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On sets of coprime integers in intervals 

P. Erdos and Sarkozy 1 

1 

1. Throughout this paper we use the following notations : ~ denotes 

the set of the integers. N denotes the set of the positive integers. For 

A C N,m E N,u E ~we write .A(m,u) ={f.£; a E A, a= u(mod m)}. IP(n) 

denotes Euler';; function. Pk dznotcs the kth prime: P1 = 2,p2 = 3,· ··and 
k 

we put Pk = IJP•· If k E N and k ~ 2, then .PA:(A) denotes the number of 
i=l 

the k-tuples (at,···, ak) such that at E A,·· · , ak E A,ai < a2 < · · · < ak 

and (at,aj = 1) for 1::; i < j::; k. If k E N,A C Nand .Pk(A) = 0, i.e., A 

does not contain a subset S consisting of k pairwise c.oprime integers, then 

A is said to have property P", and rk denotes the family of those subs<'ts 

of N which have property PA:. We write 

(In other words, t = FA:( n) + 1 is the smallest positive integer such that every 

~et B with B C {1, · · ·, n}, I B I= t cc;:-.tains k pairwise coprime integers). 

Moreover, for k, m, n E N we write 

(1) 9~t(m,n) = max ! A I 
.A.C{m,tn.+l,--·,rn+,.-1} 

..A.ETt 

1 Resecudt lHui.in.liy supJlUrted by Hungarian National Foundation for SrlP~!~f..c E:::

search, Grant No. 1901. 
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and 

so that, clearly, 

(2) 

For k, m, n E N, let t/IA:( m, n) denote the number of those integers u E 

{ m, m + 1, . · · , m + n '-'-- 1} which are multiples of a.t lea.st one of the first k 

primes, and write 
~A:(n) = t/l~c(1,n). 

The .set .A '¥t {a :.a E {m, m+ 1, · · · ,m+ n-1}, (a, PA:_t) > 1} has property 

P" and thus for this set .A we have 

(3) 9A:(m,n) 2:I.A I= tPA:-I(m,n), 

in particular, 

(4) UA:(l,n) = FA:(n) 2: tPA:-l(l,n) = ~it- t(n). 

Clearly for all m, n E N we have 

(5) 

tPA:(m,n) =I {u: m ~ u < m + n,(u,PA:) > 1} I= 

=I {u: m ~ u < m + n} I-LJJ(d) I {u: m ~ u < m + n,d I u} I= 
diP• 

= n- LJJ(d) ([~] - [7]) 
diP• 

whence 

I tPA:(m,n)- (1·-g (1- *)) n I= 

=I (n- 2><d) ([~]- [7])) - (n- LJJ(d);}) I~ 
d\P• diP• 
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(6) 

:; L lp(d) II [~] - [7] - ~ j:; 
dlPa 

H P1c In, then we have I {d: m:; u < m + n,d lu} I= n/d thus it follows 
from (5) that 

(7) t/J~c(m,n) = n -- LP(d)~ = (1- IT (1- ~)) n for P;. In. 
diP• i=l Pi 

In particular, we have 

~1c(n) = t/J~c(1, n) =I {u: u E N,u:; n, (u, P~c) > 1} I= 

(8) =- L p(d) [~] for all n EN 
djP,,d>I 

and 

iJ~c(n) = (1-g (1- ~)) n for n E N,P,. In. 

Finally, for k,l,m,n E N,h(l<,t)(m,n) denotes the maximum of the car

dinalities of the sets .A such that .A c {m, m + 1, · · · ,m+ n- 1},(a, FA:)= 1 

for all a E .A and .A E rt. 

2. It is easy to see that 

(9) 

and 

Fa(n) = w2(n) = (~] + mJ - [i] ( = ~ for 6 In) . 

Erdos, SArkozy and Szemeredi [3],[4] extended and sharpened these state

ments in various directions, Erdos conjectured long ago (see, e.g., [2]) that 

(11) 
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Szab6 and T6th [5] proved this in the special case k == 4: 

1'4(n) = 'l!a(n). 

