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A priori estimates for the 3D quasi-geostrophic system

Frédéric Charve*

Abstract

The present article is devoted to the 3D dissipative quasi-geostrophic system
(QG). This system can be obtained as limit model of the Primitive Equations in
the asymptotics of strong rotation and stratification, and involves a non-radial, non-
local, homogeneous pseudo-differential operator of order 2 denoted by I' (and whose
semigroup kernel reaches negative values). After a refined study of the non-local part
of T, we prove apriori estimates (in the general L? setting) for the 3D QG-model.
The main difficulty of this article is to study the commutator of I" with a Lagrangian
change of variable. An important application of these a priori estimates, providing
bound from below to the lifespan of the solutions of the Primitive Equations for
ill-prepared blowing-up initial data, can be found in a companion paper.

1 Introduction

1.1 Presentation of the model

A very rich litterature is devoted to the 2D quasi-geostrophic system:

00 -VO + |D|*0 = 0,

0 + v ) + ’ ‘ ( 2D Q G)
0|t:0 =0 )

where 6 represents the scalar potential temperature, o € [0, 2], and the two-dimensional
velocity v is determined from 6 by:

V= (—32’D‘71,82‘D’71)9 = (—R27R1)0.

The operators R; (i = 1,2) are Riesz transforms. Due to the fractional diffusion term
|D|“0, three cases have to be distinguished. First, the sub-critical case (o > 1), which
is now well known: global existence and uniqueness for arbitrary initial data are stated
in various spaces. In the critical case (o = 1), results are proved for regular initial data
with smallness assumptions. The super-critical case (o < 1) seems to be harder and more
recently studied. Non-exhaustively, we refer to [6, 7, 23, 24, 33, 34, 37, 39, 38, 39, 40].

Pretty much less is done for the 3D quasi-geostrophic system on which we will focus
in this article. As for the 2D version it is related to geophysical fluids. The system of
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Primitive Equations, that describes a geophysical fluid which is located at the surface of
the Earth, writes as follows:

OU: +v. - VU, — LU + AU, = 1(-V&.,0),
le ’U,g — 07 (PEQ)
Ua|t:0 = UO,E-

The unknows are U. = (v:,0:) = (v}, v2,v3,0.) (v is the velocity of the fluid and 0.
denotes the scalar potential temperature, which is related to the density fluctuation) and
®, is called the geopotential and includes the centrifugal force and the pressure. The
diffusion operator L is given by

LU, def (vAv., V' A6,),

where v,/ > 0 are the kinematic viscosity and the thermal diffusivity. The antisymmetric
matrix A is defined by

0 -1 0 0

def [ 1 0 0 0

A= 00 0 F-1
00 -—-F1o

We also assume that the initial data converges towards Uy = (v, 6p) = lim0 Uoe.
E—r

The small parameter £ measures the importance of the Coriolis force (modelized
by the first 3 x 3 diagonal submatrix of A, which corresponds to the vector product
e~ x e3 of the velocity with the third unit vector e3) and of the vertical stratification
of the density induced by the gravity (corresponding to the other terms in the matrix
and the parameter F' €]0,1]). We chosed here the small parameter so that these two
concurrent phenomena are of the same importance.

We will not give more details about this system and adress the reader to [5, 41,
2, 12, 16] for a more precise presentation of the physical models. And we also refer
to [19, 20, 21, 28, 29] concerning the rotating fluids system and to [35, 36] for similar
methods for the Boussinesq system.

The limit system when the small parameter € goes to zero, is called the 3D quasi-
geostrophic system and consists in a transport-diffusion equation coupled with a Biot-
Savart-type law. This system writes as follows (we refer to [18, 9, 8, 10, 11, 12, 16, 27]
for studies of the asymptotics as € goes to zero):

OO+ v.VQ—TQ =0
U= (’U, 9) = (_82, ala 0, _Fa3)AEIQ’ (QG)
Q=0 = Qo

where the operator I' is defined by:
T AAZ w02 + o2 + 1/ F202),

with Ap = 8% + 622 + F26§, and Q = 61U2 — 82U1 — F63U4 = 81?}2 — 82?}1 — F050 and
Qo = 01vE — Oav} — FO36p where Uy = (v, 0p) is the limit as e goes to zero of the initial
data Ug.



Remark 1 Except in the cases v = V' (where I' = vA, see [10] and [28] for example)
or F =1 (where I' = v0} + vd3 + /02, we refer to [18]) the operator I' is a non-local
diffusion operator of order 2.

