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LOCAL SOLVABILITY
OF THE k-HESSIAN EQUATIONS

G. TIAN, Q. WANG AND C.-]J. XU

AssTrRACT. In this work, we study the existence of local solutions in R” to k-Hessian equa-
tion, for which the nonhomogeneous term f is permitted to change the sign or be non
negative; if f is C*, so is the local solution. We also give a classification for the second
order polynomial solutions to the k—Hessian equation, it is the basis to construct the local
solutions and obtain the uniform ellipticity of the linearized operators at such constructed
local solutions.

1. INTRODUCTION

In this paper, we focus on the existence of local solution for the following k-Hessian
equation,

(1.1 Silul = f(y,u, Du),

on an open domain Q of R”, where 2 < k < n. For a smooth function u € C?, the k-Hessian
operator S is defined by

(1.2) Silul = S(D*u) = o (A(D*u)) = Z A iy - A

1<i)<iy...<ix<n

where A(D*u) = (A,,...,A4,) are the eigenvalues of the Hessian matrix (D*u), oi(Q) is
the k—th elementary symmetric polynomial, and S[u] is the sum of all principal minors
of order k for the Hessian matrix (D?u) . We say that a smooth function u is k-convex if
the eigenvalues of the Hessian matrix (D?u) are in the so-called Gérding cone I'; which is
defined by
Li(n) = {1 =1, 2,..., ) eR" 1 07j(1) > 0,1 < j <k}

For the local solvability, Hong and Zuily [7] obtained the existence of C* local solutions

for Monge-Ampére equation

(1.3) detD*u = f(y,u,Du) yeQcR",

when f € C® is nonnegative, it is the case of k = n in (1.1). The geometric background
of Monge-Ampere equation can be found in [6, 4, 12]. In this work, we only consider the
Hessian equation for 2 < k < n, since it is classical for k=1. We will follow the method of
[7] (see also [11, 14]) to construct the local solution by a perturbation of the polynomial-
typed solution of S;[u] = ¢ for some real constant c. Since the right hand side function in
(1.1) possibly vanishes, then, the solution is in the closure of I';. Thus, we need to study
the closure of I', its boundary is

() = {1 €R": () 2 0,04(D) = 0,1 < j<k—1}.
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From the Maclaurin’s inequalities

[akw e [mw

(1 N 0]
we see that o+1(4) > 0 cannot occur for A € dI'x(n), therefore we can express 0l as two
parts

1/1
] , Ael k>1>1,

Oli(n) =P UP,,

with
Pi={1eli(n) :0j(1) 20, ox(A) =031 (D) =0,1 < j<k—-1}
P,={1elin):0j(1) >0, 04() =0, 0441(1) <0,1 < j<k-1}.
Besides,
(1.4) P, =0, if k=n.

In Section 2, we will prove that P; and P, have a more precise version, and P, # 0 if k < n.

In this paper, we always discuss the k-Hessian equation under the framework of ellip-
ticity, then we follow the ideas of [8] and [9] to get the existence of the solution. Here we
explain the ellipticity: in the matrix language, the ellipticity set of the k-Hessian operator,
1<k<n,is

Ec={S € My(n): Si(S +1£x6) > 5K(8) > 0.6 € 5" vieR*},
where M;(n) is the space of n-symmetric real matrix. Then the Garding cones is
[ =1{S e My(n) : Si(S +1tI) > Si(S) > 0,Yre R*}.

It is possible to show that E; = I'y only for k = 1,7 and the example in [9] assures that
I't € E; and mess(Ey \ I'y) > 0. Ivochkina, Prokofeva and Yakunina [9] pointed out that
the ellipticity of (1.1) is independent of the sign of f if k < n. But for the Monge-Ampere
equation (1.3), the type of equation is determined by the sign of f, it is elliptic if f > O,
hyperbolic if f < 0 and degenerate if f vanishes at some points; it is of mixed type if f
changes sign [5].

There are many results for the Dirichlet problem of (1.1) under the condition f > 0 (see
[15] and references therein), there are also some results about C»' weak solution of the
Dirichlet problem of (1.1) under the degenerate condition f > 0 (see [16] and references
therein). But similarly to Monge-Ampere equation, the existence of the smooth solution to
Dirichlet problem of (1.1) is completely an open problem if f is not strictly positive.

In this work, for the local solution of the k -Hessian equation (1.1), we prove the fol-
lowing results.

Theorem 1.1. Let f = f(y, u, p) be defined and continuous near a point Zy = (yo, 4o, Po) €
R'XxRXRY, 0 < a<1,2<k<n Assume that f is C* with respect to y and C>' with
respect to u, p. We have that

(D) If f(Zy) = O, then the equation (1.1) admits a (k — 1) - convex local solution
u € C> near yy which is not (k + 1) - convex.

(2) If f = 0 near Zy, then the equation (1.1) admits a k -convex local solution u € C**
near yo which is not (k + 1) - convex.

(3) If f(Zy) < 0, the equation (1.1) admits a (k — 1)-convex local solution u € C**
near yo which must not be k - convex.

Moreover, in all the case above, the linearized operator of (1.1) at u is uniformly elliptic,
and if f € C* near Zy, then the local solution above is C* near y,.
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Remark 1.2. 1) Without loss of generality, by a translation y — y — yp and replacing u by
u—u(0)—y - Du(0), we can assume Zy = (0,0, 0) in Theorem 1.1, then the local solution
in the above Theorem 1.1 is of the following form

n

1
(15) u(y) = 3 Z] Ty} + &gt ),
with arbitrarily fixed (r1, 72, ..., 7,) € P, in the cases of (1) and (2). In the case of (3), we
take some special (11, 7T2,...,7,) € ['t—1. In (1.5), we always take £ > 0 and
@ <1
(1.6) g=1% 0<as;y
g, 5 <a< 1,

then (1.5) is of the same form as the solution in [7, 11, 14], where f has good smoothness.

2) Notice that, in Case (1) of Theorem 1.1, f is permitted to change sign near Z;.

3) If f = f(y,u, p) is independent of u and p, then the assumption on f is reduced to
f = f(y) € C%, which is a necessary requirement on f for the classical Schauder theory.
The condition that f is C>! with respect to u and p is a technical one to meet the need for
tackling with the quadratic error in Nash-Moser iteration (see (3.14)).

4) In Theorem 1.1, we consider only the k-Hessian equation with 2 < k < n, since the
Monge-Ampere equation (1.3) is considered by [5, 7].