However, the general case seems to be hopeless at the present. 

In this paper" our goal is, .to study the case of general k and to prove 

several partial results. In particular, in sections 3 and 4 we will study the 
connection between the functions F.~:(n) and G.~:(n). In section 5, the function 

h(k,t)(m,n) will be studied. In section 6, we will give an upper bound for 

G.~:(n). nnally, in section J, we will generalize several results proved in [3] 

and [4] by estimating il.~:{A). 
3. By (2), F.~:(n) :S G,~,(n) for all n. First we remark that fork= 2 and 

3, both < and == occur infinitely often in this inequality. 

THEOREM 1. lfm,u,v EN, then 

(12) g2(m,2v) == v, 

(13) g2(2u, 2v + 1) = v + 1, 

(14) g2{2u- 1,2v + 1) = v, 

(15) ga(m,6v) == 4v, 

(16) g3(6u- 5, 6v- 1) = 4v- 1, 

(17) g3(6u,6v- 1) = 4-::. 

It follows trivially from Theorem 1 that 

COROLLARY 1. For all v EN we have 

and 

F2(2v) = G2(2v) = v, 

G2(2v + 1) = 11 + 1 = F2(2v + 1) + 1, 

F3(6v) = Ga(6v} = 4v 
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G3(6v, - 1) ~ 4v = F3(6v- 1) + 1. 

PROOF OF THEOREM 1. (12),(13) and (14) are near trivial, thus we 

prove only (15),(16) and (17). By (3) and (5), for all m,n EN we have 

(18) 

where 

and 

N1 =I {a:aE {m,m+1,···,m+n-1},2la} I, 

N2 =I {a: a E {m,m+ 1,···,m+n -1},31 a} I 

N 3 =I {a : a E { m, m + 1, · · · , m + n - 1}, 6 I a} I . 

It is easy to see that 

(19) N1 = 3v, N2 = 2v and N3 = v for all m and n = 6v, 

(20) N1 = 3v- 1, N2 = 2!! - 1 and N:J = v - 1 for m = 6u- 5,n = 6v ..:., 1 

and 

(21) N 1 = 3v,N2 = 21.1 and Na = v form= 6u,n = 6v -1. 

It follows from (18), (19), (20) and {21) that 

(22) g3(m,6v) ~ 6v,g3(6u- 5,6v- 1) ~ 4v- 1,g3 (6u,6v -1) ~ 4v. 

Now we will show that 

(23) 93(t,6) ::; 4 for all tEN. 

In fact, if A c {t, t + 1, · · · ,t + 5} and I A I~ 5, then either .A contains three 

consecutive odd numbers or A contains two consecutive odd numbers and an 
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even number divisible by either 3 or 5. In both cases, these three numbers 

are pairwise coprime so that A Ca.D.llOt have property Ps which proves {19). 
Clearly, for all J:, a, b, c E N we have 

(24) Uk(a,b +c) $ Uk(a,b) + Uk(a + b, c). 

By {23) and (24) we have 

v-1 v-1 

(25) us(m,6v) $ I:us(m + 6i,6) $ L4 = 4v. 
i=O i=O 

(15) follows from (22) and (25). 
Next we will show that 

(26) us(6u- 5,5) $ 3. 

In fact, if A C {6u- 5,6u- 4,6u- 3,6u- 2,6u- 1} and I A I~ 4, then 
either A contains three consecutive odd numbers or A contains 6u-4,6u-2 
and one of 6u- 5, 6u- 3 and 6u- 1. In both cases, the three numbers are 
pairwise coprime and this proves (26). 

It follows from (15), (24) and (26) that 

(27) g3 (6u-5,6v-1) $ gs(6u-5,5)+gs(6u,6(v-1)) $ 3+4(v-1) = 4v-1. 

{16) follows from (22) and (27). 
Finally, by (15) we have 

(28) 9s(6u, 6v- 1) $ us(6u, 6v) = 4v. 

(17) follows from (22) and (28). 

