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Abstract

A model coupling a three dimensional gas liquid compositional Darcy flow in a frac-
tured porous medium, and a one dimensional compositional free gas flow is presented. The
coupling conditions at the interface between the gallery and the porous medium account
for the molar normal fluxes continuity for each component, the gas liquid thermody-
namical equilibrium, the gas pressure continuity and the gas and liquid molar fractions
continuity. The fractures are represented as interfaces of codimension one immersed in
the surrounding 3D porous medium, the matrix. Pressure continuity is assumed for both
phases at the interfaces between the fracture and the matrix. The spatial discretization is
based on the Vertex Approximate Gradient (VAG) scheme in the porous medium coupled
with a non conforming control volume finite element discretization in the gallery. This
model is applied to the simulation of the mass exchanges at the interface between the
repository and the ventilation excavated gallery in a nuclear waste geological repository.

1 Introduction

Flow and transport processes in domains composed of a porous medium and an adjacent free-
flow region appear in a wide range of industrial and environmental applications. This is in
particular the case for radioactive waste deep geological repositories where such models must
be used to predict the mass and energy exchanges occuring at the interface between the repos-
itory and the ventilation excavated galleries. Typically, in this example, the porous medium
initially saturated with the liquid phase is dried by suction in the neighbourhood of the inter-
face. To model such physical processes, one needs to account in the porous medium for the flow
of the liquid and gas phases including the vaporization of the water component in the gas phase
and the dissolution of the gaseous component in the liquid phase. In the gallery, a single phase
gas free flow can be considered assuming that the liquid phase is instantanneously vaporized at
the interface. This single phase gas free flow has to be compositional to account for the change
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of the relative humidity in the gallery which has a strong feedback on the liquid flow rate at
the interface.

In this work we consider a reduced model coupling a gas liquid Darcy flow in the porous
medium with a 1D free flow in the gallery. It assumes that the longitudinal dimension of the
gallery is large compared with its diameter. The liquid and gas phases are considered as a
mixture of two components, the water component denoted by e which can vaporize in the gas
phase, and the gaseous component a standing for air which can dissolve in the liquid phase.
The matching conditions at the porous medium gallery interface are a simplified version of
those proposed in [13, 3] taking into account the low permeability of the repository. In this
case, it can be assumed that the gas pressure, and the gas molar fractions are both continuous
at the interface. In addition, following [13, 3], the thermodynamical equilibrium between the
gas and liquid phases is assumed to hold at the interface.

The flow in the porous medium takes into account the mass exchanges between a network
of discrete fractures and the surrounding 3D porous medium, the matrix. Following [1] we con-
sider the asymptotic model for which the fractures are represented as interfaces of codimension
one immersed in the matrix domain. The pressures at the interfaces between the matrix and
the fracture network are assumed continuous corresponding to a large ratio between the normal
permeability of the fracture and the width of the fracture compared with the ratio between the
permeability of the matrix and the size of the domain. The extension of such model to two
phase Darcy flows is analysed in [5] and assumes that both phase pressures are continuous at
the matrix fracture interfaces.

The coupled model is formulated in terms of a single set of unknowns used in the matrix,
in the fracture network and in the gallery corresponding to the liquid and gas pressures. Its
discretization is based on the Vertex Approximated Gradient (VAG) scheme introduced in [10]
for the single phase Darcy flow, in [8] for compositional Darcy flows, and in [5] for two phase
Darcy flows in discrete fracture networks. The VAG scheme is roughly speaking a finite volume
nodal approximation. Its main advantage compared with typical nodal finite volume schemes
such as Control Volume Finite Element (CVFE) methods [3] is to avoid the mixing of different
material properties inside the control volumes. This idea is here extended to take into account
the coupling with the 1D free gas flow using a 1D finite element mesh non necessarily matching
with the porous medium mesh.

The outline of the article is the following: section 2 details our reduced 3D-2D-1D coupled
model and its formulation using a single set of unknowns corresponding to the gas and liquid
pressures. In section 3, the VAG discretisation is extended to our coupled model. Then, section
4 exhibits the numerical results obtained on two examples including 1 and 4 fractures.

2 Coupled Model

Let ω and S ⊂ ω be two simply connected polygonal domains of R2 and Ω = (0, L) × (ω \ S)
be the cylindrical domain defining the porous medium. The excavated gallery corresponds to
the domain (0, L)×S and it is assumed that the free flow in the gallery depends only on the x
coordinate along the gallery and on the time t ∈ (0, Tf ). Let us denote by Γ = (0, L)× ∂S the
interface between the gallery and the porous medium and by γ the trace operator from H1(Ω)
to L2(Γ). We define on Γ the coordinate system (x, s) where s is the curvilinear coordinate
along ∂S.
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Let Γf =
⋃
i∈I Γfi and its interior Γf = Γf \ ∂Γf denote the network of fractures Γfi ⊂ Ω,

i ∈ I, such that each Γfi is a planar polygonal simply connected open domain included in a
plane Pi of R3. It is assumed that Γf ∩ ∂Ω = ∅ and we denote by Σ the fracture intersections.
Let us set Σ0 = ∂Γf ∩ (∂Ω \ Γ) and ΣΓ = ∂Γf ∩ Γ.

