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SHARP REGULARITY PROPERTIES FOR THE NON-CUTOFF
SPATIALLY HOMOGENEOUS BOLTZMANN EQUATION

L. GLANGETAS, H.-G. LI AND C.-J. XU

ABsTRACT. In this work, we study the Cauchy problem for the spatially homogeneous
non-cutoff Boltzamnn equation with Maxwellian molecules. We prove that this Cauchy
problem enjoys Gelfand-Shilov regularizing effect, that means the smoothing properties is
same as the Cauchy problem defined by the evolution equation associated to a fractional
harmonic oscillator, the power of fractional is exactly the singular index of non-cutoff col-
lisional kernel of Boltzmann equation. So that we get the sharp regularity of solution in the
Gevery class and also the sharp decay of solutions with an exponential weighted. We also
give a method to construct the solution of the Boltzmann equation by solving an infinite
systems of ordinary differential equations. The key tools is the spectral decomposition of
linear and non-linear Boltzmann operators.
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1. INTRODUCTION

In this work, we consider the spatially homogeneous Boltzmann equation

{ o.f = Of, ).
f|t:0 = fO»

where f = f(t,v) is the density distribution function depends on the variables # > 0 and
v € R3. The Boltzmann bilinear collision operator is given by

0.0 = [ [ BO=v.00e00f0) - g oo

(1.1)

where for o € S?, the symbols v/, and v’ are abbreviations for the expressions,

v+ [v—v , VvHve v—vy
o, Vv, = - o
2 2 o 2 2 ’
which are obtained in such a way that collision preserves momentum and kinetic en-

ergy, namely

/

VoAV =v+v,, WP+ =P+
The non-negative cross section B(z, o) depends only on |z| and the scalar product é -o. For
physical models, it usually takes the form

V=V

B(v —v.,0) = O(v — v.|)b(cos 8), cosf = -0, 0<0<

NN

|V - V*l

In this paper, we consider only the Maxwellian molecules case which is corresponded
to @ = 1, and we focus our attention on the angular part b satisfying
(1.2) B(0) = 2mb(cos 26)| sin 26| = |9|’1’2S, when 6 — 0%,
for some 0 < s < 1, without loss of generality, we may assume that b(cos 6) is supported on
the set cos# > 0. See for example [11] for more explanations of S(-) and [22] for general
collision kernel.

We linearize the Boltzmann equation near the absolute Maxwellian distribution

=

pev) = 2m e T
Let f(z,v) = u(v) + yu(v)g(z,v), we have

og 3
ot Llg]l=T(g., g
with

1 1
I'(g,h) = WQ( Vug, Vuh), L(g) = _W[Q( Vug. 1) + Qu, Vug)l-

Then the Cauchy problem (1.1) can be re-writed in the form

o8+ L(g) =T, 8),
(1.3) { !
8li=0 = go-
The linear operator £ is nonnegative ([11, 12, 13]), with the null space
N = span { Vi, Vv, Auva, v, \/ﬁlvlz}.
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In the present work, we study the smoothing effect for the Cauchy problem associated
to the spatially homogeneous non-cutoff Boltzmann equation with Maxwellian molecules.
It is well known that the non-cutoff spatially homogeneous Boltzmann equation enjoy an
#(R%)-regularizing effect for the weak solutions to the Cauchy problem (see [4, 16]).
Regarding the Gevrey regularity, Ukai showed in [21] that the Cauchy problem for the
Boltzmann equation has a unique local solution in Gevrey classes. Then, Desvillettes,
Furioli and Terraneo proved in [3] the propagation of Gevrey regularity for solutions of
the Boltzmann equation with Maxwellian molecules. For mild singularities, Morimoto
and Ukai proved in [15] the Gevrey regularity of smooth Maxwellian decay solutions to
the Cauchy problem of the spatially homogeneous Boltzmann equation with a modified
kinetic factor, see also [26] for non modified case. On the other hand, Lekrine and Xu
proved in [10] the property of Gevrey smoothing effect for the weak solutions to the Cauchy
problem associated to the radially symmetric spatially homogeneous Boltzmann equation
with Maxwellian molecules for O < s < 1/2. This result was then completed by Glangetas
and Najeme who established in [6] the analytic smoothing effect in the case when 1/2 <
s < 1. In [11, 14], the linearized non-cutoff Boltzmann operator was shown to behave
essentially as a fractional harmonic oscillator H* , with 0 < s < 1 and H = —-A + %
([11] for radially symmetric case and [14] for general case). The solutions of the following
Cauchy problem

{r%g +L(g) =0,

glio = g0 € L%,

1/2s

112, (%) for any positive time and

belong to the symmetric Gelfand-Shilov spaces S

le™ gl < Cligollz,

where the Gelfand-Shilov spaces S (R?), with y, v > 0, + v > 1, is the spaces of smooth
functions f € C*°(R?) satisfying:
JA >0, C > 0, sup PP f(v)| < CAMBlI(a! (B, Va, B e N,
veR3

These Gelfand-Shilov spaces can be also characterized as the sub-space of Schwartz func-
tions f € . (R?) such that,

" 1
3C>0,e>0,|f() < Ce My eR? and If(&) < Ce V" | ¢ e R3.

The symmetric Gelfand-Shilov space SY(R?) with v > 1 can be also identity with
SYR3) = {f € C(R*);3r >0, [l fllp2 < +oo}.

See Appendix 7 for more properties of Gelfand-Shilov spaces.

From a historical point of view, the spectral analysis is a critical method of the linear
Boltzmann operator([2]). In [11], the linearized non-cutoff radially symmetric Boltzmann
operator is shown to be diagonal in the Hermite basis. The application of this diagonal-
ization is appeared in their continue work [13], which showed that the Cauchy problem
to the non-cutoff spatially homogeneous Boltzmann equation with the radial initial datum
go € L*(R?) has a unique global radial solution and belongs to the Gelfand-Shilov class

1

SZ(RY).
2s
In this paper, we use the spectral decomposition of linearize operator to study the

Cauchy problem (1.3) in general case. The main theorem is in the following.
3



Theorem 1.1. Assume that the Maxwellian collision cross-section b(-) is given in (1.2)
with 0 < s < 1, then there exists gy > 0 such that for any initial datum gy € L*(R®) N+

with ||g0||i2(R3) < &, the Cauchy problem (1.3) admits a solution belongs to the Gelfand-
1
Shilov spaces S E(R*%) for any t > 0. Moreover, there exists co > 0, such that, for any

t>0,

2s

N 5 _h0
(1.4) e ™ g2y < Ce™ 2 ' ligollrzea.
where
/4
Ao = BO)(1 - sin* @ — cos* H)d6 > 0.
-n/4

Remark 1.2. We have proved that for the Cauchy problem (1.1), if the initial data is a small
perturbation of Maxwellian in L?, then the global solution return to the equilibrium with
an exponential rate with respect to Gelfand-Shilov norm, that means with a exponential
weighted in both sides of Fourier transformation of solution.

The rest of the paper is arranged as follows. In Section 2, we introduce the spectral anal-
ysis of the linear and nonlinear Boltzmann operator, and transform the nonlinear Cauchy
Problem of Boltzmann equation to an infinite systems of ordinary differential equation
which can be solved explicitly, then we get the formal solution of the Cauchy problem for
Boltzmann equation. In Section 3, we establish the upper bounded estimates of nonlinear
operators with an exponential weighted, which is crucial to get the convergence of formal
solution in Gelfand-Shilov space. The proof of the main Theorem 1.1 will be presented in
Section 4. Finally, the Section 5 and the Section 6 is devoted to the proof of 2 propositions
used in Section 4. In the Section 5, we study the spectral representation of non linear Boltz-
mann operators, and prove that it can be represented by an “inferior triangular matrix” of
infinite dimension with three index, so that the presentation and the computations are very
complicate. This inferior triangular property is essential for the construction of the formal
solution by solving an infinite system of ordinary differential equations. In Section 6, we
consider the eigenvalues estimate of the triangular matrix obtained in the Section 5, it is
keys point to prove the convergence of the formal solution with respect to Gelfand-Shilov
norm.

2. THE SPECTRAL ANALYSIS OF THE BOLTZMANN OPERATORS

2.1. Diagonalization of linear operators. We first recall the spectral decomposition of
linear Boltzmann operator. In the cutoff case, that is, when b(cos6)sind € L!([0, Z]), it
was shown in [23] that

L(‘Pn,l,m) = /ln,l ‘Pn,l,m» nvl € N» m € Z» |m| S l

This diagonalization of the linearized Boltzmann operator with Maxwellian molecules
holds as well in the non-cutoff case, (see [1, 2, 5, 11, 12]). The eigenvalues are
At = f BO)(1 + 80810 — (sin )" Py(sin 6) — (cos )*"*' P(cos 6) )b,
lo1<§

the eigenfunctions are

n! 2o\ e v]? v
2.1 wim(V) = | ——m8 8 M8 - —TL<nZ+1/2>(_) Ym(_)’
@D Prin(?) (\Fzr(n+1+3/2)) (\/E) ¢ 2 )70\l

4



where I'( -) is the standard Gamma function, for any x > 0,

+00
[(x) = f e ~dx.
0
(@)

The ["*-Legendre polynomial P; and the Laguerre polynomial L,
(see [20]) read,

of order «, degree n

!
ﬁﬂ(xz - 1), where|x| < 1;

Lglw)(x) — Z(_])nfr F@+n+1) X

gy rin—=rla+n-r+1)

Pi(x) =

For any unit vector oo = (cos 8, sin 6 cos ¢, sin §sin ¢) with 6 € [0, 7] and ¢ € [0, 2x], the
orthonormal basis of spherical harmonics Y}"(0) is

Y'(0) = NP\ (cos 0)e™, |m| < 1,
where the normalisation factor is given by

2A+1 (I |m))!

Nin = —
' (L + ml)!

and P'lmI is the associated Legendre functions of the first kind of order / and degree |m| with

|m|
2.2) Pil(x) = (1 - )""'( ) Pi(x).

The family (Y;"((f))l20 el

do being the surface measure on S? (see [9], [19]). Noting that {¢,;.»(v)} consist an or-
thonormal basis of L2(R?) composed of eigenvectors of the harmonic oscillator (see[1],

[12])

constitutes an orthonormal basis of the space L*(S?, do-) with

3
W(‘pn,l,m) = (2’1 +1+ _) Pn,lm-

As a special case, {¢,00(v)} consist an orthonormal basis of L2 d(R3) the radially symmet-
ric function space (see [13]). We have that, for suitable functlons g,

where g,.1m = (8 Ynim)r2®3), and

H(g) = ii Z(2n+l+ 5) &nlm Pnlm -

n=0 [=0

Using this spectral decomposition, the definition of L, H, eM' L’ is then classical.
2.2. Triangular effect of the non linear operators. We study now the algebra property

of the nonlinear terms
F(Qpn,l,m, <pﬁ’i’ﬁq)’
We have the following triangular effect for the nonlinear Boltzmann operators on the

basis {¢n.1m}-
5



Proposition 2.1. The following algebraic identities hold,
(i1) F(900,0,07 ‘pﬁ,i,ﬁz) /1] [ Pri.Lin>

(12) F(‘pn,l,ma ‘;00,0,0) = n [ ©On,lms
rad 1

i) D00 @nin) = L Qo forn> 13
(”2) F(‘pn,l,m: 901”1,0,0) = /ln,r"t,l Pn+ii,lms fOV ne N» [ > ];
ko(LLm, i) o
@iy Tenim, ‘pﬁ,i,ﬁz) = Z /JZl,;nll;l;m Prtii+k,l+I-2k,m+im with
k=0
. i+ I=m+mmly
(2.3) koL, Lm i) = min || ————|.1.1

for1>1,1>1,|m <1, |m| <.

The notations in the above Proposition are as following:

Al = B(6)((cos > Py(cos 6) — 1)d6;
lol<2

2, = BO)((sin 0)*"' Py(sin 0) — 6¢.,00.1)d0;

T
S4

=

o (2n%(n+ﬁ)!r(n+ﬁ+i+g))%
C U AITGE+ T+ DT+ )

n,i,l

X B(6)(sin 6)*"(cos )2 Py(cos 6)d;
1<%

rad,2
/lnnl -

(2n%(n+ﬁ)!r(n+ﬁ+l+ g))%
AL+ Hn!T(n+ 1+ 3)

X B(6)(sin 6)*"*!(cos 6)>" P,(sin 6)do
lol<%

and for |m*| < [ + 1 - 2k,
it _ (_Dk(zn%(n i+ kg!l"(n v+ l+I—k+ %))%
il LG+ 1+ HnITn+ 1+ 3)

|k = a|\2n+l |k + or|\27+]
N R

— ) fh(;i ;)do-] 1+~ 2k(K)dK

vanishes to 0 if m + /i # m*, so

xY'”(
|k — ol
mmm
n,ilLLk

2.4 m,ﬁz,l:n* — m,in,m* -
2.4) M Tk ’unnllk(sm At

We remark that u

mmm

The coeﬂ‘imentp Pk

satisfies the following orthogonal property.

Proposition 2.2. Forany integers 0 < ki, ko < min(l, [), lmy| < 1+1=2k;, Im3| < 1+1-2k,,
we have
mmml mmmz _
(25) ZZ nnllkl nnllkv ZZ
Iml<1 <] Iml<1|m|<]
6

= w2
i, m}
n ik ' 6/{. ,kg(smr,m; .




