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Behavior of the Wasserstein distance between the empirical and
the marginal distributions of stationary a-dependent sequences

Jérome Dedecker* Florence Merlevede f

Abstract

We study the Wasserstein distance of order 1 between the empirical distribution and the
marginal distribution of stationary a-dependent sequences. We prove some moments inequalities
of order p for any p > 1, and we give some conditions under which the central limit theorem holds.
We apply our results to unbounded functions of expanding maps of the interval with a neutral
fixed point at zero. The moment inequalities for the Wasserstein distance are similar to the well
known von Bahr-Esseen or Rosenthal bounds for partial sums, and seem to be new even in the
case of independent and identically distributed random variables.

Running head. Empirical Wasserstein distances for dependent sequences.

Keywords. Empirical process, Wasserstein distance, central limit theorem, moments inequalities,
stationary sequences, intermittency.

Mathematics Subject Classification (2010). 60F17, 60E15, 60G10.

1 Introduction

Let (X;)iez be a stationary sequence of integrable real-valued random variables, with common
marginal distribution p. Let p, be the empirical measure of {X1,..., X,}, that is

1 n
n = — O0x, -
1% n; X

In this paper, we study the behavior of the quantity Wi(pn,u) for a large class of stationary
sequences, where W1 (w1, p2) is the Wasserstein distance of order 1 between two probability mea-
sures (1, 42 having finite first moments. The precise definition is as follows:

Wi (un, pi2) = / & — yln(dz, dy), (1.1)

inf
mEM (p1,p2)

where M (ju1, pi2) is the set of probability measures on R? with marginal distributions g and .
The distance Wi belongs to the general class of minimal distances, as the total variation distance.
Since the cost function ci(z,y) = |z — y| is regular, Wi can be used to compare two singular
measures, which is not possible with the total variation distance, whose cost function is given by
the discrete metric co(z,y) = Lozy.

The quantity Wi (un, ) appears very frequently in statistics, and can be understood from
many points of view:
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e The well known dual representation of Wi implies that

n

LS — )] (12)

Wi (ptn, p) = sup
feA

where A, is the set of Lipschitz functions f from R to R such that |f(z) — f(y)| < |z — y|.
Hence, W1 (pn, pt) is a measure of the concentration of i, around p through the class A;.

e In the one dimensional setting the minimization problem (1.1) can be explicitely solved, and
leads to the expression

Wiliueos) = [ 1970 = P 0l (1.3)

where F,, and F are the distribution functions of y,, and p, and F; ' and F~! are their usual
generalized inverses. Hence Wi (un, ) is the L'-distance between the empirical quantile
function F,, ' and the quantile function of .

e Starting from (1.3), it follows immediately that
Wit n) = [ |Pa(t) = Plo)lt. (14)
R

Hence Wi (pn, 1) is the L'-distance between the empirical distribution function F, and the
distribution function of u.

At this point, it should be clearly quoted that, if (1.3) and (1.4) have no analogue in higher
dimension, the dual expression (1.2) is very general and holds if the X;’s take their values in a
Polish space X, as soon as the cost function ¢ is a lower semi-continuous metric (the class Ay
being the class of 1-Lipschitz functions from X to R with respect to ¢).

Assume now that the sequence (X;);ez is ergodic. Since p has a finite first moment, it is well
known that Wi(un, ) converges to zero almost surely, and that E(W1 (pn, pt)) converges to zero
(this is a uniform version of Birkhoff’s ergodic theorem, which can be easily deduced from the
Glivenko-Cantelli theorem for ergodic sequences). However, without additional asumptions on p
the rate of convergence can be arbitrarily slow.

The purpose of this paper is to give some conditions under which the central limit theorem
(CLT) holds (meaning that /nW1 (i, 1) converges in distribution to a certain law), and to prove
some inequalities for |[Wi(un,u)|lp when p > 1 (von Bahr-Esseen type inequalities for p € (1,2)
and Rosenthal type inequalities for p > 2). We will do this for the class of a-dependent sequences,
which is quite natural in this context, since the related dependency coefficients are defined through
indicator of half lines. Hence our results apply to mixing sequences in the sense of Rosenblatt [25],
but also to many other dependent sequences including a large class of one dimensional dynamical
systems. We shall illustrate our results through the examples of Generalized Pomeau-Manneville
maps, as defined in [9)].

The central limit question for \/nW1 (pn, ) has been already investigated for dependent se-
quences in the papers by Dédé [7] and Cuny [6] (see Sections 4 and 5 for more details). This is not
the case of the upper bounds for ||[W1(un, it)]|p, even for sequences of independent and identically
distributed (i.i.d.) random variables (except for p = 1, see for instance [4]). Hence, for p > 1, our
moment bounds seem to be new even in the i.i.d. context.

Thanks to the relation (1.4), the central limit question for /nWi(un, u) is closely related to
the empirical central limit theorem in 1! (dt), as first quoted by del Barrio, Giné and Matrén [3].
We shall deal with the more general central limit question for L'(m)-valued random variables
in the separate Section 4. In Section 5, we shall express some of our conditions in terms of the
quantile function of X, in the spirit of Doukhan, Massart and Rio [12]. It will then be easier to
compare our conditions for the CLT to previous ones in the literature.

For r > 1, the quantity W, (t4n, 1) may be defined as in (1.1), with the cost function ¢, (z,y) =
|z — y|” instead of c¢; (W, is the Wasserstein distance of order r). In the i.i.d. case, some



sharp upper bounds on E(W (n, 1)) are given in the recent paper [4]. In particular, if p has
an absolutely component with respect to the Lebesgue measure which does not vanishes on the
support of p, then the optimal rate n~"/2 can be reached. But in general, the rate can be much
slower. Note that for W, (pn, p) there is no such nice dual expression as (1.2). However the
minimization problem can still be explicitely solved and implies that W (un, @) is the L"-distance
between F,; ! and F~'. There is no simple way to express W, (un, 1) in terms of F,, and F (as in
(1.4)), but the following upper bound due to Ebralidze [13] holds:

W (1 1) < v / e | Fu(z) — F(x)|de, (1.5)

where k. = 2" !r. Starting from this inequality, we shall also give some upper bounds on
IW (i, 1)||p for p > 1, but it is very likely that these bounds can be improved by assuming the
existence of an absolutely regular component for u, as in [4].

To be complete, let us mention the recent paper by Fournier and Guillin [15], who give some
upper bounds for E(W," (tin, 1)) in any dimension, starting from an inequality which can be viewed
as a d-dimensional analogue of (1.5). Note that the case of p-mixing sequences is also considered
in this paper.

2 Definitions and notations

In this section, we give the notations and definitions which we will used all along the paper.
Let us start with the notation a,, < b,, which means that there exists a numerical constant
C not depending on n such that a, < Cb,, for all positive integers n.

2.1 Stationary sequences and dependency coefficients

Let (22, A,P) be a probability space, and T : Q — € be a bijective bi-measurable transformation
preserving the probability P. Let Fo be a sub-c-algebra of A satisfying Fo C T~ *(Fo). We say
that the couple (T, P) is ergodic if any A € A satisfying T'(A) = A has probability 0 or 1.

Let X be an Fp-measurable and integrable real-valued random variable with distribution .
Define the stationary sequence X = (X;)iez by X; = Xo o T?,

Let us first define the tail and quantile functions of the random variable Xj.

Definition 2.1. The tail function H : Rt — [0, 1] of X, is defined by H(t) = P(|Xo| > t). The
quantile function @ : [0,1] — R™ of X is the generalized inverse of H, that is

Q(u) = inf {t > 0: f(t) <u} .

Let us now define the dependency coefficients of the sequence (X;):cz. These coefficients are
less restrictive than the usual mixing coefficients of Rosenblatt [25].

Definition 2.2. For any integrable random variable Z, let Z(® = Y — E(Z). For any random

variable Y = (Y1, ---,Y%) with values in R* and any o-algebra F, let
k k
a(F,Y) = sup E (H(lyjézj)(O)’]-‘> —E (H(lngzj)(O)>
(x1,...,x ) ERE =1 =1 1

For the stationary sequence X = (X;);ez, let

= ‘ Xiyy oo X)), 2.1
arx(n) = max sup alFo, (X, Xu)) (2.1)

Note that a1, x(n) is then simply given by

a1,x(n) = sup [E (1x, <z|Fo) — F(2)l; , (2.2)
zER

where F' is the distribution function of u.



All the results of Section 3 below involve only the coefficients a1, x (n), except for the Rosenthal
bounds (Subsection 3.4) for which the coefficient a2, x(n) is needed.

2.2 Intermittent maps

Let us first recall the definition of the generalized Pomeau-Manneville maps introduced in [9].

Definition 2.3. A map 6 : [0,1] — [0,1] is a generalized Pomeau-Manneville map (or GPM map)

of parameter v € (0, 1) if there exist 0 = yo < y1 < --- < yq = 1 such that, writing I = (Y&, Ye+1),
1. The restriction of 6 to I admits a C'' extension G(k) to I.

