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Abstract

We construct here new deformations of the AP breather (Akhmediev-
Peregrine breather) of order N (or APy breather) with 2N —2 real pa-
rameters. Other families of quasi-rational solutions of the NLS equa-
tion are obtained. We evaluate the highest amplitude of the modulus
of AP breather of order N; we give the proof that the highest ampli-
tude of the APy breather is equal to 2N + 1. We get new formulas for
the solutions of the NLS equation, different from these already given
in previous works. New solutions for the order 8 and their deforma-
tions according to the parameters are explicitly given. We get the
triangular configurations as well as isolated rings at the same time.
Moreover, the appearance for certain values of the parameters, of new
configurations of concentric rings are underscored.

PACS numbers :
33Q55, 37K10, 47.10A-, 47.35.Fg, 47.54.Bd



1 Introduction

We consider the one dimensional focusing nonlinear Schrodinger equation
(NLS) to describe the phenomena of rogue waves. We recall that the term
of rogue or freak wave was first introduced in the scientific community by
Draper in 1964 [7].

The rogue waves phenomenon plays actually a significant role in other fields;
in nonlinear optics [36], Bose-Einstein condensate [5], atmosphere [37] and
even finance [38].

The first results concerning the NLS equation date from the works of Za-
kharov and Shabat in 1972 who solved it using the inverse scattering method
(39, 40]. Its and Kotlyarov first constructed periodic and almost periodic
algebro-geometric solutions to the focusing NLS equation in 1976 [29, 30]. Tt
is in 1979 that Ma found the first breather type solution of the NLS equation
[33]. In 1983, the first quasi rational solution of NLS equation was con-
structed by Peregrine [35]. Akhmediev, Eleonski and Kulagin obtained for
the first time the second order rational solution and predicted the existence
of an infinite hierarchy of higher-order rational solutions [2, 3]. Other ana-
logues of the AP breathers of order 3 and 4 were constructed using Darboux
transformations, in a series of articles by Akhmediev et al. [1, 4, 6].
Recently, many works about NLS equation have been published using differ-
ent methods. Rational solutions of the NLS equation has been written as a
quotient of two wronskians in 2010 [8]. One year after, the present author
constructed in [9] an other representation of the solutions of the NLS equa-
tion in terms of a ratio of two wronskians determinants of even order 2N
composed of elementary functions using truncated Riemann theta functions;
rational solutions were obtained when one of the parameters tends towards
0. Guo, Ling and Liu found in 2012 an other representation of the solutions
as a ratio of two determinants [27] using generalized Darboux transform. A
new approach has been done by Ohta and Yang in [34] using Hirota bilinear
method. In the same year, the present author obtained rational solutions in
terms of determinants which does not involve limits in [12]. In 2013, we have
constructed explicitly deformations of AP breather of order N depending on
2N — 2 parameters by giving their expressions in terms of quotient of poly-
nomials in z and t for the orders until N = 7, as given for example in [16].
The present paper gives here other new multi-parametric families of quasi
rational solutions of NLS of order NV in terms of determinants (determinants
of order 2N) dependent on 2N — 2 real parameters. New solutions different



from all the previous one are obtained. With this representation, one recov-
ers at the same time the ring or concentric rings structure and the triangular
shapes also found by Ohta and Yang [34], Akhmediev et al. [31].

We construct solutions depending on 2N — 2 parameters which give the AP
breather as particular case when all the parameters are equal to 0 : for this
reason, we will call these solutions, 2N — 2 parameters deformations of the
APy breather.

The paper is organized as follows. We construct new quasi rational solutions
depending a priori on 2N — 2 parameters at the order N. Then we prove
that the highest amplitude of the modulus of the AP breather of order N
is equal to 2N + 1. We construct the AP breathers for N =1 to N = 10;
we only give the corresponding plots of the modulus in the (z;t) plane. Af-
ter, one constructs various figures to illustrate the evolution of the solutions
according to the parameters for the order 8. One obtains at the same time
triangular configurations and ring structures.

2 New wronskian representation of solutions
of NLS equation

We consider the focusing NLS equation
Uy + Vgw + 20?0 = 0. (1)
We recall the main result obtained in [9].

