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FREE BOUNDARY MINIMAL SURFACES IN THE UNIT 3-BALL

ABIGAIL FOLHA, FRANK PACARD, AND TATIANA ZOLOTAREVA

ABSTRACT. In a recent paper A. Fraser and R. Schoen have proved the ex-
istence of free boundary minimal surfaces ¥, in B3 which have genus 0 and
n boundary components, for all n > 3. For large n, we give an independent
construction of 3, and prove the existence of free boundary minimal surfaces
S, in B3 which have genus 1 and n boundary components. As n tends to
infinity, the sequence X, converges to a double copy of the unit horizontal
(open) disk, uniformly on compacts of B3 while the sequence S, converges
to a double copy of the unit horizontal (open) punctured disk, uniformly on
compacts of B3 — {0}.

1. INTRODUCTION AND STATEMENT OF THE RESULT.

In this paper, we are interested in minimal surfaces which are embedded in the
Euclidean 3-dimensional unit open ball B® and which meet S2, the boundary of
B3, orthogonally. Following [2], we refer to such minimal surfaces as free boundary
minimal surfaces.

Obviously, the horizontal unit disk, which is the intersection of the horizontal
plane passing through the origin with the unit 3-ball, is an example of such free
boundary minimal surface. Moreover, it is the only free boundary solution of topo-
logical disk type, [7]. Let s, > 0 be the solution of

s, tanh s, = 1.

The so called critical catenoid parameterized by

(s,0) — (cosh s cos @, cosh s sinb, s),

s, cosh s,
is another example of such a free boundary minimal surface. A. Fraser and M. Li
conjectured that it is the only free boundary minimal surface of topological annulus
type [1].

Free boundary minimal surfaces arise as critical points of the area among surfaces
embedded in the unit 3-ball whose boundaries lie on S? but are free to vary on S2.
The fact that the area is critical for variations of the boundary of the surface
which are tangent to S? translates into the fact that the minimal surface meets S?
orthogonally.

In a recent paper [3], A. Fraser and R. Schoen have proved the existence of
free boundary minimal surfaces ¥,, in B? which have genus 0 and n boundary
components, for all n > 3. For large n, these surfaces can be understood as the
connected sum of two nearby parallel horizontal disks joined by n boundary bridges
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which are close to scaled down copies of half catenoids obtained by diving a catenoid
which vertical axis with a plane containing it, which are arranged periodically along
the unit horizontal great circle of S2. Furthermore, as n tends to infinity, these free
boundary minimal surfaces converge on compact subsets of B? to the horizontal
unit disk taken with multiplicity two.

We give here another independent construction of ¥, for n large enough. Our
proof is very different from the proof of A. Fraser and R. Schoen and is more in the
spirit of the proof of the existence of minimal surfaces in S® by doubling the Clifford
torus by N. Kapouleas and S.-D. Yang [4]. We also prove the existence of free
boundary minimal surfaces in B which have genus 1 and n boundary components,
for all n large enough.

To state our result precisely, we define P, to be the regular polygon with n-sides,
which is included in the horizontal plane R? x {0} and whose vertices are given by

2mj 2mj
(cos <ﬂ>,sin <ﬂ>,0) e R?, for j=1...,n.
n n

We define &,, C O(3) to be the subgroup of isometries of R?* which is generated by
the orthogonal symmetry with respect to the horizontal plane x3 = 0, the symmetry
with respect to coordinate axis Oz and the rotations around the vertical axis Ox3
which leave P,, globally invariant.

Our main result reads :

Theorem 1.1. There exists ng > 0 such that, for each n > ng, there exists a genus
0 free boundary minimal surface ¥, and a genus 1 free boundary minimal surface
Y, which are both embedded in B3 and meet S? orthogonally along n closed curves.

Both surfaces are invariant under the action of the elements of &, and, as n
tends to infinity, the sequence X, converges to a double copy of the unit horizontal
(open) disk, uniformly on compacts of B* while the sequence X, converges to a

double copy of the unit horizontal (open) punctured disk, uniformly on compacts of
B3 —{0}.

Even though we do not have a proof of this fact, it is very likely that (up to
the action of an isometry of R?), the surfaces ¥,, coincide with the surfaces already
constructed by R. Schoen and A. Fraser. In contrast, the existence of ¥, is new and
does not follow from the results in [3]. The parameterization of the free boundary
minimal surfaces we construct is not explicit, nevertheless our construction being
based on small perturbations of explicitly designed surfaces, it has the advantage
to give a rather precise description of the surfaces ¥, and S Naturally, the
main drawback is that the existence of the free boundary minimal surfaces is only
guaranteed when n, the number of boundary curves, is large enough.

2. PLAN OF THE PAPER.

In section 3, we study the mean curvature of surfaces embedded in B> which are
graphs over the horizontal disk D? x {0}. In section 4 we analyse harmonic functions
which are defined on the unit punctured disk in the Euclidean 2-plane and have
log type singularities at the punctures. In section 5 for every n € N large enough
we construct a family of genus 0 surfaces S, and a family of genus 1 surfaces S,
embedded in B3 which are approximate solutions to the minimal surface equation,
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meet the unit sphere S? orthogonally and have n boundary components. In section
6 we consider all embedded surfaces in B? which are close to S,, and Sn and meet
the sphere S? orthogonally. In section 7 we analyse the linearised mean curvature
operator about S,, and S,,. Finally, in the last section we explain the Fixed-Point
Theorem argument that allows us for n large enough to deform S, and S, into free
boundary minimal surfaces %, and 3, satisfying the theorem (1.1).

3. THE MEAN CURVATURE OPERATOR FOR GRAPHS IN THE UNIT 3-BALL

We are interested in surfaces embedded in B? which are graphs over the horizon-
tal disk D? x {0}. To define these precisely, we introduce the following parametriza-
tion of the unit ball

1

X =
(¥, ¢, 23) cosh xz + cos

where 1 € (0,7/2), ¢ € S* and 3 € R. The horizontal disk D? x {0} corresponds
to w3 = 0 in this parametrization and the unit sphere S? corresponds to ¢ = /2.
Also, the leaf 73 = 9 is a constant mean curvature surface (in fact it is a spherical
cap) with mean curvature given by

H = 2 sinh ),

(sin €', sinh xg) ,

(we agree that the mean curvature is the sum of the principal curvatures, not the
average) moreover, this leaf meets S? orthogonally.
In these coordinates, the expression of the Euclidean metric is given by
1

X eucl =
Jeuel (coshx3+cosz/1)2(

dy? + (sinv)? d¢® + dz3) .
We consider the coordinate
siny 4
z=——"—¢€
1+ cosp
which belongs to the unit disk D? C C. We then define X by the identity
X (Za 1'3) = X(wv ¢7 :C3)7

where z and (¢, ¢) are related as above. Then

X(z,23) = A(z,23)(2, B(z) sinh a3),

)

where the functions B and A and explicitly given by

B(z) = % (1+12F), Az es) =7 B(Z)(Closhﬂﬁ3 -1

In the coordinates z € D? and z3 € R the expression of the Euclidean metric is
given by
X* Gouel = A% (2, x3) (d22 + B?(2) d:cg) .

In the next result, we compute the expression of the mean curvature of the graph
of a function z — u(z) in B2, and by such a graph we mean a surface parametrized
by

z€ D? = X(z,u(z)) € B
We have the:
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Lemma 3.1. The mean curvature with respect to the metric X™*geyer of the graph
of the function u, namely the surface parametrized by (z,u(z)), is given by

1 A%(u) B Vu

H(u) = div +2+/14 B?|Vul|? sinhu,
(1) A3(u) B ( 1+ B2 |Vul? Ve

where by definition A(u) = A(-,u). In this expression, the metric used to compute

the gradient of u, the divergence and the norm of Vu is the Fuclidean metric on
D2,

Proof. The area form of the surface parametrized by z = x1 + i 22 — (z,u(z2)) is

given by
da := A*(u) \/1 + B2 |Vu|? dzy dzs,

and hence the area functional is given by

Area(u // A%(u) /1 + B2 |Vul|? dzy dxs.

The differential of the area functional at w is given by

A%(u) B
DArea|,, ( // < Vu- Vv + 2A(u) 0y A(u)/1 + B2|Vul? U) dzy dzs.
D2

1+B2 V1+ BZ|Vu]?

But
Oy, A = —A? B sinh z,

and hence we conclude that
DArea|, (v) =

32
// Aw) BVu + 2 A%(u) B\/1 4 B2 |Vul|? sinhu | vdx; das.
D2 V1+ B2 |Vu[?

To conclude, observe that the unit normal vector to the surface parametrized by
z +— X(z,u(z)) is given by

1 1 1
N = —BVU-I——@I,),
A(u) /1 + B2|Vul? ( B
and hence Alu) B
u

EUC N’ afE - —)

Geue( ) 1+ B?|Vul|?
so that

geucl(Na azg) da = A3 (u) B
and the result follows from the first variation of the area formula

DAreay, (v) // H(u) geuet (N, 0z4) v da.

This completes the proof of the result. O

Using the above Lemma, we obtain the expression of the linearised mean curva-
ture operator about v = 0. It reads

(3.1) Lgov=A(Bv) = A (LQW U) ,

where A is the (flat) Laplacian on D2
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Lemma 3.2. Take a change of variables in D? : z =re'®, r € (0,1), ¢ € S* and
a function u € C1(D?), such that ‘g—:f ,—1 = 0. Then the graph of u in B3 meets the

sphere S? orthogonally at the boundary.
Proof. The surface parametrized by (r,¢) + X (re'®, u(r, ¢)) is embedded in B?
and meets B> at » = 1. The result follows from the fact that the tangent vector
1

T,(1) = 0, X(re u(r,¢))| _, = o u(l.9)

(eid’, sinh (1, d))) ,

is collinear to the normal vector

1 .
Ng = ————— (€', sinhu(1
S coshu (1, ¢) (e »sinh u ’¢))’
to the sphere S? at the point X'(e*?, u(1,$)). O

4. HARMONIC FUNCTIONS WITH SINGULARITIES DEFINED ON THE UNIT DISK

Take some number n € N. Our goal is to construct a graph in B3 which has
bounded mean curvature, is invariant under the transformation z + Z and the
rotations by 2% and is close to a half-catenoid in small neighbourhoods of the n-th

n
roots of unity

2wim

Zm=e n €dD?’ m=1,...n,

(and, in the case of the second construction, to a catenoid in a small neighbourhood
of z=10).

