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Abstract

In this paper, we apply the Schwarz Waveform Relaxation (SWR) method to
the one dimensional Schrédinger equation with a general linear or a nonlinear
potential. We propose a new algorithm for the Schrédinger equation with time
independent linear potential, which is robust and scalable up to 500 subdo-
mains. It reduces significantly computation time compared with the classical
algorithms. Concerning the case of time dependent linear potential or the non-
linear potential, we use a preprocessed linear operator for the zero potential case
as preconditioner which lead to a preconditioned algorithm. This ensures high
scalability. Besides, some newly constructed absorbing boundary conditions are
used as the transmission condition and compared numerically.

Keywords: Schrodinger equation, Schwarz Waveform Relaxation method,
Absorbing boundary conditions, Parallel algorithms.

1. Introduction

Schwarz waveform relaxation method (SWR) is one class of the domain
decomposition methods for time dependent partial differential equations. The
time-space domain is decomposed into subdomains. The solution is computed on
each subdomain for whole time interval and exchange the time-space boundary
value. Some articles are devoted to this method for linear Schrédinger equation
[1, 2], advection reaction diffusion equations [3, 4, 5], wave equations [6, 7] and
Maxwell’s equation [8].

This paper deals with the SWR method without overlap for the one di-
mensional Schrodinger equation defined on a bounded spatial domain (ag, bp),
ap,bgp € R and ¢t € (0,T). The Schrédinger equation with homogeneous Neu-
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mann boundary condition reads

Lu = (10 + Oy + V)u =0, (t,z) € (0,T) X (ag, bo),
u(0,z) = uo(x), x € (ag, bo), (1)
anu(tvz) = 07 T = a07b07

where % is the Schrodinger operator, 0y, is the normal directive, the initial value
up € L*(R) and ¥ is a real potential. We consider both linear and nonlinear
potentials:

1. v =V(t,x),

2.V = f(u), ex. ¥ =|ul?.
In order to perform domain decomposition method, the time-space domain
(0,T) % (ao, by) is decomposed into N subdomains @; = (0,T) xQ;, Q; = (a;,b;)
without overlap as shown in Figure 1 for N = 3.
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Figure 1: Domain decomposition without overlap, N = 3.

The classical SWR, algorithm consists in applying the sequence of iterations
for j=2,3,....N—1

ﬁfu?“ =0, (t,z) € ©;,
w0, 2) = up(z), = €9y,
Bkl = Bk o (2)
jU; = DUy, T = a4y,
k+1 _ k _
Bjuj = Bjuj+1, Tr = bj.

The two extremal subdomains require special treatment since the Neumann
boundary condition is imposed in (1) at the points ag and by.

Lubt =0, (t,z) € O, Luk =0, (t,x) € Oy,

uf (0, 2) = uo (@), x € A, w0, 2) = u(z), = € Q,
On, uf T = 0,2 = ay, Byuitt = Byuky |, =ay,
Byuytt = Byub,x = by, Onyul™ = 0,2 = by.

The notation u¥ denotes the solution on subdomain ©; = (0,T) x (aj,b;) at
iteration k = 0,1,2,... of the SWR algorithm. The boundary information is



transmitted with adjacent subdomains ®;_; and ©;4, through the transmission
operators B;.

The transmission condition is one of the key issues for this method. For
the linear Schrodinger equation, the SWR, method with or without overlap is
introduced and analyzed by Halpern and Szeftel in [1]. For the decomposition
without overlap, if ¥ is a constant, they use an optimal transmission condi-
tion given by the underlying transparent boundary condition. However, the
transparent boundary condition is not always available for a variable poten-
tial. Robin transmission condition and quasi-optimal transmission condition
are therefore used and are named as optimized Schwarz waveform relaxation al-
gorithm and quasi-optimal Schwarz waveform relaxation algorithm respectively.
In both cases, the transmission operator is written as

B; =0, +5;, (3)

where the operator §; is

Robin: S; = —ip, p € R, Quasi-optimal : S; = /—i0; — Va, b,

and n; denotes the outwardly unit normal vector at a; or b;. Recently, Antoine,
Lorin and Bandrauk [9] consider the general Schrédinger equation. On the
interface between subdomains, they propose to use recent absorbing conditions
as transmission condition, which is also an idea that we follow in this paper.

In recent years, some absorbing operators for one dimensional Schrédinger
equation have been constructed by using some adaptations of pseudo-differential
techniques [10, 11, 12, 13]. We use them here as the transmission operators in
(3) and expect to get good convergence properties.

We are also interested in this article about the effectivness of the method on
parallel computers. Another import issue for the method is therefore the scal-
ability. As we know, without additional considerations, the more subdomains
are used to decomposed (ag, by), the more iterations are required for SWR al-
gorithm to reach convergence. Thus, the total computation time could hardly
decrease significantly. In this paper, we propose two solutions: a new scalable
algorithm if the potential is independent of time and a preconditioned algorithm
for general potentials.

This paper is organized as follows. In section 2, we present the transmission
conditions which are used in this paper for the classical SWR algorithm, and
the discretization that plays an important role for the analyses of the interface
problem in Section 3. In Section 4 and 5, we present the new algorithm for
time independent linear potential and the preconditioned algorithm for general
potentials. Some numerical results are shown in Section 6. Finally, we draw a
conclusion in the last section.



2. SWR algorithm and discretization

2.1. Transmission conditions

The transmission conditions on boundary points a; and b; are given thanks
to the relation
Bj = 8nj -+ Sj, (4)

where the operators S; could take different forms. Besides the Robin transmis-
sion condition, we propose in this paper to use the operators S; coming from
the artificial boundary conditions for (1) defined in [13, 11, 12, 14] for a linear or
nonlinear potential ¥ (¢, x,u). The authors propose three families of conditions
written as

O+ SMu =0,

on the boundary of considered computation domain, M denotes the order of
the artificial boundary conditions. We index by [ these families of boundary
conditions: | = 0 for potential strategy, [ = 1 for gauge change strategy and
I = 2 for Padé approximation strategy. We recall here the definition of operators
SM for the different strategies.

Potential strategy [ =0 ([13])
Order 2: S2 = eﬂ%atlm,

‘TI',V
Order 3: S5 =55 —¢'% 5[:/2,

On?

Order 4: S5 =S5 —i .

Ita

where the fractional half-order derivative operator 8151 /2 applied to a function h
is defined by
1 L oh(s)
Y 2h(t) = —=0 / ——==ds,
RO = 20 | s

the half-order integration operator It1 /2 and the integration operator are given

by
1/2 *—1 t Ms) ] = t s)ds
17ty = ﬁ/o md » Leh(t) /0 Als)ds.