This article consists of three sections besides the introduction. In Section 2, we give
a classification of the polynomial-typed solutions for S[u] = ¢ for some real constant c.
Such a classification will assure the ellipticity of linearized operators at each polynomial.
The results of this section given also a good understanding for the structure of solutions
to k- hessian equation. In Section 3, Theorem 1.1 is proved by Nash-Moser iteration.
Section 4 is an appendix in which three equivalent definitions for Garding cone are given
and proved.

2. A CLASSIFICATION OF POLYNOMIAL SOLUTIONS
For 1 € R, set y(y) = % 2 /Ly?, then
(2.1) Sily] = o) =,

where c is a real constant. The linearized operators of S¢[ - ] at ¥ is
(2.2) L, = Z Th-1.:(D)07,
i=1

where o_1 (1), furthermore, 07, ;... ;,(1), is defined in (4.7). To give a classification of
polynomial solutions to equation (2.1), we recall a results of Section 2 of [15].
Proposition 2.1. (See [15]) Assume that A € Fk(n) is in descending order,

(1) then we have
/11 >"'/lk2"'/lp202/lp+l >...,1n

with p > k.
(i) we have

(2.3) 0 < 0p-1;1(AD) < Tp-12(A) < -+ < Tp1 (D).
(iii) For any {iy, iz, --is} C{1,2,...,n} with [+ s < k, we have

(2.4) Ty iy (A) Z 0.
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Using (ii) of the Proposition 2.1, for any A € Tx(n), the linearized operators £, defined
in (2.2) could be degenerate elliptic. Now we study the non-strictly k-convex Garding’s
cone I'x(n), we will show some special uniformly elliptic case.

Theorem 2.2. Suppose that 1 € dl'y(n) = Py UP,, 2 < k < n— 1. Then either
@D If k(1) = 0 and op+1(A) <O, then
O-1::(A)>0,i=1,2,-- ,n.
or
(D If o(A) = 0 = 0441 (A), then
o) =0, j=k+2,---,n,
that means A € l_",,(n).

In order to prove this theorem, we need several lemmas.

Lemma 2.3. Let 1 = (Ay,---,4,) € R" and it is in the dfscending order. For 0 < s <
n—k—1, denote A = (Agy1,- -, A,). Suppose that A € Ty(n — s) and

Tk-1,541(AD) = 0,
(A1) =0,
or1(A9) < 0.

Then A*Y = (Ag42,+ -+, 4,) € Tx(n — s — 1) and

O-k—l;s+2(/l(x+1)) = O,
o (A8HD) = 0,
Tre1(A5D) < 0.

Proof. Tt suffices to prove this lemma for s = 0 since we can complete the proof by an in-

duction on the length of 2. Here we call the length of 177 is jif A"~ = (A i1, ., An).
Thus, we suppose that
(2.5) Ok-1;1(D) =0, ox(D) =0, o1 (D) <0.
Using (4.8)
ok (D) = L1011 (D) + o1 (),
and
Or1(D) = 11011 (D) + O 1:1(A),
we get
o—kfl;l(/lla e 7/17‘[) = o—kfl(/l2’ e ,/ln) = O’
(2'6) O-k;](/llv"' 9/111) :O-k(/127“' 7/ln) =07
Ori1 (A1, ) = o1 (Ao, -+, 4,) < 0.

By (2.4) and (2.6), we have, for A € fk(n) satisfying (2.5),
oA, ) =0(Ag, - ,4,) 20, Vj<k,
which implies
2.7) AV = (A, A3, -+, ) € Ti(n = 1).
Using Proposition 2.1 for AW ¢ Fk(n — 1), we have
(2.8) L2220, oe1pd) 20, o) > 0.
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Using the first equation in (2.6) and the first and third inequalities in (2.8), we have

(2.9) 0 = 04121 (D) = 041 (AY) = Lrok2(AV) + 741 2(A7) 2 Frci2(AM).
Then, by (2.8) and (2.9)
(2.10) 0> O'k_l;z(/l(])) > 0.

Accordingly, from (2.6), (2.7) and (2.10), we get A1) € Ty(n — 1) and

Tr-12(A1) = 0,
or(AV) =0,
0'k+l(/l(])) <0.

This completes the proof of Lemma 2.3 for s = 0. Then, by an induction on the length of
A9, we finish the proof of Lemma 2.3. mi
By Proposition 2.1, if A € l:m_l(m), m > 1and o,_;(1) = 0, then
Om—2,i(A) >0, i=1,2,---,m.
Under additional condition o,,(1) < 0, we have
Lemma 2.4. Let A € I_“m,l(m), m > 2 and 0y,-1(1) = 0. If 0,,(2) <O, then we have
Om-2,i(A) >0, i=1,2,---,m.

Proof. By Proposition 2.1, we have 0,_,,;(1) > 0; the Maclaurin’s inequalities (4.5) yields
ou(A) < 0. Thus, we can equivalently say, if the inequality above does not hold, that is,
Om-2i(d) =0 forsomei € {1,---,mj}, then

() =1+, =0.

It is enough to prove that o,—; (1) = 0 = 0-2.1(1) = 0 imply o,(1) = 0, since the other
case can be deduced by absurd argument of this results.
Substituting 0,—1 (1) = 0 = 0—2.1 (1) = 0 into

O-m—l(/l) = /110',7,72;1(/1) + O-m—l;l(/l),

we have
0= Tt (s s An) = Tt (- ) = | | A0
i=2
Thus,

0=21 [_[ A = o).
=2
O

Proof of Theorem 2.2. By these two lemmas above, we prove Theorem 2.2 by an induc-
tionon k. Let A = (41,42, , 4,) € R" and A is in the descending order.
Step 1: The case k = 2. We claim the following results :

Let A € fg(n) and o2() = 0, if 03(1) < 0, then we have

oi(4) >0, i=1,2,--,n.
Equivalently, for A € To(n) with o2(1) = 0, if o71.4(1) = 0 for some i € {1,--- ,n}, then
0'1(/1)=0, j:3»"',7’l.
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By assumption above, we have

02() = 1o1;1(A) + 02,1(A),

T =)= A= Y A= 01y, ),
j=2

(o1 - /11)2 - ;’iz /liz
2
If we assume o1 1(1) = 0, then o 1 (1) = 0 together with o»(1) = 0 yields

G e Y D Wi

02:1(A) = 02(Ap, -+, Ap) =

0 =02 = 41o1,1(AD) + 021(D) = 021(1) =

2 2
which implies
Y=o,
i=2
and thus
/ll = O, 1= 27 s N
Then

ci=0, j=2,---,n,

which contradicts with o3(4) < 0, therefore o1 ; (1) = 0 is impossible.
Step 2: The case 2 < k < n—-1. If k = n— 1, itis included in Lemma 2.4. Now we
consider the general case 2 < k <n — 1. 3

The proof of part (I): We will prove that, for2 < k <n—1,if 2 € T'x(n), ox(1) =0
and 041(4) < 0, then

O-1;1(4) > 0.