The parametrisation of a standard catenoid C in R? is
Xct(s,0) = (coshseid’,s) . (s,0) € Rx S
It may be divided into two pieces C*, which can be parametrized by
z€C\D? = (2, £log|z| Flog2 + O(|z|7?)), as |z]| = oo
We would like to find a function I';,, which satisfies
{ Ly, T, =0 in D? (D*\{0})

(4.2)
0,Tpn=0 on OD?\{z1,...,2,}

and which has logarithmic singularities at z = z,, (and z = 0). Notice that the
operator Ly, in the unit disk with Neumann boundary data has a kernel which
consists of the coordinate functions z, x2. This corresponds to tilting the unit disk
D? x {0} in B3. The kernel can be eliminated by asking I',, to be invariant under
the action of a group of rotations around the vertical axis.

Notice also that the constant functions are not in the kernel of Ly, : by moving
the disk in the vertical direction in the cylinder D? x R we do not get a minimal
but a constant mean curvature surface in B3.

Take a function G,,, such that G, (2™) = B(z)I';,(2). Then the problem (4.2) is
equivalent to

AG, =0 in D? (D?\{0})
(4.3) {

0,G, —1G, =0 ondD?\ {1}.

n
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We construct G, explicitly. For all integer n > 2, we put

oo

(4.4) G(2) = =5 +Re | Y

j=1

nzl
nj—1

Writing

we see that also have the expression

(4.5) Gn(z) = 7% +Re (Z H;ﬁz)) ,

k=0

where, for all kK € N, the function Hy, is given by

(4.6) Hy(z) =Y =g
j=1

Observe, and this will be useful, that

(4.7) Hy(z) = —In(1 — z2).

Obviously, G,, is harmonic in the open unit disk. Making use of (4.6), we see
that, for all £ > 1,

8T (Rer) = Rerfl,
on dD?, while it follows from (4.7) that

8T (Re Ho) = %,

again on dD? — {1}. Therefore, we conclude from (4.5) that
n .Gy, — Gp, =0,
on 0D2.
For all integer n > 1, we define in D? — {0}, the function G,, by
(4.8) Gn(z) == —n —log|z|.
Again G, is harmonic in D? — {0} and we also have
n6,G, — G, = 0,
on 0D?.

To complete this paragraph, we define

! " n Co(2) = !

Tn(z):= Gn(z").

By construction, L, I';, = 0 in D? and 9,1, = 0 on D?, away from the n-th roots
of unity ; while L,,-I';, = 0 in D* — {0} and 9,I',, = 0 on 9D?.
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4.1. Matching Green’s function. Take two parameters 0 <e <land0<é <1
and consider a catenoid C: in R3, parametrized by

X% (s,¢) € Rx S+ (Ecoshse™®,&s),

and n half-catenoids C¢ ,,, m=1,...,n
cat T 37 6
Xt (5,0) € Rx 55 »—>(5coshse +zm,55),

centered at the n-th roots of unity z,,. In a neighbourhood of z = 0 (z = z,,), we
can take a change of variables

z=Ecoshse, (z=zntecoshse), ¢eS', (0€[—0.+2mm/n, 0. +2wm/n])
s€[—s50] and s€[0,s8], (s€[—s:0] and s€]0,s.]),

for certain parameters sz, s € (0,400) and 6. € (0,7/2). We can parametrize the
lower and the upper parts of Cz and C; ,,, as graphs

2o (4GS, 2oy (5,4Go0),

where in some small neighbourhoods of z =0 (z = z,,),

G2 (2) = Elog < — Elog 2| + O (/|21

Gt (2) = elog 5 — £log |z = 2l + O (¢%/]2 = 2m]?)

Our goal is to find positive parameters 7 and 7 and a connection between ¢ and &,
such that the function

2z = TG (2") + TG (2",

would be close to GE* in a neighbourhood of z = 0 and to G¢%, in a neighbourhood
of z = z,,. We denote

I I DI

k=0 =0 " =1

and remind that G, (2") = =% + Re fu(2). It is easy to verify the function f,(z)
satisfies

ofn d 1
U (2) =~ tog(1 — 2" + S 1a(2),

d (b _n?
dz\ z ) 2z2n—1"

which yields
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We can write

n—1
nz"”z _ anlszk
nz""? 1 - " kZ::O "
=1 zp(z—2m) Zm(z™ —1) N

n—1 n—1
Z (_zn—l—szn 4 zmzn—Q) Z"_2(Zm _ Z) + Zm Z on—1-k (Zk—l _ Z7kn—1)
k=0 k=2

Zm(2™ =1 B n=l
m( ) Zm (2 — zm) Y. 217k ZE
k=0

n—1 k—2
—Zn_2+2 Z Zn—l—k Z Zk—2—lzl
m m
k=2 1=0
n—1

o ¥ Ik
k=0

= hp(2).

The function h,,(z) is continuous in a small neighbourhood of z = z,, and
|hn(2m)| < cn,

for a constant ¢ which does not depend on n. So, we have

(L) + e =

dz \ z Zm(z2 — zZm)
which yields that in a neighbourhood of z = z,,

LG4 L toge = z) = = T (fale) gl =2 + [ hu(a)i,

z Zm, Zm 7= 2m
where the integral is taken along the segment of the straight line passing from z
to z,, and by log we mean the principal value of complex logarithm defined in the
unit disc deprived of a segment of a straight line which doesn’t pass thought any
of the n-th roots of unity. We have

Z ﬁHk(Zgl) - ZZ nk R+ S
k=1 k=1 j=1

Moreover,
Rezligl (—log(1 — 2") +log(z — zm)) = —log [n 2"t = —logn.
So, in the neighbourhood of z = z,,, we have
Gn(z") = ,g +c(n) +loglz — zm| + Oz — zm|log|z — zm|) + O(n|z — zm|),
where |¢(n)| < ¢ logn for a constant ¢ which does not depend on n and
—n (7 +7/2) — Tnlog|z| + O(7|z|"), as |z| = 0
TGn(2")+7Cn(z") = —n(F+71/2)+7c(n) —Tlog|z — zm| +
O(7)|z — zm|log |z — zm|) + O(Tn|z — zm|), as |z — zm| = 0

We should take 7 = ¢ and nT = €. Moreover, we should have

and —5—%—1—50(71) zslogg.
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This gives us the relation
€
log = +
5

and

oMy | O
I
N}
S
—
0
|3
+
2
S
~—
+
—_
I
=
S
\‘\/

where
n 1
gn(t) : t € (0,400) — logt — §t—|— 7 € (—00,00),
is an everywhere decreasing function. Finally, we find
E=2e 1729 and e=d(n)e
(In the case, where we do not have a singularity at z = 0 we just need to take
e = e 2+ We obtain for all 3 € (0,1)

(4.9) 7GL(z") =¢€log 5 +O0EP |2 = 2,]), as |z — zm| = 0

|z — zm]|

) (€~1og2i + O(EB 2™, as |z] = 0
TGR(2") +TGn(z) = 2]

elog +0E"P 12— 2m|), as|z—zm| =0

2|z — zm|

Finally, we put G, (z) = 7 G,(2")/B and G,(z) = (i‘ Gn(2") + TGn(Z")) /B and

25log —— + OEF|2]?), as 2] — 0
_ 2|2|
gn(z) =

5
clog————+0@E""P |z — zm]), as |z — zm| = 0
2|z —z

— m|
Remark 4.1. We can now explain why our construction works only for large n.
On one hand, in order to match the graph of the Green’s function G,, with catenoids
we need to truncate the cantenoids far enough and scale them by a small enough
factor. On the other hand, in the neighbourhood of singularities the constant term
ofg~n depends on the number of singularities n and, as constant functions are not in
the kernel of the linearised mean curvature operator, this gives the correspondence
between the scaling factors of the catenoids and n.

5. CATENOIDAL BRIDGES AND NECKS

In this section we explain the construction of the surface S,, invariant under
the action of the group &,,, which has bounded mean curvature, meets the unit
sphere S? orthogonally at the boundary and is close to two horizontal disks ” glued
together” with the help of ” catenoidal bridges” in the neighbourhood the n-th roots
of unity. We will also denote S,, the genus 1 surface, obtained from S,, by attaching
a ”catenoidal neck” at z = 0. We will explain now what we mean by ”catenoidal
bridges” and ”catenoidal neck”.
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5.1. Catenoidal bridges. One of the possible constructions would be to ”glue”
the graph X(z,G,(z)) together with minimal stripes obtained by intersecting eu-
clidean catenoids centered at z = z,, with the unit sphere. The difficulty of this
approach is that those stripes would not meet the sphere orthogonally. We prefer
to find a way to put half-catenoids in the unit sphere in the orthogonal way loosing
the minimality condition.

Remark 5.1. We describe below the construction of the surface Sn. The construc-
tion of the surface S, can be obtained by replacing the function G, by G, which
has the same expansion in the terms of € at z = z,,, taking into account that the
relation between the parameters n and € changes.

We use the notation C_ for the half-plane {z € C|Re(z) < 0}. Form=1,...,n
consider the conformal mappings
Q146

1-¢

These mappings transform a half-disk in the C_ centered at ( = 0 and of radius
p < 1 to a domain obtained by the intersection of the unit disk D? with a disk of
radius 13’;2 and a center at if/’jz e Let (¢ = & +i€2,&3) be the coordinates in
C_ x R, then we define the mapping

Ap :C_ xR — D? xR, Ap(C &) = (An(0),28).

An:Co— D, An(C) =

Consider the half-catenoid C; /5 in C_ x R, parametrized by
cat . T 37 € i €
Xp (0,0) € R x [5, 7} — (5 coshoe ,50)
In the regions, where 0 > 0 or o < 0 we can take the change of variables

P g _ & i T 3
= ¢ — ~ cosh 227
¢ 5 € 5 coshoe™, 96{2,2]

and, having in mind that the function G, defined in D?\ {z1,...,2,} is invariant
under rotations by the angle %’T, consider a vertical graph over C_:

(p,0) — (g ei"ég_n(p, 9)) , where G,.(p,0) = Gu(Am(p/2€"))

In the neighbourhood of p = 0, we have |\, (p/2¢e%) — 2| = p + O(p?). So,
using the expansion (4.9) for the function G, in the neighbourhood of z = z;,, we
obtain a similar expansion for G, in the neighbourhood of 0:

@mmzd%§+ow*m 8 € (0,1).

At the same time the lower and the upper part of the C,/, can be seen as graphs
of the functions

ca 3 3
+G5(p) =+ 5 log %

Now take a function T which is defined in the neighbourhood of |(| = € by

+ 0%/ p?).

T(0,0) = (1= 1:(0)) 5 Gul0.6) + 71:(6) G5(0),
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where 7). is a cut-off function, such that

.=1, for e<p<1/2e%3 [.=0, for p>e/3.

