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Stage-I fatigue crack propagation is investigated using 3D discrete dislocation
dynamics (DD) simulations. Slip-based propagation mechanisms and the role
of the pre-existing slip band on the crack path are emphasized. Stage-I crack
growth is found to be compatible with successive decohesion of the persistent
slip band/matrix interface rather than a mere effect of plastic irreversibility.
Corresponding crack tip slip displacement magnitude and the associated crack
growth rate are evaluated quantitatively at various tip distances from the grain
boundary. This shows that grain boundaries systematically amplify slip disper-
sion ahead of the crack tip and consequently, slow down the stage-I crack
growth rate. The results help in developing an original crack propagation
model, accounting for the boundary effects relevant to polycrystals. The crack
growth trend is then evaluated from calculations of the energy changes due to
crack length increments. It is shown that the crack necessarily propagates by
increments smaller than 10 nm.
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1. Introduction

Cyclic slip localization and persistent slip bands (PSBs) formation in 316L stainless
steel have been extensively modelled and characterized, especially in the low-strain (or
high cycle) regime [1–3]. In particular, careful examinations of persistent slip markings
during stage-I have shown that fatigue crack initiations mainly occur at the PSB–matrix
interface [3–5], or within the PSB itself [5,6]. Initiated cracks propagate essentially
under shear mode (mode-II) and along a given crystallographic slip plane. The crack
propagation rate is strongly dependent on the dislocation microstructure at the crack tip
[7,8], and hence on the crack tip slip displacement (CTSD). From the Bilby, Cottrell
and Swinden (BCS) model, Lardner emphasizes the role played by the surrounding
microstructure of the crack, and that the CTSD for stationary and fatigue cracks are
markedly different [9,10]. Thus, it is important to relate the CTSD to plasticity mecha-
nisms and grain morphology.
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Several studies have been carried out so far using dislocation dynamics (DD)
modelling with a view to simulate fatigue crack propagation under mode-I and mode-II
[9–19]. Navarro and de los Rios [9] have developed a 2D micromechanical model
based on the continuous distribution of dislocations. This model successfully describes
the influence of grain boundaries on the crack tip plastic displacement as a function of
the crack length. Subsequently, many authors have conducted complementary discrete
dislocation studies [10–20], for example, to identify threshold conditions for stage-I
crack propagation [10], to study the influence of the normal stress on the threshold
stress intensity factor for stage-I FCP [13] and to examine the growth of mode-I short
cracks in a FCC material, in combination with a cohesive surface in front of the crack
tip [14,15]. In another approach based on the boundary element method (BEM), the
crack is represented by sets of dislocation dipoles and crystal plasticity results from the
discrete dislocations (or dipole elements) movements along certain slip planes [16–19].
BEM has been used to simulate short crack propagation through simulated microstruc-
tures taken as a statistical distribution of grain geometries and crystallographic orienta-
tions in 2D space [16]. Zig-zag paths of a stage-I crack propagating in a grain [17] and
crack morphologies in mode-I and mode-II were investigated [17–19]. Previous studies,
though mainly 2D, were able to capture important aspects of cyclic plasticity and crack
growth of the order of a few Burgers vectors. On the other hand, it is well known that
2D simulations do not reproduce many important features such as line tension, cross-
slip or more generally, the 3D character of dislocation microstructures. For this reason,
2D simulations cannot accurately describe internal stress field evolutions at the grain
scale. Moreover, the dislocation lines in 2D simulations are taken as infinite and parallel
edge (or screw) dislocations, in contrast with the actual configuration of fcc grains.

Very few 3D DD simulations adapted to cyclic strain have been carried out so far
[20,21]. For this and other reasons, there are still many open questions regarding trans-
granular crack propagation mechanisms in actual polycrystals (crack path geometry,
effect of grain boundaries, etc.). The goal in this work is to investigate short crack
propagation using DD simulations accounting for the inherent complexity of the 3D
space, including realistic boundary effects (namely, grain boundaries and free surfaces).
The simulation results are presented in the form of changes in the dislocation structure,
the crack morphology and the stored energy associated with the stage-I crack
propagation.

2. Simulation methods: geometries and material parameters

All the simulations presented here are performed using the TRIDIS DD code, where the
dislocation lines are treated as discrete edge–screw segments (see [23] for more details).
The main simulation inputs are the initial microstructure and the external applied load-
ing. Dislocation segments move in the simulated space according to an explicit scheme,
where the individual segment velocity is proportional to the local effective stress
(applied stress plus the internal stress). Interaction with other dislocations (annihilations,
junctions) and cross-slip events are evaluated and updated at each time step. The
applied loading is feedback controlled based on the Von Mises equivalent plastic strain
evolutions, enforcing constant strain rate conditions. The main simulation output is the
plastic strain based on dislocation structure evolutions. In this work, the simulated space
corresponds to a single FCC grain. This code has been successfully applied and

2



validated in different cases of monotonic loading conditions such as tensile straining
[24] or nanoindentation [25]. This same numerical tool was used earlier to perform DD
simulations of fatigue in homogeneous 3D grains [20,21,26]. The choice of this specific
DD code is based on a rather unique compromise between calculation cost, accuracy/
relevance of the results and numerical stability. Thanks to the previous studies con-
ducted in fatigue of 316L stainless steels, the range of the input parameters (such as:
time step, discretization length, grain size, strain amplitude and cross-slip activation
parameters of 316L steel), compatible with both a sufficient accuracy and exploitable
results in fatigue, is well identified in TRIDIS code.