Let α = g, l denote the gas and liquid phases assumed to be both defined by a mixture of
two components, the water component denoted by e which can vaporize in the gas phase, and
the gaseous component a standing for air which can dissolve in the liquid phase. Following [4]
(see also [12] for the case of N components), the gas liquid Darcy flow formulation uses the
gas pressure pg and the liquid pressure pl as primary unknowns, denoted by u = (pg, pl) in the
following. In this formulation, the component molar fractions of the gas and liquid phases are
defined by some functions cαi (u) of the phase pressures such that cαe (u) + cαa (u) = 1. Conse-
quently the molar and mass densities, as well as the viscosities can be defined as functions of
u and will be denoted by respectively ζα(u), ρα(u), µα(u) for α = g, l.

In the matrix domain Ω \ Γf let us use the following notations:

• The saturations are given by the functions sαm(x, pc) of the capillary pressure pc = pg − pl
with slm(x, pc) + sgm(x, pc) = 1.

• The relative permeabilities are denoted by kαr,m(x, sα) for α = g, l.

• The porosity is denoted by φm(x), and the permeability tensor by Km(x)

Similarly, in the fracture network Γf let us use the following notations:

• The saturations are given by the functions sαf (x, pc) of the capillary pressure with slf (x, pc)+
sgf (x, pc) = 1.

• The relative permeabilities are denoted by kαr,f (x, s
α) for α = g, l.

• The porosity is denoted by φf (x), the fracture width by df (x), and the tangential per-
meability tensor by Kf (x).

Following [5] it is assumed that both phase pressures are continuous at the matrix fracture
interfaces such that the pressures in the fracture network are defined by γfp

α for α = g, l
where γf denote the trace operator from H1(Ω) to L2(Γf ). Then, the Darcy law in the fracture
network is obtained by the reduced model

Vα
f = −

kαr,f (x, s
α
f (γf (p

g − pl)))
µα(γfu)

df (x)Kf (x)
(
∇τγfp

α − ρα(γfu)gτ

)
,

where ∇τ denote the tangential gradient operator, and g the gravity vector, gτ = g− (g ·n)n)
and n the unit normal vector to the fracture. At fracture intersections Σ, for α = g, l, it
is assumed that the pressures γfp

α are continuous and that the normal fluxes of the Darcy
velocities Vα

f sum to zero. At the immersed fracture boundary, the normal flux of the Darcy
velocity Vα

f is also assumed to vanish.
In the matrix domain, the Darcy velocities are classicaly defined by

Vα
m = −

kαr,m(x, sαm(pg − pl))
µα(u)

Km(x)
(
∇pα − ρα(u)g

)
,

for both phases α = g, l.
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In the gallery, the primary unknowns, depending only on the x coordinate along the gallery
and on the time t, are the gas pressure p and the gas molar fractions c = (ce, ca). The gas flow
model is defined by a No Pressure Wave (NPW) [14] isothermal pipe flow model. To fix ideas
a Forccheimer law is used for the pressure drop given by the two parameters α > 0, β > 0 such
that the velocity in the gallery is given by

w = h(∂xp) =
α−

√
α2 + 4β|∂xp|

2β

∂xp

|∂xp|
.

At the interface Γ between the gallery and the porous medium the coupling conditions are
an adaptation to a 1D configuration for the free flow to those stated in [13]. Compared with
[13], the gas pressure jump p− pg at the interface is neglected since a small flow rate between
the porous medium and the gallery is assumed due to the low permeability of the disposal.
Hence the coupling conditions account first for the continuity of the gas phase pressure pg = p.
Second, as in [13], we impose the continuity of the gas molar fractions cg = c. Third the
thermodynamical equilibrium between the gas phase and the liquid phase at the interface Γ is
assumed. All together, we obtain the following coupling conditions at the interface Γ{

p = pg,
ci = cgi (p

g, pl), i = e, a.
(1)

Using these coupling conditions (1), we can formulate the 1D free flow model in the gallery as
the following set of Ventcell type boundary conditions for u at the interface Γ{

∂t

(
|S|ζg(γu)cgi (γu)

)
+ ∂x

(
|S|ζg(γu)cgi (γu)h(∂xγp

g)
)

= Qi,

∂su = 0,
(2)

i = e, a, where Qi is a source term involving gas and liquid Darcy matrix and fracture fluxes
on respectively Γ and Γ ∩ ∂Γf summed over both phases α = g, l assuming an instantaneous
vaporization of the liquid phase in the gallery. These source terms can be recovered from the
weak formulation (3).

For α = g, l, i = e, a, let us denote the number of mole per unit matrix volume by

nαi,m(x,u) = φm(x)ζα(u)sαm(x, pg − pl)cαi (u)

and the number of mole per unit fracture surface by

nαi,f (x, γfu) = φf (x)df (x)ζα(γfu)sαf (x, γf (p
g − pl))cαi (γfu).

