k+l, 1<j< N. (38)
k=1 1

el
Il

Nej



Below the following functions are used :

45-1 . 45
Cajr1k = Vo SN Xp,  Qajpor =7, cos Xp, 39

At R (39)
P4aj+3,k = Vg SIN Ak,  P4j44.k = Vg COS A,

for 1 <k <N, and

_ _2N—4j-2 X 2N —45-3 X
P4j+1,N+k = Yy, COSAN+Ek, P4j+2,N+k = — Vg sin X N4, 40
2N —45—4 X 2N—4j-5 X ( )
P4j+3,N+k = — Y, COSAN+Ek;  P4j+4,N+k = Vg sin XN 4,

for 1<k <N.
We define the functions 9, for 1 < j < 2N, 1 < k < 2N in the same way, the
term X is only replaced by Y.

gk =7 sinYi,  thajion =7, cos Y, (41)
441 . 4542
Vajrsp =~ T sinYe, aipar =—7 " cosYy,
for 1 <k < N, and
VYaj41,N+k = ViN_LU_? cosYnin,  Cajro Ntk = —7p 7O sin Yy, (42)
Vajranie = —7o 0 teos Yk, Vajpanik =7 00 sinYyix,
for 1 <k <N.
Then it is clear that W3(0)
3
1(0)
can be written as
A det(@; k)
g(z,t) = Az (5, )g,ke[1,2N] (43)

Ay det(vjp); kepan]

We recall that A; = 1—2j¢2. All the functions ¢; x and 1, . and their derivatives
depend on € and can all be prolonged by continuity when e = 0.
Then the following expansions are used

N-1

1 0%,
ein(@tie) = D renllke + 0, el = 55 (@10,
=0

010l = ji(x,t,0), 1<j<2N, 1<k<N, 1<I<N-1,
N-1 92l
,N+1
0 N+k(Z, T, €) Z 2l &L N+1[JEPEE+0(EN),  pjnll] = W(w,t,o),
1=
pjn+1[0] = SOj,N+1(£E,t,0), 1<j<2N, 1<k<N, 1<I<N-L1
We have the same expansions for the functions ;.

N—
1
Vi, t,€) 2— [ + O(e2N), vl =
1=0

,_.

821’1/)%1

862l (:L'a ta O)a

10



¢],1[O]:¢g,1(zat70)a 1§]§2N7 1§kSN; 1SZSN717

N—

1
Vi N1k(2, T €) i iR H0(EY), byl =
=0

,_.

anw N4
—par (@ h0)

’lpj,N-i-l[O]:’lpj,N-i-l(-T,t,O), 1<j<2N, 1<k<N, N+4+1<EZ2N.
Then we get the following result :

Theorem 3.1 The function v defined by

det((njk)j,ke[l,ZN] )

v(x, t) = exp(2it — i) X (44)

k)j,ke[l,ZN])

is a quasi-rational solution of the NLS equation (6)
1Vt 4 Vpe + 2[0[20 = 0,
where

2k —
nj1 = saj,l(xvta 0) S ] < 2N Njk = aezkwj ! (SC,t, 0)
. 2]
NiN+1 = Sﬁj,NJrl(l' 0) 1 < J S 2N ngi\]jzrk = De 2[15] ;VJFI (ZL',t,O),
dji = j1(2,4,0), 1 <j <2N  djy, = St (%t 0),
2k —2
(2,£,0), 1 < j <2N  djnip = Tomelelii(z,1,0),

dins1 = Vi ny1(, e

< k<N, 1<j<2N
The functions ¢ and v are defined in (39),(40), (41), (42).

Proof : The columuns of the determinants appearing in ¢(z,t¢) are combined
successively to eliminate in each column k (and N + k) of them the powers of e
strictly inferior to 2(k — 1); then each common term in numerator and denomi-
nator is factorized and simplified; finally we take the limit when € goes to 0.
Precisely, first of all, the components j of the columns 1 and N 4 1 are respec-
tively equal by definition to ¢;1[0] + 0(¢) for C1, ¢jn+1[0] + 0(€) for Cn41 of
Ag, and ’L/)jl[O] + 0(6) for C{, ’L/)jNJrl[O] + 0(6) for C;\H—l of Al.
At the first step of the reduction, we replace the columns C} by Cy — C7 and
Cntk by Cngr — Cn4q for 2 < k < N, for Ag; the same changes for A;
are done Each component j of the column C}% of Az can be rewritten as
fv 11 BPil 1[[](k*'—1)e?" and the column C\y 41, replaced by Zz 1 (21)' i N+l (k2 —
1)e? for 2 < k < N. For Ay, we have the same reductions, each component j of
the column Cj, can be rewrltten as SN (21),1/1]7 1[[](k*' — 1)€?" and the column