Theorem 2.1 The function v defined by

_ W5(0)
v(x,t) = ,0)

is solution of the NLS equation (1).
In (2), W,(y) = W(bra, ..., ¢ran) is the wronskian of order 2N

W (y) = det[(04 " br)v pepn,.on)), 7 =1,7=3. (3)
The functions ¢, are defined by

exp(2it — ip) (2)

¢T,V(y) = sin @7‘,1/7 1 S 1% S N7
¢r,u(y) = COs @r,ua N +1 <v< 2N7 (4>
O, = K /2 + it — iz, /2 + 1y —ie,, 1<v <2N.
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The terms k,, 6,, 7, are functions of the parameters \,, v = 1,...

satisfying the relations

They are given by the following equations,

/ [1—=X;
H’j =2 1 - )\?, 5]' = /‘ilj)\j, ’}/j = 1+>\;,

KN+j = Kj,  Onig=—0;, Ingg=1/7, Jj=1...

The terms z,,, (r = 3, 1) are defined by

Try=(r—1)In23 1<j<2N.

The parameters e, are given by
ej =ia; —bj, eny; =ia;+b;, 1<j<N,

where a; and b;, for 1 < j < N are arbitrary real numbers.

N.

ON

(8)

We choose here to give a new representation of the solutions of the NLS
equation depending only on terms 7,, 1 < v < 2N. From the relations (6),
(7), we can express the terms &, 0, and x,., in function of v,, for 1 <v < 2N

and we obtain :

(1—~2 g .
4’)/]‘ 5] — 4'7](1 'YJ) xr7j — (T _ 1) ln i 1 S ] S N’

Ry = (1+43)° (14+75)% 7 vi+i
4v; 4v;(1-77) i+i -
o=t 6= e NmEE Ne1<j<oN

We have the following new representation :

Theorem 2.2 The function v defined by

_ det[(a{jil&i’),u(o))u,uE[l,...,ZN}]
det[(ag_l%,u(o))u, pell,....2N]]

is solution of the NLS equation (1)

v(z,t)

10y 4 Ve + 2[0|?v = 0.

exp(2it — i)

(9)



The functions ém, are defined by

7 (17 - —i . ,
Orsly) = sin (g + it — i I 2y —ies), 1< <N,

(1+77) (1477)2 , 2 ax
2, LAy (1-7%) L (r—1 i—i . .
Frvasly) = cos (e — i ot + i I+ Ly —deny;), 1< <N,

where yj:,/;;\;, 1<j<N. (11)

Aj s an arbitrary real parameter such that 0 < X\; <1, Ayy; = —XA;, 1 < j < N
The terms e, are defined by e; = ia; — bj, eny; = ia; +bj, 1 <7 <N,
where a; and b; are arbitrary real numbers, 1 < j < N.

Remark 2.1 In the formula (10), the determinants det[(04~" £,(0)), ueps,....2n]
are the wronskians of the functions fi,..., fan evaluated in y = 0. In par-
ticular 0, f, means f,.

3 Families of quasi-rational solutions depend-
ing on 2N — 2 parameters of NLS equation

in terms of a ratio of two determinants of
order V.

In the following, to get quasi-rational solutions of the NLS equation, we have
to take the limits Ay > 1 for 1 <j < Nand \; = —1for N+1< 5 <2N.
For this, we choose \; = 1 — 2je*. When € goes to 0, we realize limited
expansions at order M of all the functions @, .

We use the following notations :

2y; Ay (1=v3) . i

X; = (14?%)33 +1 (iﬂf_); t—iln 1;; — iej,

_ 2 Ay (1-77) o yi—i
XN+ = Grp® ~ i T HIN G5 —ieny,
for 1 <j < N.
Y= 24 '4%'(1*’}’]2)15 e (12)

i (1+wj2)z g (1+2)? 1ej,

_ 2y 47, (1-77) ,
YNeg = @ ® ~ i £ e
for 1 <j < N.



The terms v, and e, are defined by (11). We have any freedom to choose the
terms a; and b;. This is the crucial point. We choose a; and b; in the form

=

-1 N-1

a; = ~kj2k+1€2k—l-17 b] _ b 2k+1 2k+17 1 S] < N. (13)
1 k=1

i

In order to rewrite the quotient of wronskians defined in (11), we use the
following functions :

N R _ 4
Cajr1k =V SINXg,  Qajpon =7, cos Xy,
4541 4542

Pajyzk = =V SN Xk, Qajpar = —7, €S Xy, 14
_ 2N-4j-2 X 2N—45-3 X (14)

P4j+1,N+k = Vg CCOSAN+E,  Paj+2,N+k = — Vg sin Xn g,

P4j+3,N+k = — Vi COS ANk, Paj+4N+k = Vg sin Xy, AR

We define the functions g;; for 1 < j < 2N, 1 <k < 2N in the same way,
we replace only the term X by Y.

