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An analytical anharmonic six-dimensional three-sheeted potential energy surface for the ground and
first excited states of the ammonia cation has been developed which is tailored to model the ultrafast
photoinduced dynamics. Selected ab initio cuts, obtained by multireference configuration interaction
calculations, have been used to determine the parameters of a diabatic representation for this
Jahn-Teller and pseudo-Jahn-Teller system. The model includes higher-order coupling terms both
for the Jahn-Teller and for the pseudo-Jahn-Teller matrix elements. The relaxation to the ground
state is possible via dynamical pseudo-Jahn-Teller couplings involving the asymmetric bending and
stretching coordinates. The photoelectron spectrum of NH3 and the internal conversion dynamics of
NH3

+ have been determined by wave packet propagation calculations employing the
multiconfigurational time-dependent Hartree method. Three different time scales are found in the
dynamics calculations for the second absorption band. The ultrafast Jahn-Teller dynamics of the two
excited states occurs on a 5 fs time scale. The major part of the internal conversion to the ground
state takes place within a short time scale of 20 fs. This fast internal conversion is, however,
incomplete and the remaining excited state population does not decay completely even within
100 fs. © 2006 American Institute of Physics. �DOI: 10.1063/1.2202316�
I. INTRODUCTION

The photoelectron spectrum of ammonia and the associ-
ated dynamics of NH3

+ have been a topic of interest for de-
cades. The outer-valence photoelectron spectrum consists of
two bands, corresponding to ionization from the 3a1 and 1e
orbitals of NH3. These orbitals are the bonding linear com-
binations of the 2pz and 2px,y orbitals of nitrogen, respec-
tively, with the 1s orbitals of the hydrogen atoms. Photoelec-
tron spectra of ammonia have been obtained with He I and
He II UV radiations, x-ray radiation, as well as with synchro-
tron radiation, see, e.g., Refs. 1–4. The most recent investi-
gation of Edvardsson et al. of He I and He II photoelectron
spectra of ammonia provides a comprehensive list of
references.5

The band corresponding to the electronic ground state of
NH3

+, resulting from the ionization out of the 3a1 orbital,
exhibits an extended progression in the symmetric bending
�umbrella� vibration �2. The strong excitation of the umbrella
vibration is the consequence of the transition from a pyrami-
dal to a planar equilibrium geometry upon ionization, in ac-
cordance with Walsh’s rules.1 The assignment of the origin
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of the main �2 progression as well as the origin of a second,
much less intense, �2 progression has been discussed contro-
versially in the literature.5–7 According to the most recent
assignment, the intensity maximum of the �2 progression oc-
curs at �2=6 and the secondary �2 progression is built on a
single quantum of the asymmetric bending mode �4.5

The band corresponding to the first excited electronic
state of NH3

+, resulting from the ionization of the 1e orbital,

is very broad. In contrast to the X̃ 2A1 band, it exhibits only
weak, diffuse, and irregular vibronic structures.1–5 It was
shown by Haller et al. that the vibronic structure of this band
is dominated by a two-mode Jahn-Teller �JT� effect, involv-
ing strong JT coupling of the asymmetric bending as well as
stretching modes.8 An interesting aspect of the first excited
state is the absence of detectable radiative emission, even for
levels which are below the lowest dissociation limit of NH3

+.9

It has been conjectured that a conical intersection between
the excited and the ground state potential energy �PE� sur-
faces may lead to ultrafast internal conversion which
quenches the fluorescence.9,10

In 2003, the nonadiabatic coupling of the ground and
excited states of NH3

+ has been studied for the first time via
time-dependent quantum wave packet calculations within a

11
linear vibronic coupling model in the C3v symmetry group.

© 2006 American Institute of Physics06-1
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In the C3v point group, the 2A1 ground and 2E excited elec-
tronic states can interact via degenerate vibrational modes of
e symmetry. This phenomenon is known as the pseudo-JT
�PJT� effect.12–15 The model was based on a diabatic
representation16–18 of the electronic states. The diagonal and
off-diagonal elements of the 3�3 PE matrix have been ex-
pressed as low-order Taylor expansions in terms of the nor-
mal coordinates.15,19,20 According to the model of Woywod et

al.,11 the pronounced JT splitting of the Ã 2E state together

with the X̃ 2A1-Ã 2E PJT coupling result in a conical

intersection21,22 of the X̃ and Ã PE surfaces.
However, this first study contains several points which

call for improvement. First of all, the coordinate system used
is not suitable to represent the large-amplitude motion of the
umbrella mode. Second, analysis of the involved electronic
states in D3h symmetry reveals that the PJT coupling has to
vanish for planar geometries. The PJT coupling constant thus
must exhibit a significant dependence on the umbrella angle.
Since the equilibrium geometry of the ionic ground state is
planar, this must be taken into account in the theoretical
model. Third, the preparation of the excited state of NH3

+ by
vertical photoionization results in large-amplitude motions in
the three bending degrees of freedom. In addition, the asym-
metric stretching vibration exhibits significant JT activity.
The vibronic coupling model employed in Ref. 11, being
based on low-order Taylor expansions in normal coordinates,
therefore must have its limitations, in particular, for the
bending modes. A more complete and more accurate descrip-
tion of the photoionization-induced dynamics of NH3

+ should
be based on global anharmonic six-dimensional �6D� PE sur-
faces of the ground and excited states, with inclusion of the
pronounced non-Born-Oppenheimer effects caused by the JT
and dynamical PJT couplings.

Six-dimensional PE surfaces of the ground state of NH3
+

have been constructed by Léonard et al.,23–25 however, with-
out inclusion of nonadiabatic couplings with the excited
state. An anharmonic �up to quartic terms� force field has
been obtained by density functional theory �DFT�, employ-
ing the B97-1 functional, and by coupled-cluster methods
�restricted CCSD�T��.23 A full six-dimensional analytic rep-
resentation of the PE function of the ground state in internal
coordinates has been constructed based on restricted
CCSD�T� calculations.24 Agreement to within 2 cm−1 be-
tween calculated vibrational energy levels and experimental
data has been obtained for low vibrational levels of several
isotopes.24 Similar studies of the ground state potential en-
ergy surface of neutral NH3 and the resulting vibrational en-
ergy levels were published by the groups of Halonen26,27 and
Thiel.28

The long-term goal must be the construction of global
coupled PE surfaces of the ground and excited states of NH3

+

at a similar level of accuracy. The presence of conical inter-
sections renders the construction of a diabatic representation
indispensable, both for an efficient interpolation of the adia-
batic PE surfaces as well as for an efficient treatment of the
nuclear dynamics in the vicinity of the conical
intersections.22,29 The difficulties associated with the accu-

rate calculation of excited electronic states and the construc-
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tion of a diabatic representation of multiply intersecting sur-
faces constitute a considerable challenge. Two of the authors
have recently proposed a systematic derivation of the diaba-
tic representation of such a Jahn-Teller and pseudo-Jahn-
Teller system �with a C3 symmetry axis�.30,31 The resulting
3�3 diabatic potential matrix contains higher order terms
which allow to take into account both the anharmonicity ef-
fects and the nonlinearity of the couplings between the three
surfaces.

In the present work, a full-dimensional anharmonic ana-
lytical representation of the three lowest electronic states of
NH3

+ cation is presented. The photoinduced dynamics is in-
vestigated by means of time-dependent wave packet propa-
gation on these coupled surfaces making use of the efficient
multiconfiguration time-dependent Hartree �MCTDH�
method for this six-dimensional problem.