We prove t_his claim by absurd argument. Recall A% = (A1, ..., 4,) and suppose that
1=219 e (n),

(A =0,

o1 (A9) < 0.
By using Lemma 2.3 and the induction assumption up to s = n — k — 1, we have that
A=*=D e Ty (k + 1) and

{ 1-1.1(A?) = 0, (the absurd assumption),

o—k(/l(n_k_l)) = O-k(/ln—k, e ,/ln) = 0’
Tt (A7) = 01 (s -+, ) < 0.
This contradicts with the conclusion of Lemma 2.4 with m = k+1. Thus, the assumption
0k-1:1(1) = 0 is really absurd, and therefore o_;.;(1) > 0.

T_he proof of part (II): We suppose that A € l:k(n) and 0 (1) = 0441 (1) = 0. Then
A € ['ky1(n), and for any € > 0, from the formula

{ Ttk (A"FD) = 0y (s -+ An) = 0,

il . IS
T (+8) = ) CUkmelrin (D, Clikom) = =
j=0 k+1-j

with the convention o¢(1) = 1, we have

A+e=N1+e+e,- , A, +&) €l1(n).
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We see that either 0.2(1) = 0 or 0342(4) < 0. Now we prove 0j42(4) = 0. Firstly we claim
that 01+2(4) < 0 is impossible. Otherwise, from the assumption (1) = 41(1) = 0, we
have

ow(d) =0,

or+1(A) = 0,

ors2(A) < 0.
Using the results of part (I), we obtain from both o+ (1) = 0 and 042(2) < O that
(2.11) 01 () > 0.

Since 1 € l:k(n), it is necessary by Proposition 2.1 that 4; > 0 and o-1.1(1) > 0. So we
have
0 =0 = o110 (D) + o1 (D) 2 711 (D).

There is a contradiction of (2.11), thus, the case that o,2(1) < 0 does not occur and we
obtain o,2(4) > 0 in which case A € I_“;Hz(n). Applying the Maclaurin’s inequalities to
A+ & € I'k2(n), we obtain

1 1
k+1 k+2

>

1
——0ps2(A + &)

1
[—rf/m(/l + &) .
k+2)

n
k+1)

Let e — 07, then
Tre1(A) =0 implies Ors2(d) =0.
Repeating the above argument for k + 1, k + 2, - -, n, we obtain
O-k+j(/l)=07 j=172"”7n_k7
thatis, A € l_",,(n) and this completes the proof. O

Now we are back to the definitions of P; and P,, by Theorem 2.2, can be stated more
precisely as, for k < n,

Pi={1el:0i/1)20,00(D)=...=0,(D)=0,1<j<k~-1},
Po={1el;:0i(0)>0,04(1)=0, 0441 <0, 1 <j<k—1}.
If2 <k < n,then P, # (0. Here is an example , let
{ Li=11<i<k-1

Ao =M, Qy = —5;
i=0k+1<i<n

with M = VIV S hen M- L = k—1,05(1) > 0(1 < j < k— 1), () = 0 and
0+1(1) = —1, which means that P, # 0.

The significance of Theorem?2.2 is the breakthrough of the classical framework of the
ellipticity of Hessian equations. It is well known that, Si[u] = f is elliptic if f > 0
and degenerate elliptic if f > 0. By the definition of P,, the condition f(0) = 0 must
lead to degenerate ellipticity for Monge-Ampére equation. However, it is no longer true
for k—Hessian (2 < k < n) equation by Theorem 2.2. Next theorem gives a complete
k-Hessian classification of second-order polynomials in the degenerate elliptic case.

Theorem 2.5. Suppose that 1 € l'y(n), 2 <k<n-1.
(1) For any A € P,, we have that ¢ = % >y /liy? is a solution of k—Hessian equation

Skly]l = 0, and the linearized operators of Ly, = Y1, ak_l,i(ﬁ)af is uniformly
elliptic.
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(2) Forany A € Py with Ay > ... > A, then Y = %Z;’:l /liyiz is a non-strict convex
solution of k—Hessian equation S[y] = 0, and the linearized operators of L, is
degenerate elliptic with

k-1 =0, 1<i<k-1.

Moreover, if oj—1(1) = 0, then L, = 0, that is, ox-1; = 0for 1 < i < n; if
0-1(A) > 0, then

i>0,1<i<k-1

/l,‘ =0,k£i£n
(2.12) k-1 =0,1<i<k-1
Ok-1,i = Hlj:% /lj >0,k<i<n

Proof. (1) is a direct consequence of (I) in Theorem 2.2. Now we prove (2). If 1 € Py, we
have o—1; > 0 for 1 <i < nby (2.3),and oj(1) = 0 for k < j < n by Theorem 2.2 (II).
From o, (1) = [[i.; 4 = 0, 4; > 0(1 < j < n) and A is in decreasing order, it follows that
A, = 0 and
ok (155 Adum1) = 0 (D) = 4,0 %-1,0(A) = o4 () = 0.
Similarly,
oA, .., Aum1) =0 j(A) 2 0,0041(A1, ., A1) = 01 (D) =0,1 < j< k- 1.
Applying Theorem 2.2 (II) to (4, ..., A,—1) € I'x(n — 1), we obtain
O—I’l—](/lly .. '7/1}’1—1) = O
and by the same reasoning in the n—dimensional case, 4,-; = 0. By an induction on the
dimension up to k + 1, we see that 4; = 0,k + 1 < i < n. Since o(1) = 0 and

k
T = e, A0, 0) = [ 4
i=1
we have A; = 0 by recalling that A is in descending order. By the virtue of

> o) = (1= k+ Do (), 014D 20, 1<i<n,
i=1

we see that, if 04— (1) = 0, then o1 ; = 0 for 1 <i < n;if o1 (1) > 0, from

k-1
0< O'k_](/l) = O'k_](/ll,...,/lk_1,0,...,0) = l_[/li,
i=1

we have
;>0 1<i<k-1.
By the definition of o_;.;(1) and
/1 = (/117""/’"/{*170""’0)7

we obtain the last two conclusions of (2.12). m]