For α = g, l, i = e, a, let us denote the mobility of the component i in phase α by

mα
i,m(x,u) = ζα(u)cαi (u)

kαr,m(x, sαm(x, pg − pl))
µα(u)

in the matrix, and by

mα
i,f (x, γfu) = ζα(γfu)cαi (γfu)

kαr,f (x, s
α
f (x, γf (p

g − pl)))
µα(γfu)

in the fracture network.
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We can now state the variational formulation of our model coupling the 3D gas liquid Darcy
flow in the matrix domain, the 2D gas liquid Darcy flow in the fracture network, and the 1D
free gas flow in the gallery.

Let C be the space of C∞(Ω×[0, Tf ]) functions vanishing in a neighbourhood of ∂Ω\Γ×[0, Tf ]
and of Ω× {Tf}, and depending only on (x, t) in a neighbourhood of Γ× [0, Tf ].

Let be given physically admissible initial conditions uini on Ω, and pini, ce,ini ≥ 0, ca,ini = 1−
ce,ini ≥ 0 on (0, L), and physically admissible Dirichlet boundary conditions ū on ΓD = ∂Ω \Γ,
and ū0 ∈ R2, ūL ∈ R2 at both ends of (0, L).

Formally, the variational formulation looks for u on Ω × (0, Tf ) satisfying ∂sγu = 0 on
Γ×(0, Tf ), the Dirichlet boundary conditions u = ū on ΓD, γfu = γf ū on Σ0, γu(x = 0, t) = ū0,
γu(x = L, t) = ūL, and such that for all (ve, va) ∈ C2 and for i = e, a one has:

∑
α=g,l

(
−
∫ Tf

0

∫
Ω

nαi,m(x,u) ∂tvi dxdt−
∫

Ω

nαi,m(x,uini) vi(x, 0) dx
)

+
∑
α=g,l

∫ Tf

0

∫
Ω

mα
i,m(x,u)Km

(
∇pα − ρα(u)g

)
· ∇vi dxdt

−
∑
α=g,l

∫ Tf

0

∫
Γf

nαi,f (x, γfu) ∂tγfvi dτ(x)dt

−
∑
α=g,l

∫
Γf

nαi,f (x, γfuini) γfvi(x, 0) dτ(x)

+
∑
α=g,l

∫ Tf

0

∫
Γf

mα
i,f (x, γfu)dfKf

(
∇τγfp

α−ρα(γfu)gτ

)
· ∇τγfvi dτ(x)dt

−
∫ Tf

0

|S|
∫ L

0

ζg(γu)cgi (γu) ∂tγvi dxdt− |S|
∫ L

0

ζg(pini)ci,iniγvi dx

+

∫ Tf

0

|S|
∫ L

0

ζg(γu)cgi (γu)h(∂xγp
g) ∂xγvi dxdt = 0.

(3)

3 Vertex Approximate Gradient discretization

In order to introduce the VAG discretization of our model let us first consider the coupling of
a single phase Darcy flow in the fractured porous medium with a 1D single phase Darcy flow
in the gallery. The discretization of the VAG fluxes and control volumes will be derived from
this simple model and then used for the discretization of the previous full model.

3.1 Linear Model Problem

The space H1(Γf ) ⊂ L2(Γf ) is defined as the subspace of functions with restriction to Γfi in
H1(Γfi), i ∈ I, and with continuous trace at fracture intersections. Our variational space is
defined as follows

V = {u ∈ H1(Ω) | γfu ∈ H1(Γf ), γu ∈ H1(Γ), ∂sγu = 0}.

Keeping the same notation for conveniency, the trace operator γ maps V to H1(0, L). The
subspace of V taking into account homogeneous Dirichlet boundary conditions for u on ΓD, for
γfu on Σ0, and for γu at x = 0 and x = L, is denoted by

V 0 = {u ∈ V |u = 0 on ΓD, γfu = 0 on Σ0, γu(0) = γu(L) = 0},
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and endowed with the Hilbertian norm

‖u‖V 0 =
(∫

Ω

|∇u(x)|2dx +

∫
Γf

|∇τγfu(x)|2dτ(x) +

∫ L

0

| d
dx
γu(x)|2dx

) 1
2
.

Let hm ∈ L2(Ω), hf ∈ L2(Γf ), and hg ∈ L2(0, L) denote respectively the source terms in
the matrix, in the fracture network, and in the gallery. Let ū ∈ V , and let us consider the
linear model coupling a single phase Darcy flow in the fractured porous medium with a single
phase Darcy flow in the gallery. Its variational formulation amounts to find u ∈ V such that
u− ū ∈ V 0 and ∫

Ω

Km∇u · ∇v dx +

∫
Ω

dfKf∇τγfu · ∇τγfv dτ(x)

+

∫ L

0

|S|
α
∂xγu∂xγv dx

=

∫
Ω

hmv dx +

∫
Γf

dfhf γfv dτ(x) +

∫ L

0

|S|hgγv dx.

(4)

for all v ∈ V 0. The existence and uniqueness of a solution to (4) is readily obtained from the
Poincaré inequality and the Lax Milgram theorem.

3.2 VAG Discretization of the Linear Model Problem

The VAG discretization [10] is a finite volume discretization of diffusion problem adapted to
general meshes and heterogenous anisotropic media. It is here extended to our model problem
coupling the 3D Darcy flow in the porous medium, the 2D Darcy flow in the fracture network
and the 1D Darcy flow in the gallery.