II. THE NH3
+ SYSTEM

A. Symmetry considerations

The photoionization dynamics of NH3 is strongly influ-
enced by the high symmetry of this system. The neutral
ground state of NH3 exhibits a C3v equilibrium geometry,
giving rise to a double-well potential along the umbrella vi-
brational mode. In contrast, the ionic ground state has a pla-
nar equilibrium geometry of D3h point group symmetry and
the electronic wave function transforms like 2A2�. The first
excited state of the ion is a degenerate 2E state in C3v, but
corresponds to a 2E� state in D3h. This has far-reaching con-
sequences for the vibronic coupling to the ionic ground state.
Upon stepwise relaxation of geometry restrictions, one finds
that the 2E� state prefers a pyramidalized structure when only
the restriction to planarity is lifted. Of course, the Jahn-Teller
effect results in a further distortion, resulting in three equiva-
lent minima of Cs symmetry for a fully relaxed geometry
optimization.

Photoionization to the second cation state should be fol-
lowed by several processes such as radiative or radiationless
decay to the ground state or dissociation. Experimental re-
sults indicate that dissociation plays no significant role and
no fluorescence can be observed.9 Thus, an efficient mecha-
nism for radiationless decay must be assumed, presumably
via the pseudo-Jahn-Teller effect which couples the 2A1 and
2E states �in C3v symmetry� through appropriate vibrational
modes.

For systems with a C3 symmetry axis, the PJT coupling
effect has been investigated for a long time.12,15,20 NH3 has
four vibrational modes, two which transform like a1 �sym-
metric stretch and umbrella� and two which transform like e
�asymmetric stretch and bend, respectively�. The modes of
the planar NH3

+ transform like a1�, a2�, e�, and e�. As a result,
in C3v symmetry the states 2A1 and 2E of the cation are
coupled by the e modes, since A1 � E � e�A1. However, for
the planar D3h geometry, the 2A2� and 2E� states are not
coupled by any single mode because there does not exist an
e� mode in this molecule. It turns out that only combined
motions along the e� and a2� modes can lead to coupling of
these electronic states. The PJT coupling strength is thus

tuned by the motion along the umbrella mode. For the photo-
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ionization dynamics of NH3 this is a very important effect
because of the planar equilibrium geometry of the ionic
ground state. It is easily imagined that nonadiabatic transi-
tions between the ground and the excited state will be inhib-
ited when the wave packet reaches the ground state because
it will tend to localize at planar geometries and thereby
“switch off” the PJT coupling. For this reason, it is very
important to include this effect in the theoretical treatment of
the dynamics.

B. Symmetry-adapted coordinates

The PE surfaces are expanded with respect to a D3h ref-
erence geometry, for which the planar equilibrium geometry
of NH3

+ has been used. Distortions from this geometry have
been considered along a set of six symmetry-adapted coordi-
nates. These correspond to the symmetric stretching coordi-
nate of a1� symmetry, the a2� symmetric bending coordinate,
the doubly degenerate asymmetric stretching, and the doubly
degenerate asymmetric bending coordinates of e� symmetry.
Table I gives the geometric definition of the coordinates in
terms of displacements in internal bond distances and angles.
The umbrella coordinate S2 is taken as the variation of the
pyramidalization angle � defined as the angle between any of
the NH bonds and the trisector. The definition of the trisec-
tor, going through the nitrogen atom, is such that the angles
between the trisector and each of the NH bonds are identical.
Planarity is therefore defined by �=90°. Since the symmetry
coordinate S2 is defined as displacement with respect to the
reference geometry, a value of zero corresponds to planarity.
For the definition of the asymmetric bending coordinates, the
variation of the projections �1, �2, and �3, of the HNH
angles on a plane perpendicular to the trisector have been
chosen rather than the HNH angles themselves. This ensures
a correct description of large-amplitude motions. The defini-
tions of the stretching coordinates, S1, S3, and S4, are based
on the variation of the NH bond lengths, r1, r2 and r3, with
respect to the reference geometry.

C. Potential energy matrix
and vibronic coupling pattern

The description of the vibronic coupling pattern used in
this study is based on the “diabatization by ansatz” approach
�see Ref. 32 and Chap. 4 in Ref. 22�. The diabatic potential

TABLE I. Definition of the symmetry-adapted coordinates used to represent
the distortions of the molecule �see text�.

Coordinate Symmetry Definition

Symmetric stretch a1� S1= 1

3

��r1+�r2+�r3�

Umbrella a2� S2=��

Asymmetric stretch ex� S3= 1

6

�2�r1−�r2−�r3�

Asymmetric stretch ey� S4= 1

2

��r2−�r3�

Asymmetric bend ex� S5= 1

6

�2��1−��2−��3�

Asymmetric bend ey� S6= 1

2

���2−��3�
energy matrix, including all coupling elements among the
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2A2� and 2E� states, is derived based on symmetry consider-
ations. The D3h point group is used, because this is the high-
est symmetry of the system. The usual vibronic coupling
approach is extended to higher-order coupling in both the JT
and the PJT coupling elements to account for the strong an-
harmonicity effects present in the NH3

+ system. The un-
coupled state energies also are expressed by higher-order ex-
pansions rather than using the harmonic approximation. The
explicit form of the corresponding matrix elements was de-
veloped recently by two of the authors30,31 and will not be
discussed here in detail.

The 3�3 diabatic potential energy matrix V is ex-
pressed in symmetry-adapted coordinates S. S1 refers to to-
tally symmetric stretching, S2 corresponds to the umbrella
motion, S3 and S4 are the components of the e� stretching,
and S5 and S6 the components of the e� bending mode. The
explicit definitions of these coordinates are summarized in
Table I.

The full potential matrix is modeled considering several
contributions according to the involved coordinates and cou-
pling mechanisms as

V = V�0� + V�S1� + V�S2� + Vdiag + VJT + VPJT. �1�

The constant diagonal matrix V�0� is used to account for the
vertical excitation energy between the lower and upper sur-
faces. The nondegenerate coordinate S1 does not couple the
electronic states directly and thus is treated separately. The
potentials along the totally symmetric S1 coordinate are
given by the diagonal matrix

V�S1� = �VA
�S1� 0 0

0 VE
�S1� 0

0 0 VE
�S1� � , �2�

in which the matrix elements correspond to modified Morse
functions

Vj
�S1� = Dj

�2��1 − exp�� j�rj − S1���2

+ Dj
�3��1 − exp�� j�rj − S1���3

− Dj
�2��1 − exp�� jrj��2

− Dj
�3��1 − exp�� jrj��3 �j = A,E� �3�

for the 2A2� and the 2E� states. In this definition, the location
of the potential minimum is determined by the free param-
eter rj, which is obtained by fitting. The energies Vj

�S1� at the
reference point S1=0 are zero. The functional form of Eq. �3�
allows for a simple, but accurate, treatment of the anharmo-
nicity of this mode. The potentials along the umbrella coor-
dinate S2 are approximated by the power series

V�S2� = 	
n=1

4
1

�2n�!�uA
�n� 0 0

0 uE
�n� 0

0 0 uE
�n� �S2

2n. �4�

The 2A2� and 2E� states are represented by different sets of
parameters, uA and uE. The potential functions along the JT
and PJT active e� coordinates are more complicated and can

diag
be split into the diagonal potentials V and the coupling
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matrices VJT and VPJT. The diagonal matrix for the potentials
along the e� coordinates reads

Vdiag = �VA
diag 0 0

0 VE
diag 0

0 0 VE
diag� . �5�

The matrix elements are expanded in terms of the recently
derived V functions which fulfill the symmetry conditions of
a D3h symmetric JT and PJT system. The explicit form of the

V �and the W and Z� expressions can be found in Refs. 30

was not correlated in the MRCI calculations.