Remark 2.3. 1) Similar to the radially symmetric case, the property (iii) of the Proposition
2.1 and the above Proposition 2.2 imply that we have also a “triangular effect” but with
a noise of order ko(l, Im, m). It is not very clear in the above presentation since we are in
3-dimension, we will understand well in the Subsection 2.3

2) We have also

__3! 2
Ang ==y — Ay

It is trivial to obtain that Aoy = A19 = Ao, = 0 and the others are strictly positive, since
when | # 0, and forn # 0, 1,

:
) f (1 —sin® 6 — cos™ )B(6)d6 = A, > 0.
0

Moreover, we referred from Theorem 2.2 in [12] (see also Theorem 2.3 in [14]) that, there
exists a constant 0 < c; < 1 dependent on s such that, for anyn,l e Nandn +1> 2,

1
(2.6) c1[@n+1+ %)S + 123] Sy £ —[Cn+1+ %)S + lzs].
Cl

We send the proof of this Proposition 2.1 to Section 5.

2.3. Formal and explicit solution of the Cauchy problem. Now we solve explicitly the
Cauchy problem associated to the non-cutoff spatially homogeneous Boltzmann equation
with Maxwellian molecules. Consider the solution to the Cauchy problem (1.3) in the form

+00 +00

g0 =" 3" uim®uim
n=0 1=0 |m|<I

with initial data

+00 +00

80)= >3 " &8 nim € LR,

n=0 1=0 |m|<l

where
&nim(t) = (g(t)» ‘Pn,l,m)LZ(RS) s g?,yl,m = (go, ‘,Dn,l,m)LZ(Rs) .

In the following, we will use the short notation

In our view, this summation is divided into three terms, which is

+00 +00 +00 +00

2.7) ZZanlm fooo+anoo+ZZanlm

n=0 [=0 |m|<l n=0 I=1 |m|<]
7



It follows from Proposition 2.1 and the above decomposition (2.7) that, for convenable
function g, we have

+00 +00

I'(g.8) = Z Z Z g0,0,0(t)gﬁ,i,lh(t)(/l;,j + /l?,j)‘pftllh + 80,0,0(180,0,0(0L'(€0,0,0, $0,0,0)
=0 J=0 |in|<]
+00 +00
+ Z Z 8n,0 O(t)gn 0, O(t)/l 0 90n+n 0,0
=1
+00 +00 +00

S 2008V

n=1 =0 =1 |m|<]
+00 +00 +00

+ Z Z Z gnlm(l‘)gnOO(t)/l 1 90n+nlm
n=0 I=1 7=1 |m|<l

+ +00 +

8
+
8
8
8

ko(LLm, i)
+ > 8t 1 OH T

=1 i<l <l k=0

Prtiik, 1+1-2k, m-+in>

=
Il
(=)
~
1l
—_
=
Il
(=]
~
1l

where ko(1, I, m, in) was given in (2.3). Since for fixed n, 71,1, € N,
{(m, k) € Z2 X N;|m| < L) < 1,0 < k < ko(I, I, m, m)}
= {(m, in, k) € Z2 x Ns || < 1,1l < 1,0 < k < min(l, D), m + il < 1+ 12k},

we obtain by change the order of the summation

ko(LLm min(Z,)
28) 22 Z DY
Iml<l|m|<] k=0 |m|<l|m|<]

[m+im|<I+I-2k

where 3\ |, << 1S the double summation of m and /m with constraints |[m+7| < [ +1-2k.

lm-+in|<I+I-2k

L'(¢0,0.0, 9000) = T(V, V) =0, /l;zj + /12’; = —As]
and the formula (2.8), I'(g, g) can be rewritten as

+00 +00

T(g.8) = ~2000() D D" > 8aia®Auiizn

=0 =0 |m|<]

Using

+

3

.1
8100080050 Pren0.0

H EM%’

+
8

NG

Z gnOO(t)gﬁjm(t)( rad l + Arad 2)90n+n -

f,n,l
I<

=
I
=
i
o
-
i
LR
§

in(,])
m,in,m+ii 5
+ Z Z gﬂ,l,m(t)gﬁ,i,ﬁz(t)#n’ﬁ’llk Piivk, 1+1-2k, m+imn

=1 k=0 pisLi<]
[m+m|<I+1-2k

+
3
+
3
+
8
+
8

S
Il
(=]
T
=t
I
(=)
T

For convenable function g, we also have

+00
Lg = Z /ln,[ gn,l,m(t) Pnlm-

n,,m
8



Formally, we take inner product with @,= «,,~ on both sides of (1.3), we find that the
functions {g,~ jx »+(?)} satisfy the following infinite system of the differential equations

atgn*,l*,m*(t) + /ln*,l*(l + g0,0,0(t))gn*,l*,m*(t)
=010 Z A 8n0.0(D8m00(1)

n+ii=n*
nx1,7i>1
rad,1 rad,2

+ Z 67,[* (/ln’ﬁ,[* + /lr"t,n,l*) 8 m* (£)8n,0,0(7)

n+it=n*

n>1,1>0,/>1
m,im,m* .

+ Z M aiik 8ntm()&s 1m0

(L Lk ) EN x5 ik

with initial data
(2.9) St (0) = 80 o e
and where
A e = {0, 71, 1Lk m, i) € N° x 22
1>1,1>1,0<k<min(, D), |m| <L, <1
and n+ i+ k=n*, [+1-2k=1", m+in=m*},
which is a subset of a hyperplane of dimension 4.

Remark 2.4. The summation in the last term of the previous equation for 0,8, j» m* (1) is
a bit complicated. For the sake of simplicity, it will be convenient to abuse the notation in
this summation and write

018 1 > () + Ayr 1+ (1 + £0,0,0(8)) g 1+ (2)
=010 Z 2 8n0.0(0870.0()

n+it=n*
nx1,7i>1

d,1 d,2
(2.10) O (A ) g e (Dgn00(0)
n+it=n*
n>1,7i>0,/>1

N Z Z Z #:’:HmZT; Bnim (D8 1D

n+iivk=n* [4]-2k=I* m+m=m*_
n20720 1 7>1  |mi<lliml<l
0<k<min(l,l)

Here and after, we always use this notation.

Theorem 2.5. For any initial data {g° s n*, I* e N, |m*| < I*} with

n*0*x m*
0 0 0 0 0
2.11) 8000 = 81,00 = 80,10 = 80,1,1 = &0,1-1 = 05
the system (2.10) admits a global solution {g,» j» m»(); n*,I* € N, |m*| < I*}.

Remark 2.6. Using the triangular effect property of Proposition 2.1, we solve explicitly
the infinite system of differential equation (2.10) with any initial data {gg*,l*,m*; n*,I* €
N, |m*| < I*}, in particulary, we don’t ask it belong to €*. That means we can construct the
formal solution for any initial data gy € 7' (R3).

9



Proof. Formally, the system (2.10) is non linear of quadratic form, but the infinite matrix
of this quadratic form is in fact inferior triangular (see [13] for radially symmetric case with
the simple index). Since the sequence is defined by multi-index, we prove this property by
the following different case, and in each case by induction.

Induction on n* € N:

(1) the case : n* = 0. We prove now the existence of {go . (#); I* € N,|m*| < I*} by
induction on [* € N. From the assumption (2.11), and g0 = 4o = 110 = 0, one get that

20,00(t) = £1,0,0() = g0,1,0(1) = go,1,1(1) = go,1,-1(1) = 0.

Let now [* > 1, we put the following assumption of induction:
(H-1): Foranyl < I* — 1, |m| < I, the functions gom(t) solve the equation (2.10) with
initial data (2.9).

We consider the following equation

P
9180.1%mx (1) + Ao, 80,1 (1) = Z Z o170 80.Lm (D80 1 (D)-
[+I=1* m+m=m*_
121,121 ImI<L <]

This differential equation can be solved since the functions g, (f) on the right hand side
are only involving the functions {go;.(f)};<x—1 Which have been already known by the
assumption of induction (H-1).

In particular, for any |m| < 2,

(2 12) g0,2,m(t) = ei/lO'Zth,Z,m(O),
where

oo = B(6) sin® 6 cos? 6d6 > 0.

z
|("‘SZ

(2) the case : n* > 1. Now we put the following assumption of induction:
(H-2) : Foranyn < n* — 1, 1l € N and |m| < [, the functions {gnm(t)} solve the equation
(2.10) with initial data (2.9).

First, we want to solve the function g, g0 in (2.10). Since I* = m* = 0, (2.10) can be
written as

0:8n*,0,0() + Ap 08n*,0,0(2)
= D A gn00(0)gn00(d)

n+it=n*
n>1,i>1

+ Z Z Z ﬂz;ﬁ%kgn,l,m(t)gﬁ,l-,m(t)‘

n+i+k=n*  [+]-2k=0 m+m=0 _
n>0,1>0 I>1,>1  Iml<llml<I

0<k<min(Z,])
In the last term, when k = 0, we have

1+ 1= 0 with constraints I > 1,1 > 1,
10



which is impossible. Therefore, the equation (2.10) is:
018n*0,0() + Apx 08n+,0,0(2)
= Z A 8n0.0(08700(1)

n+it=n*
nx1,7i>1

D S S TR

n+iitk=n*  |4]-2k=0 m+n=0 _
Osnpsn*~1  1>1]>1  |ImlI<Llml<I
1<k<min(L,])
This equation can be also solved since the functions on the right hand side are only involv-
ing {gn1.m(®)}n<n*—1 1en mi<i» Which have been already given in the assumption of induction
(H-2).
Finally, let [* > 1, we can improve the assumption of induction as following:

H-3): Foranyn <n* - 1,1 e N, |m| < lorn =n*,1 < I* -1, |m| < L, the functions
{gn.1m(t)} solve the equation (2.10) with initial data (2.9).

We want to solve the functions g, j» ;= () for all [m*| < I* in (2.10), which is
6tgn*,l*,m*(t) + /ln*,l*gn*,l*,m* (t)
= > (U ) e (Dgn0.0(0)

n+i=n*
nx1,7i20

Y D ST T

n+i=n* J4l=I*  mAm=m*_
n20.i20 j>1 1>1 |m|<Llinl<]

D INED I IR CIARCE

n+iivk=n* [+]-2k=I* m+m=m*_
n>0,71>0 I>1,7>1  |ImI<l|m|<]
1<k<min(])

Here the summation in the last two terms is understanding as Remark 2.4. This equa-
tion can be also solved since the functions on the right hand side are only involving

{gnim(O}n<n—1.0en and {gp.1m(H)}n=n*.1<ix—1 Which is given by the improved assumption of
induction (H-3). O

Now the proof of Theorem 1.1 is reduced to prove the convergence of following series

(2.13) g0 = " gnimDPnim

n,l,m

in the convenable function space.

3. THE UPPER BOUNDED ESTIMATE OF THE NON LINEAR OPERATORS

3.1. The estimate of the trilinear formula. To prove the convergence of the formal so-
lution obtained in the precedent section, we need to estimate the following trilinear terms

C(f, ) sy frghe SR)NN..

Using the spectral representation of I'( -, -) given in Proposition 2.1, we need to estimate
theirs coefficients.
11



Proposition 3.1.
1) Forn > 1, ii,l € N, we have,

s
|/lrad1|2< (I’l+l) n2 2S‘

2)Foralln>1,nleN,n+1>2, wehave
| rud2| ﬁzs
P i DS+ D3

3) For any n*,I* € N, |m*| < I*, we have also

mmm |2

IOV I Y

n+itk=n*  [+][-2k=0* ImI<D |@m|<]
nHZ2A+>2  [>1,0>1
n20,i20 << min(l,i)

The constraint of the above summation is
A e = {01, 1,1 kym, i) € N° X Z2;

(3.1) [>1,1>1,lm| <1l <I,0 <k < min(l, 1)

andn+ﬁ+k=n*,l+i—2k=l*},

we always write the complicated summation

2

(LI m i)EN, «

in a simplified form as in Remark 2.4:

PIDIEDIDN

nek=n*  I1I-2k=1* |mI<!|i|<]
n+l22.a+1>2  [>1,0>1
120,20 0< k< min(,])

The proof of Proposition 3.1 is technical, so we send it to the section 6.
We prove now the following trilinear estimates for the non linear Boltzmann operator.

