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L Techmical University in E.6d#, Poland
% University of Life Sciences SGGW-Warsaw, Poland

1 Object of analysis

The object of analysis is a multilayered functionally graded laminated heat conductor. Region oceupied by this heat conductor
is denoted by Q2 = (0, L) x 2, where Z is a region on the 0¢1&; plane and =z € (0, L). Region {2 is divided into r layers of the
same thicknesses A = L/n . where A is sufficiently small where compared with . Tt is assumed that there is known function
v(-) € C1([0, L) , which takes the values from interval [0, 1].

Denote z; = £ = A2+ (j — DA d = 1,...,n = LfA Let Q} = | (2} — $Av(a3), 27 + 32(z})) x Ebe a
J=1
part of €2 occupied by the reinforcement material and 1}, = Q — ﬁ; is a part of the ? occupied by the matrix material.

Hence I* = — (€ U £23,) is a set of interfaces. By Ap, Ays we denote symmetric positive definite, second order tensors,
representing heat conduction in both materials. Hence the distribution of material properties of composite is given by

Ay if(z,8) € QY

Ap if(z,8) € Q) @

A)\(-T,E) = {

Let wy, g be a scalar temperature and vector flux heat field, respectively. Thus the heat conduction problem under consider-
ation is described by constitutive equations

g = —AaVun, (2)
and by the balance equations
Vepo =, 3)

where f is the known a priori heat source field, as well as the prescribed boundary condition.
Due to the discontinuity of the field A, the direct solution of the heat conduction problem is rather difficult from the
computational point of view.

2 Aim of the contribution

If » = const, then we deal with a periodic multilayered composite structure and the well known homogenization procedure
can be applied to Egs. (1), (2), [1].

The aim of this contribution is to obtain the asymptotic model of the problem under consideration for an arbitrary but fixed
v(-) € CY{[0, L]). To this end we apply the concept of & - convergence of the heat conduction tensor A4 (-), provided that

A — 0. In this case A 8 Ag, where Ag is said to be effective heat conduction tensorfield and Equations (1), (2) lead to the
asymptotic model equations:

go = —AVu, V.go=/, (4)
At the same time we are going to obtain the approximation of the temperature field w, given by
Wy = u—+ Ny - Vu+ O(N\?), (5)

where N, (-) is a vector field which has to be determined together with Ag(+). Hence our aim is to obtain Ag(-) and N, () for
the given a priori v(-).
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3 Modelling procedure

Let hy € C°([0, L]) be a scalar function satisfying conditions hy(0) = hy(L), hA(xg.\ + %I/({E;‘)) =x3,j=1,...,n

which is sequentially linear in every (x;‘ — %V(x;‘), xj)‘ + %V(x?)) The proposed modelling procedure will be based on two

assumptions that the temperature field w () can be approximated by:
wx(z,8) = u(x,§) + ha(z)v(z,§) + O(X), (©)

where u(-), v(-) € C*(Q) and are independent of \.

The second assumption is that the heat flux vector field is continuous across all interfaces 1* = x?‘ + %V(l’;‘) Subsequently
we shall use tensor notation in which x = z1,§ = (x2,23) and superscrips &, run over 1,2,3. Moreover vg = v and
vy =1— .

Fundamental assertion. Setting

R, M| glk
ko v AT Kl — pkl Kl
N’\Zi’\—VRA}\}[—&-uMA}%’ [A¥] = AR — Ay @)
we obtain:
Wy = u + N¥Opu + O(\?). ®)

Moreover the effective heat conduction tensor field has the form:

VRVM[Alk] [All]

ARV = pRAR Ly AR - 2 B
0 " Mo URAL 4 M AY

€))

By the property of the G-limit, tensor AL!(-) introduced above is uniquely defined. The proof of this assertion will be given
separately.
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