Using this, we can parametrize the surface S, in the region
Q= Ay, {5/2 coshae : ecosho < 1/2e¥3, 0 ¢ [71'/2,37‘(‘/2]},

by (0,6) — X oAy, (£/2 cosho e, £0) and as a bi-graph

X {(22T7() U (5, -2 T7(2)))
for z € Qgp, = A {p/Qew : 1/252/3 <p<2e¥? 0e [77/2,3#/2]} ,
where Y™ (z) is a function, such that Y™ (A, (p/2¢e%)) = Y(p, ).

Remark 5.2. Orthogonality at the boundary

In a neighbourhood of its m-th component of the boundary the surface S, (Sn)
can be seen as the image by the mapping X o A,, of a surface (which we denote
S,.) contained in the half-space C_ x R. Consider a foliation of the half-space by
horizontal half-planes. It is clear that every leaf of this foliation is orthogonal to
OC_ x R. Thus, the normal to C_ x R at a point is tangent to the horizontal
leaf passing through this point. So, if there existed a tangent vector field along S,,,
horizontal at 95,,, then it would have to be collinear to the normal to OC_ x R.

On the other hand, the image of the the foliation by horizontal half-planes by
the mapping X o A,,, gives a foliation of the unit ball by spherical caps which are
orthogonal to S? at the boundary. The horizontal vector field tangent to 9C_ x R
is sent by this mapping to a vector field tangent to the sphere and to a spherical cap
leaf. The result follows from the fact that the restriction of X o A,,, to horizontal
half-planes is conformal.

Finally in our case, the existence of the horizontal tangent vector field follows
from the fact that 89X§7§ is horizontal and that 0yG, = 89Gg‘/’§ = Opie = 0 at
0 € {r/2,3m/2}.

Let H denote the mean curvature of the surface Sn

Proposition 5.1. There exists a constant ¢ which does not depend on € such that
in the region

Q= A {5/2 coshoe : e cosho < 1/262/3, 9 e [7r/2,37r/2]},

we have
c

H(Am (/2 coshoe?)] <
’ (Am(e/ )’ cosh o

Proof. The proof consists of calculating the mean curvature of C,/, with respect
to the ambient metric

(X o Am)*geucl(€a€3) = AQ(Am(Ca&’))) (d§2 + B2(Am(<,€3))d€§)
4
= d 2 1 2 2d 2
[11 = ¢|2 + (1 +[¢[?)(cosh(2¢5) — 1)] (4% + 0+ [cF) ds)

= a?((, &) (dC* + b*(C) d&3) =: gm (. &)
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2
1= ¢2+ (1 +[¢[*)(cosh(263) — 1)
Let V© denote the Levi-Civita connection corresponding to this metric. We have

the following estimates for the Christoffel symbols in a neighborhood of (¢, &3) =
(0,0):

where a((, &) = and b(¢) = 1+ [¢[2.

Fh = *Féz = F%z = %g_gl =0(1), F% = *F%Q = *F%z =1g= =0(1)

I}, = <z§g+b6b> O(1), T =—(22 1 p2)=0(),

Ty = 35& + 558 = 0(), I3y=188 + 53¢ =001)
F%3 = F%s = F%2 =0
Using |(| = ¢/2cosho, & =¢/20, and
V5, 0y = 0y 0y XC0h + [a X;;g} [a X;;g]jrfj O,
where 0, and J, stand for 0, or 9p and Oy = 0¢,, k =1,2,3. We get
’ [vgpaq — 0y 04 X;"%y (o, 9)‘ <celcosh’o, i=1,2
’ {V%}ﬁq — 0y 04 XEC%} ’ (o, 9)’ < ce?cosho.

The unit normal to C, /o with respect to the metric g,, is

1 o 1
N(o,0) = = (_cosbh et i tanh 0) :
o
a\/cosh2 + tanh” o

Using the the expansions for a and b in the neighbourhood of 0 and fact that the
third coordinate of the vector 9, 9, X;% is zero for all p and ¢ we get the following
expression for the second fundamental form :

he(o,0) = 5(d02 — d¢2) + he(o,0),

where ‘(hg)pq (o, 9)‘ < ce?cosho. On the other hand, we can write the expansion

of the metric induced on C. /5 from g,
9.(0,0) = €2 cosh? o (do? + dp*) + g.(0, ),
where ‘(gg)pq (o, 9)‘ < ce®cosh® 0.

c

Finally, |H(g/2 cosho e)| = |tr (g71h.) (0,0)] <

cosho’
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5.2. Catenoidal neck at z = 0. In a small neighborhood of z = € take the change
of variables z = re'?, ¢ € S'. Then, in the neighbourhood of z = 0, we have

B(re?) = B(r) = % +0O(r?).

We remind that that 7 G,,(2") +7 G, (2") = G, B is a function whose graph is close
to the lower part of the euclidean catenoid scaled a factor €. Then, the graph of G,
is close to the lower part of the surface Cz, parametrized by

X : (s5,0) € Rx S (Ecoshse'® 2&s).

Let us define a cut-off function r — n2(r), such that
1 for re (0,1/251/2) , n2(r)=0 for r>28Y2

ne(r) =
Taking the change of variables: &coshse'® = 2 = re'®, for s > 0 or s < 0 we can

parametrize the lower and the upper part of C: as vertical graphs
2z (2, £2GL),

where
Ger) = ¢

We define the function
Y:D? \{0,21,...,2m} — R,
Y(r,¢) = (1= 12(r) Gu(re'®) + 202 G2 (r),

and parametrized S, in the region
Qor = {écoshsei‘z5 : Ecoshs < 1/28Y2% ¢ Sl} )

by (s,6) — X o X% (s,¢) and as a bi-graph :

(r,0) = X {(r e T(r,0) U (re®,~T(r,0) }
for zeQl, = {reid’ L 1/28Y2 < p < 2812, qﬁeSl}.

We use the notations :
1

B(s) = B(écoshs) = %(1 + &2 cosh?s) and
A(s) = A(Ecoshs,2és) = [T B() (cosh@es) 1)

Proposition 5.2. There exists a constant ¢ which does not depend on € such that

in the region
{écoshseid’ : Ecoshs < 1/251/2, ¢ e Sl} ,

0o _
Qcat -

the mean curvature of the surface S, satisfies
|H( coshse)| < ce'™P, VB e(0,1).
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Proof. As in the proposition 5.1 we would like to calculate the mean curvature of
C. with respect to the ambient metric

X Geuet (2, 23) = A2(z,x3) (d22 + BQ(z)dzg) =:g(z,x3).

We denote by V¢ the Levi-Civita connection corresponding to this metric. Then,
in the neighborhood of (z,x3) = (0,0) the Cristoffel symbols satisfy :

f‘h = _f‘%z = f‘%z = %aTAl = O(|z|z3), f% = _fgz = _f‘%z = %67142 = O(|z|z3)
Iy=0%=TI%= %6712 =0(x3), Iy =T3= *A}gz TAS = O(z3),

~ 2 ~ 2
Py = —(5r gy + B52) = 0(2)), T3 = (552 + Bag) = 0(12)),

Tl = 452 + 552 = 0(zl), Th=482+3582 =0(2)
F%s = F%S = F?z =0

Using |z| = €cosh s, x3 = 2¢&s, and

6gpaq = 0p Oq Xgat + [angat]i[angat]j f‘fjaka

where 0, and 0, stand for J, or J;, we get

V5,04 — 9y D, Xgat]i(sﬁ)‘ <cBcoshds, i=1,2

)

‘[@gpaq — 0, 0y XEMP(s, 9)’ < c&*Peosh?s, VB e (0,1).

The normal vector field to ég with respect to the metric X" geyer is

1 2B .. 1
— e'? —tanhs | .
A/ 4B2 4 tanh? s cosh s B

cosh? s

N(Sa¢) =

As the third coordinate of the vector 9, 9, X £t is zero for all p and g, we get
the following expression for the second fundamental form :

be(s, ¢) = & (ds? — d¢?) + he(s, ),

where < &3P cosh? s. On the other hand the metric induced on C:

(ilé)pq (s,0)

from X™*geyer can be written as

gz(s, ) = % cosh® s(ds® + d¢*) + §z(s, ¢),

where ‘(gé)pq (Sa(b)‘ < %P cosh® s. Finally,

|H( coshse')| =

tr (8:762) (s.0)| <87, Vg€ (0,1).
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5.3. The graph region. Away from the catenoidal bridges and the catenoidal
neck, that is in the region

Qgr = {z eD?: 2582 < 2| < 1}\ ip {g eC_ : ¢ < 252/3},
we parametrize the surface S, as a bi-graph

2 {(2,G.(:)) U (2. ~Gu(2)) .

Proposition 5.3. There exists a constant ¢ which does not depend on €, such that
in the region

Q. u, U am
QTU glu mLil glu

_ 2 . = % . 2/3
={z€eD .1/25<|z|<1}\mLil)\m{§€(C_ D¢l <1/2¢e },

the mean curvature H of Sy, satisfies

1 = 1
(5.10) H(2)] < ce®F (W D m) , VBe(0,1).
m=1 m

Proof. According to the lemma (3.1), the mean curvature of the graph X' (z, u(z))), u €
C%(D?) satisfies :

1 A%(u) B> Vu
H(u) = i 24/1+ B2 2 sinh
(u) BB div < e + + B2 |Vu|? sinhu
2 BVuVA(u) 2 VBVu 1 BAu

+ +
A2(u) T+ B?Vul?  A(u) /T4 B2Vul>  A(u) /1 + B2[Vu]?

1 B2VBVu|Vul? 1 B*Hessy(Vu, V)
— — ’ 21/1 + B2|Vul? sinh
3w (L1 BEVuEPR ~ 24(a) (11 Bevaepre + oV BVelsinhu

= A (Bu) + P3(u, Vu, VZu)

where Pj is a bounded nonlinear function which can be decomposed in entire series
in u and the components of Vu and V2u for ||ul|c1 < 1 with terms of lowest order 3
and where the components of Vu appear with an even power and the components
of V2u only with the power 1.

In the region €, the surface S, is parametrized as a graph of one of the functions
+ G, where

B(2)Gn(z) = —% + eRe(fn(2)) + Elog|z| + &,
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Studying the behaviour of the function f,(z) one can easily verify that

<ce (Ilogfl + [log |2 + ) llog |z — zm||> ;

m=1

]vén(z)

1 - 1
<ce | —+ s
<|z| WZ: |z—zm|>

. 1 - 1
‘VQQn(Z)‘ <ce <W + mZ:1 m)

As A (Bgn) = 0, analysing carefully the terms in Pj (_C';n, A\ VQGn) one can see
that (5.10) is true in Qg;.