If A € Tx(n), we certainly have A € T';_1(n). If 1 € P, C dl'y(n) with o441(1) < 0, from
2 ok-1:i(u) = (m—k+ Do—1 (1), 4 € R" and Theorem 2.2 (1), it follows that o_1 (1) > 0
and A € I'y_(n). In those two cases above, 0 < o4_1;; < 0%-12 < ... < Of1, implies
the uniform ellipticity. Conversely, we want to know whether and how the ellipticity is
true for A € I'y_1(n). Also notice that, in the monotonicity formula (2.3), it is required that
A € Ty(n) rather than A € I',_(n) as Lemma 2.6 below.
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Lemma 2.6. . Supposethat A €T _1(n),2 <k<n-1.If41 > >...> Ay, then
Ok-1;1(A) =2 0

is equivalent to

0<or11(D) £ 012D < 0L S 0.
Proof. We claim that oy_;2(1) > o-1.1(1), that is

Ok=1(A1, A3, .o Ay) 2 k1 (A2, A3, ..., Ay).
If the claim is true, by using it again, we obtain

Ok=1:n(A) Z ... Op-12(A) Z =131 (D).
Since A € I',—1(n), by (4.9) we have
o) >0, [+1<k-1,
which, together with the assumption
O-1(A2, A3 -+, Ap) = Tp1.1(AD) 2 0,
yields (A2, A3, ..., 4,) € Tk—1(n — 1). Using (4.9) again, we obtain
Ok=2(A3, Ay ..., Ay) = O22(A2, A3, ..., Ay) 2 0.
Lete = 4 — A, > 0, we have
Tr-12(A) = Tp-1 (A1, A3, Ay)

= + &)o2(A3, ..., Ay) + Ok—1(A3, ..., Ay)

> L0 k-2(Az,y ..oy Ay) + Ope1 (A3, oy Ap)

=0k-1(A2, A3, . ., Ap) = Tp-1:1(A),
thus, the claim is proved. O

We will give a characterization of ellipticity for the linearized operator of Sy[¢] = ¢
with ¢ € R.

Theorem 2.7. For any c € R, there exists A € ['r_1(n) such that
(2.13) 0<0'k_];1(/1)S0'k_];2(/l)S coo L Ok=1:0(A),

and Y = %Z?:] A[y? is a (k — 1) - convex solution of k—Hessian equation S[y] = c,
moreover, the linearized operators of S ([u] at

(2.14) Ly = o103

i=1
is uniformly elliptic.
Proof. If ¢ > 0, wetake 4 = A, = ... =4, = [%]% > 0, then (1) = ¢; If ¢ = 0, see
k
Theorem 2.5 (1). It is left to consider the case ¢ < 0.
Notice that P, # 0 when k < n, so we can choose § = (d2,...,0,) € P, c [ _1(n—1)
with 8, > 63 > ... > 9, that is,
0'k—1(527 AR 76}1) = O’ o—k(527 e 76}1) < O

Obviously §, > 0. Choosing 1 > ¢ > 0 small such that, for 6; = 6, + 1,

Op-1(02 +1,...,0, +1) > 0,

010k1(02 +t,...,0, +t) +op(Or+t,...,0, +1) <O.
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Then
0 (01,00 +t,...,0,+1) =0104-1(02+1,....,0,+ )+ 0k(02 +1,...,0,+1) <O.
Since oi(sA) = s (1) for s > 0, we can choose suitable s > 0 such that
(561, 5(0r +1),...,500,+1) =c.
Let A = (561, s(62 + 1), ..., $(5, + 1)), then
o) =c.
The fact (13, A3,...,4,) € [t—1(n— 1) and (4.9) lead to
oA, A3y, 4) >0, 1<I<k-1.

Therefore, by virtue of 4; = so; > 0,

o) =41 +01(A2, 43, ..., 4,) > 01(d2, A3, ..., 4,) >0
and

(D) = 210212, A3, .., Ay) + oA, A3y .., Ay) >0, 2<I<k-1.
By the definition of I';_;(n), we have proved that A € I';_;(n). Noticing
relii(n), 4 >2A...24, o1, A3,...,4,)>0
and applying Lemma 2.6, we see that
0 <o-1;1(D) £ Op-12(D) £ 1L L po1a(D),

which leads to that the operator (2.14) is uniformly elliptic. This completes the proof. O

Theorem 2.8. For any 0 < c, there exists A € I'y(n) such that

0<Uk,1;i(/l), 1<i<n
Oir1-1(A) > 0,044/ <0, 1<I<n—k.

In particular, there exists A € T',,(n) such that
o) =c.

Therefore, for | <l <n—-k ¢ = % pI /liyiz is a (k+1—1) - convex solution of k—Hessian
equation S[¥] = ¢ which is not (k + [)—convex. Moreover; the linearized operators of
Sel-laty

L, = Z ok-1.:()0?

i=1
is uniformly elliptic.
Proof. In the proof of Theorem 2.7, replacing oy by o+, we obtain that A € I'y;;—1(n) with

0k+1(A) < 0for 1 <1 < n— k. For this 4, choosing s > 0 such that o4(s4) = c. The other
part of proof is the same as those in Theorem 2.7. O
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3. EXISTENCE OF C* LOCAL SOLUTIONS

In this section, by the classification of precedent section, we now prove Theorem 1.1
which is stated in the following precise version.

Theorem 3.1. For2 <k <n-1,let f = f(y,u, p) be defined and continuous near a point
Zy=1(0,0,0) e R"XRXR"and 0 < a < 1. Assume that f is C* with respect to y and c>!
with respect to u, p. We have the following results

(1) If f(Zy) = 0, then (1.1) admits a (k — 1)-convex local solution C*® near yy = 0,
which is not (k + 1)-convex and of the following form

n

1 , B
3.1 u(y) = 3 Z T,~yi2 +& s4w(s 2y)
i=1

with arbitrarily fixed (11, ...,T,) € Py, & is defined in (1.6) and € > O very small,
the function w satisfies

[Wllc2e <1
3.2) { w(0) = 0, Vw(0) = 0.

(2) If f = 0 near Zy, then the equation (1.1) admits a k -convex local solution u € C*®
near yo = 0 which is not (k + 1) - convex and of the form (3.1).

Moreover, the equation (1.1) is uniformly elliptic with respect to the solution (3.1). If
f € C* near Zy, then u € C* near y.

Theorem 3.1 is exactly the part (1) and (2) of Theorem 1.1.

