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Abstract: This paper deals with a surface based-approach for 5-axis flank milling
of complex surfaces. The surface representation of the tool trajectory allows globally
minimizing the geometrical deviations between the machined surface and the designed
surface. However, within the context of high-speed machining, the smoothness of the
calculated tool trajectory is essential to ensure high performance machining. Indeed,
oscillatory trajectories may penalize process efficiency. Taking advantages of the surface
based approach, the smoothness of the trajectory can be controlled through the estimation
of the energy of deformation of the tool path surface. Minimum energy tool paths lead
to minimal machining time. As geometrical deviations are not minimised for minimum
energy tool paths, a compromise must be done to find the best solution.
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1 Introduction

Due to many advantages, such as high removal material rate, or better surface roughness,
5-axis flank milling has become very popular compared with point milling. In particular,
this process is now widely used for the machining of slender complex parts like impellers
or turbine blades. However, process advantages now motivate industrials to apply high-
speed flank milling to any types of surfaces, leading up to new challenges for tool path
calculation. Over the last decade, several positioning strategies for flank milling have
been developed with the objective of minimizing geometrical deviations. Studies mainly
focused on the machining of ruled surfaces. Most flank milling methods rely on a first
tool positioning on the surface at one or more points, followed by the tool positioning
optimization to reduce geometrical errors [Menzel et al., 2004]. Over the years, meth-
ods evolved by increasing the number of contact points with the objective of deviation
minimization to the detriment of trajectory smoothness and computation time. Lui [Liu,



1995] developed two methods to machine non-developable ruled surfaces with hemispher-
ical tools. The first one, the Simple Point Offset (SPO), consists in positioning the tool
collinear to the surface rule passing through a point offset at the mid curve. Geometric
errors are thus divided into overcut and undercut. The second method is the Double Point
Offset (DPO) method. Two contact points located at the parametric values 0.25 and 0.75
of the rule are offset by a value equal to the too radius along the surface normal. Redonnet
et al., [Redonnet et al., 1998] proposed a positioning strategy based on 3 contact points.
The axis of a cylindrical tool is initially positioned collinear to the rule at an offset dis-
tance value equal to the tool radius. A rotation around the normal at the surface at the
mid-curve is applied so that the tool becomes tangent to the two directrices while preserv-
ing a contact point with a rule. This leads to a system of seven transcendental equations
that must be solved. Improvements of the method was proposed in [Monies et al., 2000]
[Senatore et al., 2007]. The positioning method developed by Bedi et al, [Bedi et al.,
2003] consists in positioning the tool tangent to the two boundary curves of the ruled
surface. As contact points are limited to the boundaries, the maximum error is located
at the mid-curve. To reduce such errors, an optimization is developed in [Menzel et al.,
2004]. Gong developed the Three Point Offset method (TPO) for flank milling using a
cylindrical tool [Gong et al., 2005]. The set of tool axes are interpolated to obtain the tool
axis trajectory surface. A simple least square approximation scheme is developed to make
the tool axis trajectory surface best fits the offset surface of the surface to be machined.

Although the control of geometrical deviations is still of major importance, the smooth-
ness of the calculated tool trajectory is essential to ensure high performance machining.
In previous works, we have proposed a surface based approach for tool positioning in
flank milling [Lartigue et al., 2003]. The method relies on a first positioning of the tool
according to a two contact point strategy. Extremity points of the set of tool axes are
approximated by two curves, which thus define the directrices of a ruled surface, also
called the machining surface. To improve tool positioning, the machining surface can
be deformed. In this direction, the minimisation of the deviations between the envelope
surface of the tool movement and the surface to be machined has been performed. This
minimisation is simply carried out according to the least-square criterion, by the displace-
ment of the control points of the d-curves (directrices of the ruled surface).

However, as for methods based on local tool positioning, resulting trajectories may be
oscillatory even folded-in, leading to process inefficiency. The smoothness of the trajec-
tory can be controlled through the calculation of the energy of deformation. Indeed, a tra-
jectory which minimises its energy then minimises its curvature variations, and as a result
acceleration and jerk variations are decreased during trajectory processing. Taking ad-
vantages of the surface representation, the trajectory smoothness can be easily controlled
through the evaluation of the energy of deformation. Therefore, the issue of minimizing
geometrical deviations between the envelope surface and the designed surface, coupled to
the trajectory smoothing is investigated in this paper.



2 Generation of optimised Flank milling trajectories

The method for Generation of optimised 5-axis Flank milling trajectories (Geo5XF) is an
extension of the method developed in [Lartigue et al., 2003] and consists of 4 main steps
(Fig.1): Initial tool positioning; Approximation of the tool axis extremities by two curves
(defining the two directrices); Calculation of the deviations between the envelope surface
and the designed surface; Positioning optimisation by deforming the machining surface
(MS).