Gauge change strategy [ =1 ([11, 12|)

Order 2: S% = eﬂ%eW(t,w)gtl/Q(efiV(t,z)_),

| VIow?| _;
Order 4: S} =87 — isgn(@n“//)7| 5 |6W(t’m)lt(7| 5 |e Zv(t’r)-),
where sgn(-) is the sign function and
¢
V(t,xz) = / Y (s, z,u(s,x))ds.
0
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Padé approximation strategy [ =2 ([11, 12])

Order 2: S5 = —ir/id; + ¥,

Order 4 : S;l = 5'22 +sgn(an7/)¥(iat _i_ﬁj/)—l(@ )

2.2. Discretization

The aim of this subsection is to present the discretization of the Schrédinger
equation with a linear potential ¥ = V (¢, ) or a nonlinear potential ¥ = f(u).

2.2.1. Case of linear potential

First, we describe the discretization of the linear Schréodinger equation.
We discretize the time interval (0,7") uniformly with Np intervals and define
At = T/Nr to be the time step. A semi-discrete approximation adapted to the
Schrodinger equation on (0,T") x (aj,b;),5 = 1,2,...,N is given by the semi-
discrete Crank-Nicolson scheme

k k

k k k k
e U Uiy T UG Vi 4+ Vi Uy T UGy
VR LAL— L tjn + Oy L= 23n + = 2” Shi 2]’71 =0, 1<n< Np,
and “?,0 = u(0,z) for € (aj,b;). The unknown function ufn(x) is an approxi-

mation of the solution u;“ (nAt, x) to the Schrodinger equation at time ¢, = nAt
on subdomain ); and at iteration k. We define the approximation of the po-
tential V,,(z) = V (tn, z).

For implementation issue, it is useful to introduce new variables vF =

g
(ub, +uk, 1)/2 with v}y = u¥,. The scheme could be written as

v
2

k k
! [T
i+ Duath , + Wk | = 202071 (5)

At

with W,, = (V,, + V,,—1)/2. The spatial approximation is realized thanks to a
classical P; finite element method. The use of transmission condition gives the
following boundary conditions for each subdomain

n;vjn j—1,n —1,n (6)

kL Gok — k=1 | @, k-1 _
On, 5, +Sv7, = On,v + Svi g, ¢ =1by,

k Tk k—1 <. k-1 _
{ Op. V% —|—Svj7n—8njv~ —|—Svj T = aj,
n; ¥j,n J,m Jj+1n

with special treatments for the two extreme subdomains
Oy 0f,, =0, = OaxVin=0,z=0
n1 V1 n » L= a1, nyUNn y X N>

where S is a semi-discretization of S. For each strategy, S is given by



Potential strategy [ =0

_ ) 2 U
Order 2: Siv;n :e*”/‘ly/ﬂ E ﬁn,svﬁy
s=0

n
=3 =2 ; At W,
Order 3: Sovin = Sovin —emh =0 Zan Svfs,

_ — 8n Wn A
Order 4: Sévlﬁ = Sovk, i 2t

E TYn— .sU ,89

where

1133 3-5
(a07a17a27a3aa4aa57 ) = (1’ L,

(70)717’72773a-~-) (1 2.2 2 )

) b )

Gauge change strategy [ =1

<2,k —im /4 W —iWs, k
Order 2: Sjvj, =e / Zﬂn s€ Vs

=4 i
Order 4: Slvﬁn = S1Uj,n

, 190, Wal i, At V1o, Wl
- ngn(anj Wn)f VWn 2 Z’Ynfsf WS’U] s
s=0

where W,, = M and V, (

="V

Padé approximation strategy [ = 2

o i 1

Sk =S am) ok, i amdm L

2Y4,n (ZO s)]n ; s 21+W _|_dm Yin
2

+Zzamdzl 21 —|—W _’_dm(pjn 1

IR an.Wn 1

Sk =Gk R T

2 =20 T Ty

|an W‘ 21

+ sgn(On, W, 2

wjn 1

where ], ¢jn, s =1,2,...,m are introduced as auxiliary functions
;

s — 1 _

Yim—3 = Zﬁ+wn+dm Ui T Erwordr Pan-10 5= 12
— S

410]771 - 290‘7 ()0] n—1»

50 =0,



and

/100, W | 2
1/)7171 — g n 1 ’I}k + At wj,n*

3 2 W, o T 2w,
Vjn =205, 1 = Yjn_1,
Y0 =0
We also recall here the Robin transmission condition and its approximation

S=8,=—ip, Svf,=80F =—ip-vf  peRT.

gy
We propose below to rewrite (6) by using fluxes, which are defined at inter-
faces by
lk = aﬂ'vf,n(aj) +§v§in(aj)v r;'c,n - 8“_71};?,11([7]') +§U;€,n(b])v i=12,., Na

Jm j
with the exception for l]f,n =k » = 0. It is obvious that, on each subdomain,

the boundary conditions are

8njvjn+51) Z;Cna T = aj,
On, 0%, + Svk =1k x=1b;

n; ¥j,n

(7)

For the transmission condition SZ, S§, S? and S5 which do not contain the
normal derivative of potential W,,, using (6), we have

n — aﬂlvlf7n(b1) + g’U;f,n(bl) anlvk 1(0’2) + gv;:Ll (a2)
— (Onavh7 " (a2) + Sub M (a2) ) + 25057 (az) = —th7t + 2808, aa),

The transmission conditions could therefore be rewritten as

{l’fm:O, I, = +2su] 1n(b 1), 7=2,..,N,

]ln

(8)

by =0, 7k = bl 498l (aj40), =1,2,., N 1.

Dealing with the transmission conditions Sg, Si and S3, we could also obtain
similar formulas to (8). We can therefore replace the boundary conditions (6)
for the N local problems (5) by (7) and fluxes definition (8).

Let us denote by vﬁn (resp. u ,,) the nodal P; interpolation vector of v

(resp. u¥

7 n) with N; nodes, M; the mass matrix, S; the stiffness matrix and

M w, the generalized mass matrix with respect to f:] Whoedx, j =1,2,...,N.
J
Thus, the matrix formulation of the N local problems is given by

2
(Ajn = Bjn)V

— k k T
jm EMjuj,nfl + bj7 Q ( ns n) ) (9)

where A;, = £tM; — S; + M w, and "-7" is the standard notation of the
transpose of a matrix or a vector. The restriction matrix ¢); is defined by

{100 - 0 0\ _ raxx,
Qﬂ_(o 00 - 0 1)€C .