In the regions Q7 the surface S, is parametrized as a graph of one of the

functions +2 Y™, where
] % = e = ca
T (Am(p/2€")) = T(p,0) = (1= 71(p)) 5 Gn(p: 0) + 71(0) GEJ3 (p)-
In the neighbourhood of ( = 0 we have:
1 1
Vo =35 Ve1+0(dl),  Vi=7VE+0(cl)

Using that ‘)\m(p/Q ey — zm‘ = p+ O(p?), we obtain

Gn ~ G54 = O(eloge),  Gn—Gh = O 7p),

VG| ~ \VG?}E =0 (%) ‘V(g’n — Gty = o),

V2G| ~ V2G| = 0 <%> L |9 Gn + G| = 05
We introduce the function
= , 1+ [(1+2e? 1— L

We have
0,B ~ 07B ~ 0,00B=0(1), 9B~ ;B =0(p).

On the other hand, the cut-off function 7. satisfies
di 1 d?7 1
7.=001), “E=0o(=), ZE-0o(=).
dp P dp? p?

o1 5 , , 12
VT = 5(1 - ﬁE) vgn + ﬁEVG?/lg + vﬁé‘ (G(;/lé - §gn) ’

Using that
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-1
QT:_
\% 2(

= ca 1 ' = ca 1
+ 2Vije (v (Ge/g - 5%)) + V27, (Ge/g - an) :
we get the estimates

1-8 1-8
ti-0(%). en-0(%5).

Py(T) =0 (E;ﬂ) 0@,

for all 8 € (0,1). We also have

1— 1) V3G + - V2GS,

and

1 2
Az*Zu*C |AC5

where A, and A are Laplacian operators in coordinates z and (. So,

3
A (BGYS) = Gupp AB +2VBVGS + BAGHS = O (%) ,

Putting this calculations together, we check that in Q'  the mean curvature of S,

glu
satisfies
H=0 (51/34’) ., VBe(0,1).
An identical proof shows that in QY we have # = O(e' 7). O

6. PERTURBATIONS OF S,

Recall that the surface S,, can be seen as an image by the mapping X of a surface
S,, (constructed in the previous paragraph) which is contained in the unit cylinder
D? x R. We would like to calculate the mean curvature of small perturbations of
S, and to this end we calculate the mean curvature of small perturbations of the
surface S‘n with respect to the metric § = X, geyel-

Let, as before, N denote the unit normal vector field to Cs with respect to the
metric

G(z,23) = A%(z,23) (dz* + B*(2) da3) .

and take a function w € CQ(§n) small enough, invariant under rotations by the angle

2% and the transformation z — z. We denote S,.(w) the surface parametrized by

(5,6) €Rx S > XE%(s,0) +w(s, ) N(s,0),
in region Q5. Furthermore, in the region
QU QY = {z eD?: 1/282 < |2] < 1} \ O A {g eC_: (< 252/3} ,
we parametrize Sy, (w) by
z (z, + T(z)) +w(z)Ze(2), where Z:=(1—12) 0y + 12 %/\7,
w(ljlere n2(|z]) is the cut-off function defined in the paragraph 6.2. Notice that in
Q

glu
= 1 -
1Zellg ~ 10zall5 = 5 + OE).-
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In the neighbourhood of the n-th root of unity z, the surface S,, can be seen
as an image by the mapping A, of a surface S, contained in C_ x R. We put
W=wo N\, €C3S,) and parametrize S, (w) in the region Q7, by

(0,0) € R x [7/2,37/2] > Am (Xg;g(a—, 0) + gw/\/(a, 9)) ,

where A is the unit normal vector field to the half-catenoid C. /o with respect to
the metric

9m(C,€3) = (A © X)sGeuer = a*((, €3) (dC* +b7(C) d€F) -

In the regions Q7

olu» We parametrize S, (w) by

¢ = Ap ((C,iT(C)) + 71}(,2) EE(O) ,  Wwhere Ea‘ = % ((1 - 775) O, +778GN)’

and 7. (|¢]) be the cut-off function, introduced in the paragraph 6.1. Notice that in

Q’g’}u, we have

_ 1
1Zellgn ~ 5110llg,, =1+ O?).

Remark 6.1. We multiply the vector field N by the factor a in order to make the
vector field

2 (aN) (©) |ge{%,377r} )

horizontal. In this case, the condition sufficient for gn(w) to be orthogonal to the
unit sphere is

Oy (@)|96{%,%ﬂ} =0.

Notation 6.1. Let 2 denote a coordinate domain we work in. From now on, when
we don’t need a more detailed information, we use the following notations :

e L for any bounded second order linear differential operator defined in Q (in
other words Lw is a linear combination of w and the components of Vw
and V2w with coefficients which are bounded functions in , where V and
V2 are the gradient and the Hessian in the chosen coordinates).

o QF(w,Vw,V2w), k € N, for any nonlinear function, which can be decom-
posed in entire series with terms of lowest order k, and where the com-
ponents of V2w appear only with power 1. We will also use the notation
QF(w) for brevity.

e Let v € C®(Q) be a positive real function. We denote L7 w and Q%7 (w)
functions which share the same properties as Lw and Q*(w) with the only
difference that the components of the gradient and the Hessian of w are
calculated with respect to the metric Y2 geuel -

For example, if we work in the coordinates (r,¢) and take v = r, then
LY will be a linear differential operator in 1202, 8;, r82¢, r0r and Op.

6.1. Mean curvature of the perturbed graph. In the region
Q= {zeD?: 282 < |2] < 1}\ @1)\m {CeC_ || <2¥/3),

we suppose that [|w||c2(q,,) < 1. Then, the mean curvature of S, (w) satisfies

H(w) = H(0) + A(Bw) + Py (Go +w)
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Analysing carefully the the terms of Ps and the expansion of the function G,, we
get
(6.11)

H(w) =H(0)+ A(Bw)

~ 12 ~ ~ ~ ~ ~ - ~
+max{lvgn y ‘VQQH vgn 5 g’?ﬂ gn v2gn 5 gn Vgn } Lw
+maX{ Gnl, |VGul, ‘VQGn } Q2(w) + Q3(w)
We introduce the weight functions
() =|z|, Ym(z)=lz—zm|, m=1,....,n and ~(z)= |z|m111|z — Zml-

Then, (using the relation between e and &) (6.11) can be written as

_ e b ¥ e f 2,y i 3,y
H(w) = H(0) + A(Bw) + p sz+ Q27 (w) + o Q37 (w).

for all 5 € (0,1). (We use the lower index to 1nd1cate the coordinate system we
work in). On the other hand, in the neighbourhood of z = 0 we have
2
H(w) = H(0) + A(Bw) + L LY w+ W Q37 (w) + E |4 QI (w),
and in the neighbourhood of z = z,,
g2=p gl=8 2
H(w) = HO)+A(Bw)+———7 LI" wt—F7 pTZ 7 (w)+

2 = zml* |2 =

Q¥ (w).

|z—zm|4

1
for all B € (0,1) (where we used — < 2 in the neighborhood of z,,).
v

Tm
6.2. Mean curvature of the perturbed neck. In the region
Q0 ={zeD?:c<|z| <1/28Y%},

the surface S, (w) is parametrized as a normal graph around C: for the function
u=1/2w. We suppose that
|7

(6.12) <1

— 9y

g coshs, =1/2&'/2

gcoshsllicz((=s,,s.)x5s1)
The tangent space to gn(w) is spanned by the vector fields
To(u) = Ts + OsuN + wd N, Ty(u) =Ty + dguN + udgN,
and let us choose functions v, s, u € C*°(R), such that v(0) = 5(0) = u(0) = 0 and
K (w) = N + v(w) N+ 52(u) T, + () T,

is the normal unit vector field to S(w). We have
(6.13)
30 (W), Tu(w)) =0, glu) (Ww), Tp(w) =0, §lu) (W), Nw) = 1.

where g(u) is the scalar product corresponding to the metric § taken along S (w).
Using the expression for g, we get

g(u)(sv¢)_§(8a¢) = (51_’6 LS7¢U+Q§7¢(U)) g(8,¢)+ (éLs,¢u+ ! Q?,d)(u)) dl‘%,

cosh? s
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and from (6.13), we deduce that
v(u) =P Ly yu+ Qi,qﬁ(“)

£2cosh?s cosh?s &2 cosh®s ~5?
(u) = — ! Opu + ! L u+iQ2 (u)
K 2coshZs * coshZs  o? &2cosh?s “9*

where we used the fact that da3(Ts,N') and da3(Ts,N') can be bounded by a
constant times € and the estimate

’g(Tp,Tq) —&%cosh? s 5pq‘ < e,

where Tp and Tq stand for T} or T¢. We can write the normal vector field to S (w)
in the form

. . 1 - B
&2 cosh” s
1 3 gp T
~17ﬂL 2 L 2
+ [E se Ut Qs’¢(u)] * Loshs st cosh s s’¢(u)

where [#]1 and [+%]T denote a normal and a tangent vector fields of norm * and #x.

We denote V(u) and f‘fj (u) the Levi-Civita connection and the Cristoffel sym-

bols corresponding to the metric § and taken along the surface S(w). Then, we
have

T3 (u) = T + Log u+ Q3 5 (1),
V5, 0q(u) = V5 0y + 0,0gu N + 0y 0uN + 0qu 0N + 1.0y 0N

+ &2 cosh? s L 4u+ €coshs Q§7¢(U)

where 0, and 0, stand for 04 or 0s. This allows us to find the second fundamental
form of the surface S, (w) :

(bew) = 5(w) (V5,04(0). N ().

Note that
1

GOy N, 0, N) — 5~ Opg| < CE.
cosh” s

Putting all the estimates together, we obtain

~ ~ 02 050,
ie(0)(6.0) = :6,0) + (e oo )

U 1 0 —0su  Opu
 cosh?s < 01 )thanhs( dpu  Osu )

1 ~
+ (52_5 L51¢ u + 52 COSh2 S L51¢ U + m Qid)(u)) [’)0(5, ¢)
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where 60 is a bounded symmetric 2-form, which does not depend on €. On the other
hand, the first fundamental form gz(u), which corresponds to the metric induced
on S, (w) from g, satisfies

gz(u) = §z — 2ubz + Q2 4 (u).
This yields

det(gs(u)) .1, -4 2eu 1 0
det(gz) 5 () =8 +§4cosh4s 0 -1

1 1
LS ST > )
<éc0sh4s ? €4cosh45Q »(1) | 8o

where go is a bounded 2-form. Going back to w = 2 u, we obtain

(6.14)
2
2, 52
(85 05+ coshs) v

H(w) = H(0) +
+(1+ é_ﬂ)L Q2w+
R soW+ ——F— Q2 (w
cosh? s ? & coshts °%°

+

1 1

2 22 cosh? s

! Q37¢(w).

g4coshs *°

6.3. Mean curvature of the perturbed bridges. In the region

mo=An{CeC_ e < |¢] <1/2%/3},

cat —
the surface gn(w) is parametrized as the image by the mapping A,, of the normal
graph about C. for the function @ = aw, scaled by the factor % We suppose that

<1
C2((—ow,04)X[m/2,37/2])

ecosho, =1/2¢%/3

(6.15) H v ‘

)

ecosho
Our goal is to calculate the mean curvature of S(w) with respect to the metric
gm = a*(d¢® + b°dE3).