2. For k > 1, 63 is C* on I, and 01y > 1.

3. B0y is C* on (0,1], with 6{,)(x) > 1 for 2 € (0,91], 6(0y(0) = 1 and {((z) ~ cz”~" when
x — 0, for some ¢ > 0.

4. 0 is topologically transitive.

The third condition ensures that 0 is a neutral fixed point of 8, with 0(x) = z+c'z' 7 (1+0(1))
when x — 0. The fourth condition is necessary to avoid situations where there are several
absolutely continuous invariant measures, or where the neutral fixed point does not belong to the
support of the absolutely continuous invariant measure.

Yo=0 U1 U2 U3 ya =1

Figure 1: The graph of a GPM map, with d =4

The following well known example of GPM map with only two branches has been introduced
by Liverani, Saussol and Vaienti [21]:
1+ 272" if v €0,1/2
o) = S+ T w012 (2.3)
2z —1 if x € [1/2,1].

As quoted in [9], a GPM map 6 admits a unique invariant absolutely continuous (with respect
to the Lebesgue measure) probability v with density h. Moreover, it is ergodic, has full support,
and 7 h(x) is bounded from above and below.

We shall illustrate each result of Section 3 by controlling, on the probability space ([0, 1], v),
the quantity Wi (fin, pt), where

I I
b =0 26909’“ ) (2:4)
k=1

0 is a GPM map, g is a monotonic function from (0,1) to R (which can blow up near 0 or 1), and
w is the distribution of g.



To do this, we go back to the Markov chain associated to 6, as we describe now. Let first K

be the Perron-Frobenius operator of 6 with respect to v, defined as follows: for any functions u, v
in 1L2([0, 1], v)

v(u-vof)=v(K(u)- v). (2.5)

The relation (2.5) states that K is the adjoint operator of the isometry U : u — u o 6 acting on
L2([0,1],v). It is easy to see that the operator K is a transition kernel, and that v is invariant by
K. Let now Y = (Y;)i>0 be a stationary Markov chain with invariant measure v and transition
kernel K. It is well known (see for instance Lemma XI.3 in [19]) that on the probability space
([0,1],v), the random vector (6,602, ...,0™) is distributed as (Y, Yn_1,...,Y1).

Let T be the shift operator from [0,1]” to [0,1]” defined by (T'(z)):; = xi+1, and let 7; be the
projection from [0,1]% to [0,1] defined by m;(x) = z;. By Kolmogorov’s extension theorem, there
exists a shift-invariant probability P on ([0, 1], (B([0,1]))%), such that 7 = (7;)i>0 is distributed
as Y.

Let then Xy = gom and X; = XgoT" = gom;, and define Fy = o(m;,4 < 0). From the above
considerations, we infer that the two random variables Wi (pr, i) (defined on the probability space
(R% P)) and Wi (fin, ) (defined on the probability space ([0, 1],~)) have the same distribution.
Hence, any information on the distribution of Wi (fin, ) can be derived from the distribution of
Wi (pn, p).

From Proposition 1.17 (and the comments right after) in [9], we know that for any positive
integer k, there exist two positive constants C' and D such that, for any n > 0,

C
n(1="/~ < agn(n) < n@=-1/7"

Since X; = g o m;, and since g is monotonic, it follows immediately that

C

- n-1/v"

N

anx(n) < ax(n) (2.6)

This control of the coefficients ax x(n) (for kK =1 or k = 2) and a control of the tail v(|g| > t)
are all we need to apply the results of Section 3 to the random variable W1 (fin, it).

3 CLT and moment bounds

In all this section, we use the notations of Sections 1 and 2.

3.1 Central limit theorem

Our first result is a central limit theorem for Wi (un, ). It is a straightforward consequence of a
CLT in L'(m) for the empirical distribution function given in Proposition 4.2 of Subsection 4.4
(it suffices to consider the case where m is the Lebesgue measure on R and to use the continuous
mapping theorem).

Proposition 3.1. Assume that the couple (T,P) is ergodic, and that

/0oo > " min{a1,x(k), H(t)} dt < oo. (3.1)

Then /nWi(pn, 1) converges in distribution to the random variable [|G(t)| dt, where G is a
Gaussian random variable in L' (dt) whose covariance function may be described as follows: for

any f,g in Los(n),

Cov (/ f(t)G(t)dt,/g(t)G(t)dt) =>E (//f(t)g(s)(lxogt — F(t))(1x, <« — F(s)) dtds) .
(3.2)



Remark 3.1. Let m be a nonnegative integer. As usual, the stationary sequence X is m-
dependent if o(X;,4 < 0) is independent of o(X;,¢ > m + 1), and m = 0 corresponds to the i.i.d.
case. In the m-dependent case, the condition (3.1) becomes simply

/OO VEH) dt < oo, (3.3)

which is exactly the condition given by del Barrio, Giné and Matrdn [3] in the i.i.d. case. Note
that these authors also proved that, in the i.i.d. case, the condition (3.3) is necessary and sufficient
for the stochastic boundedness of \/nWi (fin, ).

In the dependent context, other general criteria have been proposed by Dédé [7] and Cuny [6].

We shall discuss these conditions in Sections 4 and 5, and show that, in the a-dependent case,
the condition (3.1) is weaker than the corresponding condition obtained by applying the criteria
by Dédé or Cuny.
Example. Let 6 be a GPM map of parameter v € (0,1/2), with absolutely continuous invariant
probability v. Let fi, be defined as in (2.4), where g is a monotonic function from (0,1) to
R. Let then (X;)icz be the stationary sequence constructed in Subsection 2.2, whose dependency
coefficients ay,x (n) satisfy (2.6). Note that H(t) = P(|Xo| > t) = v(|g| > ). From Subsection 2.2,
Proposition 3.1 and Item 3 of Proposition 5.3, we infer that /nW1(fi,, ) converges in distribution
to the random variable [ |G(t)|dt, where G is a Gaussian random variable in L' (dt) as soon as

/W(H(t))%dt < o0. (3.4)

As a consequence:

1. If g is positive and non increasing on (0, 1), with

C

g(z) < WQUHW’ near 0, for some C > 0 and b > 1,

then (3.4) holds.

2. If g is positive and non decreasing on (0, 1), with

C
(1 — 1;)(1_2'”/(2_27)‘ ln(l — x)‘b

g(z) < near 1, for some C' > 0 and b > 1,

then (3.4) holds.

Recall from (1.2) that Wi (fin, ) = supsea, |fin(f) — 1(f)], so that the condition (3.4) allows to
control the supremum of v/n(un(f) — u(f)) over the class A;. Now if we only want a central
limit theorem for /n(un(f) — p(f)) where f is an element of A1, then it follows from [9] that the
condition

/mt(H(t))%dt <. (3.5)

is sufficient. For the two simple examples above, this would give the constraint b > 1/2 instead
of b > 1.

3.2 Upper bounds for moments of order 1 and 2

In this section, we give some upper bounds for the quantities E(W1 (pn, 1)) and [|[Wi(pn, 1)|2 in
terms of the coeffcients a1,x (k) and of the tail function H. For any ¢t > 0, let

San(t) = min{ax(k), H(t)} . (3.6)
k=0



Proposition 3.2. The following upper bounds hold:

E(Wi (ttn, 1)) < 4/000 \/min{(H(t))2, S“T"(t)} dt (3.7)

and
Wi (s )12 < 22 / VoDt (3.8)

Remark 3.2. As will be clear from the p]roof7 one can also get some upper bounds involving
the quantity B(¢t) = F(t)(1 — F(t)) instead of H(t). For instance, we can obtain an extension
of the upper bound given in Theorem 3.5 of [4] to a-dependent sequences. We have chosen to
express the upper bounds in terms of the function H, because they are easier to compute in the
a-dependent case (see Remark 3.4 below).

The proof of Proposition 3.2 is based on the following elementary inequality applied to p =1

and p = 2:
/ |Fa(t) — F()lp dt.

One could also start from this inequality in the case where p € (1,2) (resp. p > 2) by applying a
von Bahr-Esseen bound (resp. a Rosenthal bound) to ||Fy(t) — F(t)|lp. However, this would give
less satisfactory bounds than in Subsections 3.3 and 3.4, even in the i.i.d. case. For instance, in

the i.i.d. case and p € (1,2), this would give
P
1/
T (/ (H(1)) ”dt> . (3.9)

Note that the condition [(H(t))*/?dt < co is more restrictive than || Xo||, < co. Hence the upper
bound (3.24) of Subsection 3.3 is always better than (3.9).

Remark 3.3. Starting from Inequality (1.5) and following the proof of Proposition 3.2 we obtain
the upper bounds

For any p > 1, H/|Fn(t) ()| dt

WA (i, D)5

E(W (1, 1)) < 4/000 tr_l\/min{(H(t))Q, S“'Z(t) } dt, (3.10)

and
W (o, )l < 222 / /St (3.11)
Remark 3.4. As a consequence of Proposltlon 3.2, the following upper bounds hold:

1. If (3.1) holds, then ||[Wi(pn, p)|l2 < n=1/2.
2. If a(k) = O(k™*) for some a > 1, then

a

e

E(Wi(pin, 1)) < /On w)du +

(3.12)

and

Wi (s 1) |2 < </On Q(f)d +% afia) du>. (3.13)

3. If a(k) = O(a*) for some a < 1, then
In(n)

E(W) (i, 1)) <€ (/ " Qu )du—i—% deu»

|W1(Hn7u)|2<<(/oe “n u)l u)

and




4. Assume that the ay’s converge to zero, but are not summable, and let
1 n
Up = — .
=13
k=1

Then

Un

B () < [ Q) du, (3.14)

0
and

o %du.