In the present study, the considered grain geometry (see Figure 1(a)) is taken as a
hexagonal prism with a height to circumscribed diameter ratio of 1.0. Three different
depths have been tested for the grain: 20, 15 and 10 μm, denoted by Dg in this paper.
The studied grain is a surface grain with impenetrable grain boundary faces, except one
free surface from which dislocations can emerge and modify the surface shape (by plas-
tic step printing). The simulated box can be viewed as a plastic heterogeneity embedded
in an infinite elastic medium. This assumption is fully relevant in the high cycle fatigue
regime tested herein, where the number of plastically deformed grains is limited and
where the deformed grains are randomly distributed across the whole polycrystal. The
loading is a cyclic tension–compression applied close to ½�1 2 3� direction, which
induces slip mainly on the a=2 ½�1 0 1� ð1 1 1Þ slip system (Schmid factor ~ 0.5). For
all the fatigue simulations, the plastic strain amplitude is fixed to Δεp= 10−4. The initial
dislocation configuration consists of a set of pinned segments (at least one source per
slip system), all of similar length and randomly positioned in the central zone of the
grain (so that the grain boundaries could not inhibit the Frank-Read multiplication
mechanism). The initial source configuration has no effect on the morphology of the
microstructure after sufficient cumulated plastic deformation (generally one full cycle)
[20]. Plastic steps induced at the surface by the dislocation microstructure are computed
using the specific post-treatment methodology as explained in [21,22]. Image forces are
not included in this work, since their influence on grain-scale plasticity is found to be
negligible [21], as demonstrated in Section 3.7 in presence of a crack-like geometrical
discontinuity. The material parameters considered for the present simulations correspond
to 316L stainless steel (see Table 1). Finally, screw segments can change their glide
plane through thermally activated cross-slip mechanisms. Cross-slip probability P is
proportional to exp � sIII�sdev

kT
Vact

� �

, where τdev is the resolved shear stress in the cross-
slip system, τIII a threshold value, Vact is the activation volume [23] and T = 293 K.

Typical simulations are conducted in two stages. First, a realistic PSB lying along
the primary slip system is generated. Then, crack tip plasticity and CTSD is analysed
by introducing a crack along the PSB–matrix interface.

3. Results and discussion

3.1. Surface relief formation and crack initiation

A first DD simulation is carried out to generate a reference PSB microstructure, as
described in details in references [20,21]. The main plasticity mechanisms are briefly
recalled hereafter, since they are intimately linked to microcrack initiation and the sub-
sequent crack propagation. As the cycles proceed, plasticity results in the concentration
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of cyclic slip along the primary slip system a=2 ½�1 0 1� ð1 1 1Þ accompanied by glide
plane change on the cross-slip system a=2 ½�1 0 1� ð1 �1 1Þ. After the completion of few
cycles, interactions between primary and cross-slipped dislocations lead to the formation

Figure 1. (colour online) Typical fatigue dislocation microstructure developed in 3D DD simula-
tion and associated surface relief (mostly extrusions). The simulations are carried out in a grain
oriented for single slip and for plastic strain amplitude Δεp in the range 10−4–10−3. (a) Hexagonal
grain including a PSB. (b) Enlarged view of the microstructure showing channels made of pris-
matic loops and helix structures. (c) Sketch of the virtual dislocation loops (in black colour)
emerged out of free surface with subsequent formation of extrusions. (d) PSB microstructure and
associated schematic representation [21].

4



of a typical PSB dislocation structure, as shown in Figure 1. The number of individual
PSBs is independent of the grain size for a fixed plastic strain range, as explained in
[21]. The grain size, however, affects both the slip band characteristic thickness and the
inter-band spacing. Hence, the mean inter-band spacing is proportional to the grain size,
whereas the band thickness is proportional to the grain size squared. The PSB micro-
structure arrangement includes three distinct subarrangements as depicted in Figure 1(d)
and [21]. This qualitative description holds true whatever the gain size or applied strain
range.

(1) Dislocation multipoles located in channels substructures. These multipoles result
from the interaction between primary and cross-slipped dislocations. The multi-
poles usually rearrange in the form of prismatic loops or helix. The associated
surface relief consists of growing extrusions mainly located at the channel/sur-
face intersection (see Figure 1(c)). Note that in the absence of diffusion mecha-
nisms, the prismatic loops and/or helix motion is constrained within the
channels.

(2) Tangles surrounding the channels. The tangle zones have been generated at the
same time as the multipoles. The local reorganization of the dislocation lines
leads to this microstructure made of immobile and entangled dislocations.

Table 1. Material parameters (at 300 K) and simulation parameters used in the DD simulations.

Threshold
stress (sIII)

Viscous Drag
Coefficient,
[×10−5]

Lattice
friction
stress τ*

Shear
modulus μ

Burgers
norm b Time step

Strain
amplitude

Δεp

Activation
volume
Vact

51.2 MPa 1.06 Pa.s 40 MPa 81,000 MPa 2.54 Å 2 × 10−10 s 10−4 1800b3

Figure 2. (colour online) Free surface relief at zero and maximum imposed strains during a sin-
gle fatigue cycle. Highly reversible steps appear at the PSB–matrix interface, at maximum
imposed strain. The surface displacements have been magnified ×50, for clarity.
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(3) Mobile dislocations at the PSB–matrix interface. After few cycles, these disloca-
tions accommodate most of the imposed plastic deformation. These mobile dis-
locations play a crucial role in extrusion growth. When the mobile dislocations
glide in the PSB–matrix interface, they induce a stress gradient on multipoles
nearby, which are subsequently swept towards the surface. On the opposite side
of the grain, the mobile dislocations reaching the grain boundary create pile-
ups, generating a back stress field that reduces the net stress acting on the inner
PSB dislocation structures. Consequently, the dislocations located inside the
PSB have a lower mobility and larger slip irreversibility. On the other hand, the
mobile dislocations at the interface have a higher and higher slip reversibility
which progressively leads to strong plastic strain localization at the PSB–matrix
interface (see Figure 2). This situation yields to microcrack initiation at the
interface and at the bottom of the extrusion, where the stress concentration is
maximum [3–5]. In practice, the first crack will initiate when a set of multi-
poles, swept by the mobile interface dislocations, reach the free surface carrying
the sufficient amount of energy needed for microcrack formation.