Designed Surface

Initial machining
surface

Optimized machining
surface

Initial tool positioning

Calculation of the deviations

Optimisation of the MS

Association of the directrix curves

SPO positionning surface

Ct(u)

Cb(u)

Figure 1: Geo5XF approach

The initial tool positioning is carried out using the SPO positioning method [Liu,
1995] for its robustness and simplicity to implement. Indeed, whatever the nature of the
surface to be machined this method provides a result always exploitable in a minimum
computation time. Cubic B-spline curves are then associated to the point extremities
of the set of axes according to the least-square criterion. These two curves define the
directrices of a ruled surface called the machining surface (Fig.2), the equation of which
is:

MS(u, v) = (1 − v) · Cb(u) + v · Ct(u) (1)

whereCb(u) andCt(u) are the bottom curve and the top curve respectively.
Geometrical deviations are calculated according to the method proposed in [Lartigue

et al., 2003]. The Machining Surface is sampled into a set ofAk(u
∗) points. Each point

Ak(u
∗) is normally projected onto the designed surface, leading toBk(u

∗) which is then
projected onto the considered tool axis, giving the pointB

p

k(u
∗). The last projection

intersects the tool surface at a pointCk(u
∗). Therefore, the geometrical deviationξk(u

∗),
between the envelope surface and the designed surface at the pointBk(u

∗) is given by
(Fig.3):
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∗) · −→n k(k, u∗) (2)

wherenk(k, u∗) is the normal to the machining surfaceMS(u, v).



The optimisation of the tool positioning consists in applying a deformation to the
envelope surface so that deviationsek(u

∗) between the envelope surface and the designed
surface are minimised. To simplify the evaluation of the envelope surface only static
instances of the tool movement are considered. Each static instance is defined by a value
u∗ of the u-parameter (Fig.2), and the optimisation of the tool positioning is obtained by
applying a small displacementDCk(u∗) to the tool axis [Bourdet et al., 1996]:

ek(u
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−→
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Figure 2: Directrices of the MS
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Figure 3: Geometrical deviations

As the objective is to find the optimised machining surfaceMSo so that the envelope
surface best fits the set ofBk(u

∗) points (designed surface), the least-square criterion is
used, leading to the following optimization scheme:
Find

−−→
δCbl and

−−−→
δCtm, control point displacements of the MS directrices so thatW =

∑

u∗

∑

k e2
k(u

∗) is minimised.
This leads to solve a large linear system,A · x = b with 3 · (n1 + n2) equations, withn1

andn2 the number of control points of the bottom curve and the top curve respectively.



3 Minimum energy trajectories

To solve the linear system, the Singular Value Decomposition (SVD) is used leading to an
estimate of the solution. SVD gives an estimate of a given matrix by a lower rank matrix
of same dimensions. The method consists in the decomposition of a rectangular matrix
into a product of three matrices, two orthogonal matrices and a diagonal matrix:

A = U · Σ · V T (5)

If A is a positive semi-definite matrix, the pseudo-inverse ofA is obtained from the
eigenvaluesλi of A as follows:

Â−1 = V · Σ̂−1 · UT avec Σ̂−1 =
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Therefore, the estimate of the solution depends on the rankk of the pseudo-inverse
matrix (limit value of the eigenvalues). The rank determines the level of approximation.

As mentioned previously, the smoothness of the trajectory is an important criterion
for high performance machining within the context of HSM. Machine tool solicitations
are decreased for trajectories at least continuous in curvature [Dugas et al., 2003]. Within
the framework of curve and surface fittings, many authors use the energy of deformation
as a criterion to control element smoothness [Faux and Pratt, 1979]. The work reported
in [Wang et al., 1997] shows in particular that the energy is the most essential criterion
when fitting curves and surfaces to clouds of points. As the tool trajectory is represented
as a surface, the evaluation of the smoothness through the energy seems to be relevant.
For this purpose, the calculation of the energy of deformation as proposed in [Wang et al.,
1997] is adopted in the present work.

E =

∫∫

D

(

|
∂2S

∂u2
|
2

+ 2 · |
∂2S

∂u∂v
|
2

+ |
∂2S

∂v2
|
2
)
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To each estimate of the solution, the energy of deformation is calculated with the
objective of finding a solution that gives minimal geometrical deviations while preserving
a correct smoothness of the trajectory. This point is investigated through various examples
in the next section.



4 Experimental investigations

Various surfaces are proposed in literature to compare flank milling positioning algo-
rithms. Among these surfaces, two test surfaces are selected, both non developable ruled
surfaces; the first one is the Two flipped surface defined in [Menzel et al., 2004], and the
second one is named Liu as it was introduced by Liu in [Liu, 1995](Fig.4) (Fig.5). The
efficiency of our approach is also illustrated through the machining of an impeller, which
is characteristic of the slender complex surfaces industrials attempt to flank mill. For
each test surface, minimal and maximal deviations obtained using the different methods
are given and compared to the optimal solution given by Geo5XF. In addition, the kine-
matical behaviour during machining is also investigated through the relative tool/surface
velocity.

4.1 Surfaces ”Liu” and ”Two flipped”

Geometric deviations obtained using the various positioning algorithms are reported in
table1. Concerning Geo5XF, deviations are the result of a N-Buffer simulation of the
trajectory that minimises the squared deviations between the designed surface and the
machined surface. It can be noticed that Geo5XF method gives very satisfactory results
for both test surfaces. Results are close to the optimal values obtained with Menzel’
method. This solution obtained with all the eigenvalues is optimal as regards geometrical
deviations.