4. In this section we will show that for all J: there is an integer nk such 

that lim (G(nk)- F(n~o)) = +co. 
k-++oo 

THEOREM 2. There is a positive constant c1 and a number ko such that 

for all k ~ ko there is an integer n~o with 

(29) 
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PROOF. We need the following result of ErdOII: 

LEMMA 1. For a certain positive constant c, .and all n .E N we can find 
more than c2p,. log p,.(loglog p,.)-2 consecutive integers so that each of them 

is diflisible by at least one of the primes Pt,Jl2, · · • ,p.,. 

In fact, this is Theorem 2 in [1]. 

By the prime number theorem, Pn "' n log n so that p,. log p,.(log log p..)-2 "' 

n(log n)2(1oglog n)-2 • Thus by Lemma 1, there is a positive constant c3 and 

for all 1: ~ 1:1 there are nu..-nbers n,., t,. E N so that 

(30) 

and each of the integers t,., t,. + 1, · · · , t,. + ~" - 1 is divisible by at least one 

ofthe primes PJ,p,, · · · ,p,._1 . Then clearly, the set A= {t,.,t,. + 1, · · · ,t,. + 
n,.- 1} has property P,. whence 

(31) 

Nowwewillgivean upper bound for F~o(n,.). Assume that A c {1,2, · · · ,n,.} 

and A has property P,.. IT q1 < q2 < · · · < ql are primes contained in A, 
then these primes form a subset of A consisting of pairwise coprilrui integers. 

Since A has property P,., this implies that l :S k -1, i.e., A contains at most 

k - 1 primes. Thus by. (30} and the prime number theorem we have 

I A I :S I { n : n :S n,., n is not prime} I + ( k -:- 1) = 

whence 

(32) 

n,. - ?r(n,.) + (1:- 1) < n,. - c4n,.(log nA:)- 1 + k- 1 < 

< n,.- c5k(log k)3(Iog log k)-2 

{29} follows from (31) and {32), and this completes the proof of Theorem 2. 

On the other hand, we conjecture that 
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for all k (and, in fact, perhaps the lower bound in (29) is close.to the truth). 

Unfortunately, we have not been able to show this. 

Moreover, we conjecture that conjecture {11) c:m be extended to the 

mo:r:e gen.eral function g~c( m, n) in the following wliy : for all k ~ 2 and m, n E 

N, the maximum in (1) is asSumed by a set A C {m,m+ 1,· · · ,m+ n -1} 

which consists of the multiples of certain primes q1 , q2 , · • · , q~:_ 1 . However, 

these primes need not be the first k - 1 primes, as the following example 

shows : Let m = 45, n = 10, k = 4, and consider 

A cJ;! {a: 45$ a$ 54,(a,2 · 3 · 7) > 1} = {45;46,48,49,50,51,52,54}. 

Then clearly, A E r,. so that 

g4(45,10) 2:1 AI= 8. 

On the other hand, we have 

t/Ja(45,10) =I {u: 45 ~ u $ 54,(u,2·3·5) > 1} 1=1 {45,46,48,50,51,52,54} I= 7. 

5. In this section, we will estimate the function h(A:,t)(m,n). 

THEOREM 3. 
(i) If k,l, m, n EN and l 2: 2, then we have 

(33) 
k 

h(A:,t)(m,n)< (l-1) (~ + 2) fi(p,; -1). 
PA:+l " i=l 

(ii) If k,l, m, n t 1V ami i ~ 2, then we have 

(34) . k ( 1 ) (' A:+l-l ( 1 ) ) 
h(A:,t)(m,n) ~niT 1- ~ 1- n 1 ~--: - pk+l-1· 

i=l Pi j=A:+l p, 

Moreover, if P~:+l-1 In, then the term PA:+l-1 on the right hand side can be 
dropped. 

PROOF. 