Remark 2 (QG) can be rewritten into a system close to the classical incompressible
Navier-Stokes system, satisfied by the velocity U = (—0s, 01,0, —F@g)A;}Q (see [9, 16]).

We refer to [8] where we obtain existence of global Leray solutions if the initial velocity
Uy = (=04, 01,0, —F@g)AEIQO € L?. Similarly the Fujita-Kato theorem is easily adapted
and we have local existence of a strong solution if Uy g € H %, and global existence for
small data.

Remark 3 We refer to [9] where we proved that in fact, using the quasigeostrophic
structure, if Uy g € H' then we have a global strong solution without assuming any
smallness condition for the initial data. We emphasize that it is a very remarkable fact,
which relates the 3D-QG system to the 2D incompressible Navier-Stokes system more
than to the 3D version. Another connection between these systems is that as for the
vorticity in the 2D-case, the 3D-QG system has no stretching term §2 - V.

As in [9, 10] the long-term aim is to obtain qualitative results for the solutions of the
Primitive Equations. Due to the remarkable properties of the limit system (QG), we are
able to obtain similar properties for the solutions of the Primitive Equations provided
that € > 0 is small enough. For example in [9], we used the fact that if the quasi-
geostrophic part of the initial data Uy (independant of  in the cited paper) is in H', the
limit system (QG) has a unique global solution and the same is true for the Primitive
Equations if £ > 0 is small enough (without any smallness conditions on the initial data).
In other words, the fast rotation and strong stratification help the Primitive Equations,
which are very close to the 3D-Navier-Stokes system, to have global strong solutions. Put
it differently, adding a penalized skew-symmetric term to the 3D incompressible Navier-
Stokes system (3DNS) helps filtering the fast oscillations. This stabilizes the system
and allows it to have global solutions without smallness conditions (which is not possible
with these assumptions for (3DN.S) where we are not able to prove global existence of
strong solutions if the initial data is H' and large).

As explained in the present article we will obtain new a priori estimates for System
(QG) in the general case (no relations between the kinematic viscosity v and the thermal
diffusivity /). These estimates will be the key to obtain a bound from below for the
lifespan T of the solutions of the Primitive Equations for ill-prepared initial data, with
large and possibly blowing-up (in £) norms in o (that is assumptions where the Fujita-
Kato theorem cannot provide us informations on the Lifespan). More precisely, we will
show that 72 > «vIn(In |Ine|). This work is done in our companion paper [16] and then
generalizes the result from [10] where we made the simplifying assumption v = v/ (turning
the operator I' into #A). The Prandtl number, which can be defined as Pr = v/v/, can
take values far from 1 so that it is important to overcome the restriction from [10] and
treat the case where there is no relation between v and /.

We will also use these a priori estimates in forth-coming works on the 3DQG-system.



1.2 Statement of the main results

We consider the following transport-diffusion system:

ou +v.Vu —Tu = F°,
Ujt=0 = U0

max(v,v)
min(v,v’)

Let us introduce My;se =

Proposition 1 (LP-estimates) Assume that u solves (1.1) on [0,T] with ug € LP and
that [|v||psers < C' (for some constant C') with divv = 0. Then there exists a constant
D (depending on F, My;s. and C") such that for all t € [0,T],

t
lull Lge e < D*(Jluo]| v +/O 1E(7)l| o dT). (1.2)

Theorem 1 (Smoothing effect) Assume that u solves (1.1) on [T7,Ts] with v satisfying
dive = 0 and ||v|| ooy 1),20) < €', w(T) € LP, F¢ € L}, L (for p € [1,00]). There
exist two constants C and Cg such that if Ty — T7 > 0 is so small that:

1. 20C"(Ty — Ty)T < 133,

T
C 2 IVu(7)loe 1
1 — 1<
2. e 1< O

Then, for all v € [1,00], there exists a constant C, p > 0 such that for all t € [Ty, T5],

< o (JuTlr + [ W@ lwar). 03

1
(vor)” ”u“ir([Tl,t},Biw)

Remark 4 In the particular case r = 1,p = oo we obtain that:

t
vollullzr i, g,02) < CF (HU(Tl)HLoo +/T HFE(T)HLoodT> : (1.4)
1

Theorem 2 (a priori estimates) Let s €] — 1,1[. Assume that u solves (1.1) on [T}, T5]
with v satisfying divv = 0 and [|v[| Lo (i1, 15),26) < C', w(Th) € B, . Assume in addition
that the external force term can be decomposed into Fé+G¢, with F¢ € L*([T1, Tb), B; )