Proposition 3.2. Forall f,g,h € .Z(R>)NN*,

|TCf.8), 2| < MA@ 1L gl L2 Al -

Proof. Forany f,g,h € . (R?) N N*, we use the following spectral decomposition,

f Z Zﬁtlm‘pnlma 8= Z Zgnlm‘pnlm, Z Zhnlm‘pnlm

n+l>2 |m|<l n+l>2 |m|<l n+l>2 |m|<l
n>0,1>0 n>0,1>0 n>0,1>0

12



Using the orthogonality of basis {¢,;,} and the formula (2.8), we deduce from Proposition
2.1 that,

TS5 8)s Wp2gs

rad,1

Jn.0.0 87,00

n*+1*>2 |m*|<I* n+ii=n*
n*>0,l* >0 n>2,ii>2
]’l 6" /lrad,l
+ nr e m* LI n,ﬁ,pﬁz,o,ogﬁ,z*,m*
n*+1*>2 [m*|<I* nii=n* I>1

n*20,*20 n>2,7i>0,ii+1>2

rad,2

+ Z s 1 Z 02 A,y 5 e St m* 87,00
n*4+1*>2 |m*|<I* n+i=n*,[>1
n*>0,* >0 n>0,i>2,n+1>2
min(l,])
m,m,m+m 5
LD INDINTIH D IS VD VD IR A4 A AT

22 |mr|<* 22 jil>2 k=0 |m|<i|in|<]
n* 20,1720 12021 550 7> 1 -+ <I+1—2k
X 611*,n+ﬁ+k5[*,[+i72k5m*,m+ﬁz-
For brevity, using the formula (2.4), we have
T 8, h)LZ(RS)
+00
rad,1
= Zhn*,o,o Z A, 5.0 J1.0.0 87,00
n*=2 n+ii=n*
n>2,ii>2
rad,1
+ hn*,l*,m* Z An’ﬁ’l*f;t,o,ogﬁ,l*,m*
n*4+1*>2  |m*|<I* n+i=n*
n*>0,1*>1 n>2,2>0,7+0* >2
rad,2
+ Z Py 15 Z Ay e Tt m* 85,00
n*+1*>2 |[m*|<I* n+it=n*

n*>0,1*>1

HPDIPIPY

22 jl>2 Iml<l )<l

1=0,/>1

=[]+12+I3+[4.

n>0,1>1

n>0,i>2,n+1*>2

min(Z,])

m,inm*
DI I

k=0 |m*|<I+I-2k

fn,l,mgil

J,ﬁzhn+fz+k,1+1‘—2k,m*



For the term I, since 4,9 =
Proposition 3.1 that,

1< D Mool Y 1 ool gaool)

n® in (2.6), we deduce from Cauchy-Schwarz inequality and

n*>2 n+ii=n*
n>2,i>2
+00 +00 |2 rad1|2 .
1 2 " n,n,0 2
< Ifll2 1L gl Zmeom )
=2 n=
) 1
1 2 n 2 1 1
< ||f||Lz||.z:2g||Lz[Z 0P (D ém)] S WAL gl L2 Al
n*=2 ni=n* 27

n>2,ii>2

For the term I, we use Cauchy-Schwarz inequality,

IEDY Z e 1 o0l Igns )

n*+01*>2 m* n+i=n*

*>1 n>2
| rudl| .
< 1 2 nil 2
< ||f||Lz||L-g||y |hn+nlm| )
L n=2
% 2 1 rad,1 |2 %
snfannL-gan[ D7 e e P Z )
n*,I* m* n+i=n* il
n>2

We deduce from Proposition 3.1 and A;+ 2 * + (I*)* in (2.6) that,

| rad 1 |2
2 n,i,l* s —3_0g .
< E sn2 2s $(l1*)b.
— A —
n+n=n n+n=n
n=2 n>2

Therefore,

1 1
1Ll < N2 1L gll 2 [1L2 All 2.
Similarly, for the term /3, we use again Proposition 3.1 and 4; ¢ = i*

rud 2 |2

| ~2s
* n
z n,i,l < z .
~ ~ S =45
S Amo A s+ 1)S(n + 1%)3F
n+l*>2 n+l*>2

- n=1 n? h ’
which gives
1< 1A ILE gl L2 A2
For the term I, we note that [ > 1, [ > 1,

< D > ) ) Hgazal D Y faind

A+l>2 i<l n+l>2 |ml<l
7i20,1>1 n>0,>1

min(l,])
mmm
X Z Z KTk ok T2k | -
k=0 |m*|<l+1-2k

14



Applying the Cauchy-Schwarz inequality, we get

n+n+k,l+1-2k,m*

it+l>2 i<l itl>2 i<l
7>0,1>1 7>0,1>1
min(Z,)
-1 minm*
IDIATTE | YD YRYic g ey
n+l>2 |ml<l k=0 |m*|<l+1-2k
n>0,1>1
1
<IL2gl2lfll2
min(Z,])

PIRDIC AP I DINED IR e

fiel>2  n+>2 Iml<lym|<I| k=0 |m*|<i+I-2k
’7[20"[21 n>0,1>1

Expanding the summation, we have

min(l,])

m,in,m* N
DI DINED I AT

Iml<lm|<I| k=0 |m*|<i+I-2k
min(l,]) min(l,])

n+i+k,l+1-2k,m*

= Z Z Z Z sy 4T 2k,,m*hn+ﬁ+kz,1+7—2kz,m;

k=0 pm¥|<i+l-2k, ke=0  |m3|<i+l-2k,

ZZ /J nnl,;ql;

Iml<1|m|<]

By using the formula (2.5) in Proposition 2.2, we obtain,

Z Z m mmm2 _ Z Z myam* |2
nnllkl nnllkv nﬁ,lj,kl
Iml<1 <] Iml<1|m|<]
Then
min(Z,])
m,in,m* N
PIDM DINP I AT
Iml<l|m|<T| k=0 |m*|<i+I-2k
min(l,])

k=0 |m*|<l+I-2k i< <1

15
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It follows that

<Lzl ( Y, D, > D,

i+lz2 4122 0< k<min(L]) m*|<I+I-2k
7i20,1>1 120.:2

X At Y u

[ml<1|m<T

hn ik, I+1=2k,m*

1
m,im,m* 2

nnllk

+00 400

<ALl ( D) D D e gee P

n*=0[*=0 [m*|< [*

DI RDID I

n+itk=n*  [+]-2k=1* Iml<1|m|<]
n+22,i+1>2  [>1,1>1
n20,i20 o< k< min(Z,7)

m,i,m*
nnllk

where the last summation is understanding as (3.1). Using again Proposition 3.1, we have

5.2 'S il
il niilTk
n+itvk=n*  [+]-2k=I* [ml<1|m<T

nHZ2, 04122 21021
120,20 o< k< min(Ll)

< Clppr.

We get then
+00 +00 1
Ll S 1ALl D0 D0 D7 A el o P
n*=01*=0 |m*|< I*
which ends the proof of the Proposition 3.2. O

3.2. The trilinear formula with exponential weighted. To prove the regularity in the
Gelfand-Shilov space, we need more the upper bounded of non linear operators with expo-
nential weighted.

Proposition 3.3. For any f,g,h € S (R*) N, any N > 0, and for any ¢ > 0, we have

(3.2) I(T(f, ), e Snh),2|
< Cllet ™ Sy_a fll2lles™ L3Sy aglllles ™ L£2Syhll 2,

where C is a positive constant only dependent on s, and Sy is the orthogonal projector
such that,

Snf = Z Z(f’ G lm)r? Pudms

2n+I<N |m|<l
n>0,>0

LS 3\s
e H SNf = Z Z e @ntl+3) (f7 ‘pn,l,m)Lz Pn,lm-

2n+I<N |m|<l]
n>0,1>0

Remark 3.4. 1) For h € .7 (R?), we can’t use e h as test function, since it is not belong
to .7 (R). However, for any h € 7' (R?), we have e:"'Syh € ./ (R?).
2) In the right hand side of (3.2), the projector of f and g with Sy_2 show more clary
the triangular effect of T'(-, -).
16



Proof. Since f,g,h € 7R3 N N*, similarly to the Proposition 3.2, we have

(T(f.8) e Swh)

(5]
_ c2n*+2)7 rad,1
= Z D e 0.0 Z A 70 Jn.0.0 8700
n*=2 n+ii=n*
n>2,n>2
cQn*+1*+3) rud 1
+ e 2 hn*,l*,m* nnl*ﬁLOOgn I* m*
2<2n* +1* <N |m*|<[* n+it=n*
n*>0,1*>1 n>2,i1>0,a+0*>2
cQn*+1*+3) rad 2
+ Z Z e 2 hn*,l*,m* nn[*ﬁll m* 8i,0,0
2<2n* +I* <N |[m*|<I* n+n=n*
n*>0,1*>1 n>0,i>2,n+1*>2

P 7.3
+ Z Z Z ﬁl,l,mgﬁj,ﬁqec @n+2i+l+1+35)*

2<2n+2ii+I+I<N Im|<l|p|<]
n+I>2,7i+1>2
n20,0>1,ii>0,0>1

min(Z,])

m,ii,m* -
Z Z Homilk hn+r’z+k,l+172k,m*

k=0 |m*|<l+]-2k
=J; +.12+J3+J4.
The estimate of terms J;, J, and J3 is more easy then J4, so we only consider the term J4,

I+2)‘ r(”/x+l+2)‘

|J4] < Z Z(/ln [)éemﬁz lg 8ilm | Z Z | fortml

2<0n+I<N-2  |ml<l

§2n+l<N 2 || <l -

fi+l>2,>1 4<2n+20+1+I<N
n+l>2,1>1
min(l,])

o=

- cCn+l+3)S @l 3)S -y
¢ QnaditlHl+ 3 )y - 52— - ——2— 7
X ¢ 2 2 7 ,un al 1 . /1 i i2iem | »

k=0 |m*|<l+I-2k
Since forany 0 < s < 1,
L7 3 3. N
(2n+l+2n+l+§)°§(2n+l+§)°+(2n+l+§)°.

‘We deduce that
cqs pl Cqs
[Jal < lle2™ L2Sy2gll2llez” Sy fll2

min(Z,[) 5
X [ Z Z Z 6(2n+2n+l+l+ )\|hn+n+k 1+1-2k, m*| Z Z l

4<2n+2i+I+I<N - k=0 |m*|<i+1-2k |m|<T Iml<I
2<n+l2<i+l
n20,/>1,i>0,/>1

cq 1 cq 3
<lle¥” L38yaglille?™ Syafls| Do DL P e

4<% +1* <N |i*|<i+1-2k

> Y ) YY)

ntivtk=n*  +]1-2k=I* Iml<1|m|<T
nHZ2 22 21121
120,120 o< k< min(L,l

NI—-

N.

l—




The last summation is understanding as (3.1). We can finish the proof exactly as that of
Proposition 3.2. O
4. THE PROOF OF THE MAIN THEOREM

In this section, we study the convergence of the formal solutions obtained on Section 2
with small L? initial data which end the proof of Theorem 1.1.

4.1. The uniform estimate. Let {g,,(¢)} be the solution of (2.10). For any N € N, set
(4.1) Sve® = Y. > guinObnim:

n>0,1>0 |m|<l
2n+I<N

Then Syg(1), e ™' Syg(1) € SR} N N*,
Multiplying e/ +"+3)'g ="2(1) on both sides of (2.10), and take summation for
2n* +I* < N, then Proposition 2.1 and the orthogonality of the basis (¢, 1m)n,120mj<; iMply

(9:(Sw) (D). e S5 (1) , o + (LS. 27 Sng()
= (T((Sng). (Sng)), e Syg(0))

Since Syg(?) € Z(R*) N N*, we have
(LSn)®), e Sy (1))

L2(R3)

2R3

Ol gys L1
=lle= ™ L2Sng(0)ll @)

L2(R?)
we then obtain that
1d
mlle FHSy (I - —||e TSyl + lle T M L3 Syg(0)

= (r«sNg), (Swe)), e Sg() .
It follows from (2.6) and the Proposition 3.3 that,forO < cp <cjandany N > 2,1 > 0,

1d WOlgys 1
——||e TSI, + —||e T L28vgll,

QO qys Olgrs o1
4.2) < Clle> ™ Sy_agllizlle™ ™ L2 Sygll?..

Proposition 4.1. There exists €y > 0 and ¢y > 0 such that for all 0 < € < €,0 < ¢y < &y,
g0 € L> YNt with |goll;2 < € then,

Qs I (" args 1
le> " SNl + 5 f lle> " L2Syg@I7dr < lIgoll}a sy
0
foranyt>0,N > 0.

Proof. We prove the Proposition by induction on N.
1). For N < 2. we have |le> "'Sog|%, = 180000 =

Laps 2 2 2
le> "SR, = Igoa0® + > e'lgo1 (0 =0,

ml<1
and
le® ™ SaglZ, = e groo)P + 3 €D Igqy (1)
ml<2
Recall that for all £ > 0 (see (2.12)),
go2.m(1) = €% 802 m(0),

18



we choose 0 < & small such that &y(2 + 3/2)° — 240, < 0, then
Ol gys
leF 7S¢}, < > 1202mO)F < lgolly, < €
Iml<2
forall 0 < ¢y < ¢p,0 <€ < g.
2). For N > 2. We want to prove that
Ol s
le= " Sy_1gll> < € < &
imply
<l g s
lle> " Snell,> < e.
Take now € > 0 such that

1
0 < —.
DTS
Then we deduce from (4.2) that

1 d ﬂ«Hx 2 1 "_()’(/.(y 1 2
EEHE > Snglly, + Elle 270 L2Sngllr
Ol qrs Olgys L1
< Clle> " Sy-agllizlle> " L2Sgll}
1 wtgn 1
< g le 7 LSngl,
therefore,
d = g 2 I qrgy 1 2
(4.3) E”e > SngIl, + §||€ 270 L2Spgll, <0,
this end the proof of the Proposition. O

4.2. Existence of the weak solution. We prove now the convergence of the sequence
g(t) = Z Z gn,l,m(t)QDn,l,m
nl>0 |m|<l

defined in (2.13).
Multiplying ¢, i« = (v) on both sides of (2.10), and take summation for 2n* + I* < N,
then for all N > 2, Syg(#) satisfies the following Cauchy problem

0:Sng + L(Sng) = SnI'(Sng, Sng),
4.4) SvgO = > >, Pnim

n>0,120 [m|<!
2n+I<N

By Proposition 4.1 with ¢y = 0, we have forall > 0, N € N,

1
w8, + 5 [ LSOt < ol
0

The orthogonality of the basis (¢ 1m)n,i>0,m<: implies that

ISvgDlEgy = >0 > Ignam®P.

n>0,1>0 |m|<]
2n+I<N

By using the monotone convergence theorem, the sequence

g(t) = Z Z gn,l,m(t)‘pn,l,m

nl>0 |m|<l
19



is convergent, for any ¢ > 0,
lim |[Syg — gllz~0.m-12 =0
N ISvg — gllz=qo.m:2®3)

and
) 1
A],l_TEO I£2(Sng — Ollzqo2@sy = 0.