Downloaded 06 Jun 2006 to 129.20.27.75. Redistribution subject to 
and 31. The matrix elements Vj
diag are expanded in the e�

bending and along the e� stretching coordinates according to

Vj
diag = 	

k=3,5
	
n=0

1

n!
V�n��Sk,Sk+1;a�n��j,k�� �j = A,E� . �6�

The parameters a�n��j ,k� and the order of the expansions in
the different modes and for both states are determined during
the fitting as described in Sec. II E. The JT coupling matrix

also depends on both sets of e� coordinates and reads
VJT = 	
k=3,5

	
n=1

1

n!�0 0 0

0 W�n��Sk,Sk+1;�JT
�n��k�� Z�n��Sk,Sk+1;�JT

�n��k��

0 Z�n��Sk,Sk+1;�JT
�n��k�� − W�n��Sk,Sk+1;�JT

�n��k��
� , �7�

where the �JT
�n��k� denote the specific parameters for each pair of coordinates k and expansion order n. The PJT coupling matrix

is expressed analogously, which results in

VPJT = S2 	
k=3,5

	
n=1

1

n!� 0 W�n��Sk,Sk+1;�PJT
�n� �k�� − Z�n��Sk,Sk+1;�PJT

�n� �k��

W�n��Sk,Sk+1;�PJT
�n� �k�� 0 0

− Z�n��Sk,Sk+1;�PJT
�n� �k�� 0 0

� . �8�
Note that the entire matrix is multiplied by the umbrella
coordinate S2 to account for the dependence of the PJT cou-
pling on the umbrella angle, as discussed above. The defini-
tion of S2 is chosen such that S2=0 corresponds to the planar
configuration. The explicit dependence of VPJT on the S2 co-
ordinate also introduces an indirect coupling of the e� bend-
ing and the e� stretching modes. An explicit coupling of
these sets of degenerate modes is not included in the Hamil-
tonian. The coupling orders in the above matrices are deter-
mined during the fitting procedure and refer to the highest
orders which were considered in the fitting of the potential
surfaces. The details of how the parameters of the full poten-
tial matrix are obtained will be discussed in Sec. II E.

D. Ab initio calculations

The PE surfaces of the 2A2� ground state and the 2E� first
excited state of NH3

+ have been determined by ab initio cal-
culations at the multireference configuration interaction
�MRCI� level of theory. The reference wave functions were
optimized by complete active space self-consistent-field
�CASSCF� calculations and the reference configuration
space was chosen to be of the CAS type. The active space in
the CASSCF and MRCI calculations comprised the seven
valence orbitals of the ammonia cation. In the CASSCF cal-
culations, the 1s orbital of the nitrogen atom was optimized
but excluded from the excitation pattern. This core orbital
To guarantee a balanced description of several states and
the stability of the wave function, six roots have been state
averaged in the CASSCF wave function optimizations, al-
though only four roots were computed in the MRCI calcula-
tions. The second excited state of A1� symmetry has been
included to account for interactions with the Ex� component
of the first excited 2E� state since both fall into the same
symmetry when the molecule is distorted along the e� coor-
dinates.

The vertical ionization potential �IP� to the ionic ground
state was computed by coupled-cluster calculations
�RCCSD�T�� because, in contrast to MRCI, RCCSD�T� is a
size-extensive method. The second IP was then calculated

from this first vertical IP and the vertical Ã 2E�← X̃ 2A2� ex-
citation energy obtained by MRCI.

The basis set used for all the calculations was the aug-
mented correlation consistent polarized valence quadruple
zeta �aug-cc-pVQZ� basis set by Dunning33 and Kendall et
al.34 All calculations have been performed using the MOLPRO

program package.35

E. Fitting of the PES

The parameters in the analytic expressions of the diaba-
tic PE matrix V �cf. Sec. II C� have been determined by
nonlinear least-squares fitting of the eigenvalues of V with
respect to the adiabatic state energies obtained from the ab

initio calculations. Due to the large number of highly non-
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linearly coupled parameters in V, which have to be opti-
mized, it is very difficult, if not impossible, to find the global
minimum of the root-mean-square �rms� error in parameter
space. For this reason, we devised a genetic algorithm into
which a standard Marquardt-Levenberg procedure is embed-
ded. Nevertheless, it is important to follow a certain strategy
to obtain good and reliable results. This strategy and the
corresponding fitting results are discussed in the following.

The energy range of the fitted data points is about
90 000 cm−1 or roughly 11 eV with respect to the ionic
ground state minimum. This corresponds to maximum ener-
gies of about 21 eV above the neutral ground state, which is
considerably more than the energy of the wave packet con-
sidered in this work. The huge energy range to be covered
together with the necessity to treat coupled surfaces poses a
considerable challenge.

The diabatic energy matrix V, given in Sec. II C, is fitted
in a step-by-step procedure. The potentials for the ground
and the first excited states of NH3

+ along the symmetric
stretching coordinate S1 are reproduced in separate fits with a
rms error of about 300 cm−1. For displacements along the
umbrella coordinate S2, an error of roughly 35 cm−1 is ob-
tained. At first glance, a rms fitting error of 300 cm−1 seems
rather large in comparison to other published surfaces. For
example, the very accurate surface for the ammonia ground
state by Lin et al.28 shows a rms error of only 5 cm−1. How-
ever, this surface was only fitted for energies up to
30 000 cm−1 and only for one electronic state, while in the
present study three coupled surfaces are represented up to
90 000 cm−1. The largest errors occur for high energies
where the accuracy of the potentials plays a much lesser role
than in the region around the potential minima where the
errors are much smaller.

The two-dimensional potentials along the two sets of e�
coordinates have first been fitted in separate calculations. For
the representation of the e� bending potentials, it turned out
to be necessary to include seventh and eighth order terms in
VA

diag for the ionic ground state to account for the extremely
strong anharmonicity. The explicit expressions for the sev-
enth and eighth order terms of VA

�n� are presented in Appendix
A, because they were not given in the previous publications.
The VE

diag elements for the excited state need only to be ex-
panded up to sixth order to obtain the desired accuracy. For
the potentials along the e� stretching coordinates, S3 and S4,
an expansion up to sixth order was sufficient to describe the
behavior of both the ground and excited state potentials.

To obtain a first estimate of the parameters of the JT
matrix elements, they have been fitted for a planar geometry,
considering only displacements along the pairs S3, S4, and S5,
S6, respectively. Note that the components of degenerate co-
ordinates always should be fitted together. Otherwise, defi-
ciencies in the ansatz of the potentials will lead to distortions
and a poor representation of the component which is not
included explicitly. We made use of the fact that the PJT
coupling vanishes for planar geometries for NH3

+, which al-
lows us to consider pure JT coupling along these particular
cuts. To account for the PJT effect, displacements along the
e� coordinates with a constant, nonzero value for the um-

brella coordinate S2 have been performed and fitted in the
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next step. The JT parameters, obtained from the fit for planar
geometries, have initially been kept fixed and only the PJT
parameters have been fitted. The procedure was continued by
simultaneously fitting all the JT and PJT parameters for a
complete set of displacements of the e� stretching and bend-
ing coordinates for both planar and pyramidal geometries.
Finally, the JT and PJT matrix elements have been fitted to
all ab initio data for planar and pyramidal geometries. This
set of data includes combined displacements along pairs of
coordinates S3, S4 and S5, S6 for which fixed ratios of S4

= 4
25
3

S3 and S6= 3
5
3

S5 have been used.36 This way, the accu-
racy of the surfaces over the full two-dimensional configu-
rational subspaces has been improved.

To find a compromise between the number of parameters
in V and the accuracy of the fit, the orders of the expansions
have been increased successively during the fitting procedure
and decisions concerning the number of parameters have
been made according to the fitting error. It turned out that for
the JT matrix elements, the sixth order has been necessary
and sufficient for both the stretching and bending coordi-
nates. For the PJT part, it was found that a fifth order expan-
sion is sufficient to obtain an accurate representation of the
potential cuts along the stretching coordinates since addi-
tional sixth order terms hardly reduce the error. This fitting
procedure results in rms errors of about 200 cm−1 for the
potential along the e� stretching coordinate and of approxi-
mately 550 cm−1 for the potential of the e� bending coordi-
nate.

The full set of ab initio data, which was used for the
fitting, included a total number of 385 points. Table II sum-
marizes the distribution of the data points over the six coor-
dinates and their combinations and also gives the range of
maximum displacements for each of them. Depending on the
coordinate, points with energies up to slightly different maxi-
mum values have been included in the fitting. For the fitting
of the e� bending potentials, data points with energies up to
19.86 eV above the NH3 ground state energy at the C3v equi-
librium geometry have been used. For the fitting of the e�
stretching potentials, data points with energies up to
20.96 eV have been considered. Both values are well above
the maximum energy components of the wave packet.