(i) Assume that 

(35) A C {m,m+ 1,· · ·,m+ n -1}, 
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(36) (a,P.~:) = 1 for all a E A 

and 

(37) I A I~ (l- 1) ( np + 2) IT<P• -1). 
PA:+l K i=l 

Let u denote an integer for which I A( Po~:, u) I is· ma:rimal : 

I A(P.~:, u) 1~1 A(P4, v) I for all v E 7Z. 

By (36) and (37), clearly we have 

4 

(38) I A(P.~:,u) I~ I(~ I) =I A I TICPi- 1)-1 ~ (l- 1) (~ + 2). 
IP 4 i=t Plo:+t l: 

Define the integers z and Jl, respectively, by 

(39) 

and 

so that, by (39) and (40), 

(41) 

For i E N write 

Then we have 

A(Pk,u) = u~=l A. 

thus by (38) and (41) there is an integer z (with 1 ~ z ~ v) such that 

I A..~~ I A(P.,u) I > (l - 1) (-n- + 2) (-n- + 2) -1 = l- 1 
J1 Pk+tPl: Pk+tPl: 
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whf'..nce 

(42) I.A .. I~ l. 

H a E .A,, a' E .A,. and a > a', then a- a' is of the form a- a' = jP11 

where i E N,j < Plr:+I· The prime factors of jP~c are smaller, than PHI· It 
follows that (a, a') has no prime factor greater than Pic. On the other hand, 

by a E A, a' E A we have (a, P~c) =(a', P~c) = 1, so that (a, a') has no prime 

factor not exceeding Pic· Thus we have (a, a') = 1 so that the elements of A, 

are pairwise coprime. By ( 42), it follows that A .. c A cu.o.tains an l-tuple 
of pairwi&e coprime integers so that A t rt. This is so for all A satisfying 

(35), (36) and (37) which p~ves (33). 

(ii) Define the set B(lc,l)(m, n) by 

B(k,t)(m, n) = {b: bEN, m ~ b < n, (b , P~c) = 1, (b,Pie+1Pie+2 · · · Pio+t-d > 1}. 

Then clearly, B(lc,t)(m,n) E rt and thus 

(43} 

H Ple+t-t In, then by the Chinese remainder theorem we have 
(44) 

lc ( 1) ( le+l-1 ( 1 ) ) I B(le,L)(m, n) I= n II 1 - --: 1- II 1 - --: (for Ple+t-1 I n). 
i=l p, i=le+l P1 

H Pk+l-1 I n is not assumed, then define n' by P~e+L-t I. n', n' ~ n < 
n' + Plc+t-1· Then by (44}, 
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" I A=+t-1 \ 

~ n fi ( 1 - ~) It - IT ( 1 - t)) - Pk+l-1 
i=l \ i='+l 

The result follows {43), (44) and (45). 

6. In this section we will study several consequences of Theorem 3 and, 

in particular, we will estimate G,.( n ). First we consider the important special 

case l = 2, when we get a quite sharp estimate for the function h(k,LJ(m, n). 
In fact, in this case the error term is bounded for fixed k : 

THEOREM 4. Fork, m, n E N we have 

I h(k,2J(m,n)-~ fl (1- ~) I~ PA:+l· 
Pl:+li=l Pi 

PROOF. By using Theorem 3 with l = 2 we obtain that 
k 

h(i:,~)(m,n) < (P'+~P• + 2) IT<A -1) = 
i=l 

" ,. 
= .....!!....rr (1 - .!.) + 2rr(Pi _ 1) < P•+• Pi 

i=l i=l ,. 
< ....!!....IT (1- .!.) + 2P,. P•+t P• 

i=l 

and 

h(l:,2)(m,n) ~ nfl (1- ~) (1- (1- -
1
-. )) -PA:+l =~IT (1- ~) -P,.+l 

i=l p, Pk+l PitH i=l Pa 

whence the result follows. 