The aforementioned crack initiation mechanism applies to a broad range of imposed
plastic strain amplitude. For plastic strain amplitude of 10−4 in 10 μm grain at 20 °C,
the typical band width is about 100 nm. The band accommodates a maximum local
plastic strain of about 10−2. As discussed later, the global dislocation density achieved
in the grain at saturation is about 5 × 1011 m−2 (see Figure 4(b)). In the bands, this cor-
responds to a local dislocation density of at least 5 × 1013 m−2, mainly in the form of
tangles and multipoles dislocations. In general, the simulated dislocation densities at sat-
uration are lower than the experimental measurements. This is partly due to the simpli-
fying assumptions of DD simulations, including the use of a discrete lattice and time
step (2 × 10−10s). The number of bands increases with the plastic strain amplitude,
although the dislocation densities computed in individual bands remain constant. In any
case, the number of dislocation gliding in the PSB–matrix interface and piling up at the
bottom grain boundary is limited to 8–10 dislocations. This number scales the size
(depth) of the first microcrack developing from the surface (about 10b = 2 nm), whereas
the local shear stress near the grain boundary is about 10 times the applied stress.

3.2. Stage-I fatigue crack propagation

Section 3.1 and Figure 2 show that stage-I crack initiation and subsequent propagation
most probably occurs where the slip is highly reversible, i.e. at the PSB–matrix inter-
face, as reported in [3,6]. This is where a crack is now introduced in the simulations, as
a combination of: (1) a free surface discontinuity (see Figure 3(a)), (2) a dislocation
microstructure in front of the crack tip and (3) a heterogeneous stress field applied to
the surrounding grain. When the grain size is small enough, it is possible to perform
many cycles (~50), so that the crack is introduced when the saturation stage of the dis-
location density is reached. For larger grains, CPU time limitation makes it more diffi-
cult to reach an important number of cycles (~8). Crack is then inserted during the
transition stage.

The free surface discontinuity (1) associated with the crack is inserted in the form
of a pair of intersecting free surfaces, with an opening angle of about 10−2 radians.
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These new surfaces act in the same way as the other grain free surfaces: outward
motion of bulk dislocations is authorized, whereas any return is prohibited. As docu-
mented in [21], outcoming dislocations generate virtual dislocations that are only used
to calculate the associated surface displacements, including a possible crack tip blunting
effect. Elastic interactions between the virtual and bulk dislocations are switched off
during the whole simulated time.

The additional dislocations (2) introduced with the crack consists of twelve addi-
tional FR sources, one per each possible FCC slip system. These sources are placed in
front of the crack front and randomly distributed within 1 μm from the crack front.
Their role is to account for dislocation emission at the crack tip itself as evidenced
experimentally. Different realizations of the initial configuration of the FR sources
(number and positions) have been tested. The corresponding 3D simulations show that
this has little effect on the subsequent microstructure and slip mechanisms following
one complete (tension-compression) cycle. Indeed, each dislocation line emitted from
the initial FR source easily cross-slip to a different slip plane leading to the formation

Figure 3. (colour online) (a) DD simulation geometry showing the introduction of crack at PSB–
matrix interface; (b) slip displacement (represented by coloured strips) at maximum imposed
strain in absence of crack, showing homogenous slip along the band. The background colour rep-
resents the intensity of the Von Mises plastic strain. (c) Slip displacements in the presence of a
crack along the PSB–matrix interface, illustrating highly concentrated slip near the crack tip
(compare red the strip patterns of Figure 3(b) and (c)).
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of numerous new (Koehler-type) sources. For this reason, the number of sources is sig-
nificantly increased after a few steps and the position of the initial artificial sources has
no more effect.

Finally, the inserted crack induces in the grain a specific stress field (3). For the
sake of computational speed and flexibility in changing the crack configuration (length,
position and orientation), the crack stress field is introduced using Irwin’s analytical
expression [27]:

rijðr; hÞ ¼
KI
ffiffiffiffiffiffiffi

2pr
p fijðhÞ þ

KII
ffiffiffiffiffiffiffi

2pr
p gijðhÞ þ

KIII
ffiffiffiffiffiffiffi

2pr
p hijðhÞ (1)

r and θ define the evaluation point coordinates. Ki defines the mode-i stress intensity
factor (i = I, II or III). Equation (1) describes the stress field in front of an infinitely
wide and sharp crack in a semi-infinite elastic continuum medium, i.e. it does not
account for any blunting effect. It can be shown (using finite elements computations)
that Equation (1) is a reasonably good approximation of the stress field acting in the
grain, provided the ratio between the grain depth and the crack length is less than 5.
Another noteworthy point is that only KI and KII are non-zero factors in Equation (1),
due to the specific orientation of the grain adopted in this study (uniaxial loading along
the ½�1 2 3� direction). Consequently, crack plasticity potentially operates under tensile
opening mode-I and/or in-plane sliding mode-II.

Figure 3(b) shows the slip distribution across the PSB before the crack is intro-
duced. It can be seen that the cyclic slip is homogeneously distributed along the PSB
length. Once the crack is introduced, the slip distribution is no longer homogeneous
and becomes highly concentrated near the crack tip, along the primary slip plane coin-
ciding with the stage-I crack plane (Figure 3(c)). In addition, the crack front geometry
(observed at zero imposed strain during four successive cycles) shows very little evolu-
tion (Figure 4(a)), which evidences the reversibility of the slip activity at the crack tip.
This effect is a direct consequence of the pre-existing PSB. In order to highlight that
particular point, the same simulation is carried out with a crack introduced in an
annealed grain, i.e. without any initial PSB microstructure. The outcome is then com-
pletely different (see Figure 4(d)): slip irreversibility near the crack tip is significant and
leads to an increase in the crack length and significant changes in the crack shape, remi-
niscent of crack tip blunting effect. The obtained mechanism is comparable to that
observed in crack growth under dominant mode-I (crack opening mode). In the ‘PSB-
crack’ situation (case (a) in Figure 4), the dislocation substructure remains planar and
no significant change is noticed except very near to the crack tip, where the dislocation
density comes down as a consequence of enhanced slip reversibility. This simulated
substructure is consistent with corresponding TEM and/or ECCI observations in fati-
gued FCC materials [5–8]. Experimental studies suggest that dislocation structures near
a stage-I crack tip remain a PSB-ladder structure and the propagation of a short stage-I
crack does not alter them significantly. In contrast, the dislocation substructure obtained
in the second case (case (d) in Figure 4), where the crack is introduced from the begin-
ning of the cycling, exhibits a thick tangled network around the crack tip.