Figures 1–3 compare the ab initio data �open circles� to
the adiabatic energies given by the fit �solid lines�. From
Fig. 1 it becomes apparent that a conical intersection is
present along the S2 coordinate, which stresses the impor-
tance of this mode. The intersection is found at an energy of
roughly 17.5 eV and should have a significant influence on
the observed PE spectrum and the nonadiabatic dynamics.
However, the corresponding umbrella angle of 0.9 is signifi-
cantly larger than the one at the minimum of the excited state
potential and the equilibrium angle of the neutral ground
state.

Figures 2 and 3 display the adiabatic energies obtained
from the fit �solid lines� and the diabatic energies �dashed
lines� along two particular cuts together with the ab initio
data �open circles�. The top panels correspond to displace-
ments along the bending coordinate S5, whereas the lower
panels correspond to combined displacements along S5 and

3
S6, imposing the constraint S6=
5
3

S5. In Fig. 2, the molecu-
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lar geometry is kept planar, whereas in Fig. 3 the geometry is
pyramidal �S2=−0.434�. If one compares the potential curves
for the planar and pyramidal geometries, it becomes obvious
that in the planar case there is only the JT coupling between
the components of the E� states, whereas in the pyramidal
case the PJT effect between the Ex� component and the
ground state shows up. This is especially obvious if one
compares the diabatic energies with the adiabatic ones in the
figures. For planar displacements along S5, there is hardly
any coupling, while for the combined displacements of S5

and S6, a coupling originating from the JT effect becomes
obvious. The potentials for the pyramidal displacements ex-
hibit the PJT coupling between E� and the ground state by
the deviation of the diabatic energies from the adiabatic en-
ergies. For energies up to 19 eV the fitted adiabatic energies
show a sufficiently good agreement with the ab initio data.
This is reflected by an overall rms fitting error for all param-
eters and data points of about 450 cm−1. As already men-
tioned, this result is much better than it may appear. Notice-
able deviations of the analytical representation from the ab
initio data points are only found for large displacements and
should have only a very limited influence on the accurate
description of the nuclear dynamics studied in the following.

The surfaces are constructed in a way appropriate for

TABLE II. Number of computed data points N for th
and combinations of them. rmax gives the maximum ra
For the combination of coordinates the displacement

Coordinate N

S1 28
S2 29

S2=0
N rmax

S3 31 −1.157 to
S4 21 −1.336 to

S3 �with S4= 4

25
3
S3� 21 −1.157 to

S5 39 −2.223 to
S6 37 −2.468 to

S5 �with S6= 3

5
3
S5� 21 −2.138 to

FIG. 1. Adiabatic energies �solid lines� as a function of the S2 coordinate are

compared to ab initio data �open circles�.
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bound-state calculations, which is the focus of the current
study. Thus, the asymptotic behavior of the surfaces is not of
interest as long as no exit channel is accessible at the energy
of the wave packet. It is clear that due to the use of Taylor
expansions for the potential matrix elements, the global sur-
faces may show oscillations or may be unbound in regions
corresponding to very distorted geometries. For this reason,
it was checked carefully that the potentials are devoid of
open exit channels for energies at and well above the energy
of the wave packet.

III. DYNAMICAL INVESTIGATION

A. The method

The dynamics of NH3
+ is described using the six mass

weighted Cartesian normal modes Q= �Q1 , . . . ,Q6� con-

placements along the symmetry-adapted coordinates
f coordinate displacements for the data points in a.u.
given for S3 and S5, respectively.

rmax

−1.637 to 2.782
−1.222 to 1.222

S2=−0.434
N rmax

26 −1.157 to 1.736
25 −1.603 to 1.603
21 −1.157 to 1.157

28 −2.052 to 2.565
37 −1.234 to 1.234
21 −2.138 to 2.138

FIG. 2. Adiabatic �solid lines� and diabatic �dashed lines� energies �in eV�
as a function of the S5 coordinate �upper panel� and the combined
S5 ,S6 �S6= 3

5
3
S5� coordinates �lower panel, S5 plotted� at planar geometry
e dis
nge o
s are

2.314
1.336
1.157

4.275
2.221
2.138
are compared to ab initio data �open circles�.
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structed at the equilibrium geometry of the ionic ground state
�thus in D3h symmetry�. This choice ensures an equivalent
description of the double wells in the umbrella mode which
are present in the excited state of NH3

+ and in neutral NH3.
Assuming that the mixed derivatives in the kinetic energy
operator resulting from vibrational angular momenta can be
neglected, the Hamiltonian for vanishing total angular mo-
mentum �J=0� reads

Ĥ = −
�2

2 	
i=1

6
�2

�Qi
21 + V�Q� , �9�

where 1 is the 3�3 unity matrix and V�Q� is the diabatic
3�3 potential energy matrix. Computation of V�Q� requires
the transformation, based on trigonometric considerations,
from the normal modes Q to the symmetry-adapted coordi-
nates S.

The time evolution of the system after vertical ionization
to the ground or the excited state of NH3

+ is determined by

FIG. 3. Adiabatic �solid lines� and diabatic �dashed lines� energies �in eV�
as a function of the S5 coordinate �upper panel� and the combined
S5 ,S6 �S6= 3

5
3
S5� coordinates �lower panel, S5 plotted� at pyramidal geom-

etry are compared to ab initio data �open circles�.

TABLE III. Details of the wave packet representatio
associated frequency and symmetry label, “range” in
of Fourier grid points, and nA and nE the numbers of
excitation on the ground state and on the excited sta

Mode Description Sym. � �c

Q1 Sym. stretch a1� 34
Q2 Umbrella a2� 87
Q3 Asym. stretch e� 35
Q4 Asym. stretch e� 35
Q5 Asym. bending e� 15
Q6 Asym. bending e� 15

Number of Hartree products
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wave packet propagations. Because of the comparatively
high dimensionality and the expected ultrafast dynamics of
this system, the MCTDH method37,38 has been used. In the
MCTDH approach, the wave function is represented in an
optimized set of time-dependent basis functions, called
single-particle functions, and the equations of motion are de-
rived from the Dirac-Frenkel variational principle. For the
present system, the MCTDH wave function reads

��Q,t� = 	
n1

¯ 	
n6

	
	=1

3

An1¯n6	�t��
i=1

6


ni

�i��Qi,t��	, �10�

where the An1¯n6	 denote the time-dependent expansion co-
efficients and the 
ni

�i� the single-particle function in the
nuclear coordinates. The �	 ; 	=1,2 ,3 specify the diabatic
electronic states. For the integration of the MCTDH equa-
tions of motion, a scheme similar to the one introduced by
Beck and Meyer39 is employed. To evaluate the matrix ele-
ments of the potential, the correlation discrete variable rep-
resentation �CDVR� scheme40 has been employed. It should
be noted that the CDVR scheme is here employed to treat a
diabatic potential matrix, while previously the CDVR
scheme had only be used to treat single potential energy
surfaces. The required generalization of the approach is
straightforward. Details are described in Appendix D. For all
six degrees of freedom, a Fourier basis set representation has
been used for the representation of the time-dependent
single-particle functions. Details of the wave function repre-
sentation used are given in Table III.

During the MCTDH propagation, two quantities of inter-
ested are evaluated: the autocorrelation function and the
adiabatic populations. The autocorrelation function c�t�,
which is given by

c�t� = ���t = 0�e−iHt��t = 0�� = ��*�t/2���t/2�� , �11�

gives access to the photoelectron spectral bands by Fourier
transformation. To characterize the radiationless decay dy-
namics of the excited state of NH3

+, the time evolution of the
adiabatic population,

ere for each of the normal modes described by their
s the limits of the box used �in a.u.�, N the numbers
e-particle functions used for the propagation after an
NH3

+, respectively.