Bj,, € CNi*Ni (resp. b¥ € CN7) represent the boundary matrix (resp. vector)

associated with the boundary condition at time step n, which depends on the

transmission condition. The discrete form of the transmission condition (8) is

given by

{ l;c,n = 77’?*1,774 + 2S(Qj_177"v§€*1,n)7 .] = 172a aN - 17 (10)
==l +25(Q51av ), 5=2,3,.., N

where Q= (1,0,- -,0,0) € CNi, Q;.» = (0,0,---,0,1) € CNi. S is the fully
discrete version of S. For example the transmission condition S leads to

. Linsa [ 2 =

S3(Qiavia) =N Y Bns(Qiavy),
s=0

rad —im / 2 -

Sg(Qj,rV;‘in) =€ /4 E Zﬂn*S(Qj;Tv;s)'
s=0

2.2.2. Case of nonlinear potential

If the potential is nonlinear ¥ = f(u), we propose to use the usual scheme
developed by Duran- Sanz Serna [15]

k k

k k k k k k
u;, — U us 4+ u u; 4+ u wy 4+ u
gy Jn=l g Im Jm—1 Jim Jm—1y7gmn in=l 0 1<n< N
? At + xTx 2 +f( 2 ) 2 ) Ny T,
By using the notations defined in the previous subsection, this schema reads as
, k k k . n—
i it x5y + F (05 )05, = 227]At ) (11)

As in the previous subsection, we use a P; finite element method to deal with the
space variable approximation. Since the problem is nonlinear, the computation
of vfn is made by a fixed point procedure. At a given time t = t,, we take

C? = v;? _, and compute the solution v¥

7 n as the limit of the iterative scheme
with respect to s:

21 R 21
(R 85~ Ban ) € = SMouha b+~ Q)T 12

where b r(, is the vector associated with f:’ f(v)vepdz. The matrix B;,, and
J

the vector b?)n depend on the transmission operator. The discrete form of the
transmission conditions is similar to (10) obtained for linear potential.

3. Interface problem

The N problems (9) and (12) on each subdomain could be written globally.
Let us define the global interface vector g¥ at iteration k by

k_ (.k k k k k k k T
g —(7"1,177“1,27~-~77°1,NT7"'alj,p---alj,NTaTj,p---=7“j,NTa" lNl,lNQ,.. lNNT) .

=1 j j=N



Considering the transmission conditions with flux (10), it is not hard to see that
there exist an operator R such that

gk-‘rl _ ng (13)

The interface operator R is linear or nonlinear depending on the linearity of 7.
We focus below on the interface problem for the linear potential ¥ = V (¢, z),
especially for ¥ = V(z).

For the transmission conditions presented in Section 2, we are going to show
that if ¥ =V (¢, ), then

9" =Rg" = Lg" +d, (14)
where £ is a block matrix
X2’1 X2’2
X1’4
X3’1 X3,2
X2’3 X2’4
L= X33 x34 )

XNfl,l XN71,2

XN’l
XN-13 xN-14
(15)
with X9P ¢ CNt>Nr =12 ... N,p=1,2,3,4 and d is a vector
T _
d= (d{,r’ d%:l’ dg,r’ T 7d11:f,l) € ceN Q)XNTv de? djﬂ" e CMr. (16)
It is easy to see that the formula (14) is equivalent to
1. for j =1,
k+1
2
I3 1,2
= x4 . +da,
' k
l]2€,+NlT "1, Ny
2. forj=2,....N—1,
k+1 k
i—1,1 l 1 T;‘C}l
@+11 2 2 T/’CQ
-1, ; 3, ; 3,
" X2 E x T+ d,
k1 k k
Tj=1,Nr bnr Tj,Np 17
lk+1 lk k ( )
i+1,1 il Tit
. *, rk
+1, ; Js ; 3,
S D CLl I NP cl +djp1a,
k+i lk ’ 7Jc
Jj+1,N1 4Nt 3, N1



3. for j =N,

k+1 k
TN-1,1 INa
,r,k+1 léc\/'
N—-1,2 N.1 ,2
. =X . + del,r
kb1 k
"N—1,Nr lN Nr

Proposition 1. For the transmission condition involving the operator Sg, in
the case of linear potential ¥ = V (t,x), if we assume that the matrices A; ,, —
B;, n=1,2,..., Ny are not singular, then the N equations (9) could be written
in the global form of interface problem (14)

gt =Lg" +d.

PRrROOF. First, according to (9), we have
(Aj1 —Bja)v f :AMUJO+€ QT\/ ﬁlQ] 3,0 QT(]D g1)T7

24 _in [ 2
(Ajm 7}Bj»n)v§,n - EMJH?,n—l +e 1 QT 262 ‘IQ] 7,4 QT( 7,n ]n)T

41 21 /
= AtMJV?,nfl - EMjuf,n72 +e QT Z Ba— QQJ 7,9 QT( g Tj, n)T7

— (( )n 1— qA M te —im/4 | Bn qQTQ] ]7q,

24 —zﬂ'
(0 My e 50T wge - QT )T, n 2,
where we recall that V?,o = u,0. Thus, we could see that
V;'C,n = (A]JL ) 1Q]T( J,mo j n)T
— 4 . 2
+ (A = Bi) Y (F)P M e DB, QT Q)Y
g=1
A B. —1 1 n—1 24 M. —imw/4 2 T . )
Jr( Jsn ]m) (* ) Kt J te Eﬁn@j QJ Uj,0-

By induction on n, it is easy to see that v;?,n is a linear function of lf,s and
rﬁs?s = 1,2,...,n. Then considering the formulas (10), in order to finish the

proof we need only verify that g(Qj,lvﬁn) and g(Qj’rv;fn) are linear functions
of VJ‘57 =1,2,...,n

10



Proposition 2. For any transmission condition presented in Section 2, assum-
ing that the matrices Aj, — B;,, n = 1,2,...,Np are not singular, then the
interface problem in the case of linear potential ¥ =V (t,x) could be written in
the global form (14).

PROOF. The proof is quite similar than that of the previous proposition. For
each transmission condition, we only need to recalculate the expression of an

We now turn to the structure of sub-blocks for ¥ = V(z) and j = 2,3, ..., N—

7,1 i, 1 7,2 7,2
X2t ={ah  hicns<ng, X7 = {00 hicns<vg s

X% ={ali hicnseng, XM= {2l hicn s<ne

1,4 1,4 N-1,1 N-1,1 .
and X% = {2, }ign,s<ny and X = {xn’s " Hgn,s<np. For b time steps,
this structure is described below

*
X ok
X * 7NT:5-
< X ok
o 4 X ok

thus, each sub-diagonal have an identical element.

Proposition 3. For the transmission condition involving the operator S3, if
¥V =V (x) and assuming that A, —B,;,,, n =1,2,..., Np are not singular, then
the matrices X4 X3!, X732 XJ3 X34 5 =2.3,...,N —1 and X! are lower
triangular matrices and they satisfy

I}Li = Iqlm’:,sfu

33%15 = 5512—1,5—1’ %’,s = 555{31,5—17

93%3‘; = 1231,571’ Iizéle = zi’:,sqvj 2,3,.,N—1,
IWIX’sl xg’—ll,s—lv

PRrOOF. Without loss of generality, we consider here j = 2,3,..., N — 1. First,
we design

Yj . _(Aj,n - Bj,n)ila qg=n, )
T Ay — Bin) ()M + e 28, ,QTQ)), g=1.2,n— 1.

If the linear potential ¥ = V(z) is independent of time, then it is easy to see

Aji=RAjo=-=Ajn;, Bj1 =Bj2="---=B;n,.