Remark 3.5. In the m-dependent case, the inequality (3.12) holds with a = oo, that is

G < ([ Qe - [ L)

In particular, if H(t) = O(t"*(In(t))™*) for some a > 1 (which implies that E(|Xo|) < oo), then
Q(u) = O(u™ " In(u)|™*), and consequently

W1 (ks )2 < (3.15)
0

N
(In(n))==+~

Example (continued). We continue the example of Subsection 3.1.

E(Wl (Mm :u’)) <

1. If g is positive and non increasing on (0, 1), with
c
g(z) < —p near 0, for some C >0 and b € [0,1 — 7),
then Q(u) < Du~%1=7) for some D > 0. Applying (3.12)-(3.13) and (3.14)-(3.15), the

following upper bounds hold.
For v € (0,1/2),

n~1/? ifb< (1—2v)/2
E(W1(fin, p)) < { n~21In(n) if b= (1 —2v)/2
pbtr1 ifb>(1-27)/2,
and
n~1/2 if b< (1—2v)/2
Wi (fin, w)ll2 < {0~ 2In(n)  if b= (1 —2y)/2
Y =/27 i (1 - 29)/2 <b < (1 —7)/2.
For v =1/2,
1-2p 1-4b
E(Wi (fin, 11)) < (IHT(L")) © and [Wa(iim, )2 < (1“7(1”)) S itb<1/4

For v € (1/2,1),
B bt~y—1 B 2bty—1
EWi(fin, p)) < n 27, and [[Wi(fin, p)ll2 < Cn 2 if b < (1—7)/2.

2. If g is positive and non decreasing on (0, 1), with

g(z) < (1_#)1) near 1, for some C' > 0 and b € [0,1),



then Q(u) < Du~" for some D > 0. Applying (3.12)-(3.13) and (3.14)-(3.15), the following
upper bounds hold.

For v € (0,1/2),
n~1/2 ifb< (1—27)/2(1 —7)

E(Wi(fin, 1)) < 3 n~2In(n) if b= (1—27)/2(1-~)
nO=DA=0 i p > (1 —24)/2(1 — 7),

and
n~1/2 ifb< (1—2v)/2(1 —~)
Wi (fin, )2 < § n~ /2 In(n) ifb=(1-2v)/2(1—7)
nOTHE=2)/27 4 (1 - 29)/2(1 — ) < b < 1/2.
For v =1/2,
1-b 1-2p
B0 i) < (200) 7 and (W)l < (22) 7 o<1y,

For v € (1/2,1),

. (v=1)(1-b) . (v=1)(1—2b)
E(Wi(fin, p)) <n 2, and [Wi(fn, p)|la <n 20 if b < 1/2.

Proof of Proposition 3.2. Starting from (1.4), we immediately see that

EOWi (i) < [P0 = FOI e and [Walpensills < [ 120 = P@)la dt. (310
Let B(t) = F(t)(1 — F(t)), and note first that
[1F:(t) = F®)ll < [ 1x0<t — F()[1 = 2B(¢). (3.17)
On another hand
1 2 &
[Fn(t) = F)|IF < |Fa(t) — F(1)]3 < ~Var(lxo<e) + D [Cov(ixg<s, Ix,<e)| - (3.18)
k=1

Now, the two following upper bounds hold:

|Cov(1xy<t, Lx, <)l < |E(Lx,<elFo) — F)lh < a1, x(k), (3.19)
|Cov(1xy<t, Lx,<t)| < Var(lx,<:) = B(t). (3.20)

From (3.17), (3.18), (3.19) and (3.20) it follows that

|Fu(t) — F()]1 < 2\j min{(B(t))Q, % > min {an x (k), B(t)} }
k=0

and

1 (t) = F(8)]l2 _\j me{alx B(t)}-

These two upper bounds combined with (3.16) imply that

E(Wi (pin, 1)) < 2/\jmin{ Zmln{oq x }} dt
< 4/000 \/min{(H(t))z, Sa’;(t)} dt




and

Wm0l < /2 [ 1S min (i), B} ae < 22 [ 5@ an
k=0 0

which are the desired inequalities.

3.3 A von Bahr-Esseen type inequality

In this section, we give some upper bounds for the quantity ||[W1(un, 1t)||p when p € (1,2) in terms
of the coefficients a1,x (k) and of the quantile function Q. For u € (0,1), let

al_;(u) = Z lu<ay x (k) - (3.21)
k=0
Proposition 3.3. Forp € (1,2), the following inequality holds

W)} < s [ (@) An) Q7 (w)da. (3:22)
0

Note that Inequality (3.22) writes also

n

» 1 1 a,x (k) v
Wl < e Y- ey [, @

k=0

Remark 3.6. Let » > 1 and p € (1,2). Starting again from (1.5) and following the proof of
Proposition 3.3, we obtain the upper bound

. [ —1pr
Wy (s )l << F/o (a1 x(w) An)" ' Q™ (u)du. (3:23)
Remark 3.7. In the m-dependent case, Inequality (3.23) becomes

1
W1 (g )l < = 1 Xollp - (3.24)

This inequality seems to be new even in the i.i.d. case. It is noteworthy that the upper bound
(3.24) is the same as the moment bound of order p for partial sums of i.i.d. random variables,
which can be deduced from the classical inequality of von Bahr and Esseen [2].

Example (continued). We continue the example of Subsection 3.1.

1. Let p € (0,1), and let g be positive and non increasing on (0, 1), with

g(z) < % near 0, for some C' > 0 and b € [0, (1 —v)/p).

Applying Proposition 3.3, the following upper bounds hold.
For v € (0,1/p),

n(1=p)/p ifb<(1-py)/p
W1 (fins 1)l << § (7P In(n))V/?if b= (1—py)/p
P (POHY—1) /Py if b> (1—py)/p.

Moreover, if b = (1 — py)/p, Proposition 3.4 below gives the upper bound

1
np—lgp

P (Wi (pn, 1) > x) < (3.25)
For v € [1/p, 1), [[W1(fin, 1)) ||p < nP*T7=D/77.
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2. Let p € (0,1), and let g be positive and non decreasing on (0, 1), with

g(z) < (1—7030)b near 1, for some C' > 0 and b € [0,1/p).

Applying Proposition 3.3, the following upper bounds hold.
For ~ € (0,1/p),

ntt=p)/p if b < (1—py)/(p(1 7))
Wi (fin, ) llp < (n 7P In(n)) /P if b= (1 —py)/(p(1 — 7))
RO it (1= ) /(p(1 — 7).

Moreover, if b = (1 — py)/(p(1 — 7)), Proposition 3.4 below gives the upper bound (3.25).

For € [1/p, 1), [[Wi(fin, ) ||p < D070/,

Remark 3.8. The upper bound (3.25) is in accordance with a result by Gouézel [17]. He proved
that, if g is exactly of the form g(z) = z~(=PN/P and 6 is the LSV map defined by (2.3), then
for any positive real z,

3 (506"~ v(0)

k=1

. 1
nh_}rrgou <nl/1’ > x> =P(|Zy| > z),

where Z, is a p-stable random variable such that limg o zPP(|Z,| > z) = ¢ > 0.
Proof of Proposition 3.3. For any n € N, let us introduce the following notations:
Rn(u) = (min{q € N* : a1 x(q) <u} An)Q(u) and R, (z) = inf{u € [0,1] : Rn(u) < z}.

The proof is based on the following proposition:

Proposition 3.4. For any positive integer n, any x > 0, and any n € [1,2[, the following
inequality holds:

n

R, " (x) 1
P 200 <al [T Quidit el [ R @QWd,  (320)
zJo SR (@)

where ¢1 = 36 and c2 = 64(2 —n) .

Before proving the proposition above, let us see how it entails Proposition 3.3. We have

(I Wi (i, )| = 6pp/ 2" P (Wi (i, p) > 61)d .
0

Therefore applying Inequality (3.26) with n € (p,2) and using the fact that
u< Ry (z) <= =< Ru(u),
we get

1 e}
(InW1 (pm, )5 < 6ppnc1/ Q(u)/ xp_21$<Rn(u) dxdu
0 0

1 oo
+6ppn02/ szl(u)Q(u)/ xpilfnlszn(u) dzdu,
0 0

which gives the desired result since 1 < p < n < 2. Hence it remains to prove Proposition 3.4.