We now proceed to take the change of unknown function u < w and the change of
variable y < x, the aim is to consider the equation (1.1) in the domain B;(0) with the
new variable x and then the so-called "local” enter into the new equation itself, see (3.3)-
(3.4). The trick is from Lin [11]. Let 7 = (11,...,7,) € Py, then ¥(y) = % 2 ‘r;yi2 is a
polynomial-type solution of

Syl = 0.
We follow Lin [11] to introduce the following function

n

1
u) =5 ) Tf + e =u0) + Eetwey). TPy £>0,
i=1

as a candidate of solution for equation (1.2). Noting y = £2x, we have
(Dy,u)(x) = 78%%; + &' ew(x), j=1,--,n,
and
(Dyy)(x) = 817 + €wie(x),  jk=1,-+-,n,

where 5,{ is the Kronecker symbol, w;(x) = (Dy,w)(x) and w j(x) = (ijkw)(x). Then (1.1)
transfers to

Skw) = felx, w(x), Dw(x)), x € B1(0) = {x € R";|x| < 1},

where '
Slwl = (6!t + &'wij(x) = S i(r(w)),

with symmetric matrix r(w) = (6{7; + &'w;j(x)), and

Fulx, w(x), Dw(x)) = f(&%x, e (x)+& e w(x), 118201+ Wi (X), - - -, The Xy +E EWn(X)).
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We now explain the smooth condition on f = f(x,u, p) and its norms, that is, f is
Holder continuous with respect to x, denoted by f € C?, and C>! with respect to u, p,
denoted by Ci:;l;- We will consider f = f(x,u, p) defined on

B ={(x,u,p) € R" X RXR": x e B(0),|ul <A,|p| <A}
for some fixed A > 0. We say f € C¢{ if

X, U, - Z, U,
fle: =l + sup  LBEPZT@BPL
(x,u,p)EB,(z,u,p)EB,X£7 |X - Zl

When f = f(x), then f € C{ is the usual f € C%(B;(0)). When defining f = f(z,u, p) €
Cc2 we regard z as a parameter as follow:

u,ps
1fllezs = sup (1D, f(z,u, )l : 0 < B < 2} < o0
’ B

and

Fllczs = Nfllas + sup
’ © (zu,p)eB,(z.u',p )EB,(u,p)#u ,p’)

D), ,f(z.u, p) = D, f (200, p)
|(u, p) — (', P
for 0 < @ < 1 and a similar definition for || f ||c§\,',' Here and later on, without confusion, we

will denote ||/ llcy, I/ llcz and ifl 1 as [lfllce, [Ifllcrs and i fllcen respectively .
Similar to [11] we consider the nonlinear operators

,Iﬂ|=2}<oo,

1 = .
(3.3) Gw) = ;[Sk(r(W)) = Je(x,w, Dw)], in B(0).
The linearized operator of G at w is
_ N 95k rw) o N
3.4) Lo(w) = l; T[j6ij + ; a;0; + a,
where _
o Lz o 0f
g Opi Opi
4o L 0fexzpi) (x.w, Dw) = _49f
g 0z 0z
Hereafter, we denote Sj{j (r(w)) = %’s@

Lemma 3.2. Assume that v € P> and |wWllc25,(0) < 1, then the operator Lg(w) is a uni-
Sformly elliptic operator if € > 0 is small enough.

Proof. In order to prove the uniform ellipticity of Lg(w)

Z SJrwig; = cléP, V(x.€) € Bi(0) xR,

ij=1

it suffices to prove

{ SErw) = o111, 72, T) + O(),  1<i<n
S;{J(r(w)) =0(), i+

because if it does hold, we see by (2.13) that

(3.5)

] y 1 .
SHr) = 3 ISYCI > ST ) >0, 1<is<n

Jj=1j#i
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if & > 0 is small enough, then the matrix (S f{j(r(w))) is strictly diagonally dominant and
Lg(w) is a uniformly elliptic operator.
Indeed, Since S (r) is the sum all principal minors of order k of the Hessian det(r) , then

SErw) = Sk (r(w; 1, 1)

where r(w; [, l)isa(n—1) X (n — 1) matrix determined from r by deleting the [/ — th row and
[ — th column. But r(w) = (6/7; + ew;;(x)), then

Si—1rw; L) = opiy(T1, 72, . .., Tn) + O(E")

and -
S/(rw) = 0(), i+
Proof is done. O

We follows now the idea of Hong and Zuily [7] to prove the existence and a priori
estimates of solution for linearized operator. In fact, if following the proof of [7] step
by step, we can also obtain the existence of the local solution if f is smooth enough, the
reason is that Lg(w) being uniformly elliptic can regarded as a special case of Lg(w) being
degenerately elliptic in [7]. But if f € C¢, which is the least requirement in classical
Schauder estimates, their proof [7] does not work anymore because the degeneracy results
in the loss of regularity. In our case, although Ls(w) is uniformly elliptic, the existence
and the priori Schauder estimates of classical solutions can not be directly obtained. The
difficulty lies in that we do not know whether the coefficient a of the term a u in (3.4) is
non-positive. After proving the existence of the linearized equation (Lemma 3.3), we can
employ Nash-Moser procedure to prove the existence of local solution for (1.1) in Holder
space. We shall use the following schema :

wo=0, Wy =Wy 1+pp1, m=1,
LG(Wm)pm = gmain 31(0)7

(36) Pm = 0 on aBl(O)’
8m = _G(Wm) s
where 1
go(x) = ;(Uk(r) ~ (5 £ Y(0), £ (Tix 1oz, T)

It is pointed out on page 107, [3] that, if the operator L; does not satisfy the condition
a < 0, as is well known from simple examples, the Dirichlet problem for Ls(w)p = g no
longer has a solution in general. Notice a in (3.4) has the factor &*, we will take advantage
of the smallness of a to obtain the uniqueness and existence of solution for Dirichlet prob-
lem (3.7). We will assume |[wy,||c2. < A rather than |[wy,||c2. < 1 as in [7], the advantage is
to see how the procedure depends on A. Actually A can be taken as 1. We have uniformly
Schauder estimates of its solution as follows.

Lemma 3.3. Assume that |W||ceep,0y) < A. Then there exists a unique solution p €
C>%(B,(0)) to the following Dirichlet problem

Lo(w)p =g, in B(0),
@7 { p=0 on 0B(0)

forall g € C*(B1(0)). Moreover,
(3.8) lollee o < Cliellcemy, Ve € C*Bi0),

where the constant C depends on A, T and || f||c21. Moreover, C is independent of 0 < € < &
for some gy > 0.
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By the virtue of (3.4), we write (3.7) as

(3.9) { Lowip = Xl iy W51 20100 + By aidip +ap =g, in Bi(0),

p=0 on 0B;(0)

where
_20f  __49f
6[7[ ’ 0z

Noticing that for the functions, such as 42 4, = a;(x, w(x), Dw(x)), a = a(x, w(x), Dw(x))

rlj

a; =

and g,, = —G(Wy) = g (X, Wy (), DW,(x), D*w,,(x)) by (3.6), we regard them as the func-
tions with variable x. In a word, we regard that all of the coefficients and non-homogeneous
term in (3.9) are functions of variable x. For example,

Je(x, w(x), Dw(x))
=f(82x, eW(x) + £ eMw(x), T1E%x1 + EEWI(X), - -+, Tae Xy + €' 2 wn(X)).