Vajy1p = %ilj_l sinYg, Yy = %ilj cos Yy,

Uajrar =~ sin Vi, ajran = —0 T cos Y,
Va1 Nvk = Vg A__ cos Yin,  Uajroner = —7p 0 sin Y,

—4j— IN—4j—5
Vaj3 Nk = — Vg CoSYnik,  Vajran+k = Y sinYyip, 1<ESN

The quotient of wronskians ¢(z,t) defined by

det[(94 03, (0)),, pept,...2n)]
det[(a{jil(bl,u(o))v,ue[l,...,QN]]

q(z,t) =

can be written as

& det(@jk)j, ke[t,2n]
Ay det(w k)j ke[1,2N]

All the functions ¢;; and 1); and their derivatives depend on € and can all
be prolonged by continuity when e = 0.
Then we use the expansions

02
P, t,€) = Zl 0 (zl am@i R + 0(eY),  pjall] aﬂjzl(x t,0),
@i1l0] = pji(z,t,0), 1<j<2N, 1<k<N, 1<I<N-1,
_ 2L, .
gpj,N-i—k(xa i, 6) = l]\iol ﬁ@iN_Fl[l]kzlEm + O(€2N)a ij,N—‘rl[l] = %(Iftu O)a
(pj}N+1[O]:(pj,N+l<x7t’0), 1§]§2N, 1§]€§N, 1§l§N—1

q(z,t) = (16)

(17)
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We have the same expansions for the functions ;.

¢j,k(xvt76) = ]\i ' 2[1¢]1Hk2[€2l+0( 2N)7 77Dj1[] 831@11($ t 0)
$ia[0] = 1 (2,6,0), 1<j<2N, 1<k<N, 1<I<N-1,
bivin(@,te) = 300" mtian DR+ O0(eN), vl = Pinit (1,1,0),
ina]0] = Yjna(z,1,0), 1<j<2N, 1<k<N, N+1<k<2N.

(18)

Then we get the following result :
Theorem 3.1 The function v defined by

det((njk)j,ke[1,2N])
det((djx)jkeqt,2n)

v(x,t) = exp(2it — ip) X (19)

is a quasi-rational solution of the NLS equation (1) ivy 4 vgy + 2[v[*v = 0
depending on 2N — 2 real parameters a;, bj, 1 < j < N — 1, where

lel = QOjJ(SL’,f,O), 1 Sj S 2N njk = %(I t O)

2k 2
njn+1 = @jn+1(2,t,0), 1 < j < 2N nJNJrk = %(w t,0),
dji = Pja(2,4,0), 1 < j < 2N djy = Lo i (1, ¢, 0),

k
dint1 = Vjint1(2,1,0), 1 < j<2N  djnip = 832#(90 t,0),
9<k<N,1<j<2N

The functions ¢ and ¥ are defined in (14), (15).

Proof : We eliminate in each column k (and N + k) of the determinants
appearing in ¢(z,t), the powers of € strictly lower than 2(k — 1) by combin-
ing the columns of them successively. We begin by the components j of the
columns 1 and N +1; they are respectively equal by definition to ¢;1[0]+0(e)
for C1, @jn+1[0]4+0(€) for Cny1 of Ag, and ;1 [0]+0(¢) for C7, ¢;n+1[0]+0(¢)
for Cly,, of A;.

At the first step of the reduction, we replace the columns Cj by Cy — C
and Cyix by Cnip — Cyyq for 2 < k < N, for As; we do the same changes
for A;. FEach cornponent j of the column C}% of Az can be rewrltten as

A ﬁgpj,l [](k*—1)e* and the column Cy,, replaced by ST ] 21 S0 N [ (B —

1)€2l for 2 < k < N. For Ay, we have the same reductions, each component
j of the column CY, of can be rewritten as S " ﬁ%gm(/ﬁ% —1)e? and the

column C'Y,, replaced by Zl]\;l ﬁ@bjw“[l](k‘zl — e for2 <k < N.

7



We can factorize in As and A; in each column £ and N + k the term %62

for 2 < k < N, and so simplify these common terms in numerator and de-
nominator.