11



Thus for 2 < s < n < Np, 4 ,
Vi, =Y_ (19)

Then, according to (18), we have

vkrn:yJ QT(]m Jn Zan qurIU n50- (20)

where [Ujﬂb = (A]’,n —Bj,n)il (%(—1)717le +67i7r/4\/ %ﬁn@f@]) By induc-

tion, we can obtain an expression of V}“n
'

n
T
],n Z n qQ Jq’ Jq) +UJ nu] 05 (21)

where L7, ng @ =1,2,..,n and Uj,, are matrix. For example, ]L%’n = Y{l,n. We
are going to show that for 2<s<n< Nr,

L%,s = Li—l,s—l- (22)

Replacing vf’q in (20) by (21), we have

n—1 q
T T( k \T
7Y']n nQ ( 7,m ] n) Z (Z }ng Q ] y23) j,p) + Uj,quj,o) + Uj,nuj,O
q:l p=1
- - n—1
X ,
:Y] QT(Jn’ ") Z (ZY% qu P)QT(JP’TJP + (ZYﬁz,quvq"_U%")uJ’»o'
p=1 gq=p q=1
Comparing the above formula with (21), we have
Yzz ny Yfz 1 ,n—1
I[J - L _ 1 =
" Zynq qe7 <s <, 7 hn—ls Z Y” 17qL3178 2SS s <n.
g=s—1

(23)
By using (19) and by induction on n, we get

]Ln n — Yn n = Yn—l n—1 = Ln—l n—1,

.
_ J J J'
L S_ZYn’qu’ ZYn gt e = Z Y7 1ol o1 =Lp_1.1,2<5<n.
q=s

g=s—1

The formula (22) is thus demonstrated.

12



Then we replace v}, in the first two formulas of (10) by (21). We get

lkilln = ]n+2671ﬂ'/4~( Zﬁn PZH" QT lkq’ Jq) +Rl7J:
. 2 .
_ k —im /4 k k
=—Tjint 2¢="/ \/ At Z Qj”‘(zﬁnfpﬂ‘zjmq) (l] R q) + Rl,j,n7
q=1 P=q

(24)
) 9 U n .
k —im
Tjirll,n == l;?,n + 2¢7/1 V At Z Qj’l(ZB"—PL;,Q) (léctﬁ 75, q)T + erc,j,nv
q=1 P=q
where we denotes the terms that are independent of l sandrf s=1,2,..., Ny

3,87
by remainder terms R;, to make the proof more readable.

Moreover, according to (17), we have
k+1 Z 14k Z k
'Tn srls+d21n’ TN ln Z‘ lN,S“‘dN—l,r,n;
k+1 7,1 1k
] 1,n — ansljs—'_zxnsjs"_dj 1,r,n;

Nr
k+1 7,3 1k
l]Jrln E :‘/L'nsl]s E :xns ]s+d]+1l7l

where d;_1,,, and dj41,,, denote the n-th element of d;_1; and d;11,, respec-
tively.
Comparing the above formula with (24), we have for 1 < n < s < Nrp,

and for 1 < s <n < Np,

n n
g1 . E J T 52 _ , E J T
Ty s = -1+ 2C2Q],l( Bn—pr,s> gl Tns = 262@171( Bn—PLp,S) Jr?
p=s

p=s

n n
. . T 4 _ z : j T
mn,s QCQQj»T( E BTL*PLi),s) 7,0 x%,s =-1+ 262Qj77“( ﬁ”*p]]“g),s) 7,7
p=s p=s

_ —im/4 kT _
where c; = ¢ \/A andvveuseQ (jq,rjq) = Jqu Qﬂjq

13



Finally, using (22), we have for 2 < s <n < Nr,
5 n
il =—-1+ 2€i7r/4\/;Qj,z<Z ﬁn-pLi,s)sz
p=s
=14+ 26”/4\/2 Qi1 ( Z Bn—pLifl,sfl)Q;?l
-
=1+ 26”/4\/262%1( Z ﬂnflfpﬂdi’s> Q;{z = wﬁ'{il,sfr

p=s—1
3,2 _ .02 3,3 _ .03
In the same way, we can prove that =% = =7, (4, o, = 2,7, ., and
5,4 _ .04
‘Tﬁ,s - ‘Tnfl,sfl'

Proposition 4. With any transmission condition presented in Section 2, if
¥V = V(z) and assuming that A;, —B,,, n = 1,2,..., Ny are not singular,
then the matrices X4, X731 X732 X33 X34 =23, ,N—1and XN are
lower triangular matrices and they satisfy

CC&L’é = $:L7f1,s—1’

95%15 — xi{Lsfl’ xiﬁs = $£’31,s—17

CCiL’,B; = 13{;51,5—13 ziLAS = zi’il,s—lhj = 273’ o N = 17
xﬁf,g = xﬁlfl,S—l’

for2<s<n< Np.

PROOF. The proof is similar to that of Proposition 3. We only need to recom-
pute vfﬁn and Y,  for each transmission condition.

4. New algorithm for time independent linear potential

The standard implementation of the SWR method for the time-independent
equations leads to the following classical algorithm

Algorithm 1: Classical algorithm

1: Initialize the iteration by ¢°,

. Solve Schrédinger on each subdomain with g*.

. Exchange values at interfaces and compute gF+?.

: Do again steps 2 and 3 until error ||gFt! — gF|| < ¢, e < 1.

=W N

As we can see, the classical algorithm requires to solve K times the Schrodinger
equation on each subdomain, where K corresponds to the number of iterations
required to reach convergence. We are going to present a new algorithm for
¥ = V(x) which is more efficient. As we will see, it will require to solve the
Schrodinger equation on each subdomain only four times in total. This new
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algorithm is equivalent to the classical algorithm, but it reduces significantly
the calculations.

Before giving this new algorithm, we could see that the classical algorithm
is based on (13): g**t! = Rg*, where the operator R includes the steps 2 and
3. We have shown in Proposition 2 that

g" 't =Rg" = Lgk + d. (25)

It is easy to see that (25) is nothing but the fix point method to solve the
equation
(I—-L)g=d. (26)

A big advantage to interpret (25) as a fixed point method to solve(26) is that
we can use any other iterative methods to solve this linear system. So we can
use Krylov methods (ex. Gmres, Bicgstab) [16], which could accelerate the
convergence prospectively. To use the Krylov methods or fixed point method,
it is enough to define the application of I — L to vector g by

(I-L)g=1-Rg+d.

The classical algorithm could then be rewritten with

Algorithm 2: Classical algorithm, version 2
1: Build d =R -0 in (26) explicitly,
2: Define the application of I — L to vector in (26),
3: Solve the linear system (26) by an iterative method (fixed point or Krylov).
4: Solve the Schrédinger equation on each subdomain for each time step
using the boundary conditions obtained at step 3.