Proof of Proposition 3.4. Let

v=R;" (z), M = Q(v) (3.27)

11



and set gy (y) = (y A M)V (—M). For any integer ¢, let
X{ = gjy[(Xi) and X{l =X; — X{ . (328)

Starting from (1.2), we first notice that

n

nWi(ftn, 1) = sup Z (f(X:) = E(f(X3)))

fen ;4
< sup > (F(X)) —E(f(X7))) + sup Y _(f(Xs) — f(X)) —E(f(Xs) — f(X))))
fear i fer i
Therefore .
nWi(pn, ) < sup Z —E(f(XD)) + > (X +E(X]]) - (3.29)
Ay i=1
Let now
g =min{k € N" : a1 x(k) <v}An. (3.30)

Since R, is right continuous, we have R, (R, "(w)) < w for any w, hence
gM = R,,(v) = R, (R, ' (z)) < z. (3.31)

Assume first that ¢ = n. Bounding f(X;) — E(f(X7)) by 2M in (3.29), we obtain

nWi(pin, p) < 2qM+Z | XK+ E(XK]) - (3.32)
k=1

Taking into account (3.31) this gives

IS "
P(nWi(pin, p) > 62) < o E(XY]) .

k=1

Writing ¢ (z) = (|z] — M)+, we have
S B < 37 Blou()
k=1 k=1

But Qu,, (x,) < Qx,110,0] < @1jo,4). Consequently

" Ryt ()
SE(x<n [ Q. (3.33)
k=1 0
From (3.32) and (3.33), we infer that
n R, (x)
P(nWi(pn,p) > 6z) < Zx/ Q(u)du, (3.34)

which then proves the proposition in case where g = n.
From now on, we assume that ¢ < n. Therefore ¢ = min{k € N* : a1 x(k) < v} and then
a1,x(q) < wv. Starting from (3.29), we first notice that

n

P (nWi (i, 1) > 62) <P <sup > (XD —E(f(X) > 5x> ZJE | XK)

fen ;4

Therefore taking into account (3.33),

n

n [Fal@
B (nWi (jin, ) > 62) < P <sup S (XD ~E(F(X0) > 5x> + 2 / Q(u)du. (3.35)

feM i z
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To control the first term on the right-hand side, we first notice that

n [n/qlq
sup > (F(X7) —E(f(X}))) < sup > (f(X]) — E(f(X]))) + 2(n — [n/qlg) M
fen ;4 fem 39
[n/dlq
Using (3.31), it follows that
[n/alq
<ng£ ;f (X3)) > 5$> <P /R ; (1X7{§z —-E (1xggt)) dt > 3x

For any integer ¢, define

iq

vw= Y (ye—E(lg))-

k=(i—1)q+1

Consider now the o-algebras G; = Fi, and define the variables Ui(t) as follows: U%il (t) =
Uzi_l(t) — E(U21_1(t)|g2(¢,1),1) and Ugi(t) = Uzi(t) — ]E(Ugi(t)\%(i,l)). Substituting Uz(t) to
U;(t), we obtain the inequality

[n/dlq [n/dq]

Z (1X’<t (1X§§t)) = ZUi(t)

i [n/q)
S z; ‘ N z; 2im1( +Z [U.(t) — Ts(t)] . (3.36)
Therefore .
P <J§g§ > (XD —E(f(X) > 5x> < Ii(n) + I2(n) + Is(n) (3.37)
1i=1
where
[(n/q]

/ Z \Usi(t ) dt >z
He =t (Aa<;§12ﬁ/q] >0t

Is(n) =P max
R 1<25—1<[n/q]

Using Markov’s inequality and stationarity, we get

Li(n) < g/RE‘IE (1Xi§t\f,q) —E (1Xi§t) dt = g/jiE‘E (1Xi§t\f,q) —E (1Xi§t)

But,

dt.

sup HIE (lxigt\}lq) -E (1X19)

teR

= sup||E (g, cxiy<elF-a) = E (Lo <o) [y S anxlg +1),
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where the inequality comes from the fact that gas is a nondecreasing function. Therefore,
2n 2n
Ln) < —~Q(v)erx(g+1) < *’UQ Q (3.38)

We handle now the term I>(n) in the decomposition (3.37). Using again Markov’s inequality, we

get
1 [ rew ?
12 (n) S - / dt .
z -Q(v) )

By Doob’s maximal inequality,
2 3[n/dl Ln/ql

<2 Z T2:(2)[|3 < 2 Z U2 (2)]|% .

max
2<25<[n/q]

Z U2’L

max
2<25<[n/q]

Z Usai(t)

Now

3[n/dl 2

2 Z U213 < =

kz (]'XI/cSt —E (1X;§§t))

2

< o UE (Lgp xor<t = E (Lgpxor<t)) (Lonrxiy<e = E (Lgpxi<e)))| -
=0

ol

Note that since gas is a nondecreasing function,

sup |E (Lgp xor<t = E (Lgpxor<t)) (Lonrxiy<e = E (Loprxi<t))) |

<sup [E ((Ixg<e — E(1xp<e)) (Ix<e — E(1x,<0)))l -
teR

Moreover

ilelﬂg E((1xy>t —E(1xo>t)) x>t — E(Lxy>e)))]

< sup[[E (1x,>¢[Fo) — E (Ix,>e)ll, = eax(k).
teR
On an other hand, the following bound is also valid

|IE ((19M(X0)§t —E (19M(Xo)§t)) (19M(Xk)<t —-E ( gM(Xk)<t) )|
< Var ( QM(X0)<75) < min {E (19M(X0)St) E (19M(XO)>t)} :

So, overall, we get

Iz(n)

on [ e (12 a1 2
<3 / (Z a1,x (k) AP(ga(Xo) > 1) ) ( a1 x ( (—gm(Xo) > t)) dt
0 k=0

k=0

[V

2 Q(v)
S n / <Za1x /\IP|X0>t> +(

2

a1,x (k) ANP(| Xo| > t)) dt

q—1

k=0
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We then derive that

8n Q) [9~1
e < [T
0 k

2

_ 1/2
sn [ QW (1= rH@®
= ﬁ / Z/ 1u§a1,x<k)du dt
0 0

k=0

Using the fact that 3 7_1 Lucay x(k) =07, Cx(u) A g, we then get

an [ e Ho 5
Ir(n) < 2 / vg +/ (arx(u) An)du)| dt
0 v

n [ pew [ pEo
< 1;3 vg(Q(v))? +£ /0 </ (o x(u) An) du> dt

QW) [ [H(®) 1/2
16”/ Q(w)du +16n / (/ (aI;((u)An)du) dt| . (3.39)
0 v

2

=

where for the last inequality we have used (3.31) and the fact that vQ(v) < f o u)du, since Q
is non increasing. To handle the last term on the right-hand side, we proceed as follows. For any
n in [1,2), we first note that

H(t) H(t) ) )
/ (a7 (w)An)du = / (0r k() An) Q)@ "wdu< [ (ark(w) An) Q" (u)du,

where the inequality comes from the fact that v < H(t) <= t < Q(u), and then u < H(t)
implies that Q7" (u) < t~". Now, since v > v implies that af;((u) < a;;((v), we get

Hp) 1 P 1
[ @ix@an)du< @ik an)* [ (aik an)" @ wdu
Therefore, since n/2 < 1,

1/2 2

/OQ(U) (/UH(t) (al_;((u) Am) du) dt

2—n Q@ _ 2 e -1 n—1
< (af;((v)/\n) </0 £/ dt> / (R (w)" Qu)du

< o (k@A) ) [ (W) Q.

[\

But, by (3.31), (ozf;((v) A n)%w Q* 7(v) = R27(v) < 27, Therefore,

1 @) H() —1 12 i 2 ! —1 n—1
2 /0 </v (o7 x(u) An) du) dt| < m/ﬂ (Rn ()" Qu)du,

which combined with (3.39) gives

< l6n 2 L
/Q 7,(2_ )/ﬂ (R (W) Q(u)du. (3.40)



With similar arguments, we get

1
< 1bn / Q(u)du + —21 ( . / (R ()" Q(u)du. (3.41)
Starting from (3.37) and using the upper bounds (3.38), (3.40) and (3.41), we derive that

P (sup > (F(XD) - E(f(X)) > 5m>

fer =y
< 3n / Qu)du + ( o / (R ()" Q(u)du,

which combined with (3.35) ends the proof of the proposition. ¢

3.4 A Rosenthal type inequality

In this section, we give some upper bounds for the quantity ||Wi(tn, 1)||p when p > 2 in terms of
the coefficients a2, x (k) and of the quantile function Q. The function 0‘2_;( is defined as in (3.21)
by replacing the coefficient a1,x (k) by a2 x (k).

Proposition 3.5. For p > 2, the following inequality holds:

1 oo -1
W1 (s, 0I5 < p/2+ﬁ/0 (azx(u) An)’™ QP (u)du, (3.42)

where -
Sa,n = / \V4 Sa,n(t)dt
0

and Sa,n is the function defined in (3.6).
Note that Inequality (3.42) writes also

» 1 n b2 ay,x (k) .
WGl < 25+ e Sk 17 [ @ wydu,
k=0

Remark 3.9. Inequality (3.42) is similar to the Rosenthal inequality for partial sums given in
Theorem 6.3 of Rio [24], with however two main differences:

e Firstly, the variance terms is not the same, but this is because we consider the quan-
tity Wi(un, p) and not only the partial sums, in accordance with the upper bounds for
[[W1(n, it)||2 given in Subsection 3.2.

e Secondly, Rio’s inequality is stated for a-mixing sequences in the sense of Rosenblatt [25],
and its proof relies on the coupling properties of these coefficients. Our result is valid for
the larger class of a-dependent sequences as defined in 2.1 (with k = 2 for the index of the
dependency), and the proof is based on a version of the Rosenthal inequality for martingales
given in [23]. Note that Rio’s inequality cannot be applied to GPM maps, because the
associated Markov chain is not a-mixing in the sense of Rosenblatt.