If we restrict the developments at order 1 in columns 2 and N + 2, we get
respectively ¢;1[1] + 0(e) for the component j of Ca, ¢jn41[1] + 0(¢) for the
component j of Cnyio of Ag, and 1;1[1] + 0(e) for the component j of CY,
Yin41[1] + 0(¢) for the component j of C}y,, of Ay. This algorithm can be
continued until the columns Cy, Con of Az and CY, C of Ay.

Then taking the limit when € tends to 0, ¢(x,t) can be replaced by Q(z,1t)
defined by :

e11[0] ... e[V =1 N[0 o prna[N 1]
021[0] ... 021N =1  wani1[0] ... ponpa[N 1]
Q) = 9021\7.,1[0] . . (PQN,I[N —1] 902N,]\.7+1[0] . . SOQN,NJrl.[N —1] (20)
Yial0] oo [N —=1] i 4]0 Y11 [N — 1]
91[0] Yo [N = 1] aha n41[0] Yo N1 [N — 1]
1?21\/',1[0] . . %N,l[N —1] w2N,Z\./+1[O] . . wQN,N+1'[N —1]

So the solution of the NLS equation takes the form :

v(x,t) = exp(2it —ip) x Q(x,t)

So the obtain the result given in (37). O

4 The AP breather of order N and its high-
est amplitude of the modulus equal to 2N +1

There is any freedom to choose 7; in such a way that the conditions on A;
are checked. We know from previous works [9, 12] that the AP breathers are
obtained when all the parameters a; and l;j are equal to 0. In order to get the
more simple expressions in the determinants, we choose particular solutions
in the previous families.

Here we choose v; = je as simple as possible in order to have the conditions
on \; checked.



Theorem 4.1 The function vy defined by

det((njk)jken,2n]) >
det((djr)jke1,2n)) (dj=b;=0,1<j<N-1)

is the AP breather of order N solution of the NLS equation (1) whose highest
amplitude in modulus is equal to 2N + 1.

vo(x,t) = exp(2it — ip) X < (21)

Remark 4.1 In (21), the matrices (nji)jkepn2n) and (dji);rep2n) are de-
fined in (20).

Proof : We recall that APy is the AP breather of order N. All the pre-
vious analytical and numerical studies (]9, 12, 15]) shows that the maximum
of APy is reached for (z,t) = (0,0). We are going to establish that the value
of the modulus of this solution APy denoted vy(0,0) is equal to 2N + 1.
We need to analyze the functions ¢y 1, @i n+1 and ¥y 1, Ve Ni1-

We denote (Iy;)k,je,2n the matrix defined by

H2i—2 5?12
lk:j = Wg&kl(o,O), lkJ.ﬁ,.N — W‘Pk,l—&—N(OaO)a 1 S] S N7 1 S k S 2N7

and (l;j)kde[mN] the matrix defined by

, 82] 2 823 2
li; = 95— 55 0k(0,0),  lpjen = 52 551+ (0,0), 1<j< N, 1<Fk<2N,

g—;ogo meaning . We remark that with these notations, the matrix (Ii; )k, jeq1,2n]
evaluated in € = 0 is exactly ((ru)s—5—0,1<j<N—1,004=0)kjel1,2n] and the

matrix (I, )kjeq1,2n] evaluated in € = 0 is exactly ((dis) 7, 25,20, 1<j<N—1,0=0,=0)k.jel1,2N]
defined in (20). We don’t change the value of the quotient of the determi-
nants in the solution v if we replace x3; = H 77 , because the

terms —ix3; change in —ixg ; + 2.

We have four cases to study depending on the parity of k.
1. We first study l;.

a. lp for kodd, k =2s+1, for x =0 and t = 0.

1+ e 2¢2s
i = (-1 1 P2 = (18
k1 ( ) Sln( Z n 1 fl ) ( ) 1 +€2
N+s N 1 30
_ 2 2N+25 k1 2t 2N+1
= (~1)'2¢" + O(e Zo_zt! Szt € O,
t=s t



2t
Eo we get : for t < s, @8—8;& =0 and for ¢t > s, ﬁa—&% = (=1)"2. Tt can
e rewritten as

Proposition 4.1

0<t<N-10<s<N-1,
Nostippr =0 if t <8, Nagyip = (—1)2if t > s. (22)

b. Iy for k even, k = 2s.