C'\ 41, replaced by SV (21),1/)] N[l (k% — 1) for 2 < k < N.
k22 €? for 2 < k < N can factorized in A3z and A; in each column
k and N + k , and so these common terms can be simplified in numerator and

denominator.
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If we restrict the developments at order 1 in columns 2 and N + 2, we get re-
spectively ¢;1[1] 4+ 0(e) for component j of Ca, @;jn+41[1] + 0(¢e) for component
j of Cnyo of Ag, and 9;1[1] 4 0(e) for component j of C%, 1;n+1[1] 4+ 0(€) for
component j of Cy 5 of A;. This algorithm can be continued up to the columns
CN, CQN of Ag and Cj/\fv CéN of Al.

Then taking the limit when € tends to 0, g(x,t) can be replaced by Q(z,t)
defined by :

01100] ... 1[N =1  p1n+1[0] ... @1 N[N —1]
21[0] ... @a1[N—=1]  pan+1[0] ... w2 Np1[N —1]
_ <P2N',1[0] . <P2N,1[N — 1] <P2N,]\.I+1[0] . <P2N,N+.1[N —1]
Q(zat) -
Y11[0] ... 1[N =1 Yina[0] ... N[N =]
2,1[0] Yo1[N = 1] 92 n41[0] Yo, N+1[N — 1]
Ganal0] oo analN = 1] vannal0] .. anvsaN - 1]

So the solution of the NLS equation takes the form :
v(z, t) = exp(2it — ip) X Q(z,t)

So we get the result given in (44). O

4 Families of quasi-rational solutions of order N
depending on 2N — 2 parameters

Here a theorem which states the structure of the quasi-rational solutions to the
NLS equation is given. It was only conjectured in preceding works [17, 21].
Moreover we obtain here families depending on 2N — 2 parameters for the Nth-
order Peregrine breather including families with 2 parameters constructed in
preceding works and so we get other symmetries in these deformations than
those were expected.

In this section we use the notations defined in the previous sections. The func-
tions ¢ and v are defined in (39), (40), (41), (42).

Theorem 4.1 The function v defined by

det((njk)‘ ke[ zN])
kel 4
det((d w

jk)j,ke[l,zN])

v(x,t) = exp(2it — ip) X

is a quasi-rational solution of the NLS equation (6) quotient of two polyno-
mials N(z,t) and D(z,t) depending on 2N — 2 real parameters a; and b~j,
1<j<N-1.

N and D are polynomials of degrees N(N + 1) in x and t.

12
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Proof: From the previous result (45), we need to analyze functions ¢ 1, ¥ 1
and ¢r N+1, Yr,N+1. Functions ¢ ; and 1) ; differ only by the term of the
argument 23 j, so only the study of functions ¢y, ; will be carried out. Then the
study of functions 1)y, ; can be easily deduced from the analysis of ¢y ;.

The expansions of these functions in € are studied. We denote (I1; )y, je[1,2n) the
matrix defined by

922 922
by = Heai 3 kL) lkjen = De2i 2 PRIHN 1<j< N, 1<k<2N,

aa—;ogo meaning ¢. Each coefficient of the matrix (Ix;)x, jeq,23) must be evaluated,
the power of z and ¢ in the coefficient of €2~ for the column m € [1,2N]. We
remark that with these notations, the matrix (Ix;)x je[1,2n] evaluated in € = 0

is exactly (nx;)k, je1,2n) defined in (45). Four cases must be studied depending
on the parity of k.
1. We study lg; for k odd, k = 2s + 1.

ler = (—1)*sin(2€(1 — €2) 2z + 4ie(1 — €2)2 (1 — 22t
1+ie(1—€?)™

k—2 2y — k=2
— = — 1) XE 1—¢ 2
1 —ide(l—e€2)™ ) ( )