H l > 2 but lis not much greater, than A:, then still we have a satisfactory 

estimate ior h(k,t)(m, n} ; 

THEOREM 5. For all E > 0 there exist numbers 6 > O,'fl > 0 and ko(E) 

such that for all kEN, k > ko(E) we have 

{1-t)n 2.: -: IT 1--: < h(,.,l)(m,n) < {l+t) - niT 1--: (A:+l-l1) " ( 1) (l 1) le ( 1) 
i=k+l Pi i=l Pi Pk+ 1 i=l Pi 
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(46) for 1.: > ko(e),2 $l < 1.:1+6, all mEN andn > no(l.:,e), 

' k <t- l)nrr ( 1) ct- 1}nii ( 1) (1- .;) 1---: < h(l,t)(m,n) < (1 +e) 1---: 
Pl+l i=l Pi Pk+l i=l p, 

(47) for 1.: > l.:o(e),l < qA:, all mEN a.nd n > no(l.:,e,fJ) 

and 
(48) 

(1-e)log 21 n len (1- ~) < h(l,A:+l)(m,n) < (1+e)lon kiT (1- ~) 
og i=l Pi g i=l Pi 

for lc > ko(e), all mEN and n > no(l:,e). 

PROOF. The upper bound in (46) follows trivially from (33) in Theorem 

3. To derive the lower bound in (46) from (34) in Theorem 4, observe that 
1- z = e-... +O(z

2
) and e-z = 1- z + O(z2) for z--+ 0, moreover, it follows 

from 

(49) 
1 L- = loglog z + C + o(l) 

p<zp . 

and the prime number theorem that if p > 0, 6 is sufficiently small in terms 

of p and 1.: > ko(p), then 
[J<'-t'] 

1 
E-<p. 

i=l+l Pi 

(47) follows trivially from (46) and the prime number theorem. 

(48) follows from (46), (49) and the prime number theorem and this 

completes the proof of Theorem 5. 

One may use (48) to estimate G1 (n) : 

_THEOREM 6. For all£> (! U:.:m: ~a number l.:o = l.:o(e) such that for 

1.: > l.:o(e), all mEN and n >no(#.:, e) we have 

(50) -2' :5 g,(m,n)- (1-n (1- ~)) "< (l+e)~ rr (1- ~). 
i=l Pi og 1.: i=l p, 
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Moreover, for P,._1 In the lower bound can be replaced by 0. 

Note that since except for g,.(m,n), all the terms in (50) are independent 

of m, it follows that 

COROLLARY 2. Fore> 0,1: > ko(e) and n > no(k,e) we have 

where the lower bound can be replaced by 0 for P,. I n. 

PROOF OF THEOREM 6. It follows from (3) and (6) that 

(51) g~o(m,n)- (1-}] (1- ~)) n :2: T/Jr._ 1(m,n)-

and, by (7), this lower bound can be replaced by 0 for P,._t I n. 

On the other hand, asswne that .A c { m, m + 1, · · · , m + n :.. 1} and 

.A E r,. Then by (6) and (48), fork> ko(e), all mEN and n > no(k,e) 

we have 

I .A 1=1 {a: a E .A,(a,P,._l) > 1} I+ I {a: a E .A,(a,P.~=-d = 1} I~ 

~I {a: m ~a< m + n,(a,P,._t) > 1} I +h(r.-t,lr:J(m,n) .= 

(52) = T/1.1:-1(m,n) + h(lc- l,lr:J(m,n) < 

< ( 1- [{ ( 1- *)) n + (1 + E)j0 ; k j] ( 1- *) • 
The result follows from (51) and (52). 
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1. In this section, we will generalize Theorem 3 in [3) and Theorem 8 in 

[4). For lc E N,lc ~ 2 we wr.i.te 
t 

(It is easy to see that a 2 == 1/2, a 3 = 2/3). 