Proof of Lemma 3.3. Let

p(@) = inf {Z SUrwEE;,  Vx € Bi(0), ¢l = 1, Iwllcoas, o < A} :
ij=1
By Lemma 3.2, u(r) > 0. Applying Theorem 3.7 in [3] to the solution u € C°(B;(0)) N
C*(B1(0)) of

{ Lew)u =" M@,ﬁju + YL, a0 =g, in B(0),

ij=1"or,

u=0, on dB(0),

we have
C
(3.10) sup [u| < Mllgllco(m),
where C = ¢*#*D) — 1 and B = sup{l% vi= 1,2,...,n}.
LetC; =1-Csup ;% with C being the constant in (3.10). If we choose gy > 0 small (
since a = O(&") is small), then C; > % is independent of 0 < £ < gy. By applying Corollary

3.8 in [3] to the solution p to Dirichlet problem (3.9), we have

G-11) Sullﬁ—[su ol + — ¢l —}=—|| leo -
plo C, 33,8)'0 /J(T) g CO(B,(0) Cl/l(‘l') g CO(B1(0))

From (3.11) we see that the homogeneous problem

{ Lowlp = 5y P5520:00 + Sy aidip + ap = 0, in By(0),

ij=1
p=0 on dB;(0)
only possesses the trivial solution. Then we can apply a Fredholm alternative, Theorem
6.15 in [3], to the inhomogeneous problem (3.9) for which we can assert that it has a unique
C%*(B,(0)) solution for all g € C?(B;(0)).
With the existence and uniqueness at hand, we can apply Theorem 6.19 [3] to obtain
higher regularity up to boundary for solution to (3.9). Besides this, we have the Schauder
estimates (see Problem 6.2 , [3])

(3.12) ol < CCA T flle) [kl oo g, + gkl -

where C depends on C*—norm of all of the coefficients; the uniform ellipticity; boundary
value and boundary itself. Now we explain the dependence of C(A, 7, || f|c1.1 ). Firstly, since
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the first two derivatives of w have come into the principal coefficients w, then their
ij

C%-norms must be involved in |[w||c2«. That is, ||w||c2« < A arise into C. Similarly, by the

virtue of the coeflicients a; and a, we have that ||f]|c11 and ||w||cz« < A must arise into C.

Secondly, it depends on the uniform ellipticity, that is,

inf{ > S/rwEE,  Vxe Bi(0).1é = 1 IWllcaqz 0 < A

ij=1

and
sup {Z SLrwgg;,  Vx € Bi(0), 1] = 1, Inllcoaqs 0y < A},
ij=1
so (t = (11,72,...,7T,)) and A arise into C.
Thirdly, Since its boundary value is zero and boundary 0B;(0) is C*, the these two
ingredients do not occur into C. Substituting (3.11) into (3.12), we obtain (3.8). m]

It follows from the standard elliptic theory (see Theorem 6.17 in [3] and Remark 2 in
[1]) and an iteration argument that we obtain.

Corollary 3.4. Assume thatu € C 22(Q) is a solution of (1.1), and the linearized operators
with respect to u,

08 k(u;
—Z gffjﬂ & Za (0, D3~ L 3.1, Duty,

is uniformly elllpnc. If f e C®, thenu € C*(Q).

Using Lemma 3.3 above, we can use the procedure (3.6) to construct the sequence
{WiImen. Now we study the convergence of {w, }uen and {g, }men-

Proposition 3.5. Let {w,,}nen and (g} men be the sequence in (3.6). Suppose that ||wjl|c2e <
Afor j=1,2,...,1. Then we have

(3.13) lgiillce < Cligillz,

where C is some positive constant depends only on 17, A and ||f||c21. In particular, C is
independent of .

Proof. By applying Taylor expansion with integral-typed remainder to (3.3), we have
—8ir1 = G(wi + p1) = Gwy) + La(wppi + Q(wy, pr)
= =81+ Lewppr + Qwi, p) = Q(wi, p),
where Q is the quadratic error of G which consists of S and f,
078 1 (wi + ppy)
Owip) = = f(l D W o0y Pl

ij,st

5 o
_Z f( 3 f(W1+ﬂP1)d o0 (o)

i
——Zf(l— ) f(w”“p”d Woi(pn)

L [ 5fs(Wz+,Upz) >
-3 (- ? du - pj
=hLh+hL+6L+1,

(3.14)
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Since S x((r(w))) is a k-order homogeneous polynomial with variable r;;(r(w)) and folx, w, Dw)
is independent of r;;, we see that

S
6W,‘_/(9WS;

S k(wi + upy)
(’9w,~j6ws,

2

(617i + & (Wi + poD)i))

k
= &7 3" CGL DI w1 +pp))
j=2

O fow + up) | | PLf(ex, ey + £ &*(w + pp)), 2Dy + &' €2 D(wy + up)))]
(’9wl~6wj 6W,‘6Wj

<& |Ifllcu,

P fow + pup) | |2 f(ex, ey + £ &*(w + pp)), 2Dy + &' €2 D(w; + up)))]
owow; owow;

< &% fllc,

O felwi + ppp) | _ |0°Lf (ex, &'y + &'8* (wi + pp1), 8 Dy + &' D(wi + ppn))]

ow? ow?
= &% fllcu.

Thus, I;(1 < i < 4) in Q are under control by O(g’), O(¢'s"), O(¢’€®) and O(&’&®) respec-
tively. Therefore

k-1

Ihller < € ) llodiallodlezs
J=1
and

ILllce <ClIflice(willera + llodlicrallorllz, + Clifllcllodiceallodlcr
<Cllpillc2allodlg, + Clloilg: + Clloillcallodicr

holds, where C depends on A and || f]|c2«. And ||I5]|c. and ||/4]|c« can be estimated similarly.
Accordingly,

4
lgeelics = 1QOw, pollee < Y Ml
i=1

k—1
j 2 2
<C > ol lodlcas + Clipricaalldiz, + oz, + Clldlees liodler,
=1

where C is independent of / but dependent of A and ||f||c2:. Thus, by the interpolation
inequalities, we have

k—1
i+1 3
lIgrelics < € D ol + Clioia
j=1

where C is independent of /. By the Schauder estimates of Lemma 3.3, we have

llodllc2e < Cligillce-

Recall that ||g/llce = |G(Wy)llce £ C(A) holds provided ||wjllcz« < A for j = 1,2,...,1
Combining the two estimates above, we obtain (3.13).