—1ln

W[ Nl

p P 20+1

p 2\—
1— 2
= (—1)"sine(D_eaue®w +2i Y cxe® (1 2e7)t +2 2(71)%217( (211) )
=0 =0 =0

N-1 N-1

r
=Y ae +i Y b +0(T)) x 2> gue™ + 0(e))
=1 =1 =1

p T
= (—1)5 sin G(Z(Cgll' + doit + for + O(6p+1))€21) X €k_2(z 921621 + O(6T+1))

1=0 1=1
q (71)l+s€2l P r
= Z W(Z(02n$+d2nt+f2n+0(€p+1))62n)2l+1Xekil(z gue? +O(e+))
=0 " n=0 =1
4q I+s,21 P r
(1) n _
— Z —(21 1 (Z Po(z, £)2)2H 1 5 b=l 2921621 +O(e)
=0 ' n=0 =1

where P, (z,t) is a polynomial of order 1 in z and ¢.

q T
1= E e E Bao,....ap Polx, )™ ...Pp(gc,1&)‘3‘1”62(‘3‘1JFQO‘”’”‘P)><62S g g1 +0(e)
=0 ap+...fap=204+1 =1

q

T
21 2 2 2 E 21 t
= € Z an,...,ap (:C,t)e (14202 +pap) X € s gor€ + 0(6 )’
=0 ag+...+op=20+1 =1

where Qq,,...,
The terms in €

a, (z,t) is a polynomial of order 2/ 41 in z and ¢.
0 are obtained for [ = 0 in the two summations with ag = 1.
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For column m, we search the terms in €2™~2 with the maximal power in z and

t. It is obtained for 2l + k — 1 = 2m — 2, which gives | =m — s — 1.
The notations given in (44) are used. We get the following result

Proposition 4.1
deg(nost1,m) =2(m—3s)—1 for s<m—1, nosp1.m =0 fors>m. (47)
2. We study I for k even, k = 2s.

I = (=1)* cos(2¢(1 — 62)%1‘ + 4ie(1 — 62)%(1 —26%)t

14ie(1—€2)2 -
—ilnu —e1) x "1 - 62)_kT
1—ie(l1—¢€2)"2
p P p (1 o 62)_21;1
= (=1)*" cos e(z core®la + 2@'2 cor€? (1 — 2€%)t + 2 Z(—l)lemi
1=0 1=0 =0 (20+1)
—1 N—1 r
- ae? +i Z bie? + O(eP 1)) x ek_2(z g + O(e™™))
=1 =1 =1
P T
= (-1 cos (Y (cam + ot + far + O(1))e?) x 72D goye? + 0(+1))
1=0 =1
I+d+1 .20 P

(_1)(21)—' (D _(cantdantt fon+O( 1)) X2 (Y gme® +0(e7H))
’ n=0 =1

q
=0
(71)l+s+162l

(21)' (Z Pn(x,t)€2n)2l « 62572 2921621 + O(Et)

n=0 =1

I
B

l

- I

where P, (z,t) is a polynomial of order 1 in z and ¢.

q r
lp1 = Z e Z Bao,....apPolx, )™ ... Py(, t)aPeQ(a1+2a2+pa”) x 2572 Z 92162l+0(et)
=0 ao+...fap=21 =1

q T
_ Z 62l Z an,...,ozp (.’L', t)62(a1+2a2+pap) % 62572 Zg2l€2l + O(Gt),
=0

ag+...+ap=21 =1

where Qq,.....q, (¢, ) is a polynomial of order 2/ in x and t.

The terms in € are obtained for [ = 0 in the two summations with ag = 1.
For column m, we search the terms in €2™~2 with the maximal power in z and
t. It is obtained for 2 + k — 2 = 2m — 2, which gives | = m — s.

With the notations given in (44), we have

Proposition 4.2

deg(nas,m) = 2(m —s) for s <m, nasm =0 for s> m. (48)
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3. We study ljm , for k odd, k = 25+ 1.