Differences between the ‘PSB-crack’ and ‘crack in an annealed grain’ cases can also
be quantified and partially explained based on the dislocation density evolutions on
each slip system plotted for two different grain sizes in Figure 4(b)–(c) and (e)–(f),
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Figure 4. (colour online) (a) Plastic displacement evolutions at zero plastic strain, during five
successive cycles. The introduction of a crack along the PSB (‘PSB-crack’ case) induces negligi-
ble changes on both the crack tip shape and the dislocation microstructure. Evolutions of the dis-
location density on each slip system for (b) a 10 μm grain and (c) a 20 μm grain, in the ‘PSB-
crack’ case. (d) Significant changes of the crack front shape and crack length are evidenced, when
the crack is introduced without an initial PSB microstructure (‘crack in an annealed grain’ case).
Dislocation density evolutions in each slip system for (e) a 10 μm grain and (f) a 20 μm grain, in
the ‘crack in an annealed grain’ case. (g) Plastic displacement profiles through the free surfaces
during one cycle (displacement magnification ×50).
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respectively. In the ‘PSB-crack’ case, Figure 4(b) and (c) reveals that before the crack
is introduced, the dislocation density is mainly composed of dislocations gliding on the
primary and the associated cross-slip systems, while the other slip systems remain inac-
tive. The newly introduced crack has little effect on the dislocation density accumula-
tion rate, which remains close to zero when the crack is introduced after saturation
(Figure 4(b)) or follow the same evolution, when introduced during the transition stage
(Figure 4(c)). This indicates that the plasticity around the crack tip fully operates with
the existing PSB microstructure: no microstructural changes occur. The active plasticity
mechanisms are the same as those described in Section 3.1: the imposed strain is
mainly accommodated by mobile dislocations gliding at the PSB–matrix interface (and
in front of the crack), whereas cross-slip activity along the band increases the density
of existing tangles and multipoles. In the ‘crack in an annealed grain’ case, on the other
hand, the primary and cross-slip systems are not the only preferentially active slip sys-
tems, since three more slip systems are also activated from the first cycles onwards
(Figure 4(e) and (f)). Such a complex slip activity promotes the spreading of the dislo-
cation substructure on a large volume surrounding the crack tip. This is consistent with
the observed pronounced slip irreversibility and the corresponding crack growth mecha-
nism. This is a genuine microstructural effect related to the number of active slip sys-
tems rather than a mere dislocation density effect, since the involved dislocations
densities (in the main slip systems) are nearly the same, in either cases.

Figure 4(g) shows the crack front evolution during the PSB–crack simulation, over
one complete fatigue cycle. Crack tip slip is found to be almost entirely reversible,
which indicates that stage-I crack growth is compatible with successive decohesion
events taking place across the crack plane along the PSB-matrix interface. In other
words, stage-I crack growth is not merely associated to plastic irreversibility, as some-
times proposed in the literature. Stage-I crack growth mechanism is, thus, comparable
to the microcrack initiation mechanism as described in Section 3.1. In practice, revers-
ible crack tip slip (Figure 4(g)) favours the adsorption of non-metallic atoms (such as
oxygen or hydrogen) in the tip region, by repeatedly exposing the same small surface
to the environment. Adsorbed atoms can in turn reduce the decohesion threshold
(through diminishing the interfacial surface energy), and therefore facilitates the subse-
quent stage-I crack propagation [28,29]. This decohesion process is similar to the well-
known hydrogen embrittlement mechanism observed under tensile loading conditions,
where hydrogen accumulation at the crack front is favoured by notch geometries
[29,30] and drastically decreases the surface energy of the host metal [28].

Figure 4. (Continued).
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3.3. Crack propagation close to a grain boundary

Stage-I crack propagation mechanism described in the previous section is somewhat
modified, as the crack approaches the grain boundary. When the available grain space
in front of the crack tip narrows down, plasticity developing in front of the crack (in
the primary slip systems) is no longer sufficient to fully accommodate the imposed
strain. Besides, slip dispersion near the crack front may be more or less pronounced,
depending on the adjacent grain orientation. This means that grain orientations play an
important role in the retardation/accentuation of stage-I crack propagation [31]. Under-
standing this mechanism is fundamental from the view point of crack propagation kinet-
ics and the subsequent transmission/propagation to the adjacent grain. In the present
study, plastic strain developed in the next grain is not taken into account, since the cur-
rent version of the DD code can only handle a single crystal (or grain). However, crack
propagation up to the first grain boundary can be treated with a full description of the
dislocation activity in the cracked grain, providing valuable insight on grain boundary
effects.

A crack is introduced in the form of two additional free surfaces along the PSB–
matrix interface, i.e. using the same implementation method as described in the previ-
ous section. The crack front is now positioned at a pre-defined distance to the impene-
trable grain boundary assuming that the initial propagation has occurred along the PSB
interface, up to the current position. The next grain facing the crack front is then con-
sidered as a plastically undeformable elastic medium. Then, Equation (1) is not entirely
accurate since the elastic anisotropy of each neighbouring grain is not taken into
account and it may affect a small region near the grain boundary. The results are never-
theless consistent within the framework of isotropic elasticity used in the DD simula-
tion.