THEOREM 7. Let k E N, lc ~ 2 and e > 0. There are numbers no "" 
no(k,e) andc6 = c5(k,e) such thatifn >no, mE N,A c {m,m+1, · · · , m+ 
n- 1} and 

(53) I A I> (aA: + e)n, 

then 

(54) 

Note that it follows trivially from Theorem 7 that for alllc ~ 2, lim 0 •(n) 
n~+oo n 

eDsts (and this limit is equal to aA:)· 

PROOF. The proof will be based on the following lemma. : 

LEMMA 2 •. To every p > 0 and 5 > 0 there is an r0 == r0 (p, 6) so that 

if r ~ ro, n > nt(P, 6,r), m E N and u == 1, 2, · · ·, Pr, then for all but PfJ; 
integers b satisfying 

(55) m $ b <m+n, b = u (mod Pr), 

we have 

PROOF. Denote the set of the integers satisfying (55) by B and write 
+oo 

81 == {b: bE 8,-y(b) ~ 5}. By the Chinese remainder theorem, L~ < +oo 
i=.} I 

and 2.::; "'log log n, for r > r0 (p, 6) and n > n1(p,5,r) we have 
p<n 
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•S•<•+• PI• 
•ii.('MOtl Pr) pr<.P<• 

1= 
p 

(56)= :E ~ :E 1< 
Pr<p<n •<•<•+• 

•=•(;;.H Pr ),pJt 

< :E ~(~+1)<;;-:E:r+:E~< 
J>r<p<n Pr<P p<n 

< et- · J1; + 2log log n < p5'f.:. 

On the other hand, clearly we have 

(57) L'Y(b)~ L1(b)~L5=51Btl. 
bEll bE.I!It I>E!I 

It follows from (56) and (57) that 

n 
I Bt I< Pp: 

r 

and this completes the proof of Lemma 2. 

15 

Now we prove Theorem 7. By the definition of a1, there is ·a positive 

integer n1 such that 

so that 

(58) 
E: 

g~o(m,ni) < (a~o + 4)n1 for all mEN. 

Let r be a positive integer such that 

(59) r >max ( nt,ro (8~1 , 3;k)) 
and write n1Pr = M. 

By (53) we have 
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Pr-1 t~.t M 

;?: L L I A(M,in1 +i) != L I.A(M,u) 1=1 A I> (a,.+ e}n. 
u=l 

It follows that there is an integer i such that 0 ~ i < Pr and 

(60} 
... 
L I A(M,in1+i) I> (a,.+ e);. 
i=l r 

Clearly, for all u E 7Z we have 

(61) 
n I A(M,u) 1~1 {a: m ~a< m+n,a = u(mod M)} I< M + 1. 

( 60} and ( 61) imply that for sufficiently large n there exist integers it, i2, · · · , it 
such that 

(62) 

(63) 
E 

t;?: (a:,.+ -)nt 
: -l 

and 

(64) 
e n 

I A(M,in1+;.) I> 4 M for u = 1,2,· · · ,t, 

since otherwise, writing .1t = {j : 1 ~ i ~ nt, I A(M,in•+il I> ~ iH and 

.12 = {i: 1 ~ i ~ n1.l A(M,in1 +j) I~ 1 }l} by (61) for large n we had 

... 
L I.A(M,in,H) I= L I A(M,in,+j) I+ L I A(M,in,+j) ~~ 
J=t ;c:r. ;e:r2 

~ :L<ii +1)+ :E~ :il = (ii + 1) 1.11! +H?-I.1'2'I< 
:iE:l1 :iE:l2 
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and this contradicts (60). 

By (58), (62) and (63), the set { in1 + }1, in1 + h, · · ·, in1 +it} contains 

a subset { V1, v2, · · ·, v,.} consisting of k pairwise coprime integers. Then we 

have 

(65) 

(66) 

and, by (64), 

(67) 

v., ¢. v11 (mod M) for 1 ::; z < 71 ::; A:, 

e n 
I A(M,v.) I> 4 M for z = 1,2,· ··,A:. 

Now we will show that it suffices to prove 

LEMMA 3. Using the notations above and writing 'D = {d : m ::; d < 
m + n,-r(d) = I: ~ < df}, 

vld,p.<p<n 

(i) there are more than i !!; integers d1, satisfying d1 E 'D n A(M,vt)• 

(ii) if j E {2, 3, · · · , A:} and dt, · · · , d;-1 are integers with d1 E 'DnA(M,Vl), · · · , d;_ 1 E 

'D n A(Mv;_t) and (for j ?: 3) 

(68) (d.,, ely)= 1 for 1 ::; z < 71::; j- 1, 

then there are more than -h l7 integers d; satisfying d; E 'D n A(M,Vj) and 

(d.,, d;) =• 1 for 1 :S z $ j - 1. 