If the fixed point method is used in Step 3, we recover the first version of
the classical algorithm. The second version of the classical algorithm allows the
use of Krylov methods to accelerate convergence. However, applying (I — £) to
vector g is still a very expensive operation. With the help of Propositions 3 and
4, we propose a new algorithm

Algorithm 3: New algorithm
1: Build £ and d in (26) explicitly,
2: Solve (26) by an iterative method,
3: Solve Schrédinger equation on each subdomain using the boundary
conditions obtained at step 2.

We show beloa the construction of the matrix £ and the vector d. As it
will be seenn, their computation is not costly. Regarding the implementation,
we then show how £ and d are stored for use of parallelism. Here, we use the
PETSc library [17]. Using the matrix form in PETSc, the memory required for
each MPIT process [18] is independent of the number of subdomains.
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4.1. Construction of the matriz L and the vector d

We use the formulas (9) and (10) for the constructions. Numerically, we

. k k . k+1 k+1 .
consider 7, and r;,, as inputs, and ;7 , and 77/, as outputs:

; . 1k k
inputs: 5,75,

lk+1 k+1
J,m? j

— (10) — outputs: 157, . ri .

It is easy to see that
d= (d{T’dal7d£T’ . 7d%’l)T —R-0,

where 0 is the zero vector. The elements of d are obtained by

k41 Jk+1
j—1,1 i+1,1
k+1 l —+1

Tj—1,2 41,2

dj_1,= ) v dijp1y = ) ,
k+1 lk+1
Tj—1,Nr j+1,Nr
where the scalars rffis,lfiis,s = 1,2,..., Ny are given by the formula (10)

with
lﬁs = T;'C,s = 078 - 1,2, "'7NT-

The equation is solved numerically on each subdomain only one time. Note that
this construction works for ¥ = V (¢, z).

According to Propositions 4 and 3, if ¥ = V(x), in order to build the matrix
L, it is enough to compute the first columns of blocks X4, X711 X352 XJ3,
X4 j=2,3,..,N—1and XM,

The first column of X7:! is

k+1
1 1 0 'irl,l
o o L0 AL
X = (XJ’ X +dj71,r> —dj_1y = . —dj_1,-
: : : L
0 0 0 "Ny
The first column of X73 is
k
1 1 0 L
o Lo Lo Lt
X2 = (XJ’ NEP O +dj+1,l> —djy10 = . —djy1-
k1
0 0 0 j+1,Nt
The scalars 7’?1—11,57 l?iis, s=1,2,..., Ny are computed by the formula (10) with
l;ﬁs = r;ﬁs =0,s=1,2,..., Ny except for lﬁl =1.

The equation is solved numerically only one time on the subdomain (a;, b;).
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In the same way, the first columns of X72 and X7 are

1 1 0 Tfﬂ@
X772 0 (ij 0 XA 0 d d rfjllQ
I I P . St I I j71,r> —dj_1, = o — -1,
: : : o
0 0 0 TNy
and
k
1 0 1 LEJ
0 0 0 I
j j j +1,2
X4 | = (XJ,2 : 4 x4 : +dj+1,l) —djpy = J . e,
: ' ' .
0 0 0 i Ny

where the scalars rffis, lfj_'ll,s, s =1,2,..., Ny are obtained by the formula (10),
but with
lf’s = 7’?75 =0,s=1,2,..., Ny except for 7";?,1 =1.

The equation is solved numerically on each subdomain (a;, b;) only one time.

In conclusion, it is sufficient to solve the equation (2) on each subdomain
three times to construct explicitly the interface problem. The construction is
inexpensive. In total, the equation (2) is solved on each subdomain four times
in the new algorithm. Numerically, we will compare the classical and the new
algorithms in Section 6.1.

4.2. Storage of the matriz L and the vector d for massive parallel computing

Thanks to the peculiar form of the matrix £, we can build it on parallel
computers through an MPI implementation. The transpose of L is stored in
a distributed manner using the library PETSc. As we can see below, the first
block column of £ is in MPI process 0. The second and third blocks columns are
in MPI process 1, and so on for other processes. The consumed memory for each
process is at most the sum of 4 blocks. The size of each block is N7 x Np. Each
block contain (N7 + 1) x Np/2 non zero elements according to Propositions 2
and 1.
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MPI 0 MPI 1 MPI 2 MPI N-2 MPI N—-1

X2’1 X2,2
X1’4
X3’1 X3’2
X2’3 X2,4

X3,3 X3,4
XN—l,l XN_1’2

XN’l

XNf 1,3 XNf 1,4

(27)

The vector d can also be stored in PETSc form. The first block is in MPI

process 0, the second and the third are in MPI process 1, and so on. The last

block is in MPI process N — 1. Each MPI process contain at most 2 x Np
elements.

_ T T T T 4T T T
d=(di, dyjdy,oo djpdj, o dyy )
N~ —— N—— ~—
MPIO MPI1 MPI j —1 MPI N — 1

5. Preconditioned algorithm for general potentials

In Section 3, we have established the interface problem (13) for Schrédinger
equation with time dependent or nonlinear potential. However, it is not pos-
sible to construct the interface matrix £ without much computation since the
Propositions 3 and 4 only hold for time independent linear potential. Thus, the
new algorithm is not suitable here. Instead, to reduce the number of iterations
required for convergence, we propose to add a preconditioner P~! (P is a non
singular matrix) in (13) which leads to the preconditioned algorithm:

1. for ¥ =V (t, x),

gt =1-P NI -R)g", (28)
P I-r)=P 4, (29)

2. for ¥ = f(u), . .
g =1-P7 (I - Ru)g". (30)

We now turn to explain which preconditioner is used. The interface problem
for the free Schrodinger equation (without potential) is

gk+1 — Eogk +d,

where the symbol Lg is used to highlight here the potential is zero. The trans-
mission condition is the same as that for (1). We propose for time dependent
or nonlinear potential the preconditioner as

P=1-"7L,.

18



We have two reasons to believe that this is a good choice.

1. The matrix £y can be constructed easily since a zero potential is indepen-
dent of time. Therefore, the construction of Ly only needs to solve the free
Schrodinger equation two times on each subdomains. This construction is
therefore scalable.

2. Intuitively, the Schrédinger operator without potential is a roughly ap-
proximating of the Schrédinger operator with potential:

thus
P=I-Lo~I—-L, P=I-Ly~I—(Rpy —Ru-0).

Next, we present the application of preconditioner. The transpose of P is
stored in PETSc form. For any vector g, the vector x := P~y is computed by
solving the linear system

Pr=(I-Lyr=y < 2" PT =4 (31)

We do not explicitly construct the matrix P~! as the inverse of a distributed
matrix numerically is too expensive. The linear system (31) is solved by the
Krylov methods (Gmres or Bicgstab) initialized by zero vector using the library
PETSc. We will see in Section 6.3 that the computation time for applying this
preconditioner is quite small compared with the computation time for solving
the Schrédinger equation on subdomains.