Because of plastic constraints at the grain boundary, cyclic slip is no longer com-
pletely accommodated along the PSB–matrix interface (i.e. on primary slip system), but
leads to the activation of additional slip systems ahead of the crack front (Figure 5(a)–
(c)). This effect results in the dispersion of the dislocation slip activity. Figure 5(a)
clearly shows that plasticity expands on many planes parallel to the primary slip plane
(by double cross-slip mechanisms), and also on secondary slip planes non-parallel to
the crack plane. This configuration corresponds to complex crack tip morphology as
shown in Figure 5(c), which could alter crack propagation kinetics and generate a crack
tip stress field different from that of Equation (1), since this equation assumes an infi-
nitely sharp crack tip configuration.

The effect of the grain size on the plastic strain spreading near the grain boundary
is evidenced in Figure 5(a). Slip dispersion, indeed, decreases with the grain size, thus
favouring slip localization. This means that grain-to-grain propagation should be easier
for small grains, especially if the plastic deformation in the adjacent (non-cracked) grain
is limited. This finding is consistent with experimental evidence [32] and is also high-
lighted through CTSD evaluation to be discussed in the next section. The severity of
slip localization in front of the crack can be easily predicted using elementary physical
considerations. When the crack is long enough and assuming that mode-II is preponder-
ant, the mean shear stress acting in front of the crack is

1
Dg�a

RDg�a

0

s1app
ffiffiffiffi

pa
p
ffiffiffiffiffi

2pr
p dr ¼ s1app

ffiffiffiffiffiffiffiffiffi

2a
Dg�a

q

, where a is the length of the crack. This stress gener-

ates a dislocation pile-up of n dislocations in front of the crack, in turn producing a
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Figure 5. (colour online) (a) Von-Mises strain field for different crack front positions (from the
grain boundary) and for 20 and 10 μm grain depths. (b) Von-Mises strain field at higher imposed
plastic strain (5 × 10−4), before and after crack introduction. The displacement field is magnified
×30 for clarity. (c) Crack front morphology and associated dislocation microstructure. (d) CTSD
evolution as a function of the crack tip position for the three different grain depths, evaluated
using Equation (3). (e) CTSD evolution as a function of crack tip position for the three tested
grain depths, evaluated using Equation (2). (f) Number of cycle to get a 5 μm length crack, eval-
uated using Equation (4).
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stress n� s1app

ffiffiffiffiffiffiffiffiffi

2a
Dg�a

q

at the grain boundary. As mentioned in paragraph 3.1, the maxi-

mum stress acting in the grain boundary is about 10 times the applied stress s1app. This

implies that the maximum number of dislocations which pile-up in front of the crack
(before cross-slip activation) is:

n ¼ 5
ffiffiffi

2
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Dg

a
� 1

r

¼ 5
ffiffiffi

2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

dgb

Dg � dgb

s

(2)

where dgb stands for the distance of the crack tip to the grain boundary. From Equation
(2) it is obvious that, for a given distance dgb to the grain boundary, the number of dis-
locations piling up in front of the crack actually decreases, with increasing the grain
size.

For higher plastic strain amplitudes, numerous PSBs are present before crack initia-
tion [20,21]. Many of these PSBs become inactive (Figure 5(b)) after crack initiation,
because the crack tip tends to concentrate a large part of the imposed plastic strain
amplitude. The small number n of dislocations which can be emitted in front of the
crack tip is then not sufficient to accommodate large plastic strain level. For this reason,
slip dispersion is faster with increasing plastic strain amplitudes.

3.4. Evaluation of the CTSD

Previous observations are formalized in this section, by determining the CTSDs for dif-
ferent grain sizes and different positions of the crack front along the grain depth. In
practice, the CTSD is computed by monitoring the displacements of control lines cut-
ting through the crack and free surface of the grain, using the same calculation method
as explained in [21]. The CTSD is evaluated for varying crack lengths a in three self-
similar grains of different depths, with a given ‘crack-length/grain-depth a/Dg’ ratio.
Figure 5(d) presents the evolution of the CTSD as a function of the crack length. It is
obvious that the ratio CTSD/Dg is almost independent on the grain size for crack length
a < Dg/2. This means the CTSD is proportional to the grain depth so that the number
of cycles needed for the crack to move over a distance Dg/2 is more or less the same,
regardless of the grain size. The CTSD magnitude is affected by the grain depth as the
crack approaches a grain boundary (see Figure 5(d)) owing to the previously explained
slip dispersion effect. Namely, the CTSD magnitude reduction is more pronounced in
coarse grains than in fine grains. Stage-I crack propagation is, therefore, slower in
coarse grains, as reported in [27,33].

Under load, the dislocation sources in front of the crack tip generate dislocations
that accommodate the imposed plastic strain and pile-up on the grain boundary, in front
of the crack. One dislocation emitted from the crack tip can accommodate a maximum
amount of plastic strain c1p, which is proportional to the maximum area A swept before
reaching the grain boundary, namely: c1p ¼ b:A

Vg
¼ b:dgb

Dg2
, where length dgb is the distance

between the crack tip and the grain boundary and b is Burgers vector magnitude. The
imposed plastic strain amplitude Δεp is fully accommodated if n = Δεp/c

1
p dislocations

are emitted and pile-up in front of the crack. In practice, this condition is no longer sat-
isfied when the distance to the grain boundary (measured from the crack front) becomes
too small. This would, indeed, require a too large number of dislocations to accommo-
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date the imposed plastic strain on a single slip plane. Actually, cross-slip events driven
by the internal stress would occur at the location of the dislocation pile-ups, spreading
plasticity away from the crack tip region (Figure 5(a)). The implemented cross-slip
mechanism, thus, contributes to reduce the CTSD (see Section 2). The stress difference
τIII–τdev acting on the nth piled up dislocation is proportional to 1/n. The corresponding
cross-slip probability is then proportional to exp � k

n

� �

. From the above considerations,
the following expression is proposed to describe the CTSD evolution along the grain
depth:

CTSD

Dg
ffi Dep 1� exp � k

Dep

b

Dg
1� a

Dg

� �� �� �

¼ Dep 1� exp � k

Dep

b:dgb
Dg2

� �� �

(3)

where λ = 25 is a dimensionless fitting coefficient. This expression satisfactorily
describes all the simulation data, as shown in Figure 5(d) (dashed curves). It is also
worth noting that Equations (2) and (3) yield the same prediction for a > Dg/2. Indeed,
the value of the dimensionless quantity CTSD/Dg can be evaluated from Equation (2),

assuming that CTSD = nb. It gives CTSD
Dg

¼ 5
ffiffiffi

2
p

b
Dg

ffiffiffiffiffiffiffiffiffiffiffiffiffi

Dg

a
� 1

q

¼ 5
ffiffiffi

2
p

b
Dg

ffiffiffiffiffiffiffiffiffiffiffiffi

dgb
Dg�dgb

q

, whose

evolution is plotted in Figure 5(e) and found to be compatible with the data shown in
Figure 5(d). This shows that the crack-induced strain spreading limits the stress acting
in the grain boundary to about 10 times the applied stress.

The crack propagation rate can be quantified using Equation (3), assuming that a
micro decohesion zone of size ≈CTSD forms at the crack tip every Ni cycle. This
gives:

da

dN
¼ Dep

Ni

1� exp � k

Dep

b

Dg
1� a

Dg

� �� �� �

(4)

Integration of Equation (4) is given in Figure 5(f), indicating the number of cycle for a
crack to reach a given length, for example, 5 μm (noted Na = 5 μm). At low imposed
plastic strain amplitudes, Na = 5 μm is somewhat proportional to De�1

p . At higher plastic
strain amplitudes however, Na = 5 μm becomes more or less constant. This number of
cycles is very low in comparison with the number of cycles to initiation, which was
found to be proportional to De�2

p [21]. This clearly shows that initiation takes a much
longer time than propagation, especially with decreasing Δεp.

3.5. Effect of crack opening/closure

In the previous simulations, the effect of crack closure on the crack-induced stress field
(during the compression phase) was not taken into account. In order to evaluate this
effect, a separate simulation is run using a modified heterogeneous stress field. During
the tension phase, the applied stress field is given by Equation (1), whereas during com-
pression phase, mode-I contribution to Equation (1) is suppressed, to take into account
the crack closure. Figure 6(a) and (b) shows the differences between the two situations,
both in terms of shear stress on primary/deviate slip systems and applied macroscopic
stress–plastic strain (SS) curve (resolved on primary slip system). Firstly, the crack
introduction induces a slight softening of the grain in both cases, evidenced by the
decrease of the overall stress amplitude. This softening is due to a decrease in the micro-
structure-induced back stress. When a short crack is introduced indeed, the resulting
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Figure 6. (colour online) (a) Stress vs. plastic strain evolutions (resolved on primary slip system)
obtained without crack closure effect, and associated shear stress mapping resolved in primary
and cross-slip systems. The dashed SS curves are obtained in the absence of crack. (b) The same
as in (a) with active crack closure effect. (c) Dislocation density evolution without crack closure.
(d) The same as in (c) with crack closure procedure activated. (e) Crack tip morphology after four
cycles, with active crack closure effect, magnified ×100.
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stress field favours a continuous distribution of the dislocations in front of the crack tip
(see Figure 4(a)), which generates less back stress than dislocations piled up directly
against the grain boundary (as it is the case in absence of a crack, see Figure 1). This
softening (obtained here under constant applied strain amplitude) is fully comparable to
the cyclic creep observed in a very recent DD study [15], in which the crack is loaded
under constant applied stress amplitude. Secondly, the macroscopic effect of crack clo-
sure results in a slight dissymmetry of the SS curve (the overall amplitude is slightly
decreased, whereas a small positive mean stress is generated). Once again, this is due
to the distribution of the stress in front of the crack, which is more homogeneous in the
absence of mode-I loading component (compare the stress mapping in compression with
and without crack opening). This situation further homogenizes the dislocation spread-
ing in front of the crack and hence, further decreases the back stress. In terms of dislo-
cation density, a marked effect of the crack closure is noted (compare Figure 6(c) and
(d)). The increase in dislocation accumulation rate, already evidenced in paragraph 3.3
and in Figure 4 when crack closure effect is inactive, is significantly enhanced in both
the primary and cross-slip systems, when the crack closure procedure is active. This
effect can be explained in terms of irreversible dislocation slip, associated with the dis-
symmetric tension and compression phases of the cycle. Moreover, the increased shear
stress on the cross-slip system induced by the crack closure tends to increase the proba-
bility of glide path change. As a result, the dislocation microstructure generated near
the crack tip is slightly thicker and denser than before. This induces markings in the
crack tip surfaces (Figure 6(e)), attesting of a high level of slip irreversibility. Overall,
the introduction of crack closure decreases the CTSD and slows down the crack growth
rate. These effects are of the second order, however, and for this reason, the analysis
and conclusions of the previous sections need no revision.