1+ ie €272(1 — €2)
l — _1 s+1 _1 k—2 — _1 s+1- \- —*~/
N+s N 1 92
= (—1)" 1226~ D) +Z DR2e 4OV 2 = % @0 622?8%0@”“).
t=0 )
So we get : fort < s—1, (21) aatffl =0;fort=s5-—1, ﬁaggfl = (=1)*71
fort > s—1, ﬁ%ﬁf—l = (—1)!2. Tt can be rewritten as

Proposition 4.2

0<t<N—-1 1<s<N, ngp1=01ift<s—1,
Nosis1 = (=1 ift =5 —1, nggs = (=12 ift >s—1. (23)

c. lgny for kodd, k =2s+ 1.

€2N72572 (1 - 62)

1 .

1 — e 1+ €2
2N —s N 1 a 0
— (-1 562(N—s—1)+ -1 t+N+12€2t+O AN=2s+1y _ k1 2L O(2N+1Y.
(-1 P (@) =3 G 0
So we get : fort < N — s —1, ﬁ%:o; fort=N—s-1, ﬁagﬁ—ﬁfl:
2t
(—=1)% fort > N —s—1, ﬁa&f{” = (=1)!™N+12. It can be rewritten as

Proposition 4.3

0<t<N-1,0<s<N-—-1 nosinpipe=0ift<N—-s5—1,

Nossin+iee = (1) ift =N —s—1, noginyipe = (=1)TV24ft > N — s — 1.(24)
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d. ly N1 for k even, k = 2s.

1+ de 2€2N—23
_ sHL . 2N—k—1 _ s+1
k1 = (—=1)*" sin(—iln m)e =(-1) W
2N-—s Nooq o2t
_ Z (1) N+l 4 O(AN-2+1) = Z (2@!%6% +O(2N+1,
t=N-—s t=0 .
So we get : for t < N — s, ﬁagﬁfl = 0; fort > N — s, @—agﬁﬁ

(=1) V12, Tt can be rewritten as
Proposition 4.4
0<t<N-1 1<s<N\,
NosNiir1 = 0 if t <N — s, nognierr = (1) VT2 4ft > N —s. (25)

N— _
Then Az(N) := ( 1211(21)!) 2 det((njk)j,k€[1,2N])(a}:b}zo,1§j§N—1,x:O,t=0) can
be written as det((7;); eq1,2n) defined by

(-1)%x2 (=D'x2 ... (=)VN"2x2 (—nN-lx2 0 0 0 (-1)°
(-1)° (-D'x2 ... (—DN"2x2 (—n)N-1xa2 0 0 0 (-1)% x 2
0 (-nDtx2 ... ()N "2x2 (—)N-lxo2 0 0 (-1t (-1)% x 2
0 (-1t o (=N x 2 (—1)NTlx2 0 0 (-t x2 (-1)%x2
0 0 (-)VN"2x2 (—1)N-lx2 0 (-1)N—2 oo (-DPx2 (-1)%x2
0 0 (—N—2 (—n)N=1x2 0 (-nN=2x2 ... (=D'x2 (-1)%x2
0 0 0 (—n)N—1x2 (—)N-1 (-)N=2x2 ... (=1)'x2 (-1)%x2
0 0 0 (—1)N-1t ()Nt x2 (—)N=2x2 ... (-1)'x2 (-1)"x2

Then we first factorize in each column j the term (—1)/~! for 1 < j < N and
(=N~ for N+ 1 < N +j < 2N; the common factor is (—1)Y¥=1 equal
to 1. We get the following determinant

2 2 2 2 0 0 0 1
1 2 2 2 0 0 0 2
0 2 2 2 0 0 1 2
0 1 2 2 0 0 2 2
As(N)y=| : oL : Lo (27)
0 0 2 2 0 1 2 2
0 0 1 2 0 2 2 2
0 0 0 2 1 2 2 2
0 0 0 1 2 2 2 2

Then we realize the following transformations on the rows L; : we replace

1 0 0 0 0 0 0 —1
1 0 0 0 0 0 —1 0
0 1 0 0 0 0 —1 0
0 1 0 0 0 0 0 0
Ag(Ny=| © .o : : : : (28)
0 0 1 0 0 —1 0 0
0 0 1 0 —1 0 0 0
0 0 0 1 —1 0 0 0
0 0 0 1 2 2 2 2

(26)