Remark 3.10. Let » > 1 and p > 2. Starting again from (1.5) and following the proof of
Proposition 3.5, we obtain the upper bound

o] P 1
\|W:(Mml$)||§<<#</o g1 /Tm(t)dt) +np171/0 (a3 () An)" ™ QP (u)du. (3.43)

Remark 3.11. Inequality (3.42) implies in particular that if p > 2 and

[ (k@) @ wau < . (3,49

then

1
Wi (fin, .
Wi, )l <
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Remark 3.12. In the m-dependent case, Inequality (3.42) becomes

([ vawa) + —ixls.

This inequality seems to be new even in the i.i.d. case. Compared to the usual Rosenthal bound
for sums of i.i.d. random variables, the variance term is replaced by the integral involving H, in
accordance with the upper bound (3.8).

1
HWl (M”M /‘)Hg < np/2

Example (continued). We continue the example of Subsection 3.1.

1. Let p > 2, and let g be positive and non increasing on (0, 1), with

g(z) < % near 0, for some C' > 0 and b € [0, (1 —v)/p).

Applying Proposition 3.5, the following upper bounds hold.
For v € (0,1/2)

not2 ifb<(2—v(p+2))/2p
Wi (fin, < .
(W (finy 1)l {n(l’b-F“/—l)/P“/ i£h> (2—~(p+2))/2p.

For 5 € [1/2,1), [Wi(fin, 1)) llp << n®+7-1/57.
2. Let p € (0,1), and let g be positive and non decreasing on (0, 1), with

g(z) < (1—7030)b near 1, for some C' > 0 and b € [0,1/p).

Applying Proposition 3.5, the following upper bounds hold.
For v € (0,1/2)

. n=/? ifb<(2-7(p+2))/2p(1 —7)
W1 (fin, w))llp < {n(»y—l)(l—pb)/p'y ifb>(2—~(p+2))/2p(1 — 7).

For v € [1/2,1), [Wi(fin, p))llp < n©7=DE=20/2,

Remark 3.13. In the case where 0 is the LSV map defined by (2.3) and g is the identity (which
is a particular case of Item 2, b = 0, of the example above) all the rates for ||W1(fin, 1))|lp given
in Subsections 3.2, 3.3 and 3.4 have been obtained in Corollary 4.1 of [10] by using a different

approach. Moreover, all the bounds are optimal in that case (see the discussion in Section 4.2 of
[10]).

Proof of Proposition 3.5. Inequality (3.42) follows from Proposition 3.6 below.

Proposition 3.6. There exists a positive universal constant ¢ such that, for any positive integer
n, any x >0, any n > 2 and any B € (n — 2,n), the following inequality holds:

Ry (@)
. ,L
B W) 2 ) < e st b il [ R 0)QG)du
0

1
+cﬁ/ RY*(w)Q(u)du,  (3.45)

Ry ' (2)

where

Rn(u) = (min{g € N* : aox(q) <u} An)Q(u) and R;'(z)=inf{u € [0,1] : R,(u) <z} .
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Indeed,

Wi (tms )2 = / 7P (WWa (i, 1) > ) dee
0

oo

< nP/QSQn / PP (nWi(tn, p) > x)dz.  (3.46)

1/250 n

To handle the second term on the right-hand side, we apply (3.45) with n € (2p — 2,2p) and
B € (n—2,2p—2). This gives

/ 2" TP (DWW (o, ) > ) da < n"/ngﬁn/ A
n n1/2

YV250,n Sa,n

1 o0
+n / R (w)Q(u) / WP du

1 oo
Jrn/o RZ”(u)Q(u)/O xp7"/2721u2R;1($)du.

Since u < R, (z) <= x < R,(u), the choice of n and S implies that, for any p > 2,

1/2

&) 1
/ PP (MW (pin, p) > ) do < nP/?sE,, + n/ RN (w)Q(u)du,
n Sa,n 0
which together with (3.46) give (3.42).

To complete the proof of Proposition 3.5, it remains to prove Proposition 3.6. With this aim,
we proceed as for the proof of Proposition 3.4 with the following modification: in the definition
of R, (and then also of v defined in (3.27)), a1,x is replaced by as x, and in the definition of
g given in (3.30), a1,x is also replaced by a2 x. Assuming first that ¢ = n, we first notice,
by following the proof of Proposition 3.4, that the bound (3.34) is still valid. In addition since
u< Ry (z) <= = < Ra(u),

Rt (x) , [Fn@®
/ Qu)du < =7/ / R (w)Q(u)du, (3.47)
0 0
which combined with (3.34) proves the proposition in case where ¢ = n.
From now on, we assume that ¢ < n (therefore a2 x(q) < v). The bound (3.35) is still valid
and combined with (3.47) gives

n

P (nWi(pn, p) > 62) <P (sup > (XD —E(f(X) > 5x>

fer iy

2n

R (@)
+W/O R (w)Q(u)du. (3.48)

As in the proof of Proposition 3.4, the first term on the right-hand side can be handled with the
help of the decomposition (3.37). Clearly since a1,x(q) < az,x(q) < v, the term I1(n) in (3.37)
satisfies the inequality (3.38). Therefore taking into account (3.47), it follows that

2n Byt (@) B/2
0

We handle now the term I>(n) in the decomposition (3.37). Using again Markov’s inequality, we
get that for any n > 2,

1 Q(v)

z \ J Q)

n

max
2<25<[n/q]

> Uai(t)

i=1

dt
n
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Note that (Usi(t))icz (vesp. (Usi—1(t))icz) is a stationary sequence of martingale differences
with respect to the filtration (G2;)icz (resp. (G2i—1)iez). By using the Rosenthal inequality of
Merlevede and Peligrad [23] for martingales (see their Theorem 6), we get

> Uai(t)

max
2<2j<[n/q] |
iz

n
5 1/(26)

Oa(t)| + tn/a)” Z] e (zuzl ) ,

n/2

< (n/q)""

where § = min {1, (n — 2)~"}. Since (U2:(t))iez is a stationary sequence of martingale differences
with respect to the filtration (Go;)icz,

Eo <i U%(t)> - i[@o (U;-(t)) .

Moreover Eq (Ui(t)) < Eo (U3i(t)). Therefore

k 2 k k
Eo <Z U2z(t)) < Z ”EO (U221(t)) - (U2z Hr/z ZE (U221(t)) .
i=1 /2 i=1 i=1

By stationarity

D_E(U5®) =k [s;03 .

where

It follows that

max
2<2j<[n/q]

Z Usi(t)

r

[(n/d] 1/(28)
b7 / 7 1
< /@) ISy0), + /) IS5, + /07 | D D0
k=1

where

k
Deat) =3 [0 (U3,0) ~ B (U30)]], -

‘We have
Diq(t) <q Z sup sup HEO 1X’<t E(lxggt))(lxjﬁt - E(1X<§t)))
7 j>e>(i—1)q+1 teR J
—E((1xj<i — E(lxy<))(Txr<e = ]E(lx;gt))) H,,/Q
<q Z sup sup || Eo (( 1xi<r = B(1x<))(1x;<e — E(1x/<)))
]>Z>(z 1)g+1 teR - J

~E((1xj< — E(lxy<e))(Txs<e = E(]-X;St))) Hn/g

<q Za (ig+1),
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where we have used the fact that gas is nondecreasing for the second inequality. Since § < 7,

Holder’s inequality gives

k 2/n
Dyq(t) < k=077 <Z i an x (ig + 1)) )

Therefore, since 8 > n — 2,

/

QW) i/ (/4

1/71

1
Q) 4 k1+26/r Diq(t)°

<ng"'Q"(v)

k=1

(n/d) ) .5(n—p)/n

1=1

1/(26) n
dt
0/
.B/2—1 .
gEr= > aax(ig + 1)
1=1

[n/4]
<ng"'Q"(v

i=1

Note that since y < a;%(u) < az2,x(y) > uand a2 x(q) <wv,

[n/d] [n/d]

i=1

[n/q]

> taaxlia + 1) = 3 / wes x(ia D)

)i ranx(ig+1).

/ Zz P gt SO Wz/ (a3 (w) An)"" du.