~ 2_
(for p € [1,00]) and G¢ € LOO([Tl,TQ],B;fgg 2) for r € [1,00] with s+ 2 €] —1,1[. There

exist two constants Cs and C'r such that if Ty — Ty > 0 is so small that:

1. 200/(T2 - Tl)i S I/S’,

C [12 IVo(r) | pos 1
2. € ! B 1 S CFMUiSC7

3. Ty =Ty + f%? HVUHLoodT < C4



Then, there exists a constant C,, r > 0 such that for all t € [Ty, Ts),

1
(vor) - HUHZr([Tl,t],B;;?)

e 1 e
S Cmr (”u(Tl)”B?w IR .m0 T 2 1G4 3”%2)) -9

y=p,o0

Remark 5 The time globalization can be done as T. Hmidi did in [32] and only intro-

t
duces a multiplicative factor eC(t_T1+fT1 IVeN4T) 5 the results. We choose to write on

a small time interval because this is the form we will use in [16].
Remark 6 In the energy case p = 2, these estimates are easier to obtain.

Remark 7 These estimates have been obtained by T. Hmidi in [32] for the Navier-Stokes
system and adapted in [10] for the Primitive Equations in the case v = v where ' = vA.
In the general case treated by the present article, all the difficulties result from the fact
that I' is a non local linear operator. The main features will be to obtain estimates for
commutators involving I' or to cope with terms of the form T'(uv).

The article is structured as follows: the second section is devoted to the proof of
Proposition 1 (LP estimates). In Section 3 we rewrite the non-local operator I' into a
more practical form and obtain various properties and commutator estimates that we use
in Sections 4 and 5 to prove the theorems. In the appendix we gathered an introduction to
the Besov spaces, general properties for flows, and a study of particular diffeomorphisms
introduced in Section 3.

Remark 8 In this paper we will denote as C' a universal constant and as Cf (for
example) a constant which only depends on F and s. Even if from line to line this
constant may change (multilplication by another constant...) we will still denote it as
Crs.

2 [P estimates

The aim of this section is to prove Proposition 1.

2.1 Basic semigroup estimates

The object of this preliminary section is to prove the following results on the semigroup
generated by the operator I'. Basically I' is ”close to” some aA and the associated
semigroup is expected to be "close to” the classical heat semigroup e®*® (see 3.13 for
more details about o). In fact even when v ~ 1/, '€ is close to the gaussian function
e~tel€” hut its Fourier inverse reaches negative values and has a L'-norm strictly larger
than 1. This is why we cannot expect a genuine maximum principle for I" and get the
exponential factor D! in Proposition 1. For the same reason we were unable to use the
Trotter formula or the arguments from [24, 36].



Proposition 2 There exists a constant C' = Cpisc > 0 depending on F and M;s. =
max(vv') b that for all p € [1,00] and u € LP, we have:

min(v,v’)

le ullzr < Clullzs.

Proposition 3 There exists a constant C = CFE yisc,co,co > 0 depending on F', My;sc, co
and Cy such that for all p € [1,00], A > 0 and u € " with supp u € X\C, where C is the
annulus C(0, ¢y, Cp), we have:

2
T ul|e < Ce™ 50 u| Lo

Proof of Proposition 2: we will follow the lines of the classical proofs for the
heat equation case (we refer for example to [3]), except that we must be cautious when
applying the integration by parts argument due to the presence of a rational function as
we have:

€1

G

This implies that e’ = K} % u, where we define the kernel K (z) for all ¢,z by:

def

Tu(¢) = (V€T +v&d + V' FPE)a(e) = —a(&)u(é).

Kt(m) _ f—l(etq(ﬁ))(x) — (2711-)3 /RS eix{e—tq(g)déu.

v v

Let us introduce M = ;= and M’ = &= with vy = min(v,7'), then we can write that:

max(M, M') = My = 2]

min(v,v’)?