6. Numerical results

The physical domain (ag, bg) = (—21,21) is decomposed into N equal subdo-
mains without overlap. We fix in this section the final time to 7' = 0.5, the time
step to At = 0.001 and the mesh size to Az = 10~5 without special statement.
The potentials that we consider in this part and the corresponding initial data
are

1. time independent linear potential: ¥ = —z2, ug(z) = e~ (@+10)°+20i(z+10)

2. time dependent linear potential: ¥ = 5tx, ug(z) = e~ (#+10)*+20i(x+10)

3. nonlinear potential: ¥ = |u|?, uo(z) = 2sech(v2(z + 10))e20i(=+10),

which give rise to solutions that propagates to the right side and undergoes
dispersion. Since the matrices M;, S; and My, are both tri-diagonal sym-
metric in one dimension, the consumed memory is low. It is thus possible to
solve numerically the Schrédinger equation on the entire domain (0,77) X (ag, bo)
with a standard machine. The modulus of solutions at the final time t = T are
presented in Figure 2 for ¥ = —2% and ¥ = |u?.

We use a cluster consisting of 92 nodes (16 cores/node, Intel Sandy Bridge
E5-2670, 32GB/node) to implement the SWR, algorithms. We fix one MPI
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Figure 2: |uo,0| et |uo,n,| on (ag,bo), ¥ = —z? (left) and ¥ = |u|? (right), At = 0.001,
Az =107°.

process per subdomain and 16 MPI processes per node. The communications are
handled by PETSc and Intel MPI. The linear systems (9) and (12) related to the
Schrédinger equation are solved by the LU direct method using the MKL Pardiso
library. The convergence condition for our SWR algorithm is || g**! — g% ||<
10719, Two types of initial vectors ¢g° are considered in this article. One is
the zero vector, another is the random vector. According to our tests, the zero
initial vector makes the algorithms to converge faster, but obviously it could not
include all the frequencies. As mentioned in [19], using the zero initial vector
could give wrong conclusions associated with the convergence. Thus, the zero
vector is used when one wants to evaluate the computation time, while the
random vector is used when comparing the transmission conditions.

6.1. Comparison of classical and new algorithms

We are interested in this part to observe the robustness of the algorithms, to
know whether they converge or not for the time independent potential ¥ = —a2.
Similarly, we will observe the computation time and the high scalability of the
algorithms. We denote by 7% the computation time required to solve numer-
ically on a single processor the Schrédinger equation on the entire domain and
T (resp. T™°V%) the computation time of the classical (resp. new) algorithm
for N subdomains. We test the algorithms for N = 2,10, 100, 500, 1000 subdo-
mains with the transmission condition SZ. The reason for using S? for these
tests will be explained in Remark 1. The initial vector here is the zero vector.

First, the convergence history and the computation time for the algorithms
are shown in Figure 3 and Table 1 where the fixed point method is used on the
interface problem. The algorithms converge for 500 sub domains, but not for
1000 sub domains.

Next, we use the Krylov methods (Gmres or Bicgstab) on the interface prob-
lem instead of the fixed point method. Table 2 present the computation time.
As we can see, the use of Krylov methods allows to obtain robust scalable SWR,
algorithms. The algorithms converge for 1000 subdomains and are scalable up
to 500 subdomains. Besides their computation times are lower than the ones of
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N=2 N=100

Absolute Residual
5

1 2 30 40 50
Number of iterations Number of iterations.

10 20 60 70 80

Figure 3: Convergence history, N = 2,100, ¥ = —z2, At = 0.001, Az = 10—?, Fixed point.

Table 1: Computation time in seconds, ¥ = —xz2, At = 0.001, Az = 10~5, Fixed point.

Table 2: Computation

Bicgstab.

N 2 | 10 | 100 | 500

ref 403.56

Tels 773.07 | 2937.77 | 359.30 | 284.78

Trew | 773.72 178.30 18.19 4.76

time in seconds, ¥ = —z?, At = 0.001, Az = 10~5, Gmres and
N 2 | 10 | 10 | s00 [ 1000
ref 403.56
Tels 771.82 | 2577.51 | 2249.54 | 907.06 | 739.65
Gmres
rnew 777.42 177.20 18.95 6.86 8.17
. Tels 774.19 | 2760.11 679.72 799.09 | 845.65
Bicgstab

TRew | 774.44 177.02 18.18 6.83 7.12
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the classical algorithm. Roughly speaking, in Table 1 and Table 2 we have

Tds = Tsub X Niter + -+,
T =Tow x4+ Tpg + ...,

where Ty}, is the computation time for solving the equation on one subdomain,
Trq is the computation time for solving the interface problem, “...” represent
the negligible part of computation time such as the construction of matrices for
the finite element method. If the number of subdomains N is not so large, then
Tsub > Trq and the minimum of Njie, is 3 in all our tests. If the number of
subdomains N is large, then Tpq ~ Tgup and Niger > 4. It is for this reason
that the new algorithm takes less computation time. However, as the number
of subdomains increase, Ty becomes larger. Thus, the new algorithm loses
scalability if the number of subdomains is large.

In conclusion, the new algorithm with Krylov methods is robust and it takes
much less computation time than the classical algorithm.

6.2. Comparison of classical and preconditioned algorithms

In this part, we are interested in observing the robustness, the computation
time and the scalability of the preconditioned and non-preconditioned (classi-
cal) algorithms for time dependent potential ¥ = 5tz and nonlinear potential
¥ = |u|>. We denote by N, the number of iterations required to obtain con-
vergence with the preconditioned algorithm and 7},. the computation time of
the preconditioned algorithm. The transmission condition used in this section
is S2. We use the zero vector as the initial vector go.

First, we present in Figure 4 the convergence history for ¥ = 5tx. If N is
not large, then there is no big difference between the classical algorithm and the
preconditioned algorithm. However, if N is large, then as at each iteration, one
subdomain communicate only with two adjacent subdomains, we can see that
the non-preconditioned algorithm converges very slowly in the first interations.
The convergence of the preconditioned algorithm improves greatly since the
preconditioner allows communication with remote subdomains. The number of

100 N=10 100 N=1000

| TS -~ — Preconditioned 10° — Preconditioned
o N -~ No-preconditioned B _.---_____|-- No-preconditioned

10*
10°
10"
102
107
10*
10°

Absolute Residual

10°
107
10°
10°

101 101 ‘
2 4 6 8 10 12 14 16 18 100 200 300 400 500 600 700
Number of iterations Number of iterations.