We expand along the first row to obtain

0 0 0 0 0 0 -1 0 1 0 0 0 0 0 0 -1
1 0 0O 0 0 0 -1 0 o 1 0 0 0 0 0 -1
1 0 0 0 0 0 0 0 0o 1 0 0 0 0 -1 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 -1 0
Az(N)=| o : o . . . . R o . . . . . . . . . (29)
0 0 1 0 0 -1 0 0 0 0 1 0 0 -1 0 0
0 0 1 0 -1 0 0 0 0 0 1 0 -1 0 0 0
0 0 o 1 -1 0 0 0 0 0 0 1 -1 0 0 0
0 0 o 1 2 2 2 2 0 0 0 1 2 2 2 2

We expand the first determinant along the last column and the second one
along the first column to obtain

0o o0 (O] 0 0 0 -1 1 0 0o o0 0 0 0 -1
1 0 0 0 0 0 0 -1 1 0 o o0 0 0 -1 0
1 0 0O o0 0 0 -1 0 0o 1 o o0 0 0 -1 0
0o 1 0 0 0 0 -1 0 0o 1 o o0 0 0 0 0
Az(N) =2 | . . . . . . . . . +| . . . . . . . . . (30)
o o0 0O 0 0 -1 0 0 0o o0 1 0 0 -1 0 0
0o o0 1 0 0 -1 0 0 0o o0 1 0 -1 0 0 0
o o0 1 0 -1 0 0 0 0o o0 0o 1 -1 0 0 0
(V] 0o 1 -1 0 0 0 0o o0 0o 1 2 2 2 2

In this last relation the second determinant is nothing else but Az(N — 1).
Thus A3(V) can be written as 2A3(N —1)+ A3(N —1). We have to calculate
A3(N —1). We can expand this determinant first along the first row, then
again along the first row of the new determinant. We get :

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 —1
1 0 0 0 0 0 0 —1 1 0 0 0 0 0 0 —1
0 1 0 0 0 0 0 —1 1 0 0 0 0 0 —1 0
0o 1 0 0 0 0 -1 0 0o 1 0 0 0 0 -1 0
Ag(N—-1)=| . : Lo : : : : o=l : Lo : : : : L =A3(V—-2) (31)
0 0 0 0 0 —1 0 0 0 0 1 0 0 —1 0 0
0 o 10 0 -1 0 0 0 0 1 0 0 -1 0 0
0 0 1 0 -1 0 0 0 0 0 0 1 -1 o0 0 0
0 0 0 1 -1 o0 0 0 0 0 0 1 -1 o0 0 0

So we get Ag(N —1) = A3(N —2); as Az(1) = 1, we clearly have A3(N) =1,
for each integer N > 1.

Thus we have the following recurrence relation A3(N) = 2A3(N—1)+A3(N—
1) = A3(N — 1) +2; as A3(1) = 3, we get A3(N) = A3(N —1)+2 =
A3(1) +2(N —1) = 2N + 1.

2. Then we study the elements l;gj of the denominator of .
a. l;ﬂ for k odd, k =2s+ 1, for x =0 and t = 0.

L, = (—1)*sin(0) = 0

So we get

12



Proposition 4.5

0<t<N-1,0<s<N-1,

N2st1,041 = 0. (32)

b. I, for k even, k = 2s.

So we get : for t # s — 1, (2%5)!%:05 fort=s5—1, ﬁ% = (=1)**.
It can be rewritten as

Proposition 4.6

0<t<N-1,1<s<N,
Nosys1 =0 ift #s—1, noggrpr = (=1 ift =s—1. (33)

C. Ly for kodd, k= 2s+ 1.

N
1 82tSpkl 2t 2N+1
= Z INE e+ 0(e ).

i
)
—~

2t 2t
So we get : fort # N —s—1, ﬁ%:O;fort:N—s—l, ﬁ%:

(—1)°. It can be rewritten as

Proposition 4.7

0<t<N-1,0<s<N-1,
Nos+1,t+1 = 0 th <N -—s— 1, Nos+1,t+1 = (—1)5 th: N —s—1. (34)

d. l;c,N+1 for k even, k = 2s.