We assume that ω and S are polygonal domains of R2 and we consider a conforming poly-
hedral mesh of the domain Ω. Let M denote the set of cells K, V the set of vertices s, E the
set of edges e, and F the set of faces σ, of the mesh. We denote by VK the set of vertices of
each cell K ∈ M, by Ms the set of cells sharing the node s, by Vσ the set of nodes and by Eσ
the set of edges of the face σ ∈ F . The set Mσ is the set of cells shared by the face σ ∈ F .
We denote by VΓ = V ∩ Γ the set of nodes belonging to the boundary Γ of the gallery, and by
VD = V ∩ΓD the set of Dirichlet boundary nodes. In the following, for a d dimensional domain
A, |A| will denote the Lebesgue d-dimensional measure of A.

It is assumed that for each face σ ∈ F , there exists a so-called “centre” of the face xσ such
that xσ = 1

Card(Vσ)

∑
s∈Vσ xs. The face σ is assumed to be star-shaped w.r.t. its centre xσ

which means that the face σ matches with the union of the triangles τσ,e defined by the face
centre xσ and each of its edge e ∈ Eσ.

The porous medium mesh is assumed to be conforming with respect to the fracture network
in the sense that there exists FΓf ⊂ F such that

Γf =
⋃

σ∈FΓf

σ.

Let us denote by FΓf ,s the set of fracture faces sharing the node s ∈ VΓf = V ∩ Γf .

A finite element 1D mesh is defined in the gallery (0, L) by the set of nodal points 0 = x0 <
· · · < xm < xm+1 < · · · < xmx+1 = L. The P1 finite element nodal basis defined on this 1D mesh
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is denoted by ηm, m = 0, · · · ,mx + 1. Setting xm+ 1
2

= xm+xm+1

2
for all m = 1, · · · ,mx − 1, and

x 1
2

= 0, xmx+ 1
2

= L, we define the mx 1D cells km = (xm− 1
2
, xm+ 1

2
) and 3D cells Km = km × S,

m = 1, · · · ,mx.
The previous discretization is denoted by D. Let us define the vector space

XDp = {vK ∈ R, vs ∈ R, vσ ∈ R, K ∈M, s ∈ V , σ ∈ FΓf},

of degrees of freedom (d.o.f.) located at the cell centres, fracture face centres, and at the nodes
of the porous medium mesh, and the vector space

XDg = {vm ∈ R,m = 0, · · · ,mx + 1},

of d.o.f. located at the nodal points of the gallery (0, L).

The extension of the VAG discretization [10] to our coupled model is based on conforming
Finite Element reconstructions of the gradient operators on Ω, on Γf , and on (0, L), and on
non conforming piecewise constant function reconstructions on Ω, on Γf , and on (0, L).

For all σ ∈ F , let us first define the operator Iσ : XDp → R such that Iσ(vD) = 1

Card(Vσ)

∑
s∈Vσ vs,

which is by definition of xσ a second order interpolation operator at point xσ.
Let us introduce the tetrahedral sub-mesh T = {TK,σ,e, e ∈ Eσ, σ ∈ FK , K ∈ M} of the

porous medium mesh, where TK,σ,e is the tetrahedron defined by the cell center xK and the
triangle τσ,e. For a given vDp ∈ XDp , we define the function ΠT vDp ∈ C0(Ω) as the continuous
piecewise affine function on each tetrahedron of T such that ΠT vDp(xK) = vK , ΠT vDp(s) = vs,
ΠT vDp(xσ) = vσ, and ΠT vDp(xσ′) = Iσ′(v) for all K ∈M, s ∈ V , σ ∈ FΓf , and σ′ ∈ F \ FΓf .

The nodal finite element basis of ΠTXDp is denoted by ην , ν ∈ M ∪ V ∪ FΓf such that
ην(xν′) = δν,ν′ for all ν, ν ′ ∈M∪ V ∪ FΓf .

Then, we define for all vDp ∈ XDp the following gradient operators

∇DmvDp : XDp → L2(Ω)d such that ∇DmvDp = ∇ΠT vDp ,

in the matrix, and

∇DfvDp : XDp → L2(Γf )
d−1 such that ∇DfvDp = ∇τγfΠT vDp .

in the fracture network. In the gallery, the gradient operator ∇Dg from XDg to L2(0, L) is
defined by

∇DgvDg(x) =
vm+1 − vm
xm+1 − xm

for all x ∈ (xm, xm+1),m = 0, · · · ,mx.

In addition to these conforming gradient operators, the VAG discretization uses non con-
forming piecewise constant reconstructions of functions from XDp into L2(Ω) abd L2(Γf ), and
from XDg into L2(0, L).

Let us introduce the following partition of each cell K ∈M

K = ωK
⋃ ( ⋃

s∈VK\(VD∪VΓ∪VΓf
)

ωK,s

)
Then, we define the function reconstruction operator in the matrix

ΠDmvDp(x) =

{
vK for all x ∈ ωK , K ∈M,
vs for all x ∈ ωK,s, s ∈ VK \ (VD ∪ VΓ ∪ VΓf ), K ∈M.