Hence

/Q(v) i/ (/d
—Q(v)

5
v Dra(t)
=1

ql/ﬁ

Using (3.31) and the fact that u < v <= Q(v)

[n/al

QL) p1/n 1
/ i/n Z k1+25/'er’q()

Q) 4

On another hand, since

Is,0]2 <203 [E (1

gm (Xo)<t —

0

1/28) \"

v
dt <<nq”‘1‘ﬁ/2Q”(v)/ (azx
0

< Q(u), we infer that

1/(26) K

(u) A n)ﬁ/2 du.

dt <<m;”*5/2*1/ REZ(w)Q(u)du.  (3.50)
0

E(1gy, (x0)<t))(Lgps(x)<t —

proceeding as to bound I2(n) in the proof of Proposition 3.4, we infer that

/Q(v) n
-Q(v) 4
We prove now that

QW) pin
[ o, i lIsioll, a

n

/2 n
- ||sq<t>||2dt) <

n/2 n
San -

20

E(lgM(Xk)St)))| )

(3.51)

v 1
< ng" P2 / R (w)Q(u)du + na"/*7! / RI?(w)Q(u)du .
0 v

(3.52)



With this aim, assume first that we can prove that

Q) Q) [ fH() 1/m
/ |\s;(t)||ndt<<q1/2/ </ (azg(u)Aq)”/z’du) dt, (3.53)
—-Q(v) 0 0
then
/Qw) M/ 150 K A() )
—_— t)|| dt| < A(n)+ B(n),
—QW) ql/n q n
where

n

1/n
A(n) = n=lon _ o n/2-1 e O n/2
(n) =nvg" "Q"(v) and B(n)=ng (g x(u)Ag)" " du dt | dx.
0 v

Using (3.31), the fact that u < v <= Q(v) < Q(v) and that u < R;'(z) =v <= z < R.(u),
we successively derive

A(n) < nz" "oQv) <« na"! /v Qu)dz < ng" P21 /w R (w)Q(u)du. (3.54)
0 0

On the other hand, since u < H(t) < t < Q(u), we have

n

1/n
Q) 4 H(t) .,
B(n) <ng"*™! / W(/ (azx(w) A q) “Q"/“l(u)du) dt | dz
0 v

< n(qQ(v))"*" / (o3 % (u) A )" Q2 (w)du.

v

Using (3.31), it follows that

1
Bn) < na"?! / R/ (u)Q(u)du.

v

This last upper bound together with (3.54) show that to prove (3.52) it suffices to prove (3.53). To
prove this moment inequality, we use Corollary 2 in [8]. Since, for any t € R, [1x; <, —E(1x;<,)| <

1, this gives
) Y e\
1S5l < v/2an /0 (T Ag)" T du |

where Y (t) = 14, (x0)<t — E(14,,(x0)<t) and

Y W) =Y lucay with  y(k) = [[Bo (1, x<t — B (Lgpxi<e)) || -
k=0

Since gar is nondecreasing v(k) < a1,x(k) < azx(k) in such a way that v~ '(u) < a;%(u)
Moreover, for any t € R,

Y (®)llr = 2P(gam (Xo) < 8)P(gar(Xo) > ¢) < 2min {P(|Xo| = —¢),P(|Xo| > 1)} .

All these considerations end the proof of (3.53).
So, overall, we get

v 1
L(n) <~ ™" ?s? , + na P21 / REZ(w)Q(u)du + na~ /271 / RY?(w)Q(u)du .
0 v
With similar arguments, we can prove that

v 1
Iy(n) < &~ """ 251, 4 na” P21 / RE2(w)Q(u)du + na~"*! / RY?(w)Q(u)du .
0 v
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Therefore starting from (3.37) and taking into account (3.49), (3.4) and (3.4), it follows that

ferm o

P <sup Zn: (f(X)) —E(f(Xi))) > 5x>

v 1
<z "%+ nx—m—l/ REZ(w)Q(u)du + na~ /271 / RY?(w)Q(u)du,
0 v

which combined with (3.48) ends the proof of Proposition 3.6. ¢

4 Weak convergence of partial sums in L!(m)

Let (S,S,m) be a o-finite measure space such that L' (S, S, m) is separable. In what follows, we
shall denote by L' (m) the space L'(S,S, m).

We use the notations of Section 2. Let Yy = {Yy(t),t € S} be a random variable with values
in L' (m), such that

/Hyo(t)nl m(dt) < oo and /Yo(t) m(dt) = 0.

Define the stationary sequence Y = (Y;);ez by Y = Yo o T%, and let
n
Sp=>_ Y.
k=1

4.1 Previous results

If Y is a sequence of i.i.d. random variables, Jain [20] proved that n~'/2S,, satisfies the CLT (i.e.
converges in distribution to an L' (m)-valued Gaussian random variable) if and only if

/||Yo(t)||2 m(dt) < oco. (4.1)

Using a general result by de Acosta, Araujo and Giné [1], Dédé [7] proved that the CLT remains
valid under (4.1) for stationary and ergodic martingale differences (meaning that E(Y1|Fo) = 0
almost surely). Starting from a martingale approximation, she proved then that, if Y is ergodic,
the CLT holds as soon as (4.1) holds and

Z/HPO Yk Hz m(dt) < 00, (4.2)

kEZ

where Po (Vi (t)) = E(Yk(¢)|Fo) — E(Yi(t)]|F=-1).

In a recent paper, Cuny [6] has given many new results concerning the behavior of partial
sums of dependent sequences in Banach spaces of cotype 2. Among these results, he showed that,
if Y is ergodic, Yo is Fo-measurable, (4.1) holds and

(S| Fo)ll2

S m(dt) < oo, (4.3)

n>0

then the CLT and the weak invariance principle (WIP) hold. By WIP, we mean that the partial
sum process {nil/QS[nt],t € [0,1]} converges in distribution to an L'(m)-valued Wiener process
in the space Dy, (m)([0,1]) of L' (m)-valued cadlag functions equipped with the uniform metric.
As usual, an L' (m)-valued Wiener process with covariance A is a centered Gaussian process
W ={W(t),t € [0,1]} such that E(”W(t)Hil(m) < oo for all ¢ € [0,1] and, for all f, g in L*°(m),

Cov ( [ £wita) midu), [ gww. m(du)) = min{s, t}A(f, 9)
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(as usual, we identify a function f in L°°(m) with an element of the dual of L' (m)).

Note that Cuny [6] also proved that the WIP holds under (4.2), and that the almost sure
invariance principle with rate o(v/nlnlnn) is true if either (4.2) of (4.3) holds.

The condition (4.2) is the L' (m) version of Hannan’s criterion [18], and the condition (4.3) is
the L' (m) version of Maxwell-Woodroofe’s criterion criterion [22]. If Yq is Fo-measurable, both
criteria hold as soon as

kf; o1 [ B @Rz m(de) < oo. (44)

As shown in [6], if either (4.2) or (4.3) holds, there exists a stationary and ergodic sequence
of martingale differences (D;)icz with values in L'(m), such that, setting M, = > p_, D,

=o(vn).

2

max / 1S (8) — My ()] m(dt)

1<k<n

In the next subsections, we shall rather look for a martingale approximation in L', in the spirit
of Gordin [16]. Our criterion will not be directly comparable to either (4.2) or (4.3), but its
application to the empirical distribution function of a-dependent sequences will lead to weaker
conditions (see Section 5 for a deeper discussion).

4.2 A central limit theorem in L!(m) for non-adapted sequences

In this section, we give an extension of Gordin’s criterion [16] for the central limit theorem to
L' (m)-valued random variables.

Theorem 4.1. Assume that, for m almost every t, the series

oo 0

Ut)=> Eo(Yi(t)) and V(t)=— > (Yi(t) —Eo(Yr(t))) (4.5)

k=1 k=—o0

converge in probability, and let

n

ZD()(t) [e] Tk .

Do(t) =Y (Eo(Ye(t)) —E_1(Yi(t))) and My(t)

kEZ k=1
If
/HU(t) L V(@) m(de) < oo, (4.6)
then Sult)  Ma(t)
(T n(t
li — dt) =0. 4.
tim [ |22 - 22 mian o o
If moreover, for m almost every t,
R |
C(t) = timint Z=E(S.(0)]) < o and / C(t) m(dt) < oo, (4.8)
then
[ 105012 miat) < oo, (4.9)
and for any (s1,...,8q) in [0, 1]d, the random vector Tfl/z(S’[nsl]7 A S[nsd])t converges in distri-

bution in (L*(m))? to the Gaussian random vector (Ws,, ..., Ws,), where W is the LLi(m)-valued
Wiener process W with covariance operator A defined by: for any f,g in Leo(m),

A(f,g) =F ( [ 109s)0010005) m(dt)m(ds>) . (4.10)

Proof of Theorem 4.1. We first state the following intermediate result:

23



Proposition 4.1. Assume that, for m almost every t,

Yo(t) = Do(t) + Z(t) — Z(t) o T, (4.11)
where Dyo(t) is an integrable random variable such that E(Do(t)|F-1) = 0 almost surely. Let then
M,(t)=343_, Do(t)o T". If

/\|Z(t)||1 m(dt) < oo, (4.12)
then (4.7) holds. If moreover (4.9) holds, then the conclusion of Theorem 4.1 holds.