Figure 4: Surface ”Liu”
Figure 5: Surface ”Two flipped”

Test surface ”Liu” ”Two flipped”
Algorithms Liu Bedi Menzel Geo5XF Bedi Menzel Geo5XF

Undercut (mm) 0.582 2.2393 0.2644 0.12 0.2876 0.0061 0.0086
Overcut (mm) 0.585 0 0.2114 0.27 0 0.0091 0.016

Table 1: Geometrical deviations



Test surface ”Liu” ”Two flipped”
Eigenvalues λ1 λ2 λ3 λ1 λ2 λ3

Undercut (mm) 1.7 0.12 0.12 0.57 0.0086 0.0086
Overcut (mm) 0.19 0.32 0.27 0.035 0.016 0.016

Energy of deformation(10−6) 56.1 207.2 233.3 137.2 227.8 721.9

Table 2: Geo5XF results

To study the influence of the energy of deformation on kinematical performances three
Machining surfaces are tested, corresponding to three estimates of the solution (3 pseudo
solution for 3 different eigenvalues); the minimum energy solution (corresponding toλ1),
the minimum deviation solution (corresponding toλ3) and a compromise between energy
and deviation, which locally minimises the energy of deformation (corresponding toλ2).
In table 2, maximal and minimal deviations as well as the energy of deformation are
reported for the 3 cases.
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Figure 7: Effective feedrate (Liu)

The tool path is carried out using a cylindrical tool with a tool radius equal to 20mm, a
programmed feedrate of 5m/min and a spindle speed of 18000tr/min. Effective feedrates
are measured during actual machining and are reported in Fig.6 and Fig.7. Whatever the
test surface, graphs show that machining time is minimal for the minimum energy solu-
tion. Minimum energy tool paths lead to high performance process. As the ”Two Flipped”
surface is concerned, machining time for the compromise is less than machining time for
the minimum deviation solution, which is consistent with the energy criterion. Energy
of deformation seems to be relevant to characterize trajectory smoothness which affects
machining time. Nevertheless, this criterion only characterizes the smoothness in the part
coordinate system and as a result, does not take into account changes of solutions during
the inverse kinematical transformation (IKT). This is highlighted with the example of the
Liu’s surface (Fig.7). Indeed, the evolution of machining time is no more consistent with



the evolution of the energy : despite a lower energy, machining time for the compromise
is higher than with the minimum deviation solution. Smoothness in the part coordinate
system does not ensure smoothness of the effective trajectory processed in the machine
coordinate system.

4.2 Impeller

The next application concerns an indutrial case: the flank milling of an impeller blade
surface which is made of several patches (Fig.8). Table 3 gathers results obtained with
the Geo5XF appraoch. Note that, the calculated tool trajectory allows the machining of
both sides of the part.

Figure 8: Surface impeler

Minimum Energy

Minimum Deviation

Figure 9: Tool path

Test surface ”Impeler”
Eigenvalues λ1 λ2 λ3

Undercut (mm) 0.63 0.19 0.2
Overcut (mm) 0.8 0.42 0.39

Energy of deformation(10−3) 142.7 384.6 693.3

Table 3: Geo5XF results

The tool trajectory is calculated (Fig.9) with a 6mm cylindrical tool, a programmed
feedrate of 5m/min and a spindle speed of 18000tr/min. Fig.10 shows effective feedrates
for three different tool paths: the tool path that minimises the geometrical deviations (in
red), the one that minimises the energy of deformation (in blue) and a tool path resulting
from a trade-off between deviations and energy of deformation. Since the IKT does not
introduce space of solution swapping, results are consistent with expectations. Indeed,
the fastest tool path is the smoother and vice et versa. The area for which the feedrates
are the lowest is located at the leading edge when passing from the internal face to the
other which is also consistent with well-known results. The three machined surfaces are



presented (Fig.11) to visualize the influence of the energy on the tool path. Marks on the
part confirm the smoothness effect of the energy parameter.
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Figure 11: machined surfaces

5 Conclusion

In this paper, we proposed to integrate the smoothness of the tool path in 5-axis flank
milling. Indeed, local tool positioning based methods may introduce oscillations in the
tool path, leading to process inefficiency. With the surface approach proposed by the
Geo5XF method we have developed, we can control the smoothness of the tool path
which is a key parameter as regards the trajectory processing by the numerical controller
during machining. Smoothness is evaluated through the energy of deformation of the ma-
chining surface, the ruled surface containing the tool axes. Energy of deformation can be
modified by determining approximate solutions of the system that minimises the squared
differences between the envelope surface and the machined surface. These solutions are
compromises between geometrical deviations and smoothness of the tool trajectory. Re-
sults show that the smoothest paths are the fastest, which is consistent with results pro-
posed in literature. Indeed, curve that minimises its deformation energy minimises its
variations of curvature, thus the variations of acceleration and jerk. We can now look
forward to deal with the smoothness in the joint coordinate system of the machine taking
into account the various types of solutions and singularities.
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