Range N nA nE

�−68:67� 54 10 6
�−130:130� 64 10 18

�−40:55� 32 4 7
�−40:40� 32 4 7

�−100:110� 64 4 12
�−100:100� 64 4 12

76 800 2 286 144
n wh
dicate
singl
te of

m−1�

28
5

57
57
92
92
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P	
�a��t� = ���t�P̂	

�a���t��, P̂	
�a� = �	

�a����	
�a�, 	 = 1,2,3,

�12�

is computed, where �	
�a� are the adiabatic states obtained by

diagonalization of the diabatic potential matrix for each grid
point in the six-dimensional space

��
�a� = U�Q��� . �13�

The CDVR scheme has been employed for the evaluation of
the adiabatic projector matrix elements. We shall also con-
sider the diabatic populations which are given by

P	
�d��t� = ���t�P̂	

�d���t��, P̂	
�d� = �	���	, 	 = 1,2,3.

�14�

In order to have a better insight into the evolution of the
wave packet, the probability densities for each coordinate,
defined as the integral of the absolute square of the nuclear
wave function over all remaining nuclear coordinates and
summed over all electronic states, are also computed.

The initial wave packet used for the computation of the
two photoionization bands is taken to be the localized �with
respect to inversion� vibrational ground state of neutral NH3.
It corresponds to a superposition of the two essentially de-
generate lowest-energy levels which are both populated in
the experiment. The localized vibrational ground state of
NH3 is numerically determined by a MCTDH propagation in
imaginary time. The propagation time is tuned to remove
from the initial guess all excitations except the tunneling
splitting, resulting in a propagation time of 827.24 a.u. The
energy of the initial state is 0.8707 eV above the minimum

2
FIG. 5. Modulus square of the autocorrelation function c�t� up to 300 fs.
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of the neutral potential surface. This corresponds to 91% of
the zero-point energy in the harmonic approximation. From
this starting wave packet, the two photoionization bands are
separately computed by a vertical ionization onto the ground
and one of the two excited states of NH3

+.

B. Ionization to the ground state

The time evolution of the wave packet after instanta-
neous vertical ionization from the neutral NH3 surface to the
ground state of NH3

+ can be monitored by the inspection of
the probabilities along the six nuclear coordinates. The prob-
abilities along the two relevant coordinates, that is the um-
brella coordinate Q2 and the totally symmetric stretching co-
ordinate Q1, are presented in Fig. 4 up to 200 fs. For both
coordinates, the wave packet presents strong oscillations.
Along the four other coordinates, only small variations in
amplitude are observed. The damped oscillations, observed
along the stretching coordinate Q1 for at least 50 fs and
along the umbrella mode Q2 for at least 100 fs, are respon-
sible of the recurrences in the autocorrelation function pre-
sented in Fig. 5. The autocorrelation function decays to zero
in 5 fs and exhibits a first recurrence at 32 fs, followed by a
series of six exponentially attenuated recurrences. The at-
tenuation as well as the asymmetric shape of the recurrences
are due to the anharmonicity present in the potential energy
surface. Figure 6 compares the low-energy part of the experi-
mental photoelectron spectrum of NH3 with the computed
spectrum obtained after ionization to the ground state of
NH3

+. The spectrum has been computed by Fourier transfor-

FIG. 4. Probabilities along Q1 �left
panel� and Q2 �right panel�, as a func-
tion of time in femtoseconds. a.u. have
been used for the mass weighted nor-
mal modes.

FIG. 6. First band of the photoelectron spectrum of NH3: experimental

spectrum from Ref. 5 �top panel� and present result �bottom panel�.
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mation of the autocorrelation function. The basis set used to
propagate the wave packet for 200 fs is given in Table III. To
avoid spurious oscillations due to the finite propagation time,
a Gaussian damping factor, exp�−t2 / tdamp

2 � with tdamp

=200 fs, has been employed. The main vibrational progres-
sion of the band is accurately reproduced by our calculations.
The computed 0–0 line position is 10.242 eV. The experi-
mental 0–0 line,5 found at 10.242 eV, is only 0.056 eV lower
than our calculation. For both the experimental and the the-
oretical spectra, the maximum of the progression occurs for
the 0–6 line. A secondary progression is present in both spec-
tra. From the inspection of the wave packet evolution as well
as of the harmonic frequencies of the different modes, the
second progression is assigned to an excitation of the sym-
metric stretch mode �1.

No transfer of population is observed and after 200 fs of
propagation time, the ground state adiabatic population is
0.997.

C. Ionization to the excited state

1. Convergence considerations

The larger energy range available to the wave packet
after ionization onto one of the two equivalent excited diaba-
tic states induces a more delicate computation for which the
convergence is not straightforward. Therefore, a systematic
and thorough check of the convergence with respect to the
definition and size of the MCTDH basis set has been per-
formed. The major test consists in a systematic increase of
the number of single-particle functions for each of the six
coordinates until both the adiabatic population and the spec-
trum �computed from the autocorrelation function� have been
found to be unaffected by further increases. Additionally, the
energy of the wave packet has been monitored. While the
energy is, in principle, a constant of the MCTDH equations
of motion, the CDVR quadrature can violate the conserva-
tion of energy if an insufficient number of single-particle
functions is employed. Thus, the conservation of energy can
be used to monitor inaccuracies of the CDVR quadrature.41

Figure 7 displays a typical convergence behavior ob-

FIG. 7. Evolution of the population probability of the diabatic �1 state
�lowest in energy at the reference geometry� for different numbers of single-
particle functions employed for the asymmetric bending modes Q5 and Q6.
served for the diabatic population probability. The popula-
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tions have been computed with an increasing number of
single-particle functions for the asymmetric bending modes
Q5 and Q6 �from 6 to 14 per mode�, keeping the number of
single-particle functions for the other modes constant. The
corresponding basis set sizes correspond to 139 968 Hartree
products for the smallest and to 762 048 for the biggest ba-
sis. Examination of the figure shows that 12 single-particle
functions for Q5 and Q6 are enough to converge the popula-
tion up to 50 fs. The convergence behavior of the ground
state adiabatic population has been found to be identical.
Similar convergence studies for the other modes lead to the
final basis set size given in Table III. Note that the underly-
ing primitive grid, converged for the most energetic study,
has been kept identical for the calculation of both bands.

An example of the deviation of the wave packet energy
from the initial value as a function of time is shown in Fig. 8.
The calculations presented correspond to a systematic in-
crease of the number of single-particle functions used for the
umbrella normal mode Q2, keeping the numbers used for the
other modes constant. It can be seen that the nonconservation
of the total energy due to the use of the CDVR scheme is
directly related to the basis set size. A systematic improve-
ment of the energy conservation is obtained by increasing the
basis set size. For the largest computation, for which the
basis set size is given in Table III, the largest variation of the
energy has been found to be 0.02 eV �thus less than 0.3% of
the available energy�.