For any ¢(¢) € Cl(R+, Y(R3)), we have

| [ (surSue. v~ 1. 0.000)

L2(R3) ’
<| fo (T(Sxg. Sng), Swe(r) - ¢() 7|

o] [ (rSus - g Svonom)ar+| [ (e Sue - g.00) 01
by Proposition 3.2,
a1

| [ (sarsue.sv0) - 1(6..60)

L2(R3)

<c f ISwalll 2t Swgll]| £ Swo - 9)

12 (R‘

e f 1Swg — gl L Swgllz 12 llis s dt
0

!
1 1
+C [l Svg = ol 1Ll .
0
using Proposition 4.1 with ¢y = 0
[2(R3) T’

L3(Sné - ¢)

| f (SwT(Sng.Swg) - I'(g. 8). 6(7)

< C||SNg||L"°(]O,t[;L2)”-£2 Snellzqo || £ 0L R

1 1
+ ClISng — gll=qo. )1 L2 SN g2 q0,:2) 1 L2 Bl 2 o.1:22)
1 1
+ Cligllz=qo.:2)1L2 Sng — DN i2qo ) 1-LZ Bl 20,102
then

L2(R3) '

| [ (ssrse.sve) - Tie.00.000)

< Cligoll7

L3S - ¢)

L2(10,¢[;L2 (R3))

+ ClISwvg — gliz=qoszlgollz I L2 Bl o.2)

+ Cligoll2I1£3 (Swg — 2ol L2 Bllizqosza)-
Let N — +o0 in (4.4), we conclude that, for any ¢(¢) € C 1(R+, 574 (R3)),

(2.00) , . —(2(0).4(0)

12 (Rﬁ

3 fo (£L8(0).6(D)) .., dT + f (M@, 0. 6(),, . 7.

20
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which shows that g € L*(]0, +oo[; L*(R?)) is a global weak solution of the Cauchy problem
(1.3).
4.3. Regularity of the solution. For Syg defined in (4.1), since

g = o>0,Vn+1>2,

we deduce from the formulas (4.3) that
d gy 20, orgys
e T Syg I + ==lle T Sugll,

< ;ue FHS I, + —||e FH £38vel2 < 0.

‘We have then

d

400 ol s
(e 17 Shg0l7:) < 0,

it deduces that for any # > 0, and N € N,
g s _ Mot
lle="" Sygllz®y < € 72 ligollz®s)-
The orthogonal of the basis (¢, 1m)n.1>0,m<: implies that

0 s
e Syg sy = > DT g, )P,

2n+I<N |m|<l
n>0,/>0

By using the monotone convergence theorem, we conclude that

Wl qys _hot
lle="" gll2®e) < €™ 2 lIgoll2g3)-

This ends the proof of Theorem 1.1.

5. THE SPECTRAL REPRESENTATION
This section is devoted to the proof of the Proposition 2.1, the Proposition 2.2 and some
propositions used in section 6.
5.1. Harmonic identities. We prepare some technical computation. In all this section, n,
[, i, [ will be fixed integers of N and we will use the following notation in this section :
(I = m)!
L+ ImD!

aim =

For any unit vector
o = (01,072,03) = (cos 6,sin O cos @, sinfsin @) € s?
with 6 € [0, 7] and ¢ € [0, 27], the orthonormal basis of spherical harmonics ¥;" (o) (Im| <

I) is (see the definition (2.2) of P}

2l+1 (= |m)!
I+ m])!

’2[ +1 (= |m])! (d™P ; m
(5]) = A7 (l+ |m|)' (dx’" )(0-])(0-2 +1 Sgn(m) 0-3)| l-

21
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We recall the following properties (see [17] and [20]):
- Addition theorem: For any integer / > 0 and a1, @ in S?,

4 I
(52) Pi@r - a2) = 5= 3 V(@) ¥, "(@2).

m=—1

If we set the following coordinates
a; = (cos(8)), sin(8;) cos(¢;), sin(f;) sin(¢))
for j = 1,2, the previous addition theorem reads as follows
Pi(cos 8; cos 8, + sin 0 sin 6, cos(¢p; — ¢2))

- (- m)!

6 = 2 T

P"(cos 6) PI"(cos 6) e™#1=42),

- Integral form of the addition theorem: For any integer / > 0 and m, |m| < I, any o € 2,

21+ 1
(5.4 Y'(o) = P Pi(o-m) Y]" (1) dn.
T Srz;

- Funk-Hecke Formula: For any continuous function f € C([-1,1]), any o € S? and
integers [ > 0, |m| < [,

1
(5.5) fsz flo-m) Y (mdn= (27T f1 J(x) Pi(x) dX) Y (o).

For « € S? fixed, we can find 6, € [0, 7], @0 € [0, 2x[) such that
k = (cos 6y, sin Gy cos ¢y, sin Gy sin ¢y).

Construct the orthogonal vectors with respect to «

(5.6) K= (— sin 6y, cos 6y cos ¢g, cos Gy sin ¢g), K= (0, sin ¢, — cos ¢y),
and for ¢ e R
(5.7) k(@) = k' cos ¢ + & sin ¢.

Then «, k', ¥* constitute an orthonormal frame in R3. For any unit vector o, we can find

6 € [0, ] and ¢ € [0, 27] such that
(5.8) o = kcos 6 + k' sin@cos ¢ + k* sin sin ¢.

It is easy to verify

K+o 0 .0/ 5 .
5.9 P —KC0S2 +s1n2 (K cos ¢ + K sm¢),

k—o .0 0/, 5 .
(5.10) ol =K sm2 cos > (K cos ¢ + K sm¢).

In the proof of the Proposition 2.1, we need the following lemma.

Lemma 5.1. For any function f in C([-1,1]) any k € S?, 1 € Nand|m| < I, we have

(i) ff(K~0')Ylm(ﬁ)d0'=(2ﬂfﬂf(cosg) sin&P;(cosg)dG) Y (x),
Nd 0

(ii) f fk- ) Y (£2) do = (277 f " f(cos ) sin6 P, (sin g)da) Y7 ().
N 0
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Proof. For k € §? fixed, we can find 6, € [0, 7], ¢o € [0, 27] such that
k = (cos 6y, sin Gy cos ¢y, sin Gy sin ¢g).

! k%) constructed in (5.6), for any o € S? we have

In the orthonormal frame («, k
o = kcos @ + k' sinfcos ¢ + k* sin fsin ¢
with 6 € [0, 7] and ¢ € [0,2n]. Therefore, k - o = cos 6, and for any n € S? with
n=kcosb; + ' sin 6, cos ¢y + &% sin @; sin o1.

we deduce from (5.9)-(5.10)

- 6 6
(5.11) |K o-| - = sin 5 cosf; — cos 3 sin6; cos(¢ — ¢1),
K— 0O
+ 0 0
(5.12) Krg -1 = cos = cos 8 + sin — sin 6 cos(¢p — @y).
|k + ol 2 2

Proof of (i). Applying the formula (5.4) for ¥} ( K ) we have

|k+al )?
K+0o
o) Y d
fg},f(l( o) l(|K+0‘|) o
21+1 K+0o
= f flk- o) f Pz( -n) V" (mdn do
2 4n Js |k + o

= f RAORIO

n

+0
Then, applying the addition theorem (5.3) and (5.1 2)

where

K+ o 0 . )
P, -n| = Pj(cos = cos 6 + sin 6 sin = cos(¢ — ¢1))
|« + ol 2 2

m T\pm im(¢p—¢ )
E (l+ )'P (cos )P (cosb))e !
direct calculation shows that

A(m) = (fn f(cos6) (2 msin(h)) P; (cos g)d&) Pi(x - n).
0

Henceforth, we get that

ﬁ f(K-o-)Yl'”(lkio-|)d0'

(277 f(cos 0) sin6 P, (cos( )) d&) f Y'(n ) Pz(K n)dn

and we conclude by formula (5.4).
The proof of (ii) is similar by using (5.11).

As a direct consequence of part (i) of the previous lemma, we have :
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Corollary 5.2. Forl,in € N and|in| < I, we have for the cross section b satisfying (1.2),

2+l

af k+to\(l+k-o\?* .
)2 e
(5.13) =[f
161<

z
=3

B(®)((cos 0> Py(cos ) — 1) d&] Y7(x).

Lemma 5.3. Let « € S? and the cross section b satisfies (1.2). Assume also thatn, L, i1, leN

withl>1,1> 1, |m| < I, || < L. Then there exists some constants cﬁ’l,mﬁj’m such that
f b(K~0‘)YZ’”(K_O—)Y~"~1(K+O—)(1 —K'O') 2 (1 +K-0') ' i
s k=0ol) ' \|k+ ol 2 2
ko(LLm,in)
(5.14) 2 ot VoK)

Proof. Without loss of generality, we set min(/, T) = [. We consider the same frame
(k, k', k%) defined by (5.6) used in the proof of the previous lemma and the transform (5.8)

o = kcos @ + k' sinfcos ¢ + k* sin Osin ¢

with 6 € [0, 5] and ¢ € [0,27]. Sety = K_JI’ we have

|k—0o]

K+0=2k=2(k-y)y, [k+0l=24/1—-(xk-y)>.

Kt+o K~n—(/<~7)(7-n)'

IR N e

From the integral addition theorem (5.4) we have

Therefore,

(5.15)

- K+ 0 27+ 1 K+ 0o -
5.16 Y = P;| —— - n| Y!"(p)dn.
(10 ’(|K+a|) an fs;, ’(IK+0‘I ’7) oD
We now consider the formula (see (43) in Chapter III in [20])
1 QU=-2q)+ D!
17 '=—p P
©.17) 7B ,(x)+12<; @1-2q+ Dlign’ W

where
_IX3x5---2l-1)

l b
I
We observe that, if ¢ # I, from the Funck-Hecke Formula (5.5) and the orthogonality of
the polynomials (Py);,

By =1.

1
f Py(y ) Y'()diy = (2n f Py(x)Pi(x) dx) Y7(y) =0

2 -1

n
and we plug the value of Pj(x) from (5.17) with x equal to the value of (5.15) into the
previous integral of (5.16). Expanding and using the previous orthogonality property, we
then derive

al K+ O Bz i!(—K . y)lz f . b
Y~ = . 1 . zY~ d .
7 (|K+0’|) ( /—1_(,(.7)2)7['%7 11! S7_](:< m*Cy -2 Y7 (mdn
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where
3 2l+11%x3%x5---2I-1)

Z =
4 A
We then remark that, from the addition Theorem (5.3), for0 < gq; <[;,0< g <,
4 4
2q1 +12¢g2 + 1

fsf’q, (k1) Py, (y - ) Y7 () dp =

n
g1 q2

x > ( fs 2 Y;ﬁ’(n)Y;m‘(n)Y(;mz(n)dn) Yo (Y (),

my=—=qy mx=-=q2 n

Therefore, by formula (5.17), we replace (k-n)"" (y-17)” by a sums of Legendre polynomials,
and using the previous relation and the vanishing property (7.5), we obtain

YF’(K+0‘) Z I B (xpt
I \|k+ o l1'lz'Bsz7( 1= (k- y)?)

(5.18) x Z Z [ f vy n)Y‘m%n)Y‘m%n)dn) YWY o).

:*/| ny —*/2

Moreover we derive from (7.5) and (7.6)

'oyrEm= >y ( fs e Y;“W) )

7 <l
wrrw=3 3 ([ i) o
1 < WS

where I’ and [ are defined by I’ = [+, —2jyand " =" + 11 —2j, with 0 < j; < min(/, )
and 0 < j, < min(Z, ;). Indeed, we have

U =1+1-2( + j»)

with O < j; + jp < I = min(/, ). It follows from (5.18) and part (ii) of lemma 5.1 that

2n+l

2+l

K—0O (k+o\[l—-k-0\? [1+k-0)\°?

bk -o)Y" Ve d
Je ")’(ix—al)l(ixwl)( 2 ) ( 2 ) d

1 I

_ N Dt B Ny ()
= 2 T B B Z 2 fs V@Y, ™ (Y, ™ (n)dn

L+l =] ==l my=-1

X Z Z ( B(6)(sin 02" P, (sin )(cos a)Z"da]

<ZI
<3

X memZde) ( f vy yyd ) " (k)
(REREDINY an) Y,

which is nonzero when
m' ' =m' —-m=m—-my—m =m+im,

and” =[+1- 2(j1 + j2) with 0 < j; + jo» < min(/, 7) For l im,rh fixed, we can define

I = 1+ 1 -2k with 0 < k < min(/, ), then the coefficient of ¥’ h ™" () is nonzero when

lm+m| < 1+1-2k.
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Therefore,
I+1—|m+
k< ———
- 2
In conclusion,
0 < k < ko(1, 1, m, i)
where ko(l, I, m, i) was given in (2.3). This ends the proof of (5.14). O

5.2. The proof of the Proposition 2.1. The spectral representation will be based on
the Bobylev formula, which is the Fourier transform of the Boltzmann operator (in the
Maxwellian molecules):

F (O, [HE) = fs b (é : (r) 267 - 20)f®]dor,
where
_&+lo

(K - 0-)7 §+ 2

&=

with k = Ff\ Remark that

£l _ 1 = Hir o

k-o=cosf, [£]=1&Isin(0/2)l, [€7] = |¢cos(6/2).