(5)
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Similarly, let us define the partition of each fracture face σ ∈ FΓf by

σ = Σσ

⋃ ( ⋃
s∈Vσ\(VD∪VΓ)

Σσ,s

)
,

and the function reconstruction operator in the fracture network by

ΠDfvDp(x) =

{
vσ for all x ∈ Σσ, σ ∈ FΓf ,
vs for all x ∈ Σσ,s, s ∈ Vσ \ (VD ∪ VΓ), σ ∈ FΓf .

(6)

In the gallery, the reconstruction operator is defined by

ΠDgvD(x) = vm for all x ∈ (xm− 1
2
, xm+ 1

2
), m = 1, · · · ,mx. (7)

Finally, let us define the interpolation operator Ps reconstructing the value us at point xs

for s ∈ VΓ as a function of the vector of d.o.f. uDg ∈ XDg in the gallery:

PsuDg =
mx+1∑
m=0

αm,sum,

with αm,s = ηm(xs). From this definition of Ps, we can define the vector space XD of discrete
unknowns as the following subspace of XDp ×XDg

XD = {(vDp , vDg) ∈ XDp ×XDg | vs = PsvDg for all s ∈ VΓ}.

Its subspace with homogeneous Dirichlet boundary conditions is denoted by

X0
D = {vD ∈ XD | vs = 0 for all s ∈ VD, and v0 = vmx+1 = 0}.

The previous gradient and function reconstruction operators will be applied on vectors of XD
keeping the same notations for convenience sake.

The VAG discretization of our model problem is obtained by the following non conforming
variational formulation: given ūD ∈ XD, find uD ∈ XD such that uD − ūD ∈ X0

D and∫
Ω

Km∇DmuD · ∇DmvD dx +

∫
Γf

dfKf∇DfuD · ∇DfvD dτ(x)

+

∫ L

0

|S|
α
∇DguD∇DgvD dx

=

∫
Ω

hmΠDmvD dx +

∫
Γf

dfhfΠDfvD dτ(x) +

∫ L

0

|S|hgΠDgvD dx,

(8)

for all vD ∈ X0
D.

In order to write the equivalent finite volume formulation of (8), let us define for all uD ∈ XD
the matrix fluxes

VK,ν(uD) =
∑
ν′∈ΞK

T ν,ν
′

K (uK − uν′), (9)

connecting each cell K to its d.o.f. ν ∈ ΞK with ΞK = VK ∪ (FK ∩ FΓf ) and

T ν,ν
′

K =

∫
K

Km∇ην · ∇ην′dx.
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Similarly, the fracture fluxes defined by

Vσ,s(uD) =
∑
ν′∈Vσ

T s,s′

σ (uσ − us′), (10)

connect each fracture face σ to its nodes s ∈ Vσ where

T s,s′

σ =

∫
σ

dfKf∇τγfηs · ∇τγfηs′dτ(x).

On the gallery side, we similarly define for all uD ∈ XD the fluxes

Vm,m+1(uD) = Tm+ 1
2
(um − um+1), (11)

connecting m to m+ 1 for all m = 0, · · · ,mx, where

Tm+ 1
2

=
|S|

(xm+1 − xm)2

∫ xm+1

xm

dx

α(x)
.

Let us set for the source terms in the matrix

hm,K =
1

|ωK |

∫
ωK

hm(x)dx, hm,K,s =
1

|ωK,s|

∫
ωK,s

hm(x)dx,

and αK,s =
|ωK,s|
|K| for all s ∈ VK \ (VD ∪VΓ ∪VΓf ) and K ∈M. Similarly, we set in the fracture

network

hf,σ =
1

|Σσ|

∫
Σσ

df (x)hf (x)dτ(x), hf,σ,s =
1

|Σσ,s|

∫
Σσ,s

df (x)hf (x)dτ(x),

and ασ,s = |Σσ,s|
|σ| for all s ∈ Vσ \ (VD ∪ VΓ) and σ ∈ FΓf .

Then, the variational formulation (8) is equivalent to find uD ∈ XD satisfying the discrete
conservation equations in the porous medium

∑
ν∈ΞK

VK,ν(uD) = (1−
∑

s∈VK\(VD∪VΓ∪VΓf
)

αK,s)|K|hm,K , K ∈M,∑
s∈Vσ

Vσ,s(uD)−
∑

K∈Mσ

VK,σ(uD) = (1−
∑

s∈Vσ\(VD∪VΓ)

ασ,s)|σ|hf,σ, σ ∈ FΓf ,

−
∑
K∈Ms

VK,s(uD) =
∑
K∈Ms

αK,s|K|hm,K,s, s ∈ V \ (VD ∪ VΓ ∪ VΓf ),

−
∑
K∈Ms

VK,s(uD)−
∑

σ∈FΓf ,s

Vσ,s(uD)