The computation is very similar to the one we have done in the previous paragraph
and we only need to change several estimates. The scalar product along S(w)
satisfies

gm (1) (0, 0)—gm(0,0) = (Lg,(; u + Qge(ﬁ)) gm (0, 0)+ <€L019 u+ 1 39(ﬂ)> dr?.

2
cosh” o

Then, the normal vector field to S, (w) can be written as

1
N(@) =N — —5— (0,uT, + 0pu Tp)
e2cosh” o
T
+[L(,9ﬁ+Q29(ﬂ)]L+ N S ! Q2% ,(u)
' I cosho 7 ecosho “% ’

and the components of the Levi-Civita connection are

V5, 08(1) = V5,08 + 0a08UN + 041 0N + 0t OuN + 1 0o OgN

+ecosho Lo gt + Q?,,G(a).
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The first and the second fundamental forms satisfy :

det(@-(@) ., . _ea (1 0
det(gc) g (W) =g Jrs4<:osh40 0 -1

1 1
+ (7 Loot+ ——— Qi,e(ﬁ)) 9o,

2 2
ecosh” o etcosh” o

~ B 3(271] 0,0p1 u Lo
be(w)(0,0) = be(0,0) + < 0,00u  O3u > ~ cosh’o < 0 1 )

—0su Ol _ 9
*tanhe < Ot Oyt ) " (E cosho Lo,o @+ ecosh’ o QU’O(U)) Bl 0);
where by and gg are bounded symmetric 2-forms which do not depend on e. Finally,
going back to w = %ﬂ, we get
_ 1 9 9 2 _
H(w) =HO) + 53— & +Ih+—5—|w
€2 cosh” o cosh” o
(6.16)
1 1
Lopg®+ ———F Q2 ,(0) + ———— Q2 ,(w).
ecosho 7° 3 cosh? o 7.0(®0) gdcosh? o Qo (0)

6.4. Mean curvature of the perturbed ”gluing regions”. Let M be a smooth
hypersurface in a smooth Riemannian manifold endowed with a metric g. Take w
a small smooth function and Vi and Va two smooth vector fields on M. Let H(w)
denote the mean curvature of the hypersurfaces obtained by perturbation of M in
the direction V;, i = 1,2. We have the following result:

Lemma 6.1. The following relation holds
DH?[,_ (v) = DH'|,_, () + g(VarH(0), T)

1
where T = }&} cand T =V =7 VT, and where V- and V;' denote the orthogonal
1

projections of V; on the normal and the tangent bundle of M.

Proof. This lemma is a simple generalisation of the result proven in [9] where the
case when one of the vector fields V; is a unit normal to M is treated. The proof
consists of applying the implicit function theorem to the equation

p+tVilp) =q+sValq), p,ge M, tseR,
expressing locally p and ¢ as functions of ¢ and s:
p==®(¢q,s) and t=¥(q,s),
with ®(g,0) = ¢ and ¥(g,0) = 0. We obtain then
DU (-,0)[Vi]t = [Ve]* and 9,®(-,0) = [Va]T — 0,0(-,s)[Vi]".
Moreover, we have
DH'|, _, (8s¥(-,0)v) + VH(0) - 9, @v = DH?| _ (v),
and the result follows. O
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Now let us return to the surface S,,. Making use of the proof of the proposition
3.5, one can see that in the region leu the components of VIH are bounded by a

constant times £'/2=#. Moreover, using the expression obtained in the lemma 3.1
for the normal vector field to the surface parametrized as a graph of the function

Y, we get
B /100,]Y =14+ 0() and  [E)T ~ [0,]" = O(&).
Therefore, lemma (6.1) with V4 = 9,, and V2 = ég yields

H(w) = H(0) + A(Bw) + LI w+ &~ Q3™ (w) + °Q3.

in Qgy0. Similarly, in Q7

ol taking Vi = Og, and Vo = Z., and using the fact that

the components of the gradient of H are bounded by a constant times e ~*/3=# and
the fact that

[E]V /0] =14+ 0EY?) and [T ~ [0g,]" = OE"?),
we get
() = HO)+A(Bu) &5 L3 w247 Q20 () =529 Q1 ),
for all positive 3 € (0,1).

7. LINEAR ANALYSIS IN THE PUNCTURE DISK

We would like to analyse the Laplace operator subject to the Robin boundary
data:

Aw=f in D?\{0} (or D?)
(7.17)
Ow—w=0 on S'\{z,...,2,}
where f is a given function whose regularity and properties will be stated shortly. In

what follows we suppose that we work in the domain D?\{0}. The case of the entire
open disk D? can be treated in an analogous manner with certain simplifications.

First of all, we take f even with respect to the angular variable and, for a

given n > 2, invariant under rotations by the angle 27” With this assumption,

the operator associated to (7.17) does not have any bounded kernel and hence, _the
solvability of (7.17) follows from classical arguments. For example, if f € C%%(D?)
we get the existence of w € C?%(D?) solution w of (7.17). Moreover,

gz 2y < € (10lleo o + 1o o)

We would like to understand what happens if we allow f to have singularities at 0
and/or z,,, m=1,...,n.

We define the weighted spaces we will work in. As before we set
n
V(z) =z I |z = zml,
m=1

and we assume that we are given v € R. We say that a function u € L2 (D?)
belongs to the space L°(D?) if

||77V'U/||L00(D2) < 0.
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Let us use the notation D? for the open punctured disc D?\{0}. The space C¥*(D?)
is defined to be the space of functions u € Clkof‘(Df) for which the following norm
is finite
lulleraipzy = IV ullerap. 12 gever):
Observe that, on the right hand side, we do not use the Euclidean metric to

calculate the gradient of a function but rather a singular metric 72 geucr. As a
consequence, a function u belongs to C¥*(D?) if

k
sup |y " ul+ sup [y VT Viu| +
zeD? ’ ‘ 1:21 zeD? ‘ ’
oy {7 Trule) — TR
z,2'€D? |Z - Z/|a

Like in the section 4, instead of the problem (7.17), we can consider an equivalent
problem defined in D2\ {0,1}. Take the change of variables z + 2" and notice
that

|27 A(2) = n® [2]*" A(2").

We take a function F in D?\ {0}, such that
n 1 —zn
F(z") = — [2["7*"f(2).
n
Consider the problem:

AW =F in D?\{0}

(7.18) .
oW —=W =0 on S\ {1}
n

We define the space L, (D?) as the space of functions U € L (D?) for which

Vo,V loc

121770z = 1|7 U o2y < 0.

Notice, if we take f € L° ,(D?), then F € L, s _,(D?) and
1
1] L3 202D = 2 I fllzee ,(p2)-

Proposition 7.1. Assume that v € (0,1). Then, there exists a constant C' > 0
and, for allm > 2, for all F, such that |z|~*/"*2 F € L>(D?), there exist a unique
function ¥o and a unique constant cy, such that Wy := ¥ +ncj is a solution to

(7.18) and
1217/ Wo [l Lo (p2) + e < C | 217/ F || 1o (p3).

Proof. First, let us assume that F' does not depend on the angular variable ¢. In
this case, (7.18) reduces to a second order ordinary differential equation which can
be solved explicitly.

T 1 S
\Pgad(r) = / ;/ t F(t)dtds, WOTad = \Pgad +nch
0 0

1 T s
1 1
03:—/ sF(s)ds+—/ —/ t F(t)dtds
0 nJo SJo
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With little work, one checks that the result is indeed correct in this spacial case.

Furthermore, we claim that, if we restrict our attention to the space of functions
for which

/ F(re'®)rdg =0

Sl

for all » € (0,1), then there exists a function W{™**" such that
21/ W™ | oo (p2y < O [l F2F || e (2)

for a constant C' independent of n. We construct Wi***" as a limit of solutions to
the Poisson’s equation in annulus-type domains with mixed boundary date.

More precisely, take € € (0,1) and let us denote A, the annulus D?\ D?(e). For
a fixed n let W, ,, be the solution to the problem

AW.,=F in A
(7.19)
aTWE,n -

There exists a constant C'(e,n) which depends on e and n and such that

[WenllLoean < Cle;n) [ FllLes(an

LY., =0 on S, W.,=0 on Si(e).

n

Changing the constant C'(e,n), we can rewrite this as follows
(7.20) 121" Wenll o a.) < Clesn) 1272 F |1 a,y

If the constant C(e,n) = C(n) didn’t depend on ¢, then for every ¢ € (0,1), and
for all € < ¢y we would have

IWenll oo a, ) < CO) N~ F2F Lo (D2).
(

eo/ 2)
Then, by elliptic regularity theory, changing the constant C(n) if necessary, we
would have

IVWenllLo(a.,) < Cn) [1217/"F2F || L~ (p2)

Thus, when e tends to 0, the sequence W, ,, would admit a subsequence converging
on compact sets of D? to a function W, a solution of (7.18) for a fixed n, such
that

12177 Wl oo (p2) < C(0) 1217/ "2 F || oo (2)

The fact that the constant C'(g,n) doesn’t depend on € can be proven by an
argument by contradiction. We suppose, that there exists a sequence of parameters
e; and a sequence of points z; such that

2" Winlleeay) £ 1, Winl(z) = |2/,
and AW, = Fjn, [|2*7/"Fjullpe(a,) — 0

Jj—o0

1 1
—We o, Fippi= ———
C(Ej’ n) o J’n C(€j7 n)
We suppose first that the sequence z; converges to a point zo, € D?. We denote

Win(2) = Win (251 2) 1257/,

where W;,, = F and 4; = A,.

then, for every j, we have
Win (25/12]) = 1.
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The sequence W, ,, admits a subsequence converging on compact sets to a function
W,, which is a solution to

AW, =0 in D?
OWn—2Wnp=0 on S*

Moreover, we have [W,(z)| < [z|*/™ and W), (%) = 1. Using the fact that W,

has no radial part and that the problem (7.18) has no bounded kernel, we get a
contradiction.

