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whereC, % are the tensor of elastic moduli and mass density, respectively, which are periodic highly oscillating noncontinuous
functions;N is a tensor of initial stress and b is a body force. Taking into account the modelling assumptions and the tolerance
averaging formula, outlined in the previous section, after many manipulations we obtain the following system of equations for
the averaged displacementsw and fluctuation amplitudes ψA

h%iẅ−∇ · (hCi : ∇w + hC : ∇hAiψA)− hNi : ∇∇w =%b
h%hA · hBiψ̈B + h∇hA : C : ∇hBiψB + h∇hA : Ci : ∇w = 0 (1)

The above equations introduce into the equations obtained in [4] the prestressing tensor N. It can be observed that for
fluctuation amplitudes we have obtained a system of ordinary differential equations involving only time derivatives of ψA.
Hence the boundary conditions can be imposed exclusively on the averaged displacement field w while the initial conditions
have to be prescribed both for w and ψA. Moreover, coefficients hrhA ·hBi are of an order of the period length and hence they
describe the effect of the microstructure size on a dynamic solid behaviour. It has to be remembered that the aforementioned
model equations have a physical sense only ifw(·, t), ψA(·, t) are slowly varying functions of a spatial coordinate.
LetΠ be a region on the 0x1x2-plane. Assume that equations (1) hold in a regionΠ×(−d/2, d/2) occupied by a thin plate

with a constant thickness d . Let us also assume that the plate has a plane periodic structure and hence D is a 2D-periodicity
cell on the 0x1x2-plane. Moreover, let the plate be homogeneous in the direction of the x3-axis being made of periodically
distributed materials along the midplane. Applying the Kirchhoff plate assumptions related to the averaged displacement field
w and assuming that the fluctuation amplitudes are restricted by the condition ψA(x, t) = x3ϕA(x1x2, t) where ϕA are new
unknowns, we obtain from (1) the following system of equations for the midplane deflection υ(x1x2, t) and 2D-fluctuation
amplitudes ϕA

h%iϋ − jh%i∇·∇ϋ + j∇∇ : (hDi : ∇∇υ) + jhC : ∇hBiϕB − hNi : ∇∇υ + jhNi : ∇∇(∇·∇υ) = 0
h%hA · hBiϕ̈B + h∇hA : C : ∇hBiϕB + hC : ∇hAi : ∇∇υ = 0 (2)

In the above equations j = d2/12 andD is a 2D-tensor of elastic moduli related to the plane stress; we have neglected in (2)
the effect of a body force. The averaging is carried out over the 2D-periodicity cell and shape functions hA are independent of
x3. The above equations can be also applied to a thin plate which is made of two isotropic materials periodically spaced along
the x1-axis. Thus, we deal here with a 1D-periodic structure; denote by l the period length and by l0, l00 the length of intervals
of the cell occupied by the pertinent constituent. In this case we can introduce only one saw-like shape function [4] which
depends exclusively on the x1-coordinate and hence introduce only one fluctuation amplitude. Let the isotropic constituents
of the plate have mass densities %0, %00, Young moduli E0, E00 and Kirchhoff moduli µ0, µ00, respectively. Denote ζ 0 = l0/l ,
ζ 00 = l00/l , γ = E/(1− ν2) and assume that µ0 = µ00 = µ. For a simply supported plate with Π = (0, L)× (0, L) subjected
to the compressionN along the x1-axis, we obtain the following asymptotic formulae for the higher and lower free vibration
frequencies

(ω−)2 =
4hγi(µ+hγi)jk4

h%i(µ+ζ00γ0+ζ0γ00) − Nk2

h%i +O(ε
2), (ω+)

2 = 6µ
l0l00h%i (1 + 2jk

2) + (µ+hγi)k2
2h%i +O(ε) (3)

where ε = (kl)2 << 1 and k = 2π/L. From the first of formulae (3) we can obtain the value of the static critical forceN, by
setting ω− = 0.
The obtained model equations (1) describe the effect of the periodicity cell size on a macroscopic behaviour of a prestressed

elastic solid. The 2D-model equations (2) describe plates with period length of an order of the plate thickness contrary to the
known 2D-averaging procedures. In contrast to homogenized plate models also higher free vibration frequencies can be cal-
culated from formulas (3). The effect of initial stresses on higher vibration frequency is small and can be neglected. The effect
of a period length on a critical force is negligibly small.
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