2. Wave packet evolution

Probability densities for each coordinate monitoring the
time evolution of the wave packet after instantaneous verti-
cal ionization from the neutral NH3 surface to either of the
excited diabatic states of NH3

+ are presented in Fig. 9. As
expected from the PE shape, the initial motion of the wave
packet corresponds to an elongation of the NH bonds, as
seen in Fig. 9�a� �note that the definition of Q1 is such that
negative Q1 correspond to bond elongation� and a closing of
the umbrella angle �Fig. 9�b��. The quasiperiodic oscillatory
motion along Q1 with a frequency of 12–13 fs is rapidly

FIG. 8. Evolution of the energy of the wave packet �relative to its initial
value in eV� after ionization to one of the diabatic excited states of NH3

+ for
different numbers of single-particle functions employed for the umbrella
mode Q2.
damped due to the intrinsic nonseparability of the potential
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surfaces. It takes slightly more than 20 fs for the molecule to
reach planarity �Q2=0�, as seen in Fig. 9�b�. 30 fs are suffi-
cient for the wave packet to sample geometries correspond-
ing to the inversion of the pyramidalization angle with re-
spect to t=0. As is obvious from the electronic populations
evolution �see below�, this is related to the fact that a non-
negligible part of the wave packet has reached the ground
state of NH3

+ which has a single well along the umbrella
mode. Evolution of the wave packet along the asymmetric
stretching modes �Q3 and Q4�, presented in Figs. 9�c� and
9�d�, is characterized by a moderate spreading superimposed
on a damped oscillatory behavior. A much more pronounced
spreading and damping is observed for the asymmetric bend-
ing modes �Q5 and Q6�, presented in Figs. 9�e� and 9�f�.
Localization of the wave packet, especially along the um-
brella mode, is lost as early as after a 30 fs propagation time.
The dynamics of NH3

+ can be described to be composed of
two steps. During the initial very fast step, the localized
wave packet follows the gradient along all six modes and
performs one oscillation in one of the double wells along the
umbrella mode. This is accompanied by a loss of the C3

symmetry. An efficient nonadiabatic coupling between the

surfaces induces a transfer of the wave packet onto the
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ground state. In the second step, the dynamics is mostly de-
termined by the ground state surface with a large vibrational
excess energy.

3. Photoelectron spectra

Figure 10 �bottom� shows the photoionization spectrum

FIG. 9. Probabilities for the six coor-
dinates �a� Q1, �b� Q2, �c� Q3, �d� Q4,
�e� Q5, and �f� Q6, as a function of
time in femtoseconds. a.u. have been
used for the mass weighted normal
modes.

FIG. 10. Second band of the photoelectron spectrum of NH3: experimental

spectrum from Ref. 5 �top panel� and present result �bottom panel�.
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obtained after excitation of the wave packet to the diabatic
2E excited state of NH3

+. The spectrum has been calculated
from the autocorrelation function up to a time t=100 fs, us-
ing tdamp=75 fs to damp the autocorrelation function. The
details of the basis set used are given in Table III.

In contrast to the well-resolved vibrational progression
found for the ionic ground state, ionization to the first excited
state of NH3

+ results in a broad, congested spectrum with
very little structure. The onset of this band is located slightly
below 15 eV and it extends up to roughly 19 eV. The widths
and the overall shape of this spectrum are reproduced in
excellent agreement with the measurement. The theoretical
spectrum shows a slightly more pronounced structure near
the low-energy edge of the band. This may be due to the
choice of the damping time tdamp of the autocorrelation func-
tion and should not be overinterpreted. The experimental
band starts with a steep increase of intensity in which five
poorly resolved features can be recognized, the first one
around 15 eV only being a weak shoulder. This behavior is
well reproduced by the calculated spectrum, though the first
two features are resolved double peaks. Between roughly 16
and 17 eV the intensity of the band shows a plateau with a
number of weak peaks. It is not possible to match these
features line by line because the uncertainties from the ex-
perimental resolution and the accuracy of the calculation are
too large. After 17 eV, the intensity of the band decays in an
approximately exponential manner.

4. Population dynamics

The evolution of the adiabatic populations after ioniza-
tion to the excited state is presented in Fig. 11 up to 100 fs.
This evolution of population consists of three time scales.
Within about 5 fs, the population of the highest adiabatic
state decreases from one-half to nearly zero and the middle
adiabatic state reaches a population of about 0.95. This initial
decay from the highest to the middle adiabatic state reflects
the ultrafast Jahn-Teller dynamics within the two excited
states of the ammonia cation. The further decay to the
ground state of the ammonia cation starts at about 4 fs. Two

FIG. 11. Adiabatic electronic population of the ground and excited states of
NH3

+ after excitation into one of the diabatic excited state, as a function of
time in femtoseconds. The basis set size used is given in Table III.
different time scales are found for this internal conversion
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�IC�. In a fast first step, more than half of the population is
transferred to the ground adiabatic state within the first 20 fs.
This fast initial IC is followed by a slow one which is not
completed even within the 100 fs time period studied in the
present work.

Extrapolating the present data, a tentative time scale in
the picosecond range can be inferred from Fig. 11. The fast
decay within the first 20 fs can clearly be assigned to wave
packet components which reach the conical intersection be-
tween the ground and middle adiabatic PES directly within
the first vibrational period. This part constitutes 50%–60% of
the complete wave packet, presumably predominately its
higher-energy components. However, a sizable fraction of
the wave packet cannot access the conical intersection di-
rectly. Its decay to the ground state surface is comparatively
slow and seems to be better described as a statistical rate
process.

To illustrate this situation, Fig. 12 presents the minimal
energy of the middle adiabatic PES and of the seam of inter-
section for given values of the umbrella coordinate Q2. These
energy values are obtained by minimizing the respective en-
ergy with respect to all other coordinates except Q2 �includ-
ing also the additional constrains if the seam of intersection
is considered�. It should be noted that for a given value of the
umbrella coordinate the optimal geometries for the minimal
energy of the middle adiabatic PES and of the seam of inter-
section differ.

The comparison of the energy minimum of the seam
�15.28 eV� with the energy of the wave packet �see Fig. 10�
indicates that the seam is energetically reachable. However,
the minima of the two curves in Fig. 12 are located at sig-
nificantly different geometries. Since the wave packet
spreads after an initial relaxation period mostly in the valley
of the PES �as can be understood from statistical mechanical
arguments�, only its tails will reach the conical intersection.
Thus, after a fast initial decay of the higher-energy compo-
nents, only small parts of the wave packet reach the conical
intersection within a given period of time and the wave
packet will be partially dynamically caught in the local mini-

FIG. 12. Energy �eV� of the minimum of the intersection seam between the
ground and first excited states �straight line� and of the minimum of the first
excited state �dashed line� as a function of the umbrella coordinate Q2.
mum of the middle adiabatic state.
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The overall behavior observed is similar to the diabatic
population evolution given in Ref. 11, leading to the conclu-
sion that a very efficient coupling to the ground state induces
an ultrafast transfer of electronic population. However, some
differences are notable. The population obtained in the
present work exhibits much less oscillations than the one
previously published, and the increase of population starts
slightly later. Analysis of the diabatic population evolution
obtained in the present work reveals more oscillations and a
slightly earlier increase of the ground state population, but
the differences with the diabatic populations of Ref. 11
remain.

IV. CONCLUSIONS

The photoelectron spectrum of ammonia has been stud-
ied by full-dimensional time-dependent quantum dynamics
calculations on a newly developed set of coupled PESs for
NH3

+. The analytic representation of the three PESs, corre-

sponding to the X̃ 2A2� and the Ã 2E� states of NH3
+, is based

on polynomial expansions of the diabatic PE matrix elements
in symmetry coordinates. It includes higher-order Jahn-Teller
and pseudo-Jahn-Teller couplings and accounts for the strong
anharmonicity of the potentials. The model also reproduces
the dependence of the PJT coupling on the umbrella coordi-
nate. This is of great importance because the PJT coupling
vanishes for planar configurations. The expansion coeffi-
cients of the PE matrix elements have been determined by
fitting of adiabatic energies along all coordinates obtained by
highly accurate MRCI calculations. A relatively small num-
ber of ab initio points have been used in this work both
because the Taylor expansions used are well behaved and
fairly coarse grids are sufficient to determine the correspond-
ing parameters. Also, only limited mode-mode coupling
terms have been included in the model. Thus, extensive com-
bined displacement grids are not mandatory.

The nonadiabatic dynamics of the system has been stud-
ied by accurate quantum wave packet propagations, using the
efficient MCTDH method. These calculations have been per-
formed in mass-scaled Cartesian normal coordinates. Thus, a
nonlinear coordinate transformation and the use of the
CDVR scheme for the potential evaluation are required. Vi-
brational angular momenta in the kinetic energy have been
neglected.