When the sequence of points z; tends to 0 at the same time as @ — 0 we

J j—oo
obtain a sequence of functions W; ,, which admits a subsequence converging on
compact sets to a function W,, which is a solution to the problem

AWp =0, in RE\{0}, Wa|<c|z]"",
which implies W,, = 0 and contradicts the fact that W; , (%) =1 for all j.

E21]
€

It remains to deal with the case when z; — 0 and — a, where a is a
Jj—oo Jj—oo

constant strictly greater than 1. In this case W, ; admits a subsequence converging
on compact sets to a function W,,, which is a solution to

{AMzomRﬂW@
W,=0 on Si(a)

and such that |W,| < ¢|z|”. Once again, this implies W,, = 0 and gives a contra-
diction.

[2;]

Finally, the case when z; — 0 and =2 — 1 doesn’t happen. For every j we
Jj—0o0 J o J—00
have
AWijn=Fjn in D*(2¢)\ D?(¢;)
Win=0 on S'(¢)
Moreover,
[Fjn <e/"7% and Wl < /"
Then in the subsets of D?(2¢;) \ D? (¢;) we have [VW, | < ceg/n_l. This implies
that in the neighbourhood of |z| = ¢;, we have
v/n—1
Wil < O/ (2] =),
At z = z; this yields > C, which is not possible starting from a certain j.

€

Similarly, we can prove that the constant C(n) in (7.20) does not depend on n.
If it were not the case we could define a sequence of function W, and a sequence
of points z,, such that W, (z,/|z,]) = 1. Then W, would admit a subsequence
converging on compact sets to a function W, which is harmonic in a unit disk and
has homogeneous Neumann boundary data. Using that [ D2 W dzy dzy = 0, we get

the contradiction.
O
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Let us fix a cut-off function x defined in the unit disk D? which is identically
equal to 1 in a neighbourhood of z = 1 and to 0 in a neighbourhood of z = 0. We
define deficiency spaces

9, =span{n} and D, = span{x}
Proposition 7.2. Assume that v € (0,1). Then, there exists a constant C' > 0

and, for all n > 2, for all F € Ll‘jo/n727U72(D2) there exist a unique function
v e Lg‘;mu(DQ) and unique constants ciy and cj, such that W := ¥ +ncl + ¢ x
is a solution to (7.18) and such that

Wlltee, (0»em,00, <CIFlLs, 02

Proof. We take the conformal mapping

1
AT D2 () = 8
1-¢
which sends a half-disk in C_ centered at 0 and of radius p € (0, 1) to the intersec-
tion of the unit disk D? with the disk of radius T, = —E% centered at c, = 1+ 207

1 1—p2
_ 1 _ 3 _ 5 _ 1
For example, for p = 3, we get rL =3 and c1 = 7 and for a = %, we get
13

1
3 4
12

ri==2 and ci=
5

T T 12
We define a cut-off function y € C>°(R?), such that
RO=x(CD, x=0 for [I>1/3 and x=1 for |c|<1/5
and put x(z) = x (|]A7*(z)|). Then, we have d,x|,_, = 0 and
x(z)=0 for |z—5/4/>3/4 and x=1 for |z—13/12|<5/12,
We decompose
F(2) = Fo(2) + Fa(2) = (1 - x(2)) F(2) + x(2) F(2).

Then, we have

127/ 2 Fy || Lo (p2) < |1 F Lo (D2),

v/n—2,u—2

Iz —1"""2F | oo D2y < || F[ Lo (D?)

v/n—2,v—2

We define F(¢) = F(A\(C)). Remark that
_ 2

and consider the problem
AW, = ﬁfl(g) in C_nND231/3)
0, W1 =0 on 0C_nND2(1/3),
Wi=0 on C_noD?3(1/3)
We extend F; by symmetry to D?(1/3) and consider the problem

AW, =F, in D2%(1/3)
(7.21) B
Wi=0 on S'(1/3)
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where Fy = ﬁfl (¢). Automatically, the restriction of W, to C_ N D?(1/3)
satisfies 851W1 =0at & =0.

The existence and the properties of W are obtained in the same way as the
existence and the properties of Wy in the proposition (7.1). We suppose first that
the function £} doesn’t depend on the angular variable and depends only on [¢| = p.
Then, the function

—rad 1 RN —rad —rad «
T = [ [ tBwdds, W =T ) 4,
0 0

1/3 1 s
= —/ —/ t Fy(t)dtds
o SJo

satisfies (7.21) and using that || |¢|™**2 F'|| .o (p2(1/3)) < || F]|

L,ic/nfz,,/72(D2)’ we get
1S Tl om) + 1651 < C N Flless,_, oo
On the other hand, if

/Fl(p,o)pdezo, for all p € (0,1),
Sl

. . . oy . =rmean
using the same argument as in the previous proposition, one finds a function W, |

which satisfies (7.21) and such that

Tomean |

IS Wi oo p2ayzy) < ClIF|Le (D2)

v/n—2,v—2

Finally, we put
—>mean

Wi=W, " +Wr and W;:=W;oA L

The function y W7 is defined in a neighbourhood of z = 1 and can be extended by
zero to the entire punctured unit disc D2. We have

A(XWy) = FL +2Vx VW, + Wi Ay in D?
O,(xW1)=0 on S'\{1}

The function Vx VW1 + W1 A x belongs to L7, _, ,_o(D?*) and has compact
support, since is identically zero in the neighbourhood of z = 0 and z = 1. Accord-
ing to the proposition (7.1) we can find a function Wy which satisfies

{AW02F0—2V><VW1—W1AX in D?

HWo—2Wy=0 on S'\{1}
By the elliptic regularity in weighted spaces we have

Iz = 1 Wa o) < Cll 12 = 1174 Fill = (o2),

e = 1=+ YW [l o2y < Cl 1z = 1172 il =)

Then,
Hz|7/"42 (Fo = 2Vx VWi = Wi AX) [lpp2) < ClIFllLss, | ,0%)-
So, we can write Wy = ¥g + ¢ n, where
[NE A 2 | oo (p2y + legl < ClF| L= (D2)-

v/n—2,v—2
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The function
Walmost = WO + X Wla
satisfies the problem

{ AWaimost = F in D2

ar Waimost — %Walmost = _% XWI on S \ {1}
Take the function
_ 2P -1

. .
h(z) 5 xWi(z)
then,

[2]* — 1

1 1 2 2
Oh——h=—xW; at r=1 and Ah= XF1+—r8T(XW1)+—XW1.
n n n n

Consider the operator
Gh : Lg?n—Q,u—Q — Lso/n,u @ :Dn 2] :Dxa Gh(f) = Wh = Walmost + h.
We have
AoGp=1Id+ Ry, Ry :L} 2 L2

v/n—2,v—

Ru(f) =Ah, |[[Ral <

S|~

Finally, we define a continuous linear operator G = Gj, o (Id+ Ry)™" and the
function W = G(f), the unique solution to (7.18) which can be written in the form

W=U+nc+cx €LY, (D)DD, dD,.

v/n,v

O

Now we can go back to the initial problem (7.17). Take f(z) = n?|z|*"2F(z")
and put w(z) = W(z"). Then, w € L*(D?) ®D,, ®D,,, and can be written in the
form

w=p+ne+eixn(2), Xa(2) =x("), VPl < C Iy e (02)-

Finally, if we take f € CBf‘Q(Df), then by classical arguments of the elliptic
theory in Holder weighted spaces ¢ € C2%(D?) and there exists a constant C' such
that

HwHCf"’(Df) < CHchfjf‘z(Dg)'

8. LINEAR ANALYSIS AROUND THE CATENOIDAL BRIDGES

To analyse the linearised mean curvature operator in the neighbourhood of the
catenoidal bridges we consider the following problem

Leqqw=f in Rx [g,%”]
(8.22)

dw=0 on Rx{Z, 3}
where Lo = 02+ 05 + —2=, (0,0) eRx [5,3].
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Lemma 8.1. Assume that § € (—1,0)U(0,1). The subspace of (cosh 5)°C** (R x [Z,
that is invariant by (o,0) — (o,—0) and (0,0) — (—0,0) and solves

{ Legtw=0 in Rx [%,37”]

dw=0 on Rx{Z 3=

is trivial when 6 € (—1,0) and is one dimensional and spanned by o tanh o —1 when
5 e (0,1).

Proof. We decompose w in Fourier series
w(o,0) = ij(o)eije.
JEL
then the functions w; are solutions of the ordinary equation

2
(63—3'2—1— 12 )ijO.

cosn- o

These solutions are asymptotic either to (cosh o)’ or to (cosho)™7. By hypothesis,
the solution is bounded by a constant times (cosho)® and |§| < 1, so the solution
has to be asymptotic to (cosh o)™/, and then the solution is bounded. On the other

hand, —(j)* +
j>2

5— < 0, so the maximum principle assures that w; = 0, for all
cosh” o

Observe that the imposed symmetry (o,0) — (o, —0) and the boundary condi-
tion imply wy = 0. When j = 0, wy is the solution of the ordinary equation

2
2 + > wo = 0.
( cosh? & 0

By direct computations, we can see that tanho and otanho —1 are two indepen-
dent solutions. The only solution symmetric with respect to the horizontal plane

is o tanh o — 1 and it belongs (cosho)°C**(R x [Z,3%]) only when § € (0,1).

O

The next step is to prove that, under some hypothesis, there exists a right inverse
of the problem (9.25) and it is bounded.

Proposition 8.1. Assume that § € (—1,0)U(0,1). Then given f € (cosho)°C(R x
[g, 37“]), such that f(0,0) = f(—0,0) = f(o,—0) there exists a unique constant
d; and a unique function v € (cosho)’C**(R x [Z,3L]) such that the function

202
w=wv+dj solves

2 . s us
(0§+6§+m)w:f, in Rx[Z%]

— T 37
(9910—0, on RX{E’T

(8.23)

and w(o,0) = w(—0,0) = w(o,—0). Moreover, we have

(8.24)  [(cosho) ™ wllcan(ry[z,52]) + 14l < Cll(cosho) ™ Flleon(ru[z,5])

2

3
2

1)
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Proof. Let us extand the function f by symmetry to the entire unit cylinder R x S?.
Then, there exists a function w, which satisfies

2
<8§+8§+72>wf in RxS
cosh” o
and w=v+dj, H(cosha)_‘sv||cz,a(RX51) +1|dj| <C |\(cosho)_5f|\co,a(RX51)

This fact follows from the construction given by R. Mazzeo, F. Pacard and D. Pol-
lack in [6]. Here, we give a short sketch of their proof for the sake of completeness.
Let first f be a function whose Fourier series in 6 is given by

F0,0)= 3 fi(0) .
[71>2

Then, for every ¢ € R, there exists a function vy = 3°,;.,v;(0) €9 a unique
solution of the problem

d2 .2 2 t . t .
<@ —Jj°+ COSh2O‘) vi=f; in |o|<t, wj(xt)=0, j>2.