For the special case f = f(y) = f(&°x), then I, = I3 = I3 = 0in (3.14). So the condition
f = f(y) € C¥is enough for the estimate (3.16)-(3.17) below . Proof is done. O
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Since C is independent of [, more exactly, A, T and ||f]|c2: are independent of /. So
hereafter, we can assume A = 1.

Proof of Theorem 3.1. Set
(3.15) diri = Cligisillcee, 1=0,1,2,.....
By (3.13) and setting C > 1 we have

diy < d}.

Take 7 € P, such that o(7) = £(0,0,0), we have
8o(x) = =G(0) = é[S K(r(0)) = f(x,0,0)]
=$ (@) = (&5, ), 2 (Tix, o Ta)]
=$ [(o(7) = £(0,0,0)] + é | £(0,0,0) - £(£7x,0,0)]
+ 61 |£(625,0,0)  f(&x. '), (xin. ... 1)
=$ |£(0.0,0) - f(x,0,0)]
—§ fo ] Y(x)(0, f)(szx, tety(x), teX(T1x1, . . . ,Tnxn))dt

2 1
_S_, f (Tl-xl L ] Tnxn) : (6[?f)(82x’ t84l//('x)7 tSZ(Tl_Xl, MR Tnxn))dt,
£ Jo

where o(1) — £(0,0,0) = 0 is used. Noticing

1 82(1
;Hf((), 0,0) - f(£*x,0,0)lcxs,09 < C p 17 (5 0, O)llcas, 0y
we obtain
82(1
(3.16) llgollce s, 0 < Ci - [If Tl

Using the definition of £’ in (1.6), we can choose 0 < & < g so small that

1
(3.17) Cligollces ) < T 0<e<e.

Notice gy is independent of . Since dy = C||gollce, we have d; < dS. Then, by an
induction,

diy <27 a2 < 20" ol
Thus, by (3.15) and (3.17)

2/
+1_ + 1
(3.18) lgrailler < 0P gol 3(5) S0,

Firstly, we claim that there exists a constant gy > 0, depending on 7 and || f||c21 such that,
uniformly for & € (0, &],

willczeg,op <1, Y21
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Indeed, set wy = 0, we have by (3.13)
! i

Iwietllczacs, o) = l Zpi”CZ-‘Y(Bl(O)) < Z lloillc2 s, 0y

pary i=0
! ! )

< Z Cligillce s,y < Z (C||g0||cn(3.(0)))
pry i=0

where C is defined in Lemma 3.5. Thus, for any /,

(o] 21 (o] .
(3.19) wrtllco oy < Y (Cligolleemion) < Y 272 < 1.

i=0 i=0
Then, by Azela-Ascoli Theorem, there is a subsequence of wy, still denoted by w;, such
that

w; — w  in C*(B;(0)),
and w € C>?(B,(0)). From (3.18) and g,, = —G(w,,), we have
1 -

;[Sk(r(W)) - flx,w,Dw)] = 0, on B(0).
That means to say the function

G(w) =

u) =3 DTl + ety € CUBO),
i=1
is a solution of
S«lul = fO,u, Du), on B,2(0).
Now if £(0,0,0) = 0, we take 7 € P», then oy_1(r) > 0,04(r) = 0,0%4+1(7) < O.
Noticing that symmetric matrix r(w) = (6{77 + &'w;j(x)), we have

Silul= o) = o0+ 0, j=1,2,.. k+1.

it follows that S ;[u] > 0(1 < j < k—1),Ss1[u] <0 on B,(0) for small € > 0. That is, u is
(k — 1)—convex but not (k + 1)—convex. Moreover if S;[u] = f > 0 near Zy and f(Zy) = 0,
we see that u is k-convex by definition, but not (k + 1)-convex.

If S¢[u] = f > O near Zj, we use Theorem 2.8 to take 7 € R" given in ['y_;41(n) \ kar,(n)
for 1 <1 < n—k, then we can get the (k+/—1)-convex but not (k+/)-convex local solutions.
From (3.19) and condition Z, = (0,0, 0) , we obtain (3.2).

The C* regularity of solution is given by Corollary 3.4. Thus, we have proved Theorem
3.1. O

We also have the following elliptic results for f(Zy) < 0 which is (3) in the Theorem
1.1.

Theorem 3.6. For2 <k <n-1,let f = f(y,u, p) be defined and continuous near a point
Zy=1(0,0,0) e R"XRXR"and 0 < @ < 1. Assume that f is C* with respect to y and c>!
with respect to u, p. If f(Zy) < 0, then (1.1) admits a (k — 1)-convex local solution C**
near yo = 0, which is not k-convex and of the following form
1 n
u®y) = 3 ; 7y + &' ew(e2y)
with oi(t1,...,7,) = f(0,0,0), € > 0 very small, € is defined in (1.6) and w satisfies
(3.2). Moreover, the equation (1.1) is uniformly elliptic with respect to the solution above.
If f € C*® near Zy, then u € C* near yy.
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Proof. For £(0,0,0) < 0, take 7 € R” as in Theorem 2.7 with ¢ = £(0,0,0) < 0 such that
or-1(1) >0, ox(r) = £(0,0,0) <0,

and
Tk=1:0(T) 2 Op—10-1(T) = ... Op1,1(7) > 0.

Now the proof is exactly the same as that of Theorem 3.1. O

4. APPENDIX

The following results are essential in the proof of our main theorem, maybe it is classi-
cal, but we can’t find a simple proof, so present here as an appendix.

4.1. The Equivalence of Three Definitions for Garding Cone. The Garding cone is
originated from the Garding theory of hyperbolic polynomials [2]. Each hyperbolic poly-
nomial is essentially real. A homogeneous polynomial of k-order on a n—dimensional real
vector space V is hyperbolic with respect to a direction a € V if the equation P(sa+ 1) = 0
with one-variable s has k real zeros for every real 4 € V. Using a convenient solecism,
we say P(A) is an a— hyperbolic polynomial. For an a— hyperbolic polynomial P(1) and
m > 1, then by Rolle’s theorem, its directional derivative in the direction 4,

d
4.1) (VP(Q),a) = d—P(sa + Q) ls=0
s
is also an a— hyperbolic polynomial, see Lemma 1 in [2]. For an a— hyperbolic polynomial
P(2) with P(a) > 0, its Garding cone is defined by
4.2) C(a,Pn)={1€R": P(sa+ ) >0,Ys>0}.