Let ¢, be the functions defined in (2.1), then for n,/ € N, |m| < [, we have (see Lemma
7.2)

— [€] \2n+l _i? &
(5.19) ndm(€) = Ang| —= e 7 Y"(=),
Vi@ = A S ()
where ]
; 1
Ang = (=) (2m) (—] :
V2n!T(n+ 1+ 3)
At the special case [ = 0, it is Hermit function,
_— 1 2
5.20 ) S —
(5.20) VH®1,00() oI mlé"l

We deduce from the Bobylev formula that, ¥V n, I, m, 7, I, m e N, with |m| < 1,in| <1,
F (VAT Pnsm #51) €) = FQNELnimr VEL31,3)(E)
520 = [ (o) [ R €) ~ VFrinO) 1O

In the next propositions, we will compute the terms I'(¢y,1m, ¢; 7 ) and proposition 2.1 will
follows.

Proposition 5.4. The following algebraic identities hold,
@ T(®0,00, Pr1m)

= ( f B6) ((cos 0)"*1Py(cos ) — 1))d9] Pn L
1<%
(”) F(‘pn,l,mv ‘;00,0,0)

= ( f B(6) ((sin 0"+ Py(sin 6) — o, 50,1))619) P
lol<%

This is exactly (i;) and (i;) of the Proposition 2.1.
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Proof. Since

VHPn1m(0) = 0,,0010
then when n = 0, = 0, by using (5.19) and (5.20), we have

F(OQ( Vo005 \//7‘:971,7,;71))(5)
= fg b [é : fr) | V000 ) Vitgn 1Y) = Vi00.0(0) Vi 1(6)] dor.

7¢ il 2+ A k+o\(lk+ol 2+l i
:Aﬁ,ie - %) \fg‘zb(K.o-) YT ) —Yl- (K)

|k + o 2
Apply now the identity (5.13) of the Corollary 5.2, one can find that,
F(O(VHp0,0,0, VHP;1m))(E)

= f9| ] B(G)[(cos 9)27z+ipi(cos 0) — l]dG \/ﬁ/gp\ﬁj’ﬁl(é‘.‘).

do.

Hence by the inverse Fourier transform

1
L(90.0.0, Pi 1) = %Q( VHL0.0.0> VHP;17)

- ( f B(6)((cos 8)™*Py(cos 6) - 1)d9) Galin
lol<%

The result of (i) follows. Similar arguments apply to the case (i), and this ends the proof
of Proposition 5.4. O

Proposition 5.5. The following algebraic identities hold,

@ T(n00>Pi1m)

A A o
. ( B(0)(sin B)*(cos 6)*™ Py(cos 9)d9) Cpaidmr M2 15
Aninl \Jiass

(@) T(@nim» ©r00)
AioAn

= ( B(6)(sin 0)>"*' P(sin H)(cos 9)%19] Onsindms 12> 1.
n+ii,l lol<Z

This is exactly (ii;) and (ii,) of the Proposition 2.1.

Proof. Forn > 1, using (5.20), we remark that \/ﬁ/gozo,o(O) = 0, and using (5.19) for (5.21)
and get

" 2(n+i)+1
F(Q(VHpn00, Vs a)(€) = A’”’JA”’OE% (ﬂ)

V2
1—k-oy/lk+o\2iH - k+0
< bt o ) (G v (e

We then apply the identity (5.13) of corollary 5.2 and again (5.19) and derive
F(O(VH®n0.0s VHP5 1))

Ay A, o —
- _A"»’ _’0[ f B(O)((sin 6)*" (cos ) Py(cos 0))dO| Vg 1(6)-
n+i L0 - Jioi<z
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We obtain that by the inverse Fourier transform
1
Vi

- A’”“ZA"’O[ f BO)((sin 6)" (cos ) Pi(cos 6))db] ;... 15

An+ﬁ,i,0 |o]<

L(@n00, 0r1m) = O(VHPn 00> VHP; Tii)

x
4

Thus (i) follows. Analogously, (i7) holds true. This ends the proof of Proposition 5.5. O

Proposition 5.6. The following algebraic identities hold for 1 > 1,1> 1 :

F(‘pn,l,m: ‘pﬁ,l-,rh)

ko(LLm,im) A;,,ZAn,l . —
=T ([ Gt T ) s
=0 = 7

where ko(l, I, m, m) is given in (2.3) and G™" _is defined by

n,i,ll

nil,l

(5.22) x 17 |Z - Zl)yiﬁ’( |Z : Zl)dm

62 0= [ bt =112 (i oi2)”™

This is exactly (iii) of the Proposition 2.1.

Proof. Now we consider the case when [ > 1and/ > 1. Since \//7/907,,,,"(0) = 0, we get
from (5.19)-(5.21)

2
2

2(n+it)+I+1
F(Q(NHpn1ms \//7‘)071[;71))(5) = Aninie> (ﬂ)

V2

K—0O k+o \(|lk- ol 2ntl |k + o 2
b(k - o)Y™ ym d
% fsz (- )Y (|K—O’|) l (|K+O’|)( 2 ) ( 2 ) v

_i2 o |E| N2+ _—
= A iAne z( ) G (1),

V2

From the lemma 5.3, GZ’r’l"l Z(K) can be decomposed as a finite Laplace series

ko(L,Lm. i)

m,in _ m,im Vmin m+im
G, = Z ( LZ Gn,ﬁ,l,i(K)YHizde) Y ()
=0 3

where ko(1, I, m, i) was given in (2.3). By using this expansion, we derive

F(O(NUPn1ms NHPs 1 i))E)

ko(L,1,m, i)

_ AﬁJAn’l m,in m+

- Z Ak ok \Js2 Gn,ﬁ,l,Z(K)Y 1+i—2k(K)dK F(VEPnsrsktsT-2kmem)
k=0 1= X

and we conclude by taking the inverse Fourier transform. This ends the proof of Proposi-
tion 5.6. O
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5.3. The proof of the Proposition 2.2. We now prove the following identity of Proposi-

tion 2.2
> D um = > 3
nnlllq nnllkz

Iml< 1)< Iml<l)m|<T

2
m,imn,m;
i, ’ Ok e O -

We state it in the following proposition with the notations Gmf”l I(K) given in (5.22), since

from the Proposition 2.1, we have, for [m’| < [+ -2k

zn%(n+ﬁ+k)!r(n+ﬁ+l+f—k+%))%

lnfﬂln_ 1 -
it = GO A+ 1+ DHnTn+ 1+ 3)

f G (Y (K)d.

Proposition 5.7. For Gnm:; [(K) given in (5.22) and any integers n, it > 0, |m| <1, m'| <,

Z ( fs G (Y (K)dK) ( f G (Y (K)dK)
Iml<l|m|<] K

<! al<]

|m*| < I*, we have

5! J* 6m Jm*

f Gmf"l Z(K)Y’" (K)dk

Proof. We recall the definition (5.22) of Gm_’"l {K)

G"" (k) = f bk - o) (k = o1/2)"™ (I + o|/2)7™
SZ

Ll
¥ K=\ yi K+o dor
k—ol) ! \|k+ 0ol

and we consider the transform (5.6)-(5.8) for a unit vector o

o = kcosd + k' sinfcos ¢ + k* sin fsin ¢

= kcos @ + k*(¢) siné

with 6 € [0,Z2] and ¢ € [0,27n]. Therefore, using (5.9)-(5.10), the change of variable
6 = 2 6,, the odd-even parity of P}" and the definition (1.2) of 8 we find

Gri )= | BO)sin6)" (cos b)) x
1011<%
21 N d¢1
(5.23) f Y"(ksin 6, — k*(¢1) cos 6, )Y (k cos 6 + k*(¢1) sin 6 )2—d01
0 JT
and
f G" 3"1 Z(K)Ym’(K)dK = B(6))(sin )2+ (cos 0™ x
1611<%
2
(5.24) f (f Y/"(ksinfy — k*(¢1)cos ) X
0 s2
Y (kcos ) + k*(¢1) sin )Y}’ (K)dk) ¢1d91

29



Using equivalent notations of (5.6)-(5.8) for an another unit vector y

¥ =7ycosf+y'sinfcos¢ +y”sinfsin p

=7ycosf+ 7y (¢)sinb,
we have also
— 5 21
[Lamomr o= [ poxsinoyicosn x f 2
2 1< s

Y7y sing — 7 (82) cos 0 Y7y cos s + (@) sin ) Vi )y L2,

The goal of this proposition is to compute the following term :

A= ZZ( f G WYy <K)d,<)( f G"“3"”<y)Y’"*<y)dy)

[mI<l |im|<]
From the addition theorem (5.2), we find
Z Y"(ksin 6, — k*(¢1) cos GI)Y_I’"()/ sinfy — y*(¢2) cos 6,)

|m|<l

2l+

Pz((K sin@) — k*(¢1) cos 6y) - (ysin by — y* (¢2) cos 6,))
and

Z Yi'h(/( sin @) — k*(¢;) cos GI)Y_ZM(Y sinf; — y*(¢2) cos 6,)

|m|<l
21 +1 N
= in Pi((ksin @y — k*(¢1) cos 1) - (y sin 6 — y*(42) cos 6)).
We then plug the two previous identities into the expression of A and we directly derive
20+ 127+ 1 7
A= f (B(61)sin 61)*"*(cos 6,)")
ar ar |9||S§
(5.25) X f (ﬁ(@z)(sin92)2"+’(cos92)2'"”7)31(91,92)d91 do,
1621<%
where
2 ¢2
(5.26) B1(01,6,) = fz f f Ba(k,, 91,92,¢2)— v (K)Y’" (y)dkdy
sz Jsz Jo
and

B2(x,7, 01,602, ¢2) = f “p ((ksin 6y — k(1) cos 1) - 7")
0
X P; ((KCOS 01 + k*(¢p1)sinby) - y ) (i_l
Here, ¥y and y~ are defined by (and depend on vy, 65, ¢,)
(5.27) Y =ycosh +y (¢)sinby, ¥y =ysinh, —y (¢h)cos 6.
From the lemma 5.9 (proved after the proposition), we have

Ba(,7,01,60,02) = D > BHODP, (k- Y )Pylk-¥")

0<g<l 05q<1

where b;”lf’(ﬁl) is a continuous function dependent on 6 .
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Therefore from (5.26) we deduce
(5.28) Bi(01,6:) = ), > b0 Byy(62)
0<q<l 0<g<l
where
27 ~ . d¢2 - —
(5.29) B, ;(6:) = P,k -y ) Ps(k -y )2— Y (0 Y (y) drdy.
s2 Jsz \Jo 4
We use again two times the addition theorem (5.3) and compute (recall that y* defined in

(5.27) depend on y, 65, ¢»)

21 ~ . d¢2
Py -y (¢2))Pyk -y (¢2))2— =
0 Vg
ag kg x Py - Y) PR (sin 62)(= 1! Pk - 7). P (cos 6)
|k|<min(g,§)
Since P';‘(K . y)Pg‘l(K -) is a continuous function of « - y,we apply the Funk-Hecke Formula
(5.5) and obtain

1
f Pk y)PE (k- )Y} (0)dk = (2;; f PH(x)P ()P (x)dx) Y (y).
s? -1
Combining the two previous relations into (5.29), we obtain

Bog(®) = > aguaziPlisin6:)(~1)!Pi(cos )
|k|<min(g,§)

1 I
(5.30) X (2n f ch(x)Pg‘(x)P,*(x)dx) f Y ()Y" (y)dy.
-1 %
Finely, if (I*,m*) # (I',m’), the orthogonality of the spherical harmonics implies that
B, ; = Oforall g and g, and so on for By and A. This concludes the proof of the proposition
5.7. O

Remark 5.8. From the previous proof, in the special case (I*,m*) = (I',m’), we have from

(5.25), (5.28) and (5.30)

2
61r’l*

> f G™™ (Y} (K)dk
52 n,i,l,l

[ml<l\m|<]

20+ 120+ 1 . -
— 0 0 n+l 0 27+l
o Lls (B(O1)(sin1)*" (cos 61™)

X f (BO2)(sin 62)"(cos 6:)*7) B, ,(61, 62)d6; db
Ioal<2
where B;j,(01,6,) is defined by
By (61,6,) = Z Z bZ’l.q(el) X

0=q<l0<g<I

1
agxaz i P(sin 62) (—1) Pl (cos 6) 27 f Pi(x) PL(x) Py (x) dx.
-1

|k|<min(g,§)

We now prove the following lemma used in the previous proposition 5.7.
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Lemma 5.9. Foranyl, I, q, § € N, there exists a continuous function b;]’iq(ﬁ) such that for
any real 6, ¢ and unit vectors k, n*, = we have

21
f P, ((K sin @ — k*(¢) cos ) - rf)
0
d
X Pj ((KCOSG + k() sin6) - rf) ad
2m
= D 2, b Pyl )Pyt )
0=g<l 0<g<I
where the coefficients by 5 = 0 if (q, ) # (I - 2q1, [ - 2q>) for any integers q\, q».

Proof. We apply the addition theorem (5.3) in the frame («, k', k%) and the relation (5.1).