=
∑

σ∈FΓf ,s

ασ,s|σ|hf,σ,s, s ∈ VΓf \ (VD ∪ VΓ),

us = ūs, s ∈ VD,

(12)

coupled with the conservation equations in the gallery for m = 1, · · · ,mx

Vm,m+1(uD)− Vm−1,m(uD) =

∫ xm+1/2

xm−1/2

|S|hg dx

+
∑
s∈VΓ

αm,s

( ∑
K∈Ms

VK,s(uD) +
∑

σ∈FΓf ,s

Vσ,s(uD)
)
,

(13)
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and the boundary conditions at the end points of the gallery u0 = ū0, umx+1 = ūmx+1. Note that
the right hand side hm does not appear in the conservation equations in the fracture network,
and that the right hand sides hm and hf do not appear in the conservation equations in the
gallery. This is due to our choice of the operators ΠDm and ΠDf which avoid the mixing of the
matrix and fractures in the control volumes located at nodes s ∈ VΓf , as well as the mixing of
the porous medium and the gallery in control volumes located at nodes s ∈ VΓ. This is a crutial
property to extend the VAG discretization to the compositional model taking into account the
highly contrasted material properties or the different models in the gallery, in the fractures,
and in the matrix.

3.3 Extension to the Compositional Model

The VAG scheme has been extended to multiphase Darcy flows in [8] for compositional models.
In [9] it is adapted to the case of discontinuous capillary pressures using a phase pressure for-
mulation in order to take into account accurately the saturation jump at the interfaces between
different rocktypes. This motivates the choice of the phase pressures as primary unknowns in
our model. In [5] it is extended to the case of immiscible two phase Darcy flows in discrete frac-
ture networks coupling the flow in the fractures with the flow in the surrounding matrix. The
current discretization combines ideas of [9] and [5] and extend them to compositional models
and to the coupling with the 1D free gas flow.

Let us define uD = (pgD, p
l
D) ∈ (XD)2 as the vector of the discrete unknowns of the coupled

model (3). The discretization of the Darcy matrix fluxes for each component i = e, a combines
the VAG fluxes and a phase by phase upwinding of the mobility terms w.r.t. the sign of the
flux

V α
K,ν,i(uD) = mα

i,m(xK ,u
α,up
K,ν )

(
VK,ν(p

α
D) + gραK,νVK,ν(zD)

)
,

for all K ∈M, ν ∈ ΞK , with the upwinding

uα,upK,ν =

{
uK if VK,ν(p

α
D) + gραK,νVK,ν(zD) ≥ 0,

uν else ,

the averaged density ραK,ν = ρα(uK)+ρα(uν)
2

, and the vector of the vertical coordinates at all d.o.f.
zD = (zµ, µ ∈M∪ V ∪ FΓf ).

Similarly, the discretization of the Darcy fracture fluxes for σ ∈ FΓf , s ∈ Vσ is defined by

V α
σ,s,i(uD) = mα

i,f (xσ,u
α,up
σ,s )

(
Vσ,s(p

α
D) + gρασ,sVσ,s(zD)

)
,

with the upwinding

uα,upσ,s =

{
uσ if Vσ,s(p

α
D) + gρασ,sVσ,s(zD) ≥ 0,

us else ,

and the averaged density ρασ,s = ρα(uσ)+ρα(us)
2

.
The VAG fluxes in the gallery (11) are extended to the Darcy-Forchheimer law using a one

quadrature point formula as follows

Vm,m+1(pgD) = |S|h
(
α(xm+ 1

2
), β(xm+ 1

2
),∇Dgp

g
D(xm+ 1

2
)
)

= |S|h
(
α(xm+ 1

2
), β(xm+ 1

2
),
pgm+1 − pgm
xm+1 − xm

)
,
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and the discretization of the Darcy-Forchheimer fluxes for each component i = e, a is defined
by

Vm,m+1,i(uD) = ζg(uupm,m+1)cgi (u
up
m,m+1)Vm,m+1(pgD),

with the upwinding

uupm,m+1 =

{
um, if Vm,m+1(pgD) ≥ 0,
um+1, else ,

for all m = 0, · · · ,mx.

For N ∈ N∗, let us consider the time discretization t0 = 0 < t1 < · · · < tn−1 < tn · · · < tN =
Tf of the time interval [0, Tf ]. We denote the time steps by ∆tn = tn−tn−1 for all n = 1, · · · , N .

The initial conditions are given in the porous medium by u0
ν = (pgini,ν , p

l
ini,ν) for all ν ∈

M∪FΓf∪
(
V\(VD∪VΓ)

)
. In the gallery, they are defined for all m = 1, · · · ,mx by pg,0m = pgini,m,

and pl,0m = plini,m.
The system of discrete equations in the porous medium at time step tn accounts for the

discrete molar conservation of each component i = e, a in each control volume K ∈M, σ ∈ FΓf ,
and s ∈ V \ (VD ∪ VΓ),

∑
α=g,l

(1−
∑

s∈VK\(VD∪VΓ)

αK,s)|K|
nαi,m(xK ,u

n
K)− nαi,m(xK ,u

n−1
K )

∆tn

+
∑
α=g,l

∑
ν∈ΞK

V α
K,ν,i(u

n
D) = 0, K ∈M,

∑
α=g,l

(1−
∑

s∈Vσ\(VD∪VΓ)

ασ,s)|σ|
nαi,f (xσ,u

n
σ)− nαi,f (xσ,un−1

σ )

∆tn

+
∑
α=g,l

(∑
s∈Vσ

V α
σ,s,i(u

n
D)−

∑
K∈Mσ

V α
K,σ,i(u

n
D)
)