The first two bands of the photoelectron spectrum have
been determined from the autocorrelation function, resulting
from wave packet propagations. Both calculated bands are in
excellent agreement with the experiment and are of funda-
mentally different character. The band corresponding to the

X̃ 2A2� state of NH3
+ shows a well-resolved progression which

is due to the umbrella vibration. In agreement with the ex-
periment, the maximum intensity is observed for the 0-6
transition. A weak secondary progression is seen which is
due to the symmetric stretching mode.

In contrast to the first band of the spectrum, the band

corresponding to the Ã 2E� state is completely congested and
no resolved progression can be identified. The band shape is
characterized by a rapid onset around 15 eV, a plateau be-

tween roughly 15.5 and 17 eV, followed by an exponential
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decay. The absence of resolved transitions is due to the
strong vibronic coupling within the 2E� state and the PJT
coupling to the electronic ground state. The latter coupling is
also responsible for a very rapid radiationless decay of the
excited state. This has been studied by determination of the
time evolution of the adiabatic populations. It is found that
after ionization to the 2E� state, the wave packet decays very
rapidly to the ground state with essentially no recurrences to
the excited state. Most of this decay is finished within as
little as 20 fs, which provides a qualitative explanation of the
absence of fluorescence in the experiments. However, the
calculated decay is incomplete, and roughly a third of the
population remains on the excited state surfaces. The partial
decay is understood as a statistical effect induced by the
location of the intersection seam far from the local minimum
of the first excited state where parts of the wave packet are
temporarily captured.

The neglect of vibrational angular momenta when using
the Cartesian normal modes for the dynamical computations
is a clear limitation of the presented work, especially when
large displacements are involved. Work investigating the ac-
curacy of this approximation is in progress.
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APPENDIX A: EXPLICIT EXPRESSION FOR VA
„7…

AND VA
„8…

The derivation of the seventh and eighth order terms of
the Vdiag matrix is done as explained in Refs. 30 and 31. In
the complex representation, the nonvanishing diagonal terms
of the Hamiltonian �Haa=H++=H−−� are Q+

5Q−
2 and Q+

2Q−
5 for

the seventh order and Q+
7Q−

1, Q+
4Q−

4 and Q+
1Q−

7 for the eighth
order. Transformation to the real coordinates and electronic
basis sets leads to the explicit expressions used in this work

V�7� = a1
�7��2x7 − 2x5y2 − 10x3y4 − 6xy6� , �A1a�

TABLE IV. Potential energy �eV� of NH3 ground state and NH3
+ states for

the reference geometry qi=0, i=1, . . . ,6. The minimum of NH3 is taken as
the origin for energies.

Species State Energy �eV�

NH3
1A1 0.323

NH3
+ 2A2� 10.243

NH3
+ 2E� 17.231
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V�8� = a1
�8��2x8 − 28x6y2 + 28x2y6 − 2y8�

+ a2
�8��x8 + 4x6y2 + 6x4y4 + 4x2y6 + y8� . �A1b�

APPENDIX B: SIX-DIMENSIONAL THREE-SHEETED
PES OF NH3

+

Additionally to the vertical excitation energies given in
Table IV, the analytical three-sheeted PES for the lowest
electronic states of NH3

+ contains 77 parameters which are
given in Tables V–VIII.

APPENDIX C: SIX-DIMENSIONAL PES OF NH3

In order to model the initial wave packet, a six-
dimensional analytical fit of the electronic ground state sur-
face of neutral NH3 has been derived. The following simple
and separable analytical form used respects the D3h symme-
try operations

V�S� = D�2��1 − exp���r − S1���2 + D�3��1 − exp���r − S1���3

− D�2��1 − exp��r��2 − D�3��1 − exp��r��3

+ 	
n=1

4
u�n�

�2n�!
S2

2n + 	
n=0

6
1

n!
V�n��S3,S4,a�n��3��

+ 	
n=0

6
1

n!
V�n��S5,S6;a�n��5�� . �C1�

The corresponding parameters are given in Tables IX and X.

TABLE V. Parameters �a.u.� of S1 and S2 parts of the fitted surfaces of NH3
+.

S1

j rj � j Dj
�2� Dj

�3�

A 0.001 274 0.517 395 0.836 990 −0.209 334
E 0.206 476 0.529 754 0.586 548 −0.131 633

S2

j uj
�1� uj

�2� uj
�3� uj

�4�

A 0.269 017 8.097 2 −167.709 5064.58
E −0.446 702 10.537 0 −194.259 4929.76

TABLE VI. Parameters �a.u.� of the diagonal part Vdiag involving asymmetri
are in the constant V�0� matrix of Eq. �1�.

n

S3 ,S4

a1
�n� �A ,3� a2

�n� �A ,3� a1
�n� �E ,3� a2

�n� �E ,3

0 0 ¯ 0 ¯

1 ¯ ¯ ¯ ¯

2 0.434 568 ¯ 0.434 136 ¯

3 −0.276 748 ¯ −0.266 733 ¯

4 2.311 920 ¯ 1.942 73 ¯

5 −3.393 050 ¯ −3.284 13 ¯

6 0.947 091 12.9584 1.450 65 15.1244
7 ¯ ¯ ¯ ¯

8 ¯ ¯ ¯ ¯
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APPENDIX D: THE CDVR APPROACH FOR AN
EXTENDED CLASS OF HAMILTONIAN OPERATORS

In the original work introducing the CDVR approach,40

Hamiltonian operators of the form

Ĥ = 	
m=1

M

ĥm
�1�ĥm

�2�
¯ ĥm

�f� + V�x1,x2, . . . ,xf� �D1�

have been considered. Here each of the operators ĥm
�� acts

only on the th coordinate and f denotes the total number of
degrees of freedom. In applications studying the dynamics
on a single electronic potential energy surface, the first term
in the sum of Eq. �D1� usually represents the kinetic energy
operator and the second term, V�x1 ,x2 , . . . ,xf�, is the poten-
tial function. Then the CDVR approach facilitates straight-
forward MCTDH wave function propagation for arbitrary
potentials V�x1 ,x2 , . . . ,xf� without requiring to represent the
potential in the form

V = 	
j=1

J

v j
�1��x1�v j

�2��x2� ¯ v j
�f��xf� . �D2�

If the quantum dynamics on multiple coupled potential en-
ergy surfaces is studied, multiple potentials and potential
couplings have to be considered. Except for favorable cases,
where the potentials are simply structured or can be reex-
panded in the form of Eq. �D2�, the Hamiltonian can then not
be written in the form of Eq. �D1�. An extended version of
the CDVR approach is required and will be described in the
following.

des S3, S4, S5, and S6, of the surfaces of NH3
+. Note that the vertical energies

S5 ,S6

a1
�n� �A ,5� a2

�n� �A ,5� a1
�n� �E ,5� a2

�n� �E ,5�

0 ¯ 0 ¯

¯ ¯ ¯ ¯

0.109 886 ¯ 0.078 518 8 ¯

−0.028 439 8 ¯ −0.033 637 7 ¯

−0.129 60 ¯ −0.191 92 ¯

0.078 025 7 ¯ 0.174 633 ¯

0.076 723 4 0.889 354 0.039 051 2.648 31
−2.043 14 ¯ ¯ ¯

0.576 692 3.792 38 ¯ ¯

TABLE VII. JT and PJT parameters �a.u.� of the S3 and S4 parts of the fitted
surfaces of NH3

+.

n �1
�n� �JT,3� �2

�n� �JT,3� �1
�n� �PJT,3� �2

�n� �PJT,3�

1 0.062 946 ¯ 0.034 477 5 ¯

2 0.022 238 4 ¯ 0.095 851 4 ¯

3 −0.005 552 97 ¯ 0.318 965 ¯

4 −0.254 622 0.311 172 −0.410 166 −1.485 67
5 0.238 335 −2.778 57 1.811 58 −3.700 9
6 18.932 8 −16.336 5 ¯ ¯
c mo

�
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The CDVR approach can be straightforwardly extended
to Hamiltonian operators of the form

Ĥ = 	
n=1

N

Ĥn,

�D3�
Ĥn = Vn�x1,x2, . . . ,xzn

�ĥn
�zn+1�ĥn

�zn+2�
¯ ĥn

�f�.