Ly = (—1)*sin(0)e2N =+t =0

So we get

13



Proposition 4.8
0<t<N-1,1<s<N,
n257t+1 = O (35)

Then A;(N) := ( ;\;1(21)!)_2 det((djk)jyk’e[ly?]\”)(dj:b}:Q1§j§N—17x:O,t:0) can

be written as det((dij)me[LQN]) defined by

0 0 0 0 0 0 0 (=1)°
(—1)° 0 0 0 0 0 0 0
0 0 0 0 0 0 (-1t 0
0 (-1t 0 0 0 0 0 0
. : (36)
0 0 (—1)N—2 0 0 (—1)N—2 0 0
0 0 0 0 0 0 0 0
0 0 0 0 (—1)N-1t 0 0 0
0 0 0 (—1)N-1 0 0 0 0

In the previous determinant A;(N), on each row, only one term is non equal
to 0. Then we expand along the last row and again along the last row of the

new determinant; we obtain the recurrence relation : A;(N) = —A;(N —1).
As A;(1) = —1, this relation proves that A;(N) = (—=1)V.

3. Then we can evaluate the absolute value of the quotient |v(0,0)| = [43| =
[ B =2N + L.

The maximum of amplitude of the modulus of the AP breather of order N
is equal to 2N 4+ 1. O

5 An other simpler representation of fami-
lies of quasi-rational solutions depending
on 2N — 2 parameters of the NLS equation

We saw in previous section that solutions of NLS equation given by (11)
can be written in function uniquely of terms . We recall that the terms -;

are given by v; = 1/;_;\;7 IN+j = %, 1 < j < N; Ajis an arbitrary real

parameter such that 0 < A\; <1, Ay;; = —A;, 1 <5 < N.
We can rewrite the result given in (11) in a simplest formulation as follows :

Theorem 5.1 The function v defined by
det((fﬁ))j,keu,yv])
det((fj(;))j,ke[IQN])

v(x,t) = exp(2it — ip) X (37)
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is a quasi-rational solution of the NLS equation (1)

1V 4 Ve + 2[0)?v = 0,

depending on 2N — 2 real parameters a;, b;, 1 < j < N — 1 where

10 = S (v sin | 2+ 48 — i m 2 4 N @ ib)e T+ (- 13 )

J de2(k—1) (1+~2)? y+i
(ry _ k- 2N—4j—1 2+ cy(1—7) p 1, y—i N—1,~ TN 2141 .
fiNsk = S (7 cos | kza — diqr At +it5 In 1 + >0, (ar —iby)e +(G-1)

1<EkE<N, 1<j<2N, re{l;3}, e€)0;1], ~v=e¢(1—e>)2

Proof : It is sufficient to use the formulation given in the previous section
which needs four types of functions and to take A\ = 1 — 2¢2.
O

Remark 5.1 In the previous theorem, the expression g—;f(a:) means f(x).

6 Quasi-rational solutions of order 8 with 14
parameters

6.1 Deformations of the AFPs breather

We have already constructed the deformations of the APy breathers with
2N — 2 in a series of papers for the cases N = 3 to 7 [14, 15, 16, 17, 18]. We
only construct the patterns corresponding to the case N = 8 in order not to
weight down the paper.

All the study conducted in this article and figures in particular show that
the solutions obtained with this method are completely localized at the same
time in time and space.

In this case we obtain a family of solutions depending on 14 parameters. The
analytical expression and their two-parameters deformations can be found in
[10], the 14-deformations are found, but too monstrous to be published.

We give plots of deformation of the AP breather of order 8 by variations of
one parameter (we only present here the case of parameters a; # 0). In par-
ticular, we recover triangles as given in 2012 in [31] and circular structures
as already presented first in 2013 [32].
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Figure 1: Solution of NLS, N=8; all parameters equal to 0, the APy breather.

Figure 2: Solution of NLS, N=8: a; = 10? : a regular triangle with 36 peaks;
right : sight of top.
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Figure 3: Solution of NLS, N=8; @, = 10°, 7 rings with 5 peaks on each of
them with in the center one peak; right : sight of top.

Figure 4: Solution of NLS, N=8; a3 = 108, 5 rings with 7 peaks on each of
them with a central peak; right : sight of top.
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Figure 5: Solution of NLS, N=8; a4 = 10'°, 4 rings with 9 peaks on each of
them without central peak; right : sight of top.

Figure 6: Solution of NLS, N=8; a5 = 10'®; 3 rings of 11 peaks with in the
center P; right : sight of top.
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Figure 7: Solution of NLS, N=8; ag = 10?°, 2 rings with 13 peaks and in the
center Py; right : sight of top.

Figure 8: Solution of NLS, N=8; a; = 10'°, one ring with 15 peaks and in
the center Pg; right : sight of top.