3.6. Most favourable crack position along a PSB

It is well known that cracks initiate in the vicinity of pre-existing PSBs. However, the
factors controlling the actual microcrack growth path along the bands are still unclear
[3,6]. Two additional DD simulations have been conducted, with a view to compare the
crack growth behaviour depending on its position, in presence of a pre-existing PSB: a

Figure 7. (colour online) Plastic strain mapping in front of the crack tip. (a) Crack introduced in
the PSB centre. (b) Crack introduced in the left-sided PSB–matrix interface.
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simulation where the crack is introduced in the PSB centre and a simulation where the
crack is introduced in the left PSB–matrix interface. It can be seen in Figure 7 that the
two tested positions are not equivalent. When the crack is introduced at the PSB centre,
band thickening, enhanced slip irreversibility crack effects are noticed. The PSB micro-
structure spreads out ahead of the crack and includes many additional (out of band) slip
planes, a situation that is very ineffective to accommodate the locally imposed plastic
strain. Because of enhanced slip spreading, the crack tip is no longer sharp, whereas the
CTSD is significantly decreased. The centre crack position (or path) is, therefore, unfa-
vourable for propagation along the PSB (see also paragraph 3.1). If we now introduce
the crack along the left PSB–matrix interface, we can see that plasticity around the
crack tip remains as sharp as before. The CTSD is, however, smaller in the left-sided
than in the right-sided crack case, due to the lower stress concentration associated with
the former case [3–5], as reported in paragraph 3.1. This means that the left-side posi-
tion is unfavourable for subsequent crack propagation, at least when the crack is short
enough.

3.7. Influence of the image forces

All the simulations presented so far in this paper have neglected the influence of image
forces associated to the free surfaces (though the geometrical crack singularity effect is
included). This choice was made with a view to minimize the computational load.
Neglecting the image forces means that the traction-free condition Ti= σijnj= 0 is not
verified in the free surfaces of the simulated volume, in the presence of combined
applied and internal stress fields. Previous studies have shown that this approximation

Figure 8. (colour online) (a) Traction vector acting in the different free surfaces. (b) Von Mises
stress field evaluated using analytical (using point forces [34]) and FE calculation solutions. Good
accuracy of the analytical solution, including in the vicinity of the crack tip, can be noticed. (c)
Stress field (shear component on the primary slip plane) calculated without and with image forces.
(d) Image stress field acting in the simulated grain.
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has little effect on PSB arrangements and their evolutions, at least up to microcrack ini-
tiation [21]. In the case of a crack at the PSB–matrix interface, however, additional free
surfaces are positioned close to the PSB and for this reason, image forces may have a
greater effect than before. The surface traction vector field Ti is sketched in Figure 8(a)
at the maximum imposed strain. As expected, the traction-free surface condition is not
satisfied (Ti ≠ 0). The image stress field is evaluated at the same calculation step, using
the analytical method described in [34]. This method consists in applying a field of
point forces Fi on the grain-free surfaces, which opposes to the surface traction vector
field: Fi= −Ti. The stress field induced by each point force is then calculated using the
analytical solution of Boussinesq [34]. Comparison with FE calculations show that
Boussinesq method provides a good estimate of the image stress everywhere in the sim-
ulated volume (see Figure 8(b)). The stress fields obtained with and without the image
forces are then compared side by side in Figure 8(c), where the shear stress component
along the primary slip plane is represented at the maximum plastic strain. Firstly, we
notice that the difference between the two cases is quite small. Secondly, the shear
stress along the notch surfaces nearly vanishes in the presence of the image field, thus
validating the selected image field calculation method. Moreover, the image field range
is restricted to a circular area circumscribed to the crack, as evidenced in Figure 8(d).
This observation argues in favour of a limited influence of the image field on the slip
in front of the crack.

The image field influence across the whole grain is now evaluated by comparing the
average elastic energy per unit of volume E ¼ 1

X

R

X

1
2 r : eedX stored in the grain, with

and without images field. The stored energy in the absence of image forces is about
67.10−3 J m−3 vs. 71.10−3 J m−3, in the presence of image forces. This small difference
(~6%) confirm the limited influence of the image field in DD simulations conducted at
the grain size scale, even in presence of a crack-like discontinuity.

3.8. Energy balance during the crack propagation

The CTSD calculations presented in the previous section suggest a possible stage-I crack
propagation mechanism. Another way to envisage crack propagation is to study the
energy changes within the grain, for a given crack advance. In DD simulations, the local
elastic strain energy per unit of volume is computed as e ¼ K�1

ijklrijrkl, where K and σ are,
respectively, the Hooke tensor and the local effective stress tensor. The latter quantity
accounts both for the applied heterogeneous stress due to the crack and the internal stres-
ses induced by the dislocation microstructure. The image field is not taken into account
here, since it represents only a little fraction of the total stored energy (see Section 3.7).
Figure 9(a) shows a typical mapping of the applied elastic energy induced by the crack
only computed in the entire grain. Figure 9(b) shows the total elastic strain energy taking
into account both the crack and the dislocation stresses. Comparison of Figure 9(a) and
(b) highlights the stress relaxation effect induced by the dislocation microstructure.

The effect of the crack propagation on the elastic strain energy stored in the material
is now estimated for a stabilized dislocation microstructure submitted to a given con-
stant stress. In practice, one DD simulation including a crack along PSB–matrix
interface is first carried out during a few cycles. Then, the microstructure is stabilized at
the peak tensile stress until the plastic strain rate vanishes, in order to get a fully
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equilibrated dislocation microstructure. This phase is shown as 0–1 in Figure 9(c). After
stabilization, the stored elastic strain energy (E1) is calculated. The crack front is then
spontaneously extended for a small length da, whereas the applied stress remains fixed
at the same value. The applied heterogeneous stress field is consequently slightly modi-
fied, which induces a small destabilization of the dislocation microstructure associated
with a plastic strain burst. This phase is denoted as 1–2 in Figure 9(c). The dislocation
microstructure is again stabilized and the elastic strain energy (E2) after the crack incre-
ment is calculated. This procedure has been applied for three different crack advances
da = 10, 30 and 100 nm, and the changes in the plastic strain and the associated
dislocation density are shown in Figure 10(a) and (b), respectively.