One can prove this using the maximum principal and the method of sub- and

supersolutions, taking — (cosho)® as a barrier function. Taking a sum
j2 —

-0
over |j| > 2, we get a function v; such that L.,v; = f and v;(£t) = 0. By the
Schauder’s elliptic theory, there exists a constant C' such that

H (COSh O—)_év”CZ’“((—t,t)XSl) S CH (COSh U)_éf”CU’“((—t,t)XSl)-
Moreover the constant C' does not depend on ¢, which can be proven by contra-
diction, using the same argument in the proposition (7.1). Finally, the sequence

v; admits a subsequence which converges to a function v on compact subsets of

R x [%,3%] as ¢ tends to infinity and such that (8.24) is true.

In the case when f = fo(0) + fi1(0) ¥, we can construct a solution explicitly,
taking

o t
w1 (o) = cosh™! O’/ cosh? t/ cosh™ & fi1(€)d¢ dt.
0 0

and

o t
wo(0) = tanh o / tanh ™2 ¢ / tanh & fo(€) d€ dt
0 0
Remark, that for |fj(c)| < (cosho)® for j = 0,+1 there exist constants d and dj,

such that
wo + d (1 — stanhs) = vy +d%, |vo| < ¢(cosho)®
moreover
|wi1| < ¢ (cosha)?
The estimates for derivatives of wy and w4 are obtained by Schauder’s theory. For
all § € (—=1,1) we have

||(cosh0)_6(v0 + wi1)l[c2o@mx sty + |di] < ||(COShU)_6f||C0,a(R><Sl)

3

Finally, by symmetry the restriction of w to R x [%, 7] satisfies Op w| {

551

0.
(]
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9. LINEAR ANALYSIS AROUND THE CATENOIDAL NECK

In this section in order study the linearised mean curvature operator around the
catenoidal neck we consider the equation
(9.25) Leqiw=f in R xS,
where Lcat = 8? + 8; + ﬁ.

We restrict our attention to functions which are even in the variables ¢ and s
and invariant under rotations by the angle 2X. Given f € (coshs)°C%*(R x S*),
such that

f(sa¢> :f(isa(ﬁ) :f(S,f(;S) = f(S,¢+7T/TL>
we define F'(s,¢) = #f(%, %) and consider the problem

2
(9.26) Lw=|[0-7+—">5—|W=F
n? cosh” =

We prove the following two lemmas:

Lemma 9.1. Assume that d € (—1,0)U(0,1). The subspace of (cosh £)° L* (R x S*)
which is invariant by (s,¢) — (s,—¢) and (s,¢) — (—s,¢) and solves

L', W =0 in RxS

is trivial for 6 € (—1,0) and is one dimensional and spanned by > tanh > — 1 for

5 e (0,1).

Proof. The proof of this lemma is analogous to the proof of the lemma (8.1) and
uses the maximum principal for the Fourier modes j > 1 and the symmetry with
respect to the horizontal plain for j = 0. O

Proposition 9.1. Assume that 6 € (—1,0) U (0,1). Then, given a function
F € (cosh %)6L°° (R x SY), such that F(s,¢) = F(—s,¢) = F(s,—¢), there exist

a unique constant dj and a unique function V € (cosh %)6 L (R x SY) such that
the function W =V 4+ d§ solves

2
9.27 P2 +024+ —"—5— | W=F,
( ) ( ¢ " n2cosh? 2
and there exists a constant C', which does not depend on n, such that

s\ 9 . s\ 9
928) |l (cosh 2) " Willpoequxst) + 1] < Ol (cosh 2) Pl .

Proof. We decompose both F' and W in Fourier series

F:ZFj(s)eim, and W:ZWj(s)eijd).

JEZ jEL
First, let F(s,¢) = Y. Fj(s)e!®l. Then, for every t € R, using the method
71>1

introduced in [6], we can solve

2
2 -2 t _ 1. t —
<(98] +m>vj —Fjv Vj(j:t)—(),
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by the maximum principal taking (cosh %)5 as a barrier function.

1
j2n2—2-4§
When ¢ tends to infinity, we get a sequence of functions which admits a subse-
quence converging on compact sets of R x S which satisfies (9.27) and (9.28).

When F(s,¢) = Fy(s) we find explicitly

n

= t
Wo(s) = tanh > / tanh =2t / tanh & Fy(né) dé dt.
0 0

Like in the proposition 9.1 there exist a function Vj € (cosh %)5 L®(R x S') and a
constant d, such that the function Wy = V) + dfj satisfies (9.27) and (9.28).
O

Remark now that the function v(s, ¢) = V(ns,n¢) is invariant under rotations
by the angle 27“ and satisfies
Leatv=f, and ||(COShS)7SU”L°°(R><Sl) <C ||(COShS)76f”L°°(R><Sl)-
Finally, by the Schauder’s theory, if f € (cosh 5)°C%*(RxS'), then v € (cosh 5)°C%(Rx
S1) and
||(cosh s)_6v|\cz,a(RX51) < C'|(cosh S)_éfHCO,a(RXSI)

10. THE FIXED POINT THEOREM ARGUMENT

We parametrize Sn by the following sub-domain of the unit disc:
Q= {zeD?:e<|o| <13\ U anfCeC :|C|§%}.

Take a real number v € (0, 1). We denote El’fﬁ the Banach space which is a subspace

of C%<(€).) invariant under the transformation z + z and the rotations by the angle
*. Remark, that when we use the change of variables
z=¢coshse® or z=Ay,(1/2ecoshoe®),
the functions
(5,0) — w(Zcoshse®) and (0,0) — w(\,(1/2¢coshael?)),
belong to the functional spaces
(Ecosh 8)"C**((—s4,8.) x S*) and (scosho)’C**((—0.,04) x [1/2,37/2]).

Putting together the results of the section 6, for every function w € 5,%:3‘ small

enough we can construct a surface S,(w) which is close to S,, and whose mean
curvature can be expressed as

H(w) = H(0) + Lw+ Q(w),

where H(0) is the mean curvature of S,,, £ is a linear differential operator, which
has the form
2—8 . n
Ly, + 67 LY in Qg U leu mLil Qo

L= Lea+(1+Z") Loy in QY

(Ecat + % Lcrﬁ) ( O>‘m) in ngt
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and @ is the nonlinear part of H(w) which can be written in the form

~4
where the properties of L7, Q3 and Q7 are described in the section 6. First, we
verify that

-8
Q(w) Q> (w) + :—4Qiﬂ<w>,

172 HO)llega < ce™*#~, VB € (0,1)

It follows from the fact that away from 0 and the n-th roots of unity, where S, is
parametrized as a graph of one of the functions £ G,,, the mean curvature satisfies

) = |P3(G)

3

and its norm is bounded by a constant times €3~~#. On the other hand, in the
gluing regions the mean curvature is bounded by a constant times €377 /4% and in
the catenoidal regions by &/7.

Secondly, there exist constants ¢ € R and p € N, such that

2 Q(w)HCS’“(QE) < ¢e?/3—platv+h) Hw”nga(Qs)7 for ||ch3v“(Q£) < ¢gb/3-v=8,

The surface S, (w) is minimal if and only if
Lw=—-H(0)— Q(w).
If £ is an invertible linear continuous operator then function w should satisfy
(10.29) w=—L"" (H(0) + Qw)) = A(w)
If we show that there exists an open ball B C £5% such that A : B — B is a

n,v

contraction mapping, then by the Banach Fixed Point theorem, there will exist a
unique function w,, a solution to (10.29) such that %,, = S,,(w,) and X,, = S, (wy,)
are free boundary minimal surfaces in B3.

10.1. Inverse Linear Operator. We would like to find a linear operator

M 52:?} — 2% such that ~+? Lo M(f) = f.

n,v

Take a partition of unity on the unit disk D? :

n
@i € C®(D?), such that Z(pi =1, and ¢;=46; in U; D z,
i=0
where zgp = 0 and z,,, m = 1,...,n are the n-th roots of unity and U, are small
neighborhoods of z;. Given function f € 52:0‘ we can decompose it as

v

F=>_wif=> fi supp(f;)C U
i=0 i=0

Let us fix the coordinates (s, ¢) and (o, 6) and take sz € Ry such that
£coshsz = 1.

We can parametrize two copies of the unit punctured disk D? by

S—S8¢z

zp =rp e, where ry=e¢ , S€(—o00,8:) and

S5—S8z

z_=r_e?% where r_=e" , 8€(—sz+00)
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Remark that we can also parametrize two copies of the punctured half-plane C_
by
Cy =pse?, where pp=e”, o€ (—o00,00) and
C_=p_eY where p_.=e7 o€ (—00,+00)

and take the conformal mappings A\t : C_ — D? given by

2mim 1 +
An(Ce) =€ %
We define the cut-off functions ¥y € C* ([—s¢, sz]) and ¥ € C>®(R) such that
¥9=1, for s>1, 9=0, for s< -1
9=1, for o¢>1, 9=0, for o< -1

Take fo(s,¢) = fo(écoshse®) and f.(0,0) = fm o An(ccoshoe®). We can de-

compose

f0(3a¢) = f(j_(sa(b) + fO_(S,Qﬁ) = 190(5) f0(3a¢) + (1 - 190(8)) fO(S’(b)’ and

f*(oae) = fj(a,@) +f*_(059) = 19(0’) f*(d,e) + (1 —ﬁ(a))ﬁ(o,@)

We can extend the function f by zero to the interval (—oo,sz). It defines a
function f(j' on the unit punctured disc, parametrized by the variable z;. In the
same manner, we can extend the function f;” by zero to to interval (sz, +00) and
that defines a function fo_ on the unit punctured disk parametrized by z_. We
have

Jo re €)= f5 (Flogrs + sz, 9).
We also define the functions f*i on the half-plane C_ by f*i (p+ €)= fE(+logps,0).
Finally, we put

fi(za) = fro (M) and fE= Z £
1=0

each of the functions f= on one of the two copies of D’ \{0,21,...,2n}

First approximate solution: Using the results of the section 7, we find func-
tions w3, € £y & D, & Dy, , solutions to the problems

V?(22) A (B(z2) k) = fx in D2
O =0 in S\ {z1,... 2.}
We have

v

w;(zi) =F(24) +nch+ ¢ xn(z+), and
||w;tr||c§’“(pg)@©n@®m <C ||f||c§’“(D§)
We put
Yt (s, ¢) = T (5% €?) € (£coshs)VC?((—o0, sz) x S),

v

V7 (s,0) = (e 7% €?) € (e cosh s)"CH*((—se, +00) x S1),
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and * =% o AL € (e coshs)VCH*(R x [5,3F]).