= 0, σ ∈ FΓf ,∑
α=g,l

∑
K∈Ms

αK,s|K|
nαi,m(xK ,u

n
s )− nαi,m(xK ,u

n−1
s )

∆tn

−
∑
α=g,l

∑
K∈Ms

V α
K,s,i(u

n
D) = 0, s ∈ V \ (VD ∪ VΓ ∪ VΓf ),∑

σ∈FΓf ,s

ασ,s|σ|
nαi,f (xσ,u

n
s )− nαi,f (xσ,un−1

s )

∆tn

−
∑
α=g,l

( ∑
K∈Ms

V α
K,s,i(u

n
D) +

∑
σ∈FΓf ,s

V α
σ,s,i(u

n
D)
)

= 0, s ∈ VΓf \ (VD ∪ VΓ),

together with the Dirichlet boundary conditions uns = (p̄gs, p̄
l
s) for all s ∈ VD. This system

is coupled to the equations in the gallery at time step tn accounting for the discrete molar
conservation of each component i = e, a

|Km|
ζg(unm)cgi (u

n
m)− ζg(un−1

m )cgi (u
n−1
m )

∆tn

+Vm,m+1,i(u
n
D)− Vm−1,m,i(u

n
D)

=
∑
s∈VΓ

αm,s
∑
α=g,l

( ∑
K∈Ms

V α
K,s,i(u

n
D) +

∑
σ∈FΓf ,s

V α
σ,s,i(u

n
D)
)
, m = 1, · · · ,mx,

and the Dirichlet conditions at both sides of the gallery un0 = ū0, unmx+1 = ūL.
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4 Numerical tests

4.1 Test case with 1 fracture

Let ω and S be the disks of center 0 and radius respectively rω = 15 m and rS = 2 m. We
consider a radial mesh of the domain (0, L) × (ω \ S), L = 100 m of size nx = 40, nr = 30,
nθ = 32 in the cylindrical coordinates x, r, θ. The porous medium includes a single fracture
defined by x = 50 m, θ ∈ [0, 2π), r ∈ (rS, rf ) with rf = 10 m. The mesh is uniform in the x
and θ directions and is exponentially refined at the interface of the gallery Γ to account for the
steep gradient of the capillary pressure at the porous medium gallery interface. The mesh in
the gallery is conforming with the porous medium mesh in the sense that mx = nx and that the
points xm, m = 0, · · · ,mx + 1 match with the x coordinates of the nodes along the x direction
in the porous medium.

The temperature is fixed at T = 300 K. The gas molar density is given by ζg(pg) = pg

RT

mol.m−3 with R = 8.314 J K−1 mol−1, and the liquid molar density is fixed to ζ l = 55555

mol.m−3. The mass densities are related to the molar densities by ρα =
(∑
i=e,a

cαiMi

)
ζα, where

Mi, i = e, a are the molar masses of the components. Using the Henry law for the fugacity of
the air component in the liquid phase, the Raoult-Kelvin’s law for the fugacity of the water
component in the liquid phase, and the Dalton’s law for an ideal mixture of perfect gas for the
fugacities of the air and water components in the gas phase, the component molar fractions in
each phase are given by 

cle =
Ha − pg

Ha − p̃sat
, cla =

pg − p̃sat
Ha − p̃sat

,

cge =
p̃sat
pg

cle, cga =
Ha

P g
cla,

with the vapor pressure psat(T ) = 1.013 105e13.7−5120/T Pa, the Henry constant Ha = 6 109 Pa,

and p̃sat = psat(T )e
pl−pg

ζlRT Pa.
The phase viscosities are fixed to µg = 18.51 10−6 Pa.s−1 and µl = 10−3 Pa.s−1. The Darcy

Forchheimer parameters are set to α = 0 and β = 10−3 Kg.m−4. The relative permeabilities
and capillary pressure are given by the following Van-Genuchten laws

klr(s
l) =


0 if sl < slr,
1 if sl > 1− sgr ,√

s̄l
(

1− (1− (s̄l)1/m)m
)2

if slr ≤ sl ≤ 1− sgr ,

kgr (s
g) =


0 if sg < sgr ,
1 if sg > 1− slr,√

1− s̄l
(

1− (s̄l)1/m
)2m

if sgr ≤ sg ≤ 1− slr,

and

sl(pc) = slr + (1− slr − sgr)
1(

1 + ( pc
Pr

)n
)m ,

with

s̄l =
sl − slr

1− slr − s
g
r
.
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Two different rocktypes are considered in the matrix domain Ω \ Γf . For rS < r < rI = 3
m we consider a damaged rock with isotropic permeability Km = 5 10−18 m2 and a porosity
φm = 0.15, and for r > rI we consider the Callovo-Oxfordian argillites (COx) with the same

porosity φm = 0.15 and the anisotropic permeability defined by Km =

 λ 0 0
0 λ 0
0 0 λ

10

 with

λ = 5 10−20 m2 in the x, y, z Cartesian coordinates where z is the vertical coordinate and x
the direction of the Gallery. The Van-Genuchten parameters are defined by n = 1.50, slr = 0.2,
sgr = 0, Pr = 5 106 Pa in the damaged zone, and by n = 1.49, slr = 0.4, sgr = 0, Pr = 15 106

Pa in the COx region. In the fracture Γf , the fracture width is equal to df = 0.01 m, the
porosity is set to φf = 0.3, the permeability is isotropic and set to Kf = 10−13 m2, and The
Van-Genuchten parameters are defined by n = 4, slr = 0, sgr = 0, Pr = 5 105 Pa.