Theoretically, it is assumed that the crack will propagate provided the elastic energy
change induced by the crack length increment satisfies the fundamental principles of
thermodynamics, which in the case of a crack advance under the constant applied stress,
Σapp, can be formulated as [27,35]:

Figure 9. (colour online) (a) Applied elastic strain energy field due to the crack. (b) Total elastic
energy showing relaxation induced by the dislocation microstructure. (c) Schematic sketch of the
applied stress and the resulting plastic strain showing the microstructure stabilization phase (0–1)
and destabilization–stabilization phase induced by a small advance of the crack (1–2).
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where the left-hand term GcdA is the surface energy change induced by the creation of
additional free surface dA due to the propagation (dA = lda, where l is the crack width).

Figure 10. (colour online) Effect of spontaneous crack advance da at constant stress on variations
of (a) Von Mises plastic strain; (b) dislocation density, as a function of the number of time steps;
(c) variation of dεp/da and dρ/da induced by a given crack advance da.
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The middle term is the change in elastic strain energy induced by the change in crack
length and in the associated dislocation microstructure evolution. The last term (in third
position in Equation (5)) is the dissipated energy due to plastic slip, i.e. dislocation
motion, while Ω is the grain volume. The left-hand term can be calculated assuming a
typical surface energy density Gc=1 J.m−2. The middle term is calculated from energy
differences E2− E1 between two different, stabilized configurations. The right-hand term
is directly calculated from Figure 10(a), which provides the plastic strain variation dεp
between the same two configurations. The different terms corresponding to the three
tested crack advances are tabulated in Table 2.

It is shown that the crack surface energy required for the selected crack advances is
much higher than the sum of the elastic and plastic energy changes. It means that spon-
taneous crack propagation is not favourable for the above-tested crack advances, at the
selected constant stress levels. However, two noteworthy points must be mentioned.
Firstly, the actual surface energy may be decreased by several orders of magnitude if
detrimental foreign atoms are adsorbed at the crack tip surfaces during the cyclic slip.
As described in Figures 3 and 4, the pronounced plastic slip localization in the slip
plane crossing the crack tip favours the contamination of the crack tip zone by non-
metallic atoms. Secondly, the crack advances tested in this study are quite large com-
pared with the CTSD values given in Figure 5, suggesting smaller crack advances: for
example, about 2 nm for Δεp = 10−4 and Dg = 20 μm.

Elastic and plastic energy changes due to crack increments lower than 10 nm are
about the same magnitude as the noise induced by random dislocation motion. This
noise is due to the explicit temporal integration of the DD scheme. For this reason,
effects of very small crack length increments (less than 10 nm) cannot be investigated
using the above-described method. However, it is possible to estimate a crack length
increment compatible with the actual crack propagation by comparing the dislocation
density derivative dρ/da and the plastic strain derivative dεp/da evolutions as a function
of the crack length increment da (see Figure 10(a)–(b)). And hence, Equation (5) can
be reformulated, by considering that a part of the elastic strain energy change is induced
by the evolution of the dislocation microstructure. As seen in Figure 10(b), a crack
advance induces a small increase in the total dislocation density. The elastic energy
change associated to a density variation dρ is approximately βμb2dρ. In this equation, μ
is the elastic shear modulus, b is the Burgers vector amplitude and β is a dimensionless
coefficient, depending on the dislocation arrangement considered. For a small crack
advance, β can be considered as constant, since the microstructure is not drastically
modified. Consequently, Equation (5) can be expressed as:

Table 2. Energy changes during early stage-I crack propagation for a given crack advance at a
constant stress.

da (nm) 10 30 100
GcdA (×10−13 J) 2 6 20

d
R

X

1
2 r : eedX

 !

¼ E2 � E1 (×10−16 J) 0.0016 0.0048 0.46

ΣappdεpΩ (×10−16 J) 1.11 1.86 2.98
Propagation scenario Unfavorable Unfavorable Unfavorable
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Gc � blb2
dq

dA
þ . . .þ Rapp

dep
dA

X (6)

where the suspension points denote the elastic strain energy changes induced by the
increase of the crack length, in a pure elastic medium. Increase of the derivatives in the
two terms of Equation (6) should promote crack propagation. Derivatives dρ/da and
dεp/da are plotted in Figure 10(c). Extrapolation of these curves shows that only small
crack advances will induce important energy change (in Equation (6)). This clearly
shows that crack propagation is highly favourable for very small crack advances, possi-
bly << 10 nm, as seen in Figure 10(c).

4. Summary

The main results of this extensive 3D DD investigation of stage-I fatigue crack propa-
gation are as follows.

� The crack-induced stress field yields a considerable reduction in the dislocation
density near the crack tip during stage-I crack growth along the PSB–matrix inter-
face. The resulting planar dislocation microstructure promotes highly reversible
crack tip slip, without significantly altering the crack length and shape. This con-
firms that early stage-I crack propagation does not significantly change the prior
PSB dislocation microstructure and proceeds through a progressive decohesion of
the crystallographic planes along the PSB–crack interface.

� In the absence of prior-PSB microstructure, crack tip-induced plastic slip spreads
into different slip systems. The associated slip dispersion increases the slip irre-
versibility, changes the crack tip morphology and the associated propagation
mechanism.

� For a crack length a < Dg/2, the CTSD/Dg ratio is almost independent of the
grain size. The CTSD magnitude is affected by the grain depth as the crack
approaches a grain boundary, because of the slip dispersion effect. Consequently,
the CTSD magnitude reduction is more pronounced in large grains than in small
grains.

� The image forces induced by the presence of the crack surfaces have very little
impact on stage-I crack propagation. The change in the elastic energy stored in
the simulated volume is less than 10%, which confirms that image forces can be
neglected in DD simulations of fatigue crack growth.

� Only very small crack extension triggers a significant increase in the evolution of
the dislocation density and the corresponding plastic strain, providing favourable
conditions for early stage-I crack growth. This suggests that crack propagates by
very small increments, most probably smaller than 10 nm.
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