First estimate of the error: We would like now to analyse the behaviour of
the function
hi= LW +47) = f

Remark, that the change of variables z = & cosh s e'? transforms

1
A, ~ ————— (coth® s 92 + coth s 95(1 — coth® s) + 93)
€2 cosh” s

On the other hand, the change of variables zi. = e*57% ¢! transforms

A, ~» eT2(575e) (852 + (95))

In this section we will denote as ¢ any positive constant which does not depend
on £. Moreover, |e**~%¢ — e coshs| < Using once the again the partition of
unity, we decompose

Cosh s

h:zn:qﬁih:zn:hi, B = hum © A
=0 =0

Regarding hg as a function in variables (s, $) we can extend it by 0 to R x S*.

Similarly, regarding h. as a function of (o, 0) we can extend it by 0 to R x [E 3—“}

2072
Fix 6 € (—1,0). Then, there exists a universal constant C, such that

[| (cosh 5)76h0|\co,a(mxsl) S C|lflleoays

H(cosho)_‘si_L*Hco,a(Rx[% 22]) S Clflleoe

Help of the linear analysis around the catenoids: Using the results of the

sections 7 and 8, we can find functions w?,, and w},,, such that
2 =2
v 0o _ v = . 7 .
22 cosh? s Leat weq = ho and 2 cosh? o Leat Wear = hv,  Op Wear = 0,
where ) ,
=024+ 03+ —5— and Lo =02+ 0; + —5—
cat ¢ OSh2 s cat o (] Cosh2 -
and =y 0 \,. We can write wl,, = v%,, + d§, and @}, = v}, + d}, where

||(COShS)_é’l)gat|‘c2,a(R><Sl) +|dj| < C ||(COShS)_6h8||CU,a(RXSI) and

Ie0sh0) 0, s s 52 + 1051 < 1c0sh @) Rl o 5,51,

& 3w
27 2

mo % mo . 3k
We also denote w}, = w},, o Ay, and v}, = v},,. We have
Orw = 0,y =0.

cat|r 1 cat|r:1

Cut-off functions: Let, as before, g € C>°(D?) denote a cut-off function, such
that

n2(z) =n2(1z]), 72(z)=1 for |z|<1/26Y% and 72(z)=0 for |z|>28&Y2
and 7. € C*°(C_) the cut-off function in C_, such that
7:(0) = 7(1¢), () =1 for [¢|<1/2¢¥® and () =0 for ¢ >2e%2,
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We put 7™ := 7. o AL
Furthermore, we introduce the cut-functions »2 € C*°(D?) and 3. € C>(C_),

such that

2(2) =52(z]), #2:z)=1 for |z] <22 and »#2(z)=0 for |z|>3&/2

7(Q) = (C)), %) =1 for [¢(f<2e” and 5(Q)=0 for [¢|>3e¥?
and »™ := 3.0\ L.
Let I = [s2,57] and I- = [-S%,—s%] be the two subintervals of [—s¢, s¢]

where we glue together the graph of the functions + G,, with the catenoidal neck.
Similarly, let J = [0¢,%¢] and J- = [-X¢, —0?] be the two intervals where
we glue together the graph of the functions £ G, with the half-catenoidal necks.
We put
Re=e %%, rz=¢ %% and P.=e %, p.=c .
We denote &2 € C*°(D?) a cut-off function such that
() =&z]), €(z)=1 for |z| >Rz, and &(2)=0 |z <7z

In the same manner we define the cut-off function &, € C>(C), such that

E(Q)=&(C), & =1 for [¢|>P., and &(Q)=0 [(]<ps
and we put
£mi=¢ o1
Finally, we define the cut-off function & € C*(D?) : & = ¢2 1115;”, and also the
functions
€ € C®([~sz,88) x SY) 1 € (s,0) = E(eF57%2 ).

Notice, that £& is a function which is equal to 1 on the part of the surface, which
is parametrized as a graph of the function —G,, the parts, where we glue this graph
with upper parts of the catenoidal neck and the half-catenoidal bridges and also
on the neck and the bridges them selves. It is identically equal to zero on the part

of the surface, which is parametrized as a graph of the function G,,. In the same
manner, one can easily deduce the properties of £_.

Regular terms: Consider the function

n
et t — = 04,0 m oM
Wreg = 68 gr + £a Q/Jgr + Nz Veat + Z Nz Veat-

m=1

Deficiency terms: We define the functions
ug(s) := 1 — s tanhs, a(c):=1—o0 tanho, Uy, :=ao\},

and take I',, and T, the functions lying in the kernel of the operator Ly, and defined
section 4. We also denote

Ff(s, @) = Fn(eisfsf' ei¢), F,jf (s,0) = f‘n(eisfsf' ei¢).
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Consider the function

Ke(s, @) i= 52 (apuo + df) + Z 7 (a1 U, + dY)

m=1
n

(== > s i+ i+ bo (€T +6 1)
m=1
by (€T 6T, ]
where the constants ag, a1, by and by are chosen in such a way that the norm of k

and its derivatives would be small in Q2 0 . Q"' where
m=
QY == supp(»2) Nsupp(l — »2), and Q7 = supp(s") Nsupp(l — ).

More precisely, in Q% we have
~ ~ —2n+2ns: —2ns+ O(e), when s>0
Eri+er, =
—2n+2ns:+2n s+ O(e), when s<0
On the other hand,

)

1-s+0(), for s>0
uo(s) =
1+s+0(E) for s<0

and n
TS+ T, = -3 +0E), xn(s,0)=0, »"=0
This gives us the first equation on ag, a1, by, b1:
b
(10.30) aop = 2n by, cgnf1Tn72nb0+2nb055:2nb0+d3.

Similarly, in Q7 we have for all 8 € (0,1)

—g+c(n)—a+(9(€2/3_ﬂ), when o >0
fg+c(n)+a+(9(€2/3*5), when o <0

1—0o+0(E¥3), for >0

Grl+e T, =

N
2
Il

1+o0+0(E*3) for 0<0

and

el

Lu(s,0) = —n+O(E*?), xa(s,0) =1,

Il
e

N

This gives us the second equation

n
2
Then, the system (10.30) and (10.31) has a unique solution.

(10.31) a1 =bi, cyn+ci+bi(c(n) ) —bon = by +dj.

Second approximate solution: As an approximate solution, we take the func-
tion
Wapp ‘= Wreg + K.
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We would like to estimate the norm in £2:% of the function

Y2 Lwapp — |-
We do it separately in the regions Q2,,, leu, Q0 Qg QT ol and Q0.

(1) In Q;T, where the surface S, is parametrized as a graph of the function

—G,, we have

Mmoo

n=n=0, and =1, & =0.
We see that

2—-p
g
f:f+a wapp:"/);;“i”iv and 72£:72Lgr+ /72 L7

K=cin+cxn+bolf +00F in Q° and k=0(@) in Q.NQ .
Then,

12 £wapp — Fllesinoy < e3P | flcomga,y: VB € (0,1).

Naturally, the same estimate is true in 2,

where the surface is parametrized
as a graph of G, and where
andf:f_awapp:wg_r'*"‘ﬁ'

(2) In the region QZ}Z, where we glue together the upper part of the catenoidal
neck with the graph of the function fg}l we have

=0, & =1 and
f:f+a Wapp = ;rr+§§7/f;*ng”2at+“a

k=agup+di and ~?L = ’yQLgT + et~ Lo,

We obtain for e small enough

2
17" £ wapp — f”ch“(Qgg)

_ Sl—v—
<c (||¢gT|\Cg,am;,3)+ 08tz oo, + ||n||cg,am;,3)) < e8| Fll e

0,—
glu

the lower part of the catenoidal neck with the graph of the function G, and
where

By symmetry the same estimate is true in the region (2 where we glue

=0, { =1 and

— — 0,0
f:f ) wapp:wgr—i_g: ;_r_névcat—i_ﬁa HZGOUO-i—dS

(3) In the regions QZZ;F where we glue together the upper part of the half-
catenoidal bridges with the graph of the function —G,, we have

=0, & =1 and
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f:f+a wapp:w;;"i_gg_w;_ngnvgzt—i—m
K =aiu, +dj and 72E:72Lgr+52/37ﬁL7’".

We obtain

||’Y2 L wapp — fHCB’a(QZj)

_ Sl—v—
<c (||¢gr|\cg,a(%m + [oZadllcz e qzm) + Hnucg,amm)) < e8| £ oy

m,—

Once again, by symmetry the same estimate is true in 2 gl

(4) In the catenoidal region QU,, where the surface S, coincides with the
catenoidal neck, we have

2
_ ot - - + 0 2, g 1-8
f - f + f 9 wapp - ’l/)gr + ’l/)gr w(;at? 7 E - 252 COSh2 s Lcat + 3 L

We obtain

17? Lwapp = fllegean,) < €™ 72 Ifllege o)

(5) Finally, in the region Q7,, where the surface S, coincides with the m-th

half-catenoidal neck, we have
=0, ¢&=¢6 =1 and
~2

7 2/3—8
£2 cosh? o Leart<*/ L

f=r"+f, Wapp = w;er“/’;“*lezta 725( oAm) =
We obtain

17 £wapp = fllegeam,) < €77 I fllege o)

Now let us introduce the operator My, : C2*(Q:) — C2*(£.), such that
Mapp(f) = wapp  and [ Mapp|| < ce™ 7, V5 € (0,1).

On the other hand, if we take § sufficiently close to —1 and v and 3 small enough,
then the operator

Rapp =72 L0 My —1Id : CO(Q.) — CO*(2),

satisfies
[Rappll < 1.

So, Id + Rapp is an invertible operator. We denote

Mezact = Mapp o Id + Rapp) ™", and 72 L 0 Megaer = Id.
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10.2. Conclusion. Using the results of the previous subsection, we conclude that
there exist constants ¢ € Ry and p,q € N, such that

||Mewact (72 H(O)) ”57213 < 55/3—q(u+[3)’

and

[ Mezact (72 Q(w)) [lgz.e < /3PET 4D ||| 2.

n,v

This yields that for a, v, 8 and € small enough

1
||Mewact (72 Q(wl)) - Memact (72Q(w2)) ||gTZL,3 S 5 ||’LU1 - w2||giv’3’

and M zact (72 Q()) is a contracting mapping in the ball

B. = {w €& w][gz.e < 55/3*‘1(’#[3)}.

And the result of this article follows from the Banach fixed point theorem.
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(3]
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