Figure 4: Convergence history, N = 10,1000, ¥ = 5tz, At = 0.001, Az = 102,

iterations required for convergence and the computation time are presented in
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Table 3 for N = 10, N = 100, N = 500 and N = 1000. We can see that
the preconditioner allows to decrease significantly both the number of iterations
and the computation time. The strong scalability of the classical algorithm is
very low. Indeed, the number of iterations required increases with the number
of subdomains. The preconditioned algorithm is much more scalable (up to
500 subdomains). However, it loses scalability from N = 500 to N = 1000.
There are two reasons. One is that the number of iterations required for N =
1000 is a little bit more than that for N = 500. The other one is linked to
the implementation of the preconditioner. Indeed, the time 7}, consists of
three major parts: the application of R to vectors (step 1, denoted by T7),
the construction of the preconditioner (denoted by T5.) and the application of
preconditioner (step 3, denoted by T5). We have thereby

Tpe ~ Ty + T, + Ts. (32)

If N is not very large, Ty ~ T3, > T5. By increasing the number of subdomains,
Ty and T3, decreases and T3 increases. Thus, if N is large, T3 is not negligible
compared to 77 and T3.. However, it is not very convenient to estimate T3
and T3 in our codes because we use the "free-matrix" solvers in the PETSc
library. To confirm our explanation, we make tests using a coarser mesh in
space (At = 0.001, Az = 10~%). The size of the interface problem (13) is
the same, thus T3 should be similar to that of the previous tests (At = 0.001,
Ax = 107°). But the size of the problem on a subdomain is ten times smaller.
Thus, T and T3, are both smaller. The preconditioned algorithm should be less
scalable. The results are shown in Table 4. It can be seen that the computation
time T, for N = 1000 is larger than for N = 500 and the preconditioned
algorithm is not very scalable from N = 100 to N = 500. Despite this remark,
we could conclude from our tests that the preconditioned algorithm reduces a
lot the number of iterations and the computing time compared to the classical
algorithm.

Table 3: Number of iterations required and computation time of the classical algorithm and
the preconditioned algorithm, ¥ = 5tz, At = 0.001, Az = 1075,

N 10 100 500 1000
Nnope 17 71 349 695
Npe 17 32 31 35

ref 6496.3

Thope 10123.1 | 3217.0 | 2466.5 | 2238.0
Toe 10128.9 | 1432.7 250.0 170.7

Next, we reproduce the same tests for the nonlinear potential ¥ = |u|?. The
convergence history is presented in Figure 5. We show the number of iterations
and the computation time in Table 5. The conclusions are quite similar.

6.3. Comparison of the transmission conditions
In this part, we compare the transmission conditions which are presented
in Section 2 in the framework of the new algorithm for # = —22 and the
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Table 4: Number of iterations required and computation time of the classical algorithm and
the preconditioned algorithm, ¥ = 5tz, At = 0.001, Az = 10~4.

N 10 100 500 | 1000
Nnope 17 71 349 695
Npc 17 32 26 25
ref 507.5

Thope | 681.9 | 223.8 | 210.2 | 191.2
The 694.3 | 107.6 38.4 54.5

N=10 N=1000

—— - — Preconditioned 10¢ — Preconditioned
10? S -~ No-preconditioned|| -~ No-preconditioned

Absolute Residual
5
Absolute Residual

500 600 700

4 6 8 100 200 300 200
Number of iterations Number of iterations.

Figure 5: Convergence history, N = 10,1000, ¥ = |u|?, At = 0.001, Az = 107°.

Table 5: Number of iterations required and computation time of the classical algorithm and
the preconditioned algorithm, ¥ = |u|?, At = 0.001, Az = 102.

N 10 100 500 1000
Nrope 12 71 349 694
Npe 11 22 25 26

ref 3200.8

Thope | 2582.3 | 1332.2 | 1248.0 | 1129.7
Toc 2446.7 408.2 117.6 83.8
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preconditioned algorithm for # = |u|?. The theoretical optimal parameter p in
the transmission condition Robin being not at hand, we seek the best parameter
numerically. We use in the subsection the random vector as the initial vector
go to make sure that all frequencies are present.

6.3.1. Case of linear potential

We first consider the linear potential ¥ = —22. We compare the number
of iterations, the total computation time to perform a complete simulation and
the computation time required (TL4) to solve the interface problem in Table
6 for N = 2 using the fixed point method, Gmres and Bicgstab methods on
the interface problem. As can be seen, the total computation times are almost
identical. The required computation time for solving the interface problem is
relatively close to zero compared with the total computation time. Therefore,
we are interested rather in the number of iterations. We can make the following
observations

1. the number of iterations required for the Robin transmission condition is
greater compared to the other three strategies,

2. in each strategy, the number of iterations is not sensitive to order,

3. for the Padé approximation strategy, the number of iterations decrease as
the parameter of Padé (m) increase.

Table 6: Comparison of transmission conditions for N =2, V = —z2, At = 1073, Az = 1075,
Fixed point Gmres Bicgstab

Strategy Niter | Tra | Tiotal | Niter | Trd | Trotal | Niter | Toa | Trotal

Sg 6 0.005 | 775.7 5 0.002 | 774.2 3 0.002 | 773.8

s s 6 | 0.002 | 774.2 5 | 0002 | 7796 | 3 | 0.002 | 773.3

Sé 6 0.002 | 769.0 5 0.002 | 774.2 3 0.002 | 773.6

S{” S% 6 0.002 773.4 5 0.002 773.2 3 0.002 773.8

S‘f 6 0.002 | 773.9 5 0.002 | 773.6 3 0.002 | 774.5

5220 | 191 | 0.062 | 773.3 | 28 | 0.010 | 7745 | 16 | 0.011 | 773.1
53%0 | 76 | 0.025 | 773.6 | 27 | 0.010 | 773.3 | 15 | 0.010 | 773.6
521001 39 | 0.013 | 776.3 | 23 | 0.008 | 775.2 | 13 | 0.009 | 773.6
ol s | 181 | 0.059 | 769.9 | 28 | 0.010 | 7746 | 15 | 0.010 | 773.6
SyP% | 77 | 0025 | 7760 | 27 | 0.010 | 773.5 | 15 | 0.010 | 773.3
531 | 39 | 0013 | 7754 | 23 | 0.008 | 773.8 | 13 | 0.009 | 774.8

Robin* 1112 | 0.360 | 774.7 47 0.017 | 776.4 27 0.018 | 7774

* the parameters for the transmission condition Robin are p = 44 (fixed point), p = 5
(Gmres) and p = 5 (Bicgstab).

We make the same tests for N = 500, the results are shown in Table 7. We
could see that
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1. in each strategy, the number of iterations is not sensitive to order,

2. for the Padé approximation strategy, if the parameter m is small, then the
algorithm is not robust,

3. the Krylov methods (Gmres and Bicgstab) could not always reduce the
number of iterations.

Table 7: Comparison of transmission conditions for N = 500, V = —z2, At = 1073, Az =
10-5.