Before proving Proposition 4.1, let us continue the proof of Theorem 4.1. Note first that, if
(4.5) is satisfied, then (4.11) holds, with

oo 0

Do(t) =Y (Bo(Va(t))—E_1(Ya(t))) and Z(t)oT = Eo(Va(t))— > (Ye(t)—Eo(Yr(t))).
kez k=1 k=—o0

Now, if Z(t) is defined as above, the conditions (4.6) and (4.12) are the same. Hence, it follows

from Proposition 4.1 that (4.7) holds as soon as (4.12) is satified. The second part of Theorem

4.1 will follow from Proposition 4.1 if we prove that (4.8) implies (4.9). By (4.6) it follows that

lim (4011} =0 for m-almost every t. (4.13)
n—oo  +/n
Since Sn(t) = Mn(t) + Z(t) — Z(t) o T™, we infer from (4.13) that, for m almost every ¢,
lim inf 1M )]l = lim inf (EAOIN . (4.14)
n— 00 n n—>00 n

From (4.14) and (4.8), it follows that, for m almost every ¢,

C(t) = linrggf% <o

Now, applying Theorem 1 and Remark 1.1 in Esseen and Janson [14], we deduce that, for m
almost every t,

IDo(®)ll2 = /5,

so that (4.8) implies (4.9). This completes the proof of Theorem 4.1.
Proof of Proposition 4.1. Since Sy (t) = Mn(t) + Z(t) — Z(t) o T, it follows that

Jlsg-e
and (4.7) follows from (4.12).

Now, let d be a positive integer, and let f be a separately Lipschitz function from (L' (m))¢
to R. This means that there exists non-negative constants ci,...,cq such that

2
m(dt) < — / 1Z(t)lls m(dt),

1

d
[f (@1, @a) = fyr, -5 pa)| < Zcz'/lwi(t) — yi(t)| m(dt).

For such a f and any (s1,...,sq) in [0,1]¢, we get that

Snsy) Stnsal Mins, Mins,)
(03 5) 1 e 0
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and it follows from (4.7) that

. Sins1) Snsal Mins,) Mins, _
s fo (7 (Bt S )) (g (M Mesa)) o g

Now, when (4.9) holds, Cuny [6] proved that the process {n~'/?Mj,,,t € [0,1]} converges in
distribution in the space Dy, (m)([0,1]) to an L;(m)-valued Wiener process W, with covariance
operator A given by (4.10). Together with (4.15), this completes the proof of Proposition 4.1.

4.3 An invariance principle in L'(m) for adapted sequences

In this subsection, we assume that the random variable Yy is Fop-measurable.

Theorem 4.2. Assume that, for m-almost every t, the series U(t) defined in (4.5) converges in
probability. Assume also that, for m-almost every t, the series

3 Yo(Eo(Yi (1) (416)

converge in L, and let
n

> Yo(t)Eo(Ya(t))

k=0

L(t) = sup
n>0

(4.17)

1
If moreover [||U(t)||x m(dt) < oo and

/ VI m(dt) < oo, (4.18)

then {n="2Sp,,t € [0,1]} converges in distribution in the space Dy, (m)([0,1]) to an Ly (m)-valued
Wiener process W, with covariance operator A defined by (4.10).

As an immediate consequence of Theorem 4.2, the following corollary holds:

Corollary 4.1. Assume that

/\/Z [| max{1, Yo (t)|}Eo(Ya(t))]]|, m(dt) < oo. (4.19)

k>0

Then the conclusion of Theorem 4.2 holds.

Remark 4.3. Under the assumptions of Theorem 4.2, we shall prove that the sequence

=L ( max / |Sk(t)|m(dt)>2 (4.20)

n \1<k<n
is uniformly integrable (see Lemma 4.1 below). By standard arguments, this implies the following

extension of Theorem 4.2: let ¢ be any continuous function from (Dy, (m)([0,1]), || - [|e) to R such
that |¢(z)| < C(1 4+ ||z||2) for some positive constant C. Then

e (o (52)) = Ewon).

Fis E ((gen[gﬁ] / Wi (s)] m(ds))2> :

In particular

z
=
2
I
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Proof of Theorem 4.2. Note first that, in this adapted case, all the conditions of Theorem 4.1
are satisfied. Indeed, since for m almost every ¢ the series (4.16) converge in LY, it follows that
the series Y 7o, Cov(Yo(t), Yi(t)) converge, and then

lim w = Var(Yo(t) —l—ZZCov (Yo(t), Yi(t)) .

n—oo
k=1

Now, by definition of L(t),

Var(Yo(t) +2ZC0V (Yo(t), Yi(t)) < 2L(t).
k=1

Hence the condition (4.8) follows from (4.18) and the fact that

C(t) < | Var(Yo(t) +2200vyo 1), Yi(t)) < V2L(t).
k=1

So, the conclusion of Theorem 4.1 holds with the the covariance function defined by (4.10).
As usual it remains to prove the tightness, which reduces through Ascoli’s theorem to: for any
e >0,

lim lim sup %]P) (1<T3f25] / |Sk(t)| m(dt) > \/ﬁa) =0.

=0 pnooo

But this follows straightforwardly from Lemma 4.1 below by applying Markov inequality at order
2. The proof of Theorem 4.2 is complete.

Lemma 4.1. Assume that, for m-almost every t, the series defined in (4.16) converges in L.
Assume moreover that the function L defined in (4.17) satisfies (4.18). Then the sequence (Th)n>1
defined in (4.20) is uniformly integrable.

Proof of Lemma 4.1. We first note that, for any positive random variable V|

E (( max /|Sk(t | m dt)) v) <E ((/ngllggnlsk(t)l m(dt)>2>

< ( / valgggnwk(t)\ 2 m(dt>)2 -

m(dt)>2 (4.21)

Taking V = 17, >~ M, we obtain that

E(Tolr,>Mm) < = (/ H (1I<HI?X | Sk (t |) 17, >Mm

Applying Inequality (3.12) in [11] with A = 0, we get that

< 162 Yi( t)ZEk

Using (4.18), (4.21), (4.22) and the reverse Fatou Lemma, we infer that

< 16nL(t). (4.22)

max |Sk(t)
1<k<n

hm limsupE (T17,>m) =0

M—o0 psoo

as soon as, for m-almost every t,

=0. (4.23)

1
lim hmsupHT ( max |Sk( )|> 11, >M
2

M—00 n_seo n \1<k<n
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It remains to prove (4.23). In fact this follows quite easily from Proposition 1 in [11]. Indeed,
since for m-almost every ¢, the series defined in (4.16) converges in L', it follows from this
proposition that the sequence

1 2
— ( max |Sk(t)|)
n \1<k<n

is uniformly integrable for m-almost every ¢. Hence (4.23) holds as soon as

im limsupP(T,, > M) =0. (4.24)

1
M—oo pnyoo

Now, applying (4.21) and (4.22),

and (4.24) follows. This completes the proof of Lemma 4.1.

4.4 An invariance principle in L,(m) for the empirical distribution
function

In this subsection, S = R, and m is a o-finite measure on R equipped with the Borel o-field.
As in Section 2, let Xo be an Fp-measurable and integrable real-valued random variable with
distribution function F. Define the stationary sequence X = (X;);ez by X; = XooT", and denote

by Fx, |7, the conditional distribution function of X} given Fo.
The random variable Y is then defined by Y (t) = 1x, <+ — F(t), in such a way that

Sp=> Yi=n(F,—F),
k=1

where F), is the empirical distribution function of {X1,..., X,}. Note that Yy is a L' (m)-valued
random variable as soon as E(] Xo|) < oco.

Theorem 4.4. Assume that

| 117 (6 = POl m(a) < oo (4.25)
k=0

Then {n~'/?Sp,q,s € [0,1]} converges in distribution in the space Dy, (m([0,1]) to an Li(m)-
valued Wiener process W. Moreover the explicit form of the covariance operator of W is obtained
via equation (4.10) of Theorem 4.1 by taking Yi(t) = 1x,<¢ — F(¢).

When applied to a-dependent sequences as defined in Section 2, Theorem 4.4 yields the fol-
lowing result.

Proposition 4.2. Let B(t) = F(t)(1 — F(t)). The condition

/ > min{an,x(k), B(t)} m(dt) < oo (4.26)

implies the condition (4.25), and hence the conclusion of Theorem 4.4. Moreover, the covariance
operator A of W can be expressed as follows: for any f,g in Loo(m),

Afg) =S E ( [[ 105 15e - FO) x5 - F0) m(dt)m(ds>) S )

kEZL
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Proof of Theorem 4.4 and of Proposition 4.2. Theorem 4.4 is a direct consequence of
Corollary 4.1 applied to the random variables Y% (t) = 1x,<¢—F(t). More precisely, since |Yp(t)| <
1, the criterion (4.19) is exactly the criterion (4.25).

It remains to prove Proposition 4.2. We first quote that condition (4.26) implies (4.25): this
follows easily from the two upper bounds given in (3.19). It remains to prove that the covariance
operator A given in (4.10) can be expressed as in (4.27). As usual, we identify a function f in
L°°(m) with an element of the dual of L'(m), and we write

£5) = [ FOY(0) m(a).
By Remark 4.3, we know that, for any f in L (m),
T ((F(50)%) = B ((f(071))%) = A, f) (4.28)
Now, if we can prove that, for any f,g in L*(m),
% |Cov(f(Yo), g(Yi))| < oo, (4.29)
-

then the series

A(f,9) = Cov(f(Yo),9(Yx))

keZ

is well defined, and

lim “E ((£(S.)%) = AU/, ). (4.30)

n—oo 1

From (4.28) and (4.30), we infer that, for any f in L°(m), A(f, f) = A(f, f). Applying this
equality to f, g, and f + g it follows that, for any f, g in L°°(m),

A(f.9) = A(f,9),
which is the desired result. To prove (4.29), we first note that
|Cov(f(Y0), g(Yx))| < ||f||oo|\g|\oo// [(Ixo<t — F(t)Eo(1x,<s — F(s))llx m(dt)m(ds).