_ d* p- .
P; 0+ K@) sin) - 7") = > apP(cos ) | — |- n") e UL,
Z((KCOS + k*(¢) sin 6) n) |,~(|<7al’k 7 (cos6) e (k-m)e :

Py ((ksin 6 — x*(¢) cos ) - 177) = Py ((ksin(6) + k* (¢ + ) cos(6)) - ")

d«p ’
= |kz:lal,k})llk(sin 9)( dx|kk) (K . 77*) elk(¢+7r) U];
where
Ui = ((Kl ") — isgn()(k” - n+))lk\ , Uy = ((K1 ) — isgn)e n,))wc\ |
We derive
21 . L _ X | + d¢1
1= f Py ((K31n0—/< (¢)cosb) -7 ) PZ((K0039+ it ) a0,
0 2r

= > d@P e Pl ph DS Up
|k|<min(Z,])

where
k _ _ plkl s k|
ci(6) = al,ka,’kPl (sin 91)Pl_ (cos6y).
We then write

1= > AP - )Pl nHv
0<k<min(Z,l)

where V = 1 and V} is defined for k > 1 by
k
Ve ={ [t o =i ot = i)
1 - .2 - 1 + .2 1k
+[(—/< n 4k )k on +ik-n )] }
Vi is polynomial type : Vi = pi((k - 17) (k- 7)) where
k k
pr(x) = (x+i V1 —x2) +(x—i\’1 —x2)
k
=2 _1k k—2r1_2r.
2, D (r)oo (1-2)

0<2r<k
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Indeed, direct calculations show that

K"t =i Y=k =ik )
= (k7)) + ik - (¥ sin gy — y* cos ¢n)),
(k- (' sings — 7 cos 2))® = 1 — (k- 17)* = (k- 7).

Expanding the polynomials P! (k77" P'l_"‘(x- 1) pe((k-177) (k-17%)) in the basis (P,),s0 (and
taking in account of the parity), one can verify that there exists a continuous coefficients
bj*;’(a) such that

I= > > 5 0) Prag (- n)PLy, (k- ).

0<2q1<l 0<2g,<I

This conclude the proof of the lemma 5.9 and the Proposition 5.7. O

5.4. Reduction of the expression of the non-linear eigenvalue. We derive in the fol-
lowing propositions 5.10 and 5.12 some simplifications of the expression of the non-linear

. m,in,m’ . . . .
eigenvaluey -, which will be used in the next section 6.
ST LR

Proposition 5.10. For Grﬁﬁql I-(K) given in (5.22) and any integers n,in > 0, |m| < [, |[m’| < ',

we have
2 ~
7 b— 20+ 121+ 1
D f G OV (R)dk| = T
| oo il dn An
[mI<l |m|<] K
B(6))(sin 6;)*"(cos 6, B(62)(sin 62)*"*(cos 6,)7™
wsg \92\S§
1
(531) x(an Flj(x,91,92)P//(x)dx)d92d91
-1
where
2 2
F i(x,01,6,) = f f Pi(7' (61, ¢1)J(x) - T' (62, 2))
0 0
doq d
(5.32) X Pi(t(61, p1)J(x) - T(6s, ¢2))ﬂ g
2 2w

J(x) is the matrix function

x Vi-x2 0
Jx) =] —V1-x2 x 0
0 0 1

and 1(6, ¢), 716, ¢) are the vectors

7(6, ¢) = (cos b, sin G cos ¢, sin §sin @),
7! (6, ¢) = (sin 6, — cos O cos ¢, — cos Osin ).
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Remark 5.11. We remark that in the formula (5.31), the right hand side is independent of
m'. Therefore this implies

2 2
GrdOYy WK = f G (Y (K)dk
|mZIS:Z|ﬁqz|§:7 Lf bl ! mz;l;j 52 il !
2
(5.33) -y f G171 (T |
lgl<min(,]) « o

since from (5.14) the integral vanishes if m + i # 0 .

Proof. We will prove that

1
27Tf F(x,01,6)Pp(x)dx = B;1, (61, 602)
-1

where B, (61, 6>) is given in the Remark 5.8 and we will conclude.
We express the terms of F’ 11(x, 01, 62) given in (5.32). We note from (5.7)

ke =(x, V1 =x2,0), ki (¢) = (= VI — x2cos @, xcos ¢, — sin ).

We compute

sin 6, r X V1 - x2
7161, $1)J (%) x| -

0
—c0s 0 cos ¢ V1-x2 X 0
—cos 6 sin ¢ 0 0 1

xsinf; — V1 — x2 cos 6 cos ¢,
=] —V1-x2sinf; — xcos b cos ¢;
—cos 6 sin ¢

= sin(6)) kx — cos(6)) k; (¢1).

Similary we have
(61, $1)J (x) = cos(6;) K + sin(6)) ky (P1).
From lemma 5.9, we deduce

d¢,

2

2
fo P (01, ¢1)J(x) - 7402, $2))PH(T (81, $1)J(x) - T(62, 2))
= > D bHO) Pyl T (62, $2)) Pyl - (62, 62).

0=g<l 0<g<I
Therefore using (5.32)

1 ~
27Tf Fi(x,01,0)Pr(x)dx = b1 (6))x
IR Ut hcal Z Z 11\l

0<q<l 0<g<I

1 21
d
2n f f Pyl - 7 (62, ¢2)) Pylk - 7(61, ¢2))Pp<x)2i;fdx.
-1 J0
We then apply the addition theorem (5.3)
Pylks - 702, $2)) = D agxPh(x) P(cos 6:) e,
lki<g

Pyl - 702, ¢2)) = ) agxP(x) P(sin 6) e (- 1)
lkl<q
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and we find

1
2r f F,(x,01,6,)Pyr(x)dx = b0, x
IRl Z Z T

0<qsl 0<z<i

1
agxaz P (sin 0;) (—1)"Pg"(cos92)2n f Pi(x) Pg“(x) Py (x)dx,
Ikl<min(q.) -
= B[j,[r(gl ,02)

from the remark 5.8. This ends the proof of the formula (5.31). O

The following proposition will provide a convenient expression to estimate the nonlin-
m,im,m'

ear eigenvalue y - in section 6.

ALKy

Proposition 5.12. For GZZ"[ k) given in (5.22), and any integers n,ii > 0, |m| < I, |m’| < ',

we have
i . 2
Z Z f G™™ ()Y (K)dk
5 mill !
iml< <1 1 S
ar \P o
— _1\4 q.—4 q,—q 0
(5.34) - Z(m[( 1 (2“ 1) Gnﬁ,lj(el)] ( fs 2 Gnﬁ’l’i(K)Yl,(K)dK),
g|l<min(/, «

where e = (1,0,0) and

o (20 1\E 201\ (A=l (= Igh!\?
arten =) (B5r) (o) ()

B(62)(sin 62)*"(cos 62> P! (sin 6,)(~ 1 )P (cos 6,)d6,.

z
1621<%

Proof. For 0 < k < min(/, D) and |m’| < ', we deduce from (5.31) that,

2 ~
TG 20412041
I= Z Z f G (Y] (K)dK' =
[mI<I |fm|<] «
(5.35) B(6,)(sin 0,2 (cos 0,)*1do,  x

x
0117

5 1
B(6:)(sin 6,)** (cos 6,)*™! (27r f F,1(x,61,6:) Pp(x)dx|dbs,

l6,1<2 -1

where F,(x, 01, 6;) was defined in (5.32), such that

21 21
Fi(x,01,6,) = f f Pi(' (01, 41)J(x) - T (02, $2))
o Jo

dp, d
X Pi(t(01,61)J(x) - 7(62, ¢2))% %
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We apply the addition theorem (5.2)

Pyt (01, 61)J(x) - 7'(62,62) = 575 Z Y/ (' (61, 6)I(0)) ¥, (7' (62, 62))

g=—I1

PHx(61, 1) (x) - 762, $2)) = 575 Z Yq(T(91,¢1)J(x)) Y, (6. ).

k=-1
Since
i 21+ 1\ (A=1aD!
o ~ i iq(¢x+)
Y Ux (92,¢2))—( e ) ((l+|q|)!) P/(sin 6)e™"1'>
B} AT+ 1\ (i—@)!)'z a
Y (16, ) = _ Pif(cos t)e™ "
p (102 2) ( 2 ) (<z+|q|>! p(costae
we find that
1 1 : 7 3
4 [ _An VP (U—lgD!) (A —1gD!)?
Fj(x,61,6) = ( )(~ )( )(~ "
e 0 q|<;<z,i> 2+l A2+ 1] AE DY G+ gDt

PY(sin 62)(~ )P (cos ) x
21
fo Y;’(rl(el,¢1>J<x>>Y;‘1<T<91,¢1)J<x))ﬂ

We plug the previous relation into (5.35) and we get

Z f ﬁ(@z)(sin92)2"+’(cos92)2'“7P‘,q'(sin92)P'l.q‘(cos92)d92,
|gl<min(L,]) hl<3

( 1)4(2”1) (27+1)7((l—|ql)!)5((l:—|q|)!) “
4n 4r U+ 1gD!) \ I+ IgD!
B(6,)(sin 8))2"*(cos 0, x
101l<Z

l—

27 1
fo 2n f] Y?(TI(91,¢1)J(X))Yz_q(7(91,¢1)J(x))Pp(x)dxﬂd91

On one hand, from (5.23)

n,it, L1

Gafen = f B62)(sin 62)7*(cos 62)”™ x
6a]<

z
2154

21
. d
f Y{(e1 5in6; — e (¢2) cos )Y, (e cos by + et () sin 92)%5192
0 T

_ B(6:)(sin 67" (cos 6 (221 )% (%)é ((anl)% ((l:—lq\)!)%

i< labt) b
P (sin 6)(~1)7P¥ (cos 6,)d6),
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On the other hand, from (5.24) and from (5.36) of the next lemma 5.13,
J— 5 21

[ cnwiidc= [ ponsineicoso™ [ [

s " 0 s2

Al o<z

. L -q L : 10 dé

Y/ (ksin @, — k*(¢1) cos 1Y, (kcos 6 + k*(¢1) sin GI)YI,(K)dK2—d91
n

o=

B61)(sin )2 (cos ) x

e
1611<%

“\ 4n
2 1 i i d¢]
21 Y/ (01,91 )J()c))Yl~ (1(6, ¢1)J(x))Pp(x)ded0|.

0 -1

Combining the three previous relations leads to (5.34), and this concludes the proof of the
O

(%)

Proposition.
We now prove the following technical lemma.

Lemma 5.13. For any any integers I,1,I' > 0 and |q| < I, we have
f Y] (ksin6, — k*(¢1) cos QI)YI-_q(K cosf) + k*(¢1) sin 0)) Y (k)dk
S

I —
(5.36) =27rf qu(‘r'(Ol,¢1)J(x))Ylfq(T(01,¢1)J(x))Ylo,(e1](x))dx.
-1

Proof. We consider
I= f Y/ (ksin@, — k*(¢1) cos 91)Ylfq(/< cos B + k- (¢1) sin 91)Y_l(,)(K)dK.
S

From (5.1) we have

Y] (ksin ) — k*(¢1) cos 1) = Nig ( Ry
4\l

dap
l) (o7) (0 +i sgn(q) o3)1,

il

, . P _
Y U (kcos 6 + k*(¢1)sin61) = Ny, ( — )(a;) (03 — i sgn(g) o),

where we have set
(07,05,073) = ksinf — k*(¢1) cos 6

(07,03,0%) = kcos O + k*(¢y) sin 6.

Noting « = kg4 = T(6, ¢), direct computations lead to
(05 +io3)No; —io3) = cosb sinb (sin2 6 — cos® ¢ cos” 6 — sin’ ¢1)
+ (sin2 60 — cos? 61) cos ) sinfcosf + i sin ¢ sin b,

which does not depend of ¢. Since o} do not depend also on ¢, we get with the change of

variable x = cos 8
I= 271](; Y] (kg0 5in 61 — kg0(¢1) cos 6;)

Y- (ko0 08 61 + Kio(h1) Sin 6)Y(ke0) sin 6
1 N
. f Y@ 01, p)T DY (001, 61)T () Y1 J(x))dx.
-1

This concludes the proof of the lemma 5.13 and proposition 5.12.
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6. ESTIMATES OF THE NON LINEAR EIGENVALUES

In this section, we prove the Proposition 3.1, we need the following fundamental result
of Gamma function. It is well known of the stirling’s formula (see 12.33 in [25], [18]) that,

v

I'x+1)= V2ﬂx(f)xe%)', forx>1,
e

where 0 < v(x) < 1. Then we can introduce an estimate in the following.
Let a, b be two fixed constant, for any x > 0, with [b—a| < x+b,x+a > 1,x+b > 1,we
have
I'x+a+1)

) S e i a—b,
©.1) Tatbr1) S Corleta

where C,; is dependent only on a, b. We also recall the definition of the Beta function

F(OI'(y)

1
_ “1e1 _ -l gy —
6.2) B(x,y) = fo N1 = Ve = Tty

rad,1 |2
n,ﬁj

s

6.1. The estimate for the radially symmetric terms. We first give the estimate of |1
and |22, which is 1), 2) in Proposition 3.1. Recall that

n,n,l
A A o
redi = TR0 L g0y (sin 6)% (cos )2 Pi(cos 6)dd,
n,i,l A 5 x
n+i,l 101<%
AsoA )
|red2R - Zhonl B(6)(sin §)**!(cos )7 Py(sin 6)do
n An+ﬁ,l lol<%
where

Ang = (=) 2m)? (—]
V2n!T(n+ 1+ 3)