Fixed point Gmres Bicgstab

Strategy Niter Tra Tiotal Niter Tra Tiotal Niter TrLa Tiotal

52 357 | 0.775 | 4.68 | 1023 | 2.883 | 6.91 | 368 | 1.646 | 5.51

sy s3 337 | 0.734 | 4.62 977 | 2.620 | 6.55 345 | 1.831 | 5.77
St 337 | 0733 | 4.65 | 978 | 2.681 | 6.54 | 350 | 1.739 | 5.73

sn 52 341 | 0.745 | 4.62 | 1010 | 2.364 | 6.20 | 353 | 2.102 | 6.00
54 340 | 0.743 | 4.63 | 1023 | 3.454 | 7.19 | 351 | 2.225 | 6.06

5220 - 1240 | 3.368 | 7.34 | 440 | 2.626 | 6.64

550 - 997 | 2.320 | 6.30 | 352 | 2.240 | 6.16

sy 52100 1 336 | 0.735 | 4.62 | 998 | 3.055 | 7.03 | 333 | 1.603 | 5.62
5520 - 1216 | 3.349 | 7.31 | 464 | 2.044 | 6.05

55°0 - 1043 | 3.907 | 7.85 | 336 | 1.756 | 5.63

53100 1 336 | 0.733 | 4.60 | 1024 | 2.424 | 6.35 | 334 | 1.989 | 5.95
Robin* 1690 | 3.628 | 7.52 | 1060 | 3.000 | 6.80 | 318 | 1.41 | 5.32

*: the parameters for the transmission condition Robin are p = 45 (fixed point), p = 19
(Gmres) and p = 6 (Bicgstab).
-: the algorithm does not converge before 2000 iterations.

We could conclude that if the number of subdomains N is not very large, the
potential strategy in order 2 with Bicgstab method on the interface problem is
a good choice. If N is large, the Bicgstab method also allows most of the
algorithms to converge, but it is difficult to have a general conclusion for the
transmission conditions in the framework of new algorithm.

6.3.2. Case of nonlinear potential

Now we turn to compare the transmission conditions for the nonlinear poten-
tial " = |u|? in the framework of the preconditioned algorithm. First, we study
the influence of the parameter p in the Robin transmission condition. The num-
ber of iterations and the computation time are shown in Table 8. It is clear that
the convergence is not sensitive to this parameter. Next we compare the three
strategies. The numericals results are presented in Table 9. The transmission
conditions S§, St and S3 include the evaluation of f(u). We don’t find a suit-
able discretization of this term such that the continuity of v; at the interfaces
ensure the continuity of dn, f(u). Thus we could not obtain the solution uj,
that satisfy u;, = Rjug,. We could see that the number of iterations is not
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Table 8: Influence of parameter p in the transmission conditions Robin, N = 2,10, 100,
¥ = |ul?, At = 0.001, Az = 10~%.

N =2 N =10 N =100
p Niter Tiotal Niter | Tiotal | Niter | Ttotal
5 9 1042.6 12 257.9 21 55.7
10 8 920.3 11 230.9 22 50.6
Robin 15 8 920.3 11 228.7 22 46.7
20 8 914.5 11 226.1 22 43.7
25 8 913.0 11 226.4 22 43.6
30 8 919.2 11 227.6 22 43.9
35 8 922.1 11 231.8 22 44.4
40 8 922.8 12 250.2 22 45.0
45 8 921.7 12 252.5 22 46.0
50 8 928.3 12 253.3 22 46.7

sensitive to the transmission condition and its order. However the computation
time for the Padé strategy is greater than other strategies. On each subdomain,
the non linearity is approximated by a fixed point procedure (see formula (12)).
This fixed point procedure converges more slowly using the Padé strategy than
the other strategies. This observation is also found in [14]. In conclusion, in
the nonlinear case, we also think that the potential strategy of order 2 (S3) is
a good choice.

Table 9: Comparison of transmission conditions for N = 2,10,100, ¥ = |u|?, At = 0.001,
Az = 1074

N=2 N=10 N =100
Niter | Ttotal | Niter | Ttotal | Niter | Ttotal
s 53 8 909.5 11 229.1 22 40.6
S8 7 802.1 | 10 | 2058 | 22 | 416
sM S? 7 802.3 10 205.6 22 41.4
5220 7 | 17325 | 10 | 5720 | 22 | 1286
sM 5250 7 | 40429 | 10 | 13423 | 23 | 3103
52100 |7 | 79005 | 10 | 2640.0 | 22 | 576.0

Remark 1. As we indicated previously, we explain here our choice of trans-
mission condition: the potential strategy of order 2 (S2). Indeed, it seems
reasonable to consider it since

1. the algorithm is robust and the computation time for S2 is similar to
others transmission conditions,
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2. if N is not so large, it is one of the best choice,
3. the implementation of SZ is much easier than other transmission condi-
tions.

6.4. Gpu acceleration

If the number of subdomain N is not so large, then solving the Schrodinger
equation on subdomains takes most of the computation time. We move these
computations from Cpu to Gpu. In this subsection, we present the numeri-
cal experiments of Gpu acceleration. Two Gpu libraries of NVIDIA are used:
CUSPARSE (tri-diagonal solver) and CUBLAS (BLAS operations). We use 8
Gpu Kepler K20, and compare the Cpu and Gpu results for N = 2,4,8. We
use always 1 Gpu/MPI process. Gpu could accelerate a lot the computation as

Table 10: Cpu and Gpu computation time, Bicgstab, Sg, At =0.001, Az =102,V = —z2.

N 2 4 8
TCpu 774.4 | 393.0 | 203.2
TGpu 27.90 | 16.13 | 12.54

TCpu /pGpu 18 24 16

shown in Table 10. However the algorithm on Gpu is not scalable. The reason
is that the size of problem is not large enough for Gpu. Gpu waste some of its
ability. We test a larger case only for Gpu: At = 0.001, Az = 1076, The results
are shown in Table 11.

Table 11: Gpu computation time, Bicgstab, Sg, A =0.001, Az =5x%x 1076, V = —z2.
N 2 4 8

TGru | 51.95 | 28.21 | 16.30

Finally, we make the same tests for the nonlinear potential in the framework
of the preconditioned algorithm. The results are presented in Table 12 and
Table 13. The conclusion is similar.

Table 12: Cpu and Gpu computation time, At = 0.01, Az = 1072, V = |u|?.

N 2 4 8
TCpu 373.6 | 526.7 | 316.0
TGpu 73.9 | 40.1 | 34.0

TCpu /T Gpu 5 13 9
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Table 13: Gpu computation time, At = 0.01, Az =5 x 1076, V = |u|?.
N 2 4 8
TGPu | 134.3 | 73.7 | 46.0

7. Conclusion

We proposed in this paper a new algorithm of the SWR method for the one
dimensional Schrodinger equation with time independent linear potential and a
preconditioned algorithm for general potentials. The algorithms for both cases
are scalable and could reduce significantly the computation time. Some newly
constructed absorbing boundary conditions are used as the transmission condi-
tion and compared numerically in the framework of the algorithms proposed by
us. We believe that the potential strategy of order 2 is a good choice. Besides,
we adapted the codes developed on Cpu to Gpu. According to the experiments,
the computation could be accelerated obviously.
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