1 1 1+ie(l —e2)"3
a1 = (—1)° cos(2e(1—€*) 2x—4die(1—€) % (1-2€)t+iIn M_eﬂﬂ)
’ 1—ie(1—¢€2)"2
xeM=k=1(1 — 62)7A172k71
p 1 ) 21+1
e =
= (*1)S(COSE(202162lz72120216 1—26 t—QZ l QZTU
1=0 1=0
N-1 N-1

&l€2l +i Z ble2l + O( p+1)) M7k71(2g2162l + O(erJrl))
=1

=1 =1

p T
(cose Z cor 4 dygt + for )2 + O(PTh)) x MF1 (Z gue? +0(e" 1))
=0 =1

q l+s 21 P r
Z Z(C2nz+d2nt+f2n+0(€p+l))€2n)2l Xerkfl(Z 92l€2l+0(6r+1))
=0 n=0 =1

q l+s 21 P r
Z Z Pn(SC, t>€2n + O(ﬁp—i—l))Ql % 6]\/1—23—2(2 g2l€2l + O(€T+1))
=0 n=0 =1

where P, (z,t) is a polynomial of order 1 in z and ¢.

lk M+1 = ZGQl Z ﬁao, O (‘T t)

ag+...fap=21

T
. Pp(:L', t)ap€2(a1+2a2+pap) % 61\/[72572 Z 92[€2l + O(et)
=1
q

T
_ Zezl Z Qa.... o (:C7t)62(0¢1+20¢2+170tp) « M—25-2 ZQQZGQZ + O(et),
1=

ao+...fap=21 =1

where Qq,.....a, (2, 1) is a polynomial of order 2! in z and t.

The terms in €’ (column 4 + 1) are obtained for I = 0 in the two summations
with ag = 1.

For column % + m, we search the terms in € with the maximal power in x
and t. It is obtained for 21+ 2(N — s —1) = 2m — 2, which gives = m+s— N.
Then we get the following result

2m—2

Proposition 4.3

M M
deg(nggy1 myss) =2m+2s— M fors > o T M M2stim = 0 fors < - —m (49)
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4. We study I, ;, m for k even, k = 2s.

X6M7k71(1 762)7 2’“
P P 20+1

P 2y—
1— 2
= (—1)®sine( g cor€®le — 2i E cor€? (1 — 263t — 2 g (71)16217( (2;_: 0
1=0 1=0 =0

N-1 N-1 r
_ &l€2l +i Z 51621 + O(€p+1)) % erkfl(Z 92l€2l + O(erJrl))
=1 =1 =1
p

= (—1)%sin G(Z(sz 4 dogt + far)e + O(ePT1)) x eM_k_l(Z gue +O(e"))
1=0 =1

q l+s 21 P T
-1
_ 2 : ( ) € (j :(C2nz+d2nt+f2n+0(€p+1))62n)2l+1Xelwfk(E g2l€2l+0(€r+1))
T n=0 =1

_ Z (-1) e' (Z Pn(z,t)€2" 4 O(6p+1))21+1 % 6M_2S(Z g + O(€r+1))
" n=0 =1

where P, (z,t) is a polynomial of order 1 in z and ¢.

q

lk71 = ZGQl Z ﬁao,...,apPO(xat)ao

=0 ag+...foap=204+1

T
N .Pp(x, t)ap€2(a1+2a2+pap) > 6M72s Zg2l€2l + O(et)
=1

q T

21 2 2 M—2 21 t
=) ¢ > Quao,....c, (1, 1) O1T202FP0) o M=25 %70 2L 4 O(€),
=0 ag+...fap=204+1 =1

where Qqy.....q, (,t) is a polynomial of order 2/ + 1 in x and t.

The terms in €° are obtained for [ = 0 in the two summations with ag = 1.
For column % +m, we search the terms in ¢2™~2 with the maximal power in x
and t. It is obtained for 21 + M — k = 2m — 2, which gives [ =m 4+ s — N — 1.
Using the notations given in (44), we get the following result

Proposition 4.4

deg(n287m+%):2m+25—M—1f0r52%—i—l—M,

n257m+%=0fors<%+1—m. (50)

These results can be rewritten in the following way
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Proposition 4.5

deg(nj k) =2k — j for j <2k,

n;r =0 for j > 2k,

deg(njx) =2k+j—2M —1 for j > 2M + 1 — 2k,
njx =0 for j <2M 41— 2k.

(51)

The degree of the determinant of the matrix (nx;)k je[1,25) can now be evalu-
ated.