Lemma 6.1. Forn> 1,7, €N,
6.3) P < G+ D

Forallii>1,nleN,n+1>2,

~2s
(6.4) |/lrud,2|2 < n

n,i,l

(n+1)(n+ D)3+

Proof. We estimate |/l;“§’71|2. Recalled from the definition of 8(6) that

B©O) ~ |sin6|" %,

and Py(x) < 1, we have,

|/lrad,~12< (”+l~1)!r(n+ﬁ+f+ %) 5
il T D + HEGE + T+ 3)
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By using the Cauchy Schwarz inequality and the Beta Function (6.2), we derive that

a4 2 1
! i+l 2 P 2
(f A(Sine)zn123(0059)2’”"19) Z(f S -y )
0 0

A - A T
S f tn_ —5(1 _ t)n+.§dt X f tn_ —5(1 _ t)n+l+§+bdt
0 0
T -)TG+1+ 990G +1+ 32 +s)
<

~

(m+W)Tn+i+1+3)

Then,
|/lrud,~1 2 (n+m)!(n+ i+ 7~+ %)
nil ST I+ DG+ T+ 3)
T — ) TFE+1+ 0@ +1+32 +5)
X ~
(n+W)ITn+ii+1+3)
(6.5) - T(n—sT(n— G+ 1+90GE+1+3 + S).

n\C(n+ HpllGE+ 1+ 32)
We deduce from the formula (6.1) with x = n,a = —-s, b =0,
I'n—s+1) < 1 .
n! (n—s)’
By the recurrence formula for Gamma function that

ITn+1-s)=m-s)'(n-ys),

we obtain
Fn-s) 1 F(n+1—s)< 1 < 1
nl  (m—-s) Tm+1) = (n—s)* = pl+s’

Usingx=n,a=-s5,b=1in(6.1),
In+1-y) < l1 ,
T(n+32) ni+s

and recurrence formulal'(n + 1 — s) = (n — s)['(n — ),
Fn-s) 1 F(n+1—s)< 1
F(n+%) n—s r(n+%) - (n—s)n%” T on

—

910
+
Y

Usingx =7+ 1,a=s,b=0in (6.1), we have

IF'G@+1+s) n+1 F(ﬁ+2+s)<~s
= sn.
! a+l+s @+ 1)

Usingx=7+1+3,a=sb=0,
Td+1+3+5) o1 B
— 5 S@+Il+=+5) <@+
F@E+1+3) 2
Substitute these estimate into (6.5), we obtain
rad,1\2 ~si~ | T\, —2-2s
Mn,ﬁjl s+ D)’n 277,

This is the formula of (6.3)
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Analogously, for the term I/l’”d 2,
n+ ) Tn+i+l+32 i O\
| ;a;l]12|2 ( ) ( 2) (f (Sin 9)2n+17172S(COS G)ang)

nlilll(n + 1+ DTG+ 2)
F(n+ -9 (n+l-1-9{@+ 1 +s)F(n+ +s)

(n+n+Dn'T'(n+1+ )n'r(n+ )

Applying the estimate (6.1) and recurrence formula for Gamma function
I'(x+1)=xI(x),

which gives

| rad2|2 ﬁl+25 < ﬁZS
il m+ 1)+ D3 m+i+1)  (m+ DS(n+1D)3*
This ends the proof of (6.4). O

6.2. The estimate for the general terms. In the proof of 3) in Proposition 3.1, we need
the following technical Lemma. Recall that

1

it}
An = (1 2m) (x/in!r(n+1+§)) ’

and
)2ﬁ+i

2n+l
G" _'"”(K) fs bk oIk = al/2) " (I + /2

X Ym(

K — O'l) Zh(K+O—)dO'.

|k — |k + o
Then recall the notation in Proposition 2.1, we have
e _Anifnt_ ( f G"" (Y] m (K)dk)
nALLE T Ay ok \Js2 1+1-2k ’
It follows that,
m i 7 AR ‘2

n n,l,lk| ‘A

PIPHE

Iml<l)m|< T

n+i+k,I+1-2k

2
Z »[S‘ Gnnll(K)Yllzl 2k(K)dK :

Iml<1|m|<]

(6.6) X

In the next Lemma we estimate

Z Z |f GZ”;"”( )Yl’?-l Zk(K)dK|2'

[mI<l |m|<T
Lemma 6.2. For 0 <k < min(l, 1), |m’| < [ + [ — 2k, we have

2
Z fsz GZ“’:"”( )sz 2k(K)dK

[ml<l \im|<]

2

(6.7) f B(O)(sin )*"(cos 9)2"+’d9)

l+l—2k+1(
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Proof. For 0 < k < min(/,]) and |m’| < I = I + [ — 2k, we deduce from the Proposition

5.12 that
_ 2
ZZ f G;n:z”( )Yll:l—l 2 (K)dK
< il S
_ Z (-1 (2l+~1)(21+1)Hq f Zﬁ/(’@yﬂ, ik
lql<min(.} 2(0+1-2k)+ 1 2
where

G Z}:ZB: B(6)(sin 6)*"*!(cos 0)™* P\ (sin ) P (cos 6)de.
<3

We observe from (5.33) that, for any |m’| < [ + [-2k,

2 2
Z js; Gnm;Tu(K)erZ/ 2k(K)dK = Z

m,m 0
Y .
i i LGnnzl(K) i KK
ImI<! <] Iml<min(Z,])

Then it follows from the Cauchy-Schwarz inequality that

(6.8) > f

[mI<l |jm|<T

Gn i1,l, I(K)Yl’?-l Zk( )

21 @+ DRI+ 1) 2
S Irau+i-2+1 2. (Hy).

|gl<min(L,])
By using the Cauchy-Schwarz inequality and the addition theorem (5.3), we have

> () <

B(O)| sin 61" (cos 9)2"+’d9) ( B(6)| sin 6]+
:

lgl<min(Z,]) I01< lol<2
25T (- lgD! Pl sin o)) - Igl)! pl 2
X (cos 0) [qlsé(m( I+l |),( ,(sin )) T+l I)!( i(cosa)) ]d@)

= ( B(O)Isin 6" (cos 9)2’“’}19) ( B(O)| sin 6"+ (cos )7+
|61<%

e
161<5

X

27
d
f Pl((sin 6)* + (cos 0)* cos ¢)P;((cos ) + (sin 6)* cos ¢)2—¢} dﬁ).
0 by
From the formula (14) of Sec.10.3 in Chap.III in [20]

2
|«/Z\/41—xzpl(x)|s4\/:v—1 < x<1,
T

and |P;(x)| < 1, we derive that
1 21

o | Pl((sin ) + (cos 0)* cos ¢)P;((cos 0)% + (sin 0)* cos ¢)d¢]

1 [ 1
< — de

Vo \/ (sm 0)? + (cos 6)? cos ¢)

A
S

d
\/— 14| cosH f 1 - (cosqﬁ)2 ¢
\/ | cos 82

2/\



Since |6] < %, we have cos6 > i and it follows that,

<%
2 1 i Sxo\2
Z (H,) s —( f B(6)(sin )" (cos 6)"*1df) .
lgl<min(L]) \/Z 0
Substitute it into the formula (6.8), we conclude that, for/ > 1,7 > 1 with 0 < k < min(/, ),

L 2
Z Z ( L G:Lnrllnl l(K)le 2k(K)dK)

[ml<l \m|<]
- x 2
A% i .
< ﬁ ( f " B(6)(sin 0" (cos 9)2"+’d9) .
- 0
This ends the proof of (6.7). O

Forl>1,I>1with 0 < k < min(/, [), we denote A’;m

/1k i\/- ( AﬁJAn,l )2
nill = T2k + 1 Ak -2k
i 2 27+l ’
(6.9) x( f B(O)(sin 6)*" (cos 6) "”da) )
0

It follows from (6.6) and (6.7) that, for 0 < k < min(l D, with [m’| < [ +1 - 2k,

DN

Iml< Lm|< T

mmm
nnllk S ,r"t,i,l'

Then we obtain

> 202

n+itvk=n*  I+1-2k=I*
n+22i+122 121021
n20,i20  0< k <min(l,])

I
A

niitk=n*  +l-2k=rr Ol
n+i>2.a+0>2  I>1,1>1
n20,i20  0< k <min(l,])

The proof of 3) in Proposition 3.1 is reduced to prove
k

(6.10) > Aﬁ”f’ < Clys .

n+itk=n*  1+1-2k=1*
n+l>2.a+0>2  [>1,1>1 B
n20,i20  0< k <min(Z,])

—

Lemma 6.3. Forn,ii,l,l € Nwithn+1>2andf+1> 2, let so = min(1 — s, 5), we have
0 Vi (it + D>+

6.11) <
il [+ l +1 nYO(n + SO)I so(n + l)2+25+.30

In addition, for 1 < k < min(l, I), we have the following estimate
[ (7 + I)*
(6.12) Xos Vi @+D
MRS 4 T=2k+ 1 (n+ 1S+ 1+ D3
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Remark 6.4. We divided the estimate of /lﬁ - into two cases, k = 0 and k > 1. That is
because, when we estimate the formula (6.12), there exists a term

(m+ii+ T +n+l+1-k+3)

(m+ii+DITm+ia+1+1+ 1)
which is big term when k = 0 and | + 1> n + .

Proof. By using the Cauchy-Schwarz inequality and the Beta Function (6.2) we derive
that, forn +1> 2,

| f ! B(O)(sin ) (cos )b ~ | f
0 0

Tn+1-sTGi+1+)Tn+1-1-9TG+1+32 +5)
< =
= (n+i+1)! Tn+ii+1+1+1%)

=

tn+é*1*S(1 _ t)m%”dﬂz

Then, we can express

E < RV m+ia+Tn+n+l+1-k+3)
PR 4 T-2k+ 1 nlT(n+ 1+ DTG+ 1+ 3)
Tn+1-G+1+s)Tn+1-1-9TG+1+3 +s)
(n+n+1)! Tn+i+1+1+13)
Nl —(+a+bTn+n+l+1-k+3)
TI4l-2k+1 (n+i+ DIDn+a+l+1+ 1)
Tn+1- G+ 1+9Tn+1-1-9TG+1+3 +5)
% n(n+ 1+ Hiall@ + 1+ 3) '
We deduce from the formula (6.1) withx =n+1,a = —-s,b =0,
Tn+l-s+1) 1
n+1)! “(n+1-s)’

and the recurrence formulaI'(n + 1 — ) = ’HLSF(n +2-3),
F(n+1—s)= n+1 F(n+1—s+1)< 1
n! (n+1-y) (n+1)! T+ 1)
Usingx=n+1-1,a=-sb=3in(6.1),
F(n+l—s)_F(n+l—1—s+1)< 1

Tn+l+3) T+l-1+3+1)" (n4l-1)in

and recurrence formulal'(n + -1 — ) = lr:i";—’]’_?
Tnt+i-1-5) _ 1 Tntl-s) __ |
T(n+1+3) nAl=1=sTn+1+3) " (m+1i+
Usingx =i+ 1,a=sb=0in (6.1), we have
T(ﬁ+1+s): i+ 1 F(ﬁ+2+s)<ﬁs'
! a+l+s @+~

Usingx=/i+Il+4,a=sb=0in(6.1),and7i + 1> 2,
F@+i+2+s) 1 o
—~3$(n+l+—+s)°$(n+l)°.
F@a+1+3) 2
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Therefore, we obtain that, n + [ > 2, /i + 1 > 2

.o ~N’ (i +
WAL T2k + 1 (n 4+ 1)S(n + [+ 1)3+
(n+a+ITn+n+1+1-k+3)

(m+ii+DTn+ia+1+1+3)
Consider that, when k > 1

(m+i+Tn+n+l+1—k+3)

(m+ii+ DITm+a+1+1+1)

‘We obtain the formula (6.12).
For the estimate (6.11), we assume thatn + [ > 2,and 59 = min(1 — s, s). By using the
Cauchy-Schwarz inequality and the Beta Function (6.2), we obtain

l—

% s o
| f ﬂ(@)(sm 9)2n+Z(COS 0)2n+ld0|2 ~ | f tn+%—l—5(1 _ t)n+%+%+sdt|2
0 0

1 1
< fz l‘n_1+S0(] _ t)ﬁ_sodt > fz t—n+l_25—]_50(] _ t)ﬁ+l-+%+25+s0dt
0 0

T(n+ so)CG + 1 — so) T+ 1= 25 = s)T(G + [+ 2 + 25 + 50)
< — ~
(n+n)! Tn+ii+1+1+3)

>

Therefore,
e INT. i+ Tn+i+l+1+3)
AL T4 Lt AT (n 4+ 1+ DTG+ T+ 2)

T(n+ so)0G + 1 — so) Dn+ 1 =25 = s)L(G + T+ 2 + 25 + 50)

(n+n)! Tn+a+1+1+32)
IVI T+ o+ 1—s)T(n+1—2s— 5ol +1+ 32 + 25+ 50)
TU+l+1 nliall(n + 1+ DG + 1+ 2) ’

Applying the estimate (6.1) and recurrence formula for Gamma function
I'(x+1) =xI['(x),

which gives

7 ~ 1 T\2s+s0
0 < z}/i (i +1) 3 ‘
n,it,ll l+71+1 ﬁSO(n+ sO)l’SO(n+ l)5+25+s0

We end the proof of Lemma 6.3. O

The estimate in (6.12) is not enough in proof of 3) in the Proposition 3.1. To this end,
we provide a more optimal estimate of /l’r‘l 5 ”_in the following Lemma.
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Lemma 6.5. Forany0 < w < 1, and k > 1, we have the following estimates

0r, s — Y EED < k< 20,
l+l—2k+1(n+1)(n+1) +s
l Iy
(iAo < Al G+ D? e whenn +1< k'L, andk > 20;
TS LT 2k 41 (n 4 )32
I R
(zzz)/lnnl Al @+D whenn +1> k'™“l andk > 20.

l+l—2k+1(n+l)z+23

Remark 6.6. The coefficient 20 in Lemma 6.5 can be replaced by any big positive constant,
this coefficient make the estimate available.