Now
[(1xo<e — F(t))Eo(1x,<s — F(s))llr < min{an x(k),2B(t), 2B(s)} .

Hence

D (xg<e = F(8)Eo(lx,<s — F(s) i <2, Y minfou,x(k), B()},| Y min{ar,x (k), B(s)}.
k=0 k=0 k=0

This implies that

2

D 1Cov(f(Yo), g(Yi))| < 2/l fllscllglloo / > minfan x(k), B(t)} m(dt) |
k=0

kEZ

and (4.29) follows from (4.26). This completes the proof of Proposition 4.2.
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5 Quantile conditions

As a consequence of the results by Dédé [7] or Cuny [6] (see the condition (4.4) of Subsection 4.1)
we know that the conclusion of Theorem 4.4 holds as soon as

2 \/% / 1,17 () = F(®)ll2 m(dt) < oo. (5.1)
k=0

Moreover, it follows from [6] that the condition (5.1) also implies the strong invariance principle.
Let B(t) = F(t)(1 — F(t)). As quoted by Dédé (2009), the condition (5.1) is implied by

> i [ Ve x(®), @) mdr). 5.2

The conditions (4.26) of Proposition 4.2 and the condition (5.2) are not easy to compare. However,
if either m has finite mass or Xy is bounded, then (4.26) is equivalent to

> anx(k) < oo (5.3)
k=1

and (5.2) is equivalent to

> ‘“";(k) < 0. (5.4)
k=1

Hence, in that case, the condition (4.26) is weaker than the condition (5.2), and is in fact equiv-
alent to the minimal condition to get the central limit theorem for partial sums of stationary
a-dependent sequences of bounded random variables.

We shall now focus on the the case where m = X is the Lebesgue measure on R. In that case,
the condition (5.2) is equivalent to

\/ﬁ/ vmin{ay x(k), H(t)} dt. (5.5)

and the condition (4.26) is equivalent to (3.1). We shall see that the condition (3.1) is always
weaker than the condition (5.5). The first step is to express (3.1) and (5.5) in terms of the quantile
function of Xy, as done in [12] for the invariance principle of stationary a-mixing sequences. More
precisely, we shall compare the three following conditions:

/0 o H(w)Q* (u)du < oo, (5.6)
/ B QL ORI (5.7)
0 /[y e () da

' Vo (w)Q(u)
/0 2 < o (5.8)

where for simplicity we denote by a~! the function af}( defined in (3.21). The condition (5.6)
has been introduced by Doukhan, Massart and Rio [12], but in that paper the function alis
defined with the a-mixing coefficients of Rosenblatt [25]. These authors showed that (5.6) implies
the functional central limit theorem for the Donsker line

Zxk— Xi)), te0,1]

and that it is optimal in a precise sense. The optimality of this condition has been further
discussed in a paper by Bradley [5]. The fact that, for ergodic sequences, this functional central
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limit theorem remains true with the much weaker coefficients a1,x (k) is a consequence of a result
by Dedecker and Rio [11].
Concerning these three quantile conditions, our first result is Proposition 5.1 below.

Proposition 5.1. The following equivalences hold

1. The condition (5.6) is equivalent to

/O Ty (i min{a1,x(l€),H(t)}) dt < . (5.9)

2. The condition (5.7) is equivalent to (3.1).

8. The condition (5.8) is equivalent to (5.5).

The hierarchy of these quantile conditions is given in Proposition 5.2 below.
Proposition 5.2. The following implications hold: (5.8) = (5.7) = (5.6).

Remark 5.1. At this point, it should be noticed that these three conditions are in fact very
close. Indeed, by a simple application of Cauchy-Schwarz inequality, for any b > 1/2,

(5.6) = / Vorl(wQlu)
Vaull + In(u)|®
and the condition on right hand is a slight reinforcement of (5.8).
Proof of Proposition 5.1. Assume that >, ., a1,x(k) < co. Then the function S defined on
R* by -

< o0

t)=>_ min{on,x(k), H(t)} (5.10)

is finite and non-increasing.

Proof of Item 1. By a simple change of variables, we see that the condition (5.9) is equivalent to

/OOOS(\/E) dt < co.

1 H@
S(t) = Z/O Ly<min{ay x (k),H(t)} du :/0 a” (u)du, (5.11)

/ooos(\/i) dt:/ooo (/Olofl(u)luéH(ﬁ) du) it
= [fam ([T ticanin i)

- [[a e .

Since

it follows that

which concludes the proof of Item 1.

Proof of Item 2. Starting from (5.11), it follows that

| kimm{m,xm,mt)} a= [ m\/m dt. (5.12)

Let



From (5.12), we infer that

oo > oo 1
/ Zmin{al,x(k), H(t)} dt = / / 1v§Ga(H(t)) dv dt
0 k=0 0 0

1 o]
= 1 1 dt dv
/0 /0 t<Q(Ga (v))
1
:/ QoG ' (v) dv.
0

Making the change of variables u = G *(v), the result follows.
Proof of Item 3. Note first that

[e3¢] [} 1
| Vminforx®. 7@y ar = [ (/ 1,2 <oy et Luz <1t du) b (5.13)

0
1
= / Q)1 2<0, y( du. (5.14)
0
Now u? < a1x(k) if and only if ¥ < a™!(u?). Hence, there exists two positive constants A and
B such that
— = 1 —
A a_l(uz) S Z ﬁluQSO‘LX(k) S B Oé_l(uz) .
k=1
Finally

Z ﬁ /000 vmin{ai x(k), H(t)} dt < 0o iff < /0 Va1 (w?)Q(u?)du < oo.

Making the change of variables v = u?, the result follows.

Proof of Proposition 5.2. Since the function o' is non-increasing, one has
Yo -1
/ a (z) dz > ua” (u),
0

which proves that (5.8) implies (5.7).

It remains to prove that (5.7) implies (5.6). By Proposition 5.1, it is equivalent to prove
that (3.1) implies (5.9). If (3.1) holds, then the function S defined on R™ by (5.10) is finite and
non-increasing. Hence, using again (3.1),

t o]
tyv/S(t) <2 VS(s) ds < C, with 022/ \V/S(s) ds.
t/2 0
Consequently tS(t) < C+/S(t), proving that (3.1) implies (5.9).

5.1 Sufficient conditions

In this subsection, we give some simple conditions on a x (k) and H under which (5.7) (and hence
(3.1)) is satisfied.
Proposition 5.3. The following conditions imply (5.7):
1.
(o x (k) =0

E(|X0|?) < 0o for some p > 2, and —
k>0 k2(-1)

< 00.
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- (0 x (k)
H(t)=0(t"?) for somep > 2, and s

< 00.

/ (H(t))% dt < oo and ayx(k) = O(kia) for some a > 1.
0

(a=1)
2

/OOO (m (1+ﬁ))7idt< o and arx (k) :o(m) for some a > 1.

/000 VH@®)|In(H(t))| dt < oo and ar,x(k) = O(a") for some a < 1.

Proof of Proposition 5.3.
Proof of Item 1. Since (5.8) implies (5.7), it suffices to prove that Item 1 implies (5.8). Applying
Cauchy Schwarz, we obtain that

[ (e ([ (5527 )

Since E(|Xo|?) < oo, the first integral on right hand is finite. It remains to prove that

Lol (w) ) 77D
/ (7) du < 00.
0 u

By definition of o™, this is equivalent to

k>0 ay, x (k+1)

ay,x (k) __ p
u 2p-Ddu < 0o.

The last condition means exactly that

P p—2 p—2
> kT (a1 x (k) T0 — (arx(k +1) 207 ) < oo,
k>0

which is equivalent to the condition of Item 1.
Proof of Item 2. Again, it suffices to prove that Item 2 implies (5.8). Now, the condition
H(t) = O(t?) is equivalent to Q(u) = O(u~'/?). Hence, the condition (5.8) holds as soon as

1 /oo
/ aligu)du<oo.
o wurtz

By definition of a~?!, the last condition means exactly that

k>0

which is equivalent to the condition of Item 2.

Proofs of Item 8, 4 and 5. For the proof of these points, we start from condition (3.1) which
is equivalent to (5.7). Since we can control the behavior of a1 x (k), we can give upper bounds for
the function S defined by (5.10).

If on x (k) = O (1) for some a > 1, then S(t) = O ((H(t))agl).
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If a1, x(k) =0 (m) for some a > 1, then
(a—1

S(t) =0 (ln (1+ﬁ)>7 -

If a1, x (k) = O(a®) for some a < 1, then S(t) = O (H(t) |In(H (t))]).
Item 3, 4 and 5 follow from these upper bounds and condition (3.1).
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