From the previous analysis, we see that x and ¢ have necessarily the same power
in each ng;. The maximal power in z and ¢, is successively taken in each column.
It is realized by the following product

N N
H j,5 H NN4j2N+1—j-
=1 j=1

Applying the result given in (51) we get

N N
deg(det(n )k jeq1,2n)) = »_ deg(n; ;) + Y deg(nyijoni1-j)
j=1 j=1
N N M
=32 i+ S oM 1) —2M -1+
; j—J ; ( 7) 5t

N N
=Y j+> N+1-j=N(N+1).
j=1

j=1

It is the same for determinant det(dx; ), je[1,2n7, we have deg(det(dy; )k, je[1,2n]) =
N(N +1).
Thus the quotient

det((nki)j,ke[l,zm)

det((dkj)j,kE[I,ZN] )

defines a quotient of two polynomials, each of them of degree N(N + 1), and
this proves the result.

Parameters a; = Z,iv:_ll arer and a; = ij:_ll ar€er must be chosen in the fol-
lowing way.

The term €, must be a power of € to get a nontrivial solution; e; must be a
strictly positive number a in order to have a finite limit when € goes to 0. If
the power of € is superior to 2N — 2, the derivations going up to 2N — 2, then
this coefficient becomes 0 when the limit is taken when € goes to 0 and so has
no relevance in the expression of the limit.

O
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5 Conclusion

Here we proved the structure of quasi-rational solutions to the one dimensional
focusing NLS equation at order V. They can be expressed as a product of an
exponential depending on ¢ by a ratio of two polynomials of degree N(N +1) in
x and t. If we choose a; = I;l =0for 1 <i< N-—1, we obtain the classical (ana-
logue) Peregrine breather. Thus these solutions appear as 2N — 2-parameters
deformations of the Peregrine breather of order N.

The solutions for orders 3 and 4 first found by Matveev have also been explic-
itly found by the present author [26, 27]. We have also explicitly found the
solutions at order 5 with 8 parameters [28]: these expressions are too extensive
to be presented : it takes 14049 pages! For other orders 6, 7, 8, the solutions
are also explicitly found but are too long to be published in any review. In the
relative works [29, 30, 32, 33, 34] only the analysis has been done and figures
of deformations of the Peregrine breathers has been realized. The solutions for
order 9 with 16 parameters [33] and respectively for order 10 with 18 parameters
are also completely found [34].

We still insist on the fact that quasi rational solutions of NLS equation can
be expressed as a quotient of two polynomials of degree N(N + 1) in « and ¢
dependent on 2N — 2 real parameters by an exponential depending on time.
Among these aforementioned solutions of order IV, there is one which has the
largest module : it is the solution obtained in this representation when all the
parameters are equal to 0; one obtains the Peregrine breather order N. His
importance is due to the fact that among the solutions of order NNV, its module
is largest, equal to 2N + 1. This result first formulated by Akhmediev has just
been proved recently [35].

In the recent studies proposed by the author, the solutions of order N can be
represented by their module in the plane (z;t). With the representation given
in this article, one obtains at order N, the configurations containing N (N +1)/2
peaks, except the special case of Peregrine breather. These configurations can
be classified according to the values of the parameters a; or b; for ¢ varying be-
tween 1 and N — 1. It is important to note that the role played by a; or b; for a
given index 7 is the same one, in obtaining the configurations. The study refers
to the analysis of the solutions when only one of the parameters is not equal to
0. Among these solutions, one distinguishes two types of configurations; for a;
or by not equal to 0, one observes triangular configurations with N(N + 1)/2
peaks. For a; or b; not equal to 0 and 2 < ¢ < N — 1, one observes concentric
rings. The simplest structure is obtained for ay_1 or by_1 not equal to 0 : one
obtains only one ring of 2N — 1 peaks with in his center Peregrine breather of
order N — 2; this fact was also first formulated by Akhmediev. The detailed
study of the other structures is being analyzed. We hope to be able to give
results soon.

We can conclude that the method described in the present paper provides a very
efficient and powerful tool to get explicit solutions to the NLS equation and to
understand the behavior of rogue waves.

There are currently many applications in different fields as recent works by
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Akhmediev et al. [36] or Kibler et al. [37] attest it in particular.
This study leads to a better understanding of the phenomenon of rogue waves,
and it would be relevant to go on with higher orders.
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