The porous medium is initially saturated by the liquid phase with imposed pressure plini =
40 105 Pa and composition cla,ini = 0, cle,ini = 1. At the external boundary r = rω the water
pressure is fixed to p̄l = plini, with an input composition c̄la = 0, c̄le = 1. At both sides x = 0 and
x = L of the porous medium, zero flux boundary conditions are imposed. The initial condition
in the gallery is given by pini = 105 Pa and ce,ini defined by the relative humidity

Hr,ini =
ce,inipini
psat(T )

= 0.5.

We consider an input gas velocity win = 1 m.s−1, a fixed input water molar fraction c̄e,0 = ce,ini
at the left side x = 0 of the gallery, and a fixed output pressure p̄L = pini at the right side
x = L of the gallery. The simulation is run over a period of 20000 days with an initial time
step of 0.1 seconds and a maximum time step of 1000 days.

At the opening of the gallery at t = 0, we observe in Figure 3 an increase of the mean
relative humidity up to say 0.98 in a few seconds due to a large liquid flow rate at the interface.
Then, the flow rate decreases and we observe a drying of the gallery due to the ventilation at
win = 1 m.s−1 down to an average relative humidity slightly above Hr,ini in a few tens days.
Meanwhile the gas penetrates slowly into the porous medium reaching a stationnary state with
around 160 m3 of gas in say 10000 days (see Figure 2). As can be seen in Figure 1, the gas
penetrates much deeper and at a much higher saturation in the fracture than in the porous
medium due to the higher permeability and to the lower capillary pressure in the fracture than
in the porous medium.
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Figure 1: One fracture test case: liquid saturation sl at the end of the simulation. In the gallery
the liquid saturation corresponds to the saturation at the interface as a function of x.

Figure 2: One fracture test case: volume of gas in the matrix, in the fracture and in the porous
medium (matrix + fracture) as a function of time.
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Figure 3: One fracture test case: mean relative humidity in the gallery as a function of time
(equal to 0.5 at initial time).

4.2 Test case with 4 fractures

We consider the same test case than the previous one but including 4 fractures defined by
x = 35 m, θ ∈ [0, 2π), r ∈ (rS, rf ) for the first fracture, by x = 65 m, θ ∈ [0, 2π), r ∈ (rS, rf )
for the second fracture, by θ = π

4
, r ∈ (rS, rf ), x ∈ (25, 75) for the third one, and by θ = 5π

4
,

r ∈ (rS, rf ), x ∈ (25, 75) for the last one. The numerical results exhibited in Figures 4, 5, 6
are similar to those of the previous test case with, as expected, a larger amount of gas in the
fracture network, and a slightly higher relative humidity in the transient phase.

Figure 4: Four fractures test case: liquid saturation sl at the end of the simulation. In the
gallery the liquid saturation corresponds to the saturation at the interface as a function of x.
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Figure 5: Four fractures test case: volume of gas in the matrix, in the fracture and in the
porous medium (matrix + fracture) as a function of time.

Figure 6: Four fractures test case: mean relative humidity in the gallery as a function of time
(equal to 0.5 at initial time).

5 Conclusion

A reduced model coupling the 3D gas liquid compositional Darcy flow in the matrix, the 2D
compositional gas liquid Darcy flow in the fracture network, and a 1D compositional gas free flow
has been proposed and applied to predict the mass exchanges occuring at the interface between
the repository and the ventilation excavated galleries. This reduced model is formulated using
the single set of unknowns corresponding to the gas and liquid pressures in the two components
case. Then, the VAG scheme is extended to the discretization of such model using a 1D finite
element mesh in the gallery non necessarily matching with the mesh of the porous medium.
This scheme has the advantage compared with classical CVFE approaches to avoid the mixing
of highly contrasted properties inside the control volumes at the nodes located at the interfaces
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between on the one hand the fracture and the matrix as well as on the other hand between the
gallery and the porous medium. The numerical results on test cases including 1 and 4 fractures
exhibit the good physical behavior of the model.

Acknowledgements: the authors would like to thank Andra for its financial support and for
allowing the publication of this work.
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[1] Alboin C., Jaffré J., Roberts J., Serres C. (2002). Modeling fractures as interfaces for flow
and transport in porous media. In: Chen, Ewing, editors. Fluid flow and transport in porous
media, 295 AMS, 13-24.

[2] Angelini O., Chavant C., Chénier E., Eymard R., Granet S. (2011). Finite volume approx-
imation of a diffusion-dissolution model and application to nuclear waste storage. Mathe-
matics and Computers in Simulation, 81(10), 2001-2017.

[3] Baber K., Mosthaf K., Flemisch B., Helmig R., Müthing S. (2012). Numerical scheme for
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