Proof. The estimate (i) is a direct consequence of the estimate (6.12).
Now we estimate for k > 20. Recall that

o Vi (n+i+ITn+i+l+1—k+3)
WAL T2k +1 T+ L+ DAl + 1+ 3)

1
2 ST 2
x(j‘ﬁ%””a—ﬂ“ﬂﬂ.
0

By using the Beta Function (6.2) and the Cauchy -Schwarz inequality,

l -
(fz tn+;f—1—5~(] _t)r”u.%dt)z <2 % f tn+;—1 s(1 - t)n+2+4+sdt)
0
o, D+ 5@+ 5 + 1)
I'n+n+k+1)
Tn+1—-%-290@G+1- %+ 3 +2s)

Tn+ii+l+1-k+3)

23

IA

k]

we obtain
RV} (m+i+ITn+i+l+1-k+3)
I+1-2k+1 nlT(+1+HaTGE+1+2)
Tn+5TG+4+ DT +1-4 - 29T +1-4+ 2 +25)
8 F(n+i+k+1) Tn+ii+l+1-k+3)
{mm+zﬁm+ + D+ 1-% 290G +1-%+3 +m)
(+T1-2k+DnTn+1+3 )n'F(n+l+ 2)
Consider that, [ > k, and k > 20,

/lk<

k k
n+l—§—12§—129,
Letx=n+[-%—1,a=-2s5 b=3informula(6.1), we have
rm+l—§—2@ 1 o
Tn+1-%+ 2) (n+l—§—1—2s)§+25 T i
-

‘When we choose x = 71 +

= + E,a = 2s,b = 01in formula (6.1), then
rm+i—§+§+2@
Fi+1-%+3)
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< @+ D).




Therefore, we can verify that

¥ < ~l~\/Z (A+0* F(n+§)l‘(n+1_§+%)
IS Tk L (e D3> alln+ 1+ 3)
TG+ 5+ DrG+T-4+3)
X .
ST+ T+ 3
n!l"(n+l+5)
Because )
nﬁ+§+1w@+z_§+%)<]
n 7 7 3 = 1>
Al +1+3)
we have
¥ o< ~l~\/Z 7+ 1> F(n+§)l"(n+1_§+%)'
ni,lLl "~ [+1-2k+1 (n +l)%+2s n\T(n+ 1+ %)

‘We consider the formula
Tn+5HTm+1-%+2)

n'n+1+1)

Remind that k < min(/, [), without loss of generality, set k = 2g and [ = [} + 2g with [; > 0,
using the elementary induction,

l"(n+§)=(n+q—1)!,

we have
T+ 5Tn+1-5+2) (n+qg-Dn+1+q+1)
nC(n+1+ 1) - nl(n+1, +2q)!
B m+g-Dn+qg-2)x---xm+1)
T m+2g+ )+ 42— D)X x(n+l +q+2)

n+gq q_n+kﬁ_ eyt
S(n+2q+l]) _(n+§)z_(1_§1+l)
§+l1

+ 5k
_ [(1 _ l)" ]zwl) < e—Mf,—ﬁ,).
n+

where we use the elementary inequality
k
(1-=)" < e*, whenk > —n.
n

ForO<w < 1, if
kel
n+l

b}

then
Tn+5HTm+1-%5+2)
<

nT(n+1+1) =
This implies that, when n + [ < k'~¢[
¥ Vi A+D> e

S — S e
AT 4 1= 2k + 1 (n+ 13425

_liw
3k .

This is the result of the estimate (ii). If n + [ > k'~“l, since when k > 20,
T(n+5HTm+1-%+2)

n'n+1+1)
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Therefore, the estimate (iii) follows. This ends the proof of Lemma 6.5. O
6.3. The proof of 3) in the Proposition 3.1.

Proof. For /l’r‘l . defined in (6.9), by the analysis in (6.10), we have only need to prove

k

Yoy lulee,,.

nfitk=n*  1+l-2k=I* il
n+l>2.a+1>2  1>1,0>1 B
n20,i20  0< k <min(l,))

By using Lemma (6.3) with sy = min(s, 1 — 5), Lemma 6.5 with w = 1 and Azjz At + Ps

)
in (2.6), we can divided the above summation into four terms

/lk

Z Z il
A

niitk=n*  +l-2k=rr Ol
n+22, 04022 121,021
n20,120  0< k <min(/, l)

= 2 i+ D
winone e L [+ 1 (i + 1)%0(n + so)1=50(n + [)7+25+%
n+22,i+1>2 121,21
10,7120

min(19,n*) ~

n
’ Z Z Z l+l—2k+1(n+1)(n+1)z+b

k=1 n+i=n*—k [+I=1*+2k
n+IZ2,4+1>2 > k> k
n>0,1>0

Vi @+D it
+Z Z Z l+l—2k+1(n+1) e -

k=20 ntitk=n*  I+]=1*+2k

n+l<kd La+l>2 Zkil=k
n>0,1>0

Vi @+
+Z Z Z l+l—2k+1(n+1) +2s

k=20 n+n+k n* l+l= " +2k
ntlz ki Liele2 I2kE2k
n>0,i1>0

=K1+K2+K3+K4.

The estimate of Kj:

as(@ + )%
K, = Z Z (n+D)
[+ l + 1 (i + 1)%(n + So)l so(n + 1)2 3 +25+50

n+i=n*  I+I=I*
n+I=2, 74122 1>1,1>1
n>0,1>0

~

Z Z (n+ so)l- 50(n+l)1+25+so( t)SO.

n+i=n* l+]=I*
n>0,i1>0 I>1,7>1

Consider that 0 < sop = min(1 — s, 5) < 1, using the elementary inequality,
Z 50 i S0
I+=) <1+(2),
(1+3) =1+ ()

n
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we have

-1
) ) ) s 1
K; < (S())l_bo [(11*)3 + (l*)bo(n*)s 0] EE
I=1
n* r-1
s s 5=, 1 1
+ [(n*) + (") ") 0] nl+s [1+s

< (@ + @y @y ).
We need only consider sy < s, by using the Young inequality,
(l*)SO(n*)s—So < L(l/l*)s + i(l*)s,
S — 50 S0
Then,
K; < (n®)* + (7).
The estimate of the second term K3,

min(19,1*) ivi s
Ke= ) ) X -

F 5
- K 5+S
k=1 n+i=n*=k |+I=1* +2k [=2k+1 (n+1)y(n+1):
n+H=2a+1>2 > k> k
n>0,71>0

19 n*—kI*+k

. (* + 2k~ 1) 1
CDIDIP N n+ s(n + 2

k=1 n=0 I=k
19 n*—k

. 2%, 1 1
LRDID Ny ((n+k)1” B (n+k+l*)1“)

k=1 n=0

19
1
< (n*)* — < ™).
N /;:1 kSN(n)

Now we consider k > 20, for the third term K3

n*

Vi i+ 1) 1
Ke=2, 2 2 iowe et
220 nenrkent i L TET AT L+ D)

n+l<kd Latlz2 Zkizk
n>0,71>0

n* n*—k [*+k

(* + k) (n* +1*)° _14
S Z Z Z lj (Z++l)2+2°'e o

k=20 n=0 I=k
n* n*—k
i (m+ 1+ B — (n+ )2\ (I + k)

< * + l* s 7k*

(11 ) ;e nz:(; ( (n + k)l+2s(n + >+ k)1+2s 1*

. . n* lk% n*—k 1

S +1*)* K —_—
<(n ) A e nz:(; I

Now we estimate the remaining term Ky4. Consider the condition that

n+l> kil
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we obtain
1 1

<
n+D:  k

K4 can be rewritten as

n*

B Vi @+
Ke=D, 2 2, l+l—2k+1(n+l) f42s

k=20 n+n+k n* o +l=1" 42k
ntlz ki Lielz2 2hI2k

n>0,i1>0
e l*+k" e LY
< (n* + l*) Z k8 Z(; ;; (l’l + l)]+25[ l*
< (n* +l*)s N Lri;
h Skt o (Rt
* %) O 1
< (n*+1%) 2

< (n* + l*)s.
Combine with the estimate of Ky, K3, K3 and Ky, using (2.6) again that

e 2 (0% + (1),

we have
k
/ln,r"t,i,l
< CAps i+
o i
niitk=n*  +1-2k=I* ,
n+l>2.a+0>2  [>1,1>1
n20,i20  0< k <min(l,])

This ends the proof of 3) in Proposition 3.1. O

7. APPENDIX

The important known results but really needed for this paper are presented in this sec-
tion. For the self-content of paper, we will present some proof of those properties.

7.1. Gelfand-Shilov space. The symmetric Gelfand-Shilov space S”(R?) can be charac-
terized through the decomposition into the Hermite basis H, and the harmonic oscillator

H=-A+ M , for more details, see Theorem 2.1 in [7],
v 3 00 3 7'7—{2Lv
feSSR) e feCPR),At>0,]le fllrz < +o0;
o fe P®)Ta >0, (™ ¢ Hap) |, < +oo:
2
e AC>0,A>0, (-2 + u) 2 flle@sy < ACKK), keN

aeN3 || 2

where
Ha(v) = H(l] (VI)H(XZ(VZ)Hag(Vﬁi)» € N3»

and for x € R,

= Lot Lty o L (o Lyes)
" V2inle dx" V2rinlx dx '
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For the harmonic oscillator H = —A + % of 3-dimension and s > 0, we have
. . > 1
HH, = (A1) Hy, Ag = Z(aj +2), keN, ae N,
=1 2

7.2. Fourier Transform of special functions. For the eigenvector ¢, ,, given in (2.1),
Lerner, Morimoto, Pravda-Starov and Xu in [13] shows in Lemma 3.2 the Fourier trans-
form of /i, 0,0. Following this work, we provide the Fourier transform of /i, 1.

Lemma 7.1. Leta, k € S2andr > 0, then

(7.1) f MUY (k)dk = (27) il(l)% J1(nY] (@),
52 r 2

where k - a denote the scalar productand J,, 1 is the Bessel function of | + % order.

2

Proof. Since for any real r and |z] < 1,(cf. Section 11.5 of [24])
(7.2) V2re'™ = \/;Z(zk + DI 1 (NG PL(R).
k=0

Substituting z = « - @ into (7.2),

irk-a 4 N .
£ = ,/;;(2“ DIy s (DFPil - ).

Now since |Pi(k - @)| < 1 and for every r > 0,

) 00 k
\/IZ(2k+ VNICIEDY (k? eT < et*T,
=y ) k=0

NI~
=%

[T

we obtain that

(7.3) fs : YT (1) dk = \/g ;(2/« + 1)]k+%(r)ik fs : Pi(k - @)Y (k)dk.

Consider the addition theorem of spherical harmonics (7 — 34) in Chapter 7 of [19] that

4 k
Pilk-@) = 52— 3" IR (0) V(@)
m=—k

where [Y}"(k)]" is the conjugate of ¥}"(x). Then

4r

LE Pi(k - @)Y (k)dk = mYlm(a)ékyz.

Substitute this addition formula into (7.3), the formula (7.1) follows. O

Lemma 7.1 is the basis for calculating the Fourier transform of /iy, in.

Lemma 7.2. Let @, 1, be the functions defined in (2.1), then for n,l € N, [m| < I, we have

_— PPN 1 N R -
14 VHnim(© = (=) (2m) (—vzn!r<n+z+g)) ( \5) e Y’(|§|)'
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61\ L (£ ~
Proof. Define H(¢) = (ﬁ) e 7Y (E)’ and by Lemma 7.1 with » = |v||£], we can

compute the inverse Fourier transform of H,

a 1.3 v [€] \2n+l i " ¢
R o N I O R ()

V2 €l
g |, G (feeoae
A ) [ e o

By using the standard formula, see (6.2.15) in [8],

I+

1
(+3) ex T [T L »
L, *(x)= L, 12 Vxne dt,
A !

n!
we have
M=)
2 e? (_) 2 0 2
(+3) vl — V2 P \2n+i+2 e
L, (5= V2 P T (e d.
Therefore,

- 12’_L2||l+%||2m
70 = e S (B G )

Recall the expression of (2.1), one can verify
1
3
Va2nIT(n + 1+ 3)
Henceforth, (7.4) yields. O

VEPn () = (=)' 27)7 ( ) F H)).

7.3. Spherical Harmonics. The following results with respect to the spherical harmonics
is significant. For /, [ e N, |m| < [, || < [,

(7.5) Y)y? = Z Z ( fs 7 Ylm(K)Yirh(K)Yle/(K)dK) Yy
rom -

where |m’| < I"and [ -1 < I’ < [+ . More explicitly, in order to have a non-vanishing
integral, the parameters m’, I’ satisfy

(7.6) m =m+m, I' =1+1-2j with 0 < j < min(l, ]).
For more details, See (86) in Chap. 3 in [9], [17].
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