Assume namely that Lemma 3 has been proved. Select a d1 in the way 

described in (i). Then select d2 , • • • ,d1c successively in the way described 

in (ii). In this way, we obtain distinct /.:-tuples (d1,d2 ,· · • ,d,.) all whose 

elements belong to A and whose elements are pairwise coprime. Thus 'li~t(A) 

is greater than or equal to the number of these k-tuples (d1 , · ·:· ,d,.). To give 

a lower bound for the number of these A:-tuples, observe that by (i), d1 can be 

~:hosen in more than i y ways; if d1 is given, then by (ii), d2 can be chosen 
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in more, than{;, i7 ways(independently of di), etc., finally, if d1, · · · ,d~c_ 1 
are given, then d1c can be cJ!,osen in more, than {6 ;! ways. Thus the total 

number of these k-tuples (d1, · · ·, d~c) is greater, than I il· {r, il· · · · · f6 il 
so that 

and this proves (54). 

It remains to prove Lemma 3. 

PROOF OF LEMMA 3. By Lemma 2 (with p = iiJ and 5 = m) (59) 

and (67) for L:5 z :5 A:, we hav:e 

> l il-' I {a: a= Vz(mod M),m':5 a< m+n,-y(a) ~ m} I~ 
(69) ;::: t il- I {a: a= v.,(mod Pr),ni' ~a< m + n,')'(a) ~ m} I~ 

which, with z = 1, proves (i) . 

Assume now that 2 :5 j :5 k and d1, · · · ,d;_ 1 are given as described in 
(ii). Then clearly, 

I {d: dE 'D n AcM,V;)• (d1, d) = · · · = (d;-I. d)= 1} 1~ 

j-1 

(70) ~I'D n A(M,V;} I - E I {d: dE 'D n AcM,Vj)• (eli, d)> 1} I. 

Assume that 1 :5 i :5 j - i; d E 'D ri A(M,V;) ani! pis a prime with 

(71) PI (eli, d). 

By m~ eli,d< m+ n, we have 

(72) I d,- d I< n. 
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Moreover, by doE A(M,V;)•d E A(M,V;)>i < j and (65) we have 

('73) 

It follows from (71), (72) and (73) that p < n. 

By ·do E A(M,V.)• dE A(M,V;) we have 

(74) d = "' (mod M), d = v; (mod M). 

· Ifp :$ p,., then it follows from (71), (74) and PI M = n1P,. that 

Vi = v; = 0 (mod p) 

so that pI (v,,v;) \V.ith i < j which contradicts (66). 
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Thus (71)implies that p,. < p < n and thus, by (59), (p, M) = 1 so that, 
by do E 'D, for 1 :$ i :$ j - 1 we have 

I {d: dE v n A(M,Vj)• (do, d)> 1} I$ 

:$ L l{d:m$d<m+n,d=v;(modM)},pjd}l< 
Pld;,p.<p<n 

(75) < .L: (~ + 1) = 
Pld;,p.<p<n 

- n "" - "'Kl Lt ~+I {p: PI ct.,p,. < P < n} I< 

<mil+ I {p: PI do,p,. < P < n} I. 

By (68), it follows (69) (with z = j), (70) and (75) that for large n we have 

1 {d:dE vnA(M,Vj),(d1,d) = ... = (d;-1,d)= I} 1?: 
j-1 

?: i il-L Cm il+ I {p: pI ct.,p,. < p < n} I) = 
i=1 

;-1 

= i i}- (j- 1)ak i'l - L I {p: PI do,p,. < P < n} I> 
1=1 

> i i7 - f2 ll - 'll'(n) > f6 f1 
which proves (ii) and this completes the proof of Lemma 3. 
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