19



These structures appear as soon as ay or by exceed a certain value. These
structures most sensitive to the variation of the parameters a; or by are those
obtained for £ = 1; a formation of a triangle appears as soon as a; or by is
greater than 100. The more k increases, the more the structures appear for
large values of the parameter; for example for k£ = 7, the structures appear
clearly for a; or b; about 10%. The heights of the peaks increase as k increases
by 1 to 7; for kK = 1, the maximum height is about 3, to increase until £k =7
where it becomes about 13. The dissipation of the structure is all the more
slow as k is large.

6.2 Asymptotic behavior

In all these plots, in the case of order N, we see when only one of the pa-
rameters Gay_; or by_; is not equal to 0 and one of these parameters tends to
infinity the appearance of the AP breather of order N — 2. This observation
was first pointed out by Matveev. In fact, the computations show when the
parameters dy_; or by_; tend to infinity, for order N, the appearance as fac-
tor of a%_, or a%_, of the analytic expression of the Akhmediev-Peregrine
of order N — 2. This fact is shown by computations but these results are too
long to be presented in this paper.

7 Conclusion

We have constructed here new representations of solutions of the NLS focus-
ing equation. These solutions appear as 2N — 2-parameters deformations of
the AP breather of order N.

A subset of the solutions was built. With this subset, a proof that the maxi-
mum of the modulus of the breather of order N is equal to 2N + 1 was given.
This result was conjectured by Akhmediev for the first time in 2010 [4]; we
also find this conjecture in the works of many authors, in particular we can
mention Matveev [8], He [28], Yang [34].

Akhmediev et al. gave first the proof of this result for N =1 to N =4 in
the case of solutions without parameters in 2010 [4]. Here we give another
approach to the proof in the case of solutions depending on 2N — 2 parame-
ters at order N, for any nonnegative integer V.

In the case of the variation of one parameter for N = 8, we obtain different
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types of configurations with a maximum of 36 peaks. For a; # 0 or by # 0 we
obtain triangles with a maximum of 36 peaks; for as % 0 or by # 0, we have
5 rings with respectively 5, 10, 5, 10, 5 peaks with one peak in the center.
For a3 # 0 or by # 0, we obtain 5 rings with 7 peaks on each of them with
a central peak. For a4 # 0 or by # 0, we have 4 rings with 9 peaks on each
of them without central peak. For ds # 0 or bs # 0, we have 3 rings of 11
peaks with in the center the Akhmediev-Peregrine of order 2. For ag # 0 or
be # 0, we have 2 rings with 13 peaks and in the center the AP breather of
order 4. For a; # 0 or by # 0, we have one ring with 15 peaks and in the
center the AP breather of order 6.

Many studies have been done these last years, but this is the first time that
this study for order 8 is realized with 14 parameters. The expressions of the
polynomials in x and ¢ are found; they are too extensive to be published.
We have only given the plots in order to illustrate the deformations of the
solutions.

Moreover, we recover the asymptotic behavior of the solutions in the cases
where a7 or b; are not equal to zero; in the case N = 8, for large values of
these parameters, we see in the center of the ring formed of 2N — 1 peaks,
the appearance of breather of order N — 2.

This last result already mentioned by Akhmediev, He, should be proved in
the next years, like many other properties about the appearance of the peaks
depending on the different choices of parameters.

The solutions given in this article are exact solutions to NLS equation. By
construction, according to the theory, total energy is preserved and inde-
pendent of time for this equation. These solutions represent quasi rational
solutions of order N fixed by the condition which its modulus tends towards
1 when z or t tends to infinite and its highest maximum is localized at the
point (x = 0;¢t = 0). In particular Akhmediev-Peregine breather APy is dis-
tinguished by the fact that APy (0;0) = 2N +1, and that among the previous
class, the solution which has a larger modulus. The solutions constructed in
the article are deformations of Akhmediev-Peregrine breather of order 8, and
it is well-known that this one is a solution to the NLS equation and does not
contradict in no case the principle of conservation of total energy and total
moment.

Moreover, it is important to stress on the fact that the modulus of these
solutions tend towards 1 when x or ¢ tends towards infinite : the modulus
of these solutions is a quotient of two polynomials of degree 72 in x and t;
each coefficient of ™ and t7? of these polynomials representing the solutions
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is equal in the numerator and the denominator what proves the result of the
asymptotic behavior of the solutions.
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