�Note that Eq. �D1� is a special case of the above equation
with N=M +1, V =1, z =0 for n=1,2 , . . . ,M, and V

TABLE VIII. JT and PJT parameters �a.u.� of the S5 and S6 parts of the fitted
surfaces of NH3

+.

n �1
�n� �JT,5� �2

�n� �JT,5� �1
�n� �PJT,5� �2

�n� �PJT,5�

1 0.074 833 5 ¯ 0.053 636 5 ¯

2 −0.019 310 2 ¯ −0.004 461 74 ¯

3 −0.038 387 2 ¯ −0.005 287 06 ¯

4 −0.098 389 1 −0.069 028 3 −0.066 454 8 0.021 087 4
5 −0.016 843 3 0.342 386 0.085 104 1 0.096 330 9
6 1.954 49 0.727 939 0.174 926 −0.326 13
n n M+1

Downloaded 06 Jun 2006 to 129.20.27.75. Redistribution subject to 
=V, zM+1=0.� The Hamiltonian used in the present work can
be written in the form of Eq. �D1�. It then reads

Ĥ = 	
n=1

6

−
1

2

�2

�Qn
2 + 	

n=7

12

Vn�Q1,Q2, . . . ,Q6�ĥn
�7�, �D4�

where the Vn denote the diabatic potentials and potential cou-

plings and the operators ĥ�7� are the corresponding matrices

TABLE IX. Parameters �a.u.� of S1 and S2 parts of the fitted ground state
surface of NH3.

S1

r � D�2� D�3�

−0.081 044 6 0.525 422 0.900 567 −0.210 640

S2

u�1� u�2� u�3� u�4�

−0.267 538 11.542 5 −235.221 5894.67
n

�1 0 0

0 0 0

0 0 0
�, �0 0 0

0 1 0

0 0 0
�, �0 0 0

0 0 0

0 0 1
�, �0 1 0

1 0 0

0 0 0
�, �0 0 1

0 0 0

1 0 0
�, �0 0 0

0 0 1

0 1 0
� , �D5�
acting on the electronic degree of freedom.
The modifications required in the calculation of the ma-

trix elements of the Hamiltonian,

�
i1
�1�

¯ 
if

�f�Ĥ
 j1
�1�

¯ 
 j f

�f��

= 	
n=1

N

�
i1
�1�

¯ 
if

�f�Ĥn
 j1
�1�

¯ 
 j f

�f�� , �D6�

and the single-hole matrices,

TABLE X. Parameters �a.u.� of part of the NH3 ground electronic state
involving asymmetric modes S3, S4, S5, and S6.

n

S3 ,S4 S5 ,S6

a1
�n��3� a2

�n��3� a1
�n��5� a2

�n��5�

2 0.423 246 ¯ 0.099 789 7 ¯

3 −0.312 853 ¯ −0.027 624 ¯

4 2.458 25 ¯ −0.033 151 4 ¯

5 −1.227 02 ¯ −0.038 537 2 ¯

6 0.467 848 0.054 733 9 0.052 212 7 0.279 073
�Ĥ�ij
�� = 	

n=1

N

�Ĥn�ij
�� �D7�

�for a detailed definition of symbols and nomenclature the
reader is referred to Refs. 38 and 40� are rather obvious and
only the final results will be given here. The contributions to

the matrix elements resulting for a term Ĥn in the Hamil-
tonian are computed using the �time-dependent� grid repre-
sentation qi

��� in the coordinates x1 ,x2 , . . . ,xzn
and the �time-

dependent� basis representation 
i

��� in the coordinates
xzn+1 ,xzn+2 , . . . ,xf,

�qi1
�1�

¯ qizn

�zn�
izn+1

�zn+1�
¯ 
if

�f�Hn�x1, . . . ,xzn
�

�qj1
�1�

¯ qjzn

�zn�
 jzn+1

�zn+1�
¯ 
 j f

�f�

= �
izn+1

�zn+1�ĥn
�zn+1�
 jzn+1

�zn+1�� ¯ �
if

�f�ĥn
�f�
 j f

�f��

��qi1
�1�

¯ qizn

�zn�Vn�x1, . . . ,xzn
�qj1

�1�
¯ qjzn

�zn�� , �D8�
where
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�qi1
�1�

¯ qizn

�zn�Vn�x1, . . . ,xzn
�qj1

�1�
¯ qjzn

�zn��

= �V�qi1
�1�, . . . ,qizn

�zn���i1j1
¯ �izn

jzn

+ 	
=1

zn

�qi
���V�qi1

�1�, . . . ,qi−1

�−1�,x,qi+1

�+1�, . . . ,qizn

�zn��qj
���

��i1j1
¯ �i−1j−1

�i+1j+1
¯ �izn

jzn
� , �D9�

are the usual CDVR potential matrix elements with
W. Lichten, Phys. Rev. 131, 229 �1963�.
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�qi
���V�qi1

�1�, . . . ,qi−1

�−1�,x,qi+1

�+1�, . . . ,qizn

�zn��qj
���

= �qm

��V�qi1
�1�, . . . ,qi−1

�−1�,x,qi+1

�+1�, . . . ,qizn

�zn��qj
���

− V�qi1
�1�, . . . ,qizn

�zn���ij
. �D10�

The contributions to the single-hole matrices �Ĥn��� are

computed using a MCTDH coefficient vector Ã transformed
to the �time-dependent� grid representation in the coordinates
x1 ,x2 , . . . ,x−1 ,x+1 , . . . ,xzn

�excluding the “hole coordinate”
x if it otherwise would be included in this set�,

Ãi1¯if

�� = 	
j1=1

n1

¯ 	
j−1=1

n−1

	
j+1=1

n+1

¯ 	
jzn

=1

nzn

�qi
�1�
 j1

�1�� ¯ �qi
�−1�
 j−1

�−1���qi
�+1�
 j+1

�+1�� ¯ �qi
�zn�
 jzn

�zn��Aj1¯j−1ij+1¯jzn
izn+1¯if

.

If the “hole coordinate” x is in the set of “grid coordinates” x1 ,x2 , . . . ,xzn
, the contributions to the single-hole matrices are

given as

�Ĥn�kl
�� = 	

jzn+1=1

nzn+1

¯ 	
j f=1

nf

	
i1=1

n1

¯ 	
i−1=1

n−1

	
i+1=1

i+1

¯ 	
if=1

nf

Ãi1¯i−1ki+1¯if

��* Ãi1¯i−1li+1¯izn
jzn+1¯j f

�� V�qi1
�1�, . . . ,qi−1

�−1�,x,qi+1

�+1�, . . . ,qizn

�zn��

��
izn+1

�zn+1�ĥn
�zn+1�
 jzn+1

�zn+1�� ¯ �
if

�f�ĥn
�f�
 j f

�f�� . �D11�

If the hole coordinate x is in the set of “basis coordinates” xzn+1 , . . . ,xf, the contributions to the single-hole matrices read

�Ĥn�kl
�� = 	

i1=1

n1

¯ 	
i−1=1

n−1

	
i+1=1

i+1

¯ 	
if=1

nf

Ãi1¯i−1ki+1¯if

��* 	
j1=1

n1

¯ 	
j−1=1

n−1

	
j+1=1

j+1

¯ 	
j f=1

nf

Ãj1¯j−1lj+1¯j f

��

��qi1
�1�

¯ qizn

�zn�Vn�x1, . . . ,xzn
�qj1

�1�
¯ qjzn

�zn���
izn+1

�zn+1�ĥn
�zn+1�
 jzn+1

�zn+1�� ¯ �
i−1

�−1�ĥn
�−1�
 j−1

�−1��ĥn
��

��
i+1

�+1�ĥn
�+1�
 j+1

�+1�� ¯ �
if

�f�ĥn
�f�
 j f

�f�� . �D12�
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