Garding [2] has proved that €' (a, P,n) = € (b, P,n) is an open convex cone, for any b €
%€ (a, P, n) with vertex at the origin, and

(4.3) (VP), ) = kP'F ()P (), YA, €€ (a,Pn),

see (11) in [2], which is the simplest version of the general Garding inequality, Theorem 5
in [2] . We will apply the results above to the k-th elementary symmetric polynomial

D= D A i

1<iy <-ig<n
which is hyperbolic with respect to
e=(1,1,...,1)eR".
Garding cone is equivalently defined in the form which is easier to be verified than (4.2)
4.4) Ii(n) ={1eR"oj(AD)>0,Yj=1,2,--- k},
From this definition, it follows that
T,(n)C - cTi(n) C---cTyn).
Notice that Maclaurin’s inequalities
(.5) [Tfrkw] < [To-,u)]
() @)
hold for 1 <1 <k, A € T(n); (see Lemma 15.12 in [10]). Denoting

A+te=+eh+e..., 4, +¢)
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and applying the formula

ny ok
or(l+¢e) = Zk: C(j,k, n)ejO'k_j(/l), C(j,k,n) = ]; J ,AeR" e eR.
Jj=0 (kfj)
to A + &; (see Section 5, [8]), we obtain
(4.6) A+eeTin), VYe>0,1¢€Tlin).
For any fixed r-tuple {i;, iz, -+ ,i;} € {1,2,---,n}, we define
@7 am@m4@=§%?%%.
and then for any i € {1,2,--- ,n},
(4.8) k() = 4iok-14(AD) + 0pi(1), YA eR"

Moreover, one can verify by (4.8) that
Ty iy () = Op( Dy, ==, =0
Ivochkina [8] introduced a cone defined by
(4.9) T(n) = {d € R"ors..i > 0,1=0,1,....,k,}

and has proved that, by her own notion of “stability set of k—Hessian operator 7, the cones
I't(n) and I'y(n) coincide. We will take the original definition (4.2) as the starting point to
prove that the three definitions above are equivalent.

Theorem 4.1. For the k-th elementary symmetric polynomial oy (1) withe = (1,1,...,1),
the definitions (4.2),(4.4) and (4.9) are equivalent, that is,

Cle, i) = Tu(n) = Tu(n).
Proof. Step 1. We will prove € (e, o, n) = T'r(n). We first prove € (e, oy, n) C T'y(n). By

definition of hyperbolic polynomial,
O’n(/l) = /11/12 .. ./ln
is hyperbolic with respect to e = (1, 1, ..., 1). Noticing

n

ou(se+A) = Z S"ij'j(/l),

j=0
by the convention oo(1) = 1, and

n—j

an(se + A) |=0= C(n, Ho ().

S”‘j
By using (4.1) and Rolle’s Theorem again, we see that o(1), 1 < k < n are hyperbolic
withrespecttoe = (1,1,..., 1). Accordingly, by definition (4.2) of €'(e, o j,n),(1 < j < k)
and letting s = 0, we obtain

oi)>0, 1<j<k

This completes the proof € (e, o, n) C T'r(n). Conversely, if A € T'x(n), since
ny\ck
B0
)

k
gi(se+ ) = > CQjkms'oi (), CGjk,n) =
=0

and by definition of Tx(n),
Or-j() >0, 0<j<k,
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we see that o (se + 1) > 0 for all s > 0 and therefore A € € (e, o, n). This completes the
proof of I'y(n) C €' (e, o, n).

Step 2. We will prove that Tg(n) = Ty(n). Obviously Tx(n) C Ty(n). It is left to prove
E(e,o4,n) C fk(n). Let 1 € (e, o, n), we use (4.3) with P(1) = o ;(1)(1 < j < k) and
u=1(1,0,...,0) = ¢; and then obtain

(90']‘ .
(4.10) )= (Voje) >0, 1<j<k
6/11 ’
We claim that
P
@.11) a%"(/l) >0, Vae%e, an).
1

Otherwise, we assume that ’;—jf(/lo) = 0 for some A° € C(e, oy, n). By (4.8),
0y _ 10 0 oy _ 1099 0 0y _ 0
O (A7) = Ao—11(A7) + o1 (A7) = A L (A7) + 041 (A7) = o1 (),
1
from which we obtain, by (4.4),

(4.12) 041212 = 041 (A3, 43, ..., A = 0,0 < 04 (2°) = 41 (1) = (A9, A3, ..., ).

n

Moreover, by virtue of (4.10), we obtain

oo ;
0= ) = (A ) 1<k

Therefore we have proved that (/1(2), /1?, ey /12) € fk(n —1). By (4.6), for e > 0,

B +e+e....0+e) elin-1),

to which we apply the Maclaurin’s inequalities (4.5) and obtain

=
——

IA

1
— o+, +e... . +e)

1
{—o-k(/lg+e,/lg+s,...,/lg+s) 7=
Ly

(G

Letting € — 07, we have

1

! ] [ 1 7
[W”"MO’A&“'JS) - Wm(ﬂo,ﬂg,...,aﬂ)} :
k TN

which contradicts with (4.12) in case [ = k — 1, thus the claim (4.11) is true. Notice that

i

60‘k
— ) =01 A2, A3, ..., Ay),
(9/11() Or-1(A2, A3, ..., 4y)

then applying the Maclaurin’s inequality to (4.10)-(4.11) leads to
(/127 /137 e 9/111) € rk—](n - ])‘

Now we can regard that (A2, 43, ..., 4,,) is in the same position of (1}, Ay, ..., 4,) as above,
by an induction on k we can prove

O—k—l;il,...,il(/l) > Oyl = 09 17 LR ) k'

That is Tx(n) C Tx(n). O
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For the Garding cone in the space of symmetric matrices, similar results to (4.11) can
be seen Section 3 in [9].

The following is some by-product of (4.9). Assume that 1 € I'x(n) is in descending
order,

A2 A1 24, >02 2,0 20 4,

then

(4.13) pzk
’ 0 <op-1;1(A) £ opc12(A) £ -+ < Tp_1,0 (D).

Otherwise, if p < k, we have
n
T i = O1( Ak Apg1s - Ay) = Z/lj <0,
=k

which contradicts with (4.9). Using (4.9) again, we have 04_5.12(1) > 0 and then

do,
6—/111((/1) = 04-1:1(AD) = ok-1;12(A) + Lo_2;12(A)

60’k
< Op=1:12(A) + A1 0k2:12(A) = Op—12(A) = 6_/12(/1)’

the remaining part of (4.13) can be proved similarly. Here the proof of (4.13) is adapted
from [13].
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