{min(M, MY =1

and for all ¢, x,

1 ~ 2
Ki(z) = - / e Eem &V ge - with  go(€) = —”5‘2 (ME? + ME2 + M'F2¢2).
(2m)° Jrs [352
Performing the change of variable ¢ = —L=, we obtain that for all ¢, x,

Vot’

1 T 1 )
K, = ——K{(—— ith K - iw§ ,—q0(8) g¢
t(l’) mg 1(@)7 wit 1(1') (27‘()3 Ag e e d§

Then as eT'u = K; xu = K1(—=) * u, and thanks to convolution estimates,

_1
V Votg Vot

le ullr < (1K g1 ull e,

so that Proposition 2 will be proved as soon as we can bound ||K1||71. To do this, as in
[3] we write:

1 iz —
Ol o = 897V

1 .
— O [ €U AP O (29

Kl(x) =



Remark 9 Note that in [3] the operator I — A¢ is applied d times (in the general R?
case). In fact, it is sufficient to apply it [d/2] + 1 times. However, as qq is a ratio-
nal fraction(q is a polynomial in the heat case), deriving once more would lead to non
integrable terms (at zero)

Collecting the polynomial part of ¢y gives:

&
€12

From this, we compute the derivatives of gy and we can write that for all £ # 0:

20(8) = Q2(8),  Vao(§) = Q1(§), and Ago(§) = Qo(§),

20() = (Mg% ME 4 ((1- FY)M + F?M')g%) (M~ M)F(1- F?)

where @); denotes a rational homogeneous fraction in £ of degree ¢ (the denominator is a
power of [¢|r) and whose coefficients depend on F and M,;s.. This allows us to obtain
that (with the same notations):

(Ig—A)e™® = (1+ Qo + Q2)e™,
(Ig— A2 = (Q_24+ Qo + Q2 + Qu)e™®,

then, using the fact that —gqo(&) < —min(M, M')[£|? = —|€]? we can estimate K (x) for
all z € R? by:

K < yWMuisc 1 £| d < T ovrsc
Ka(o)] < s [ (6172 + 1 I+ €f)e e < Tt

which implies that | K]0 < Cpm [ |

visc®

Remark 10 We can similarly prove that for all k € N, there exists a constant Cr ;.. k

such that for all x € R3:
CFva'Lscyk

k
K <
[VEKq(2)] < (1+ |z[2)?’

so that VFK, € LP for all p € [1,c].

Proof of Proposition 3: as above, we use the same arguments as in [3]. As supp u C
AC, if ¢ is a smooth function compactly supported in a bigger annulus C" = C(0, ¢ /2, 2C))
such that ¢ =1 on C, then we have e'u = ¢; * u, where for all ¢, x:

gi(z) = }-fl(etuoqo(.)gb(j))(x) _ # /RS 62‘:1:-567251/0(]0(5)¢(§)d£ — >\3hV0M2()\x)’

with 1
— iz —74q0(§)
he(z) = (27)3 /C/e P(§)e” T dE.

Using the same integration by part as before, we write that:

C .
AT Py /c' e8Iy — A)(p(€)e 0O de.

he(z) =



The rest of the proof is classical, computing (I; — A)? ((b({)e*wo(g)), using the fact that
¢ € C' and that —qo(¢) < —|¢|?, we obtain that for all z € R3,

CF Myise,co,C / @ CF Myjserco.Co —70
h < »Myise;C0,“0 1 4 T d < s Myisce,C0,00 T
|hr ()| < 7(1 - a)? c( +7He 7T dE < 7(1 pRE e s,

then we immediately get that:
0(2) 2
Hgt”Ll = thlot)\Q”Ll S CFvaismCOyCOe_?VOt)\ I
which ends the proof. B
2.2 Proof of Proposition 1

As u solves system (1.1), the Duhamel form gives that for all ¢ € [0, 7] (using that v is
divergence-free),

u(t) = eTug + / e(th)F( —div (v @ u)(1) + F*(1))dr.
0

Thanks to Proposition 2 we can estimate the LP-norm, there exists a constant C' such
that for all time:

wmmmgc(wﬂm+/quwmm)

) xdiv (v @ u)||Ledr. (2.7)

/H\/? t—T

In the convolution term we have:

1
)« div (v @ u)|| e
\/ o(t — T \/ o(t —7)
< e (VE) () (0 9 )]
D | —— Lp
\/I/Q(t—T)4 VO t_T
1 .
< 1 (VE) (————=)llzellv @ ull 1, (2.8)
vo(t —7) vo(t —7)
thanks to the classical convolution estimates, if a,b € [1,00] satisfy % + % =1+ 1—1).

And if r satisfies: % + % = %, that is in fact we simply ask that % + % = 1, then
lv@ullpp < ||v|rr||u|lre. Taking a = 6/5 and r = 6 we get:

HMWMSC@WW+Auwwme

5

w(t—7) “IVEL g lo(D)llzs lu(m)]edr.  (2.9)

Y j——



Thanks to Remark 10, the integral can be estimated by
t -3 _3 n —31
C(F, Myjsc) | (t —7) "3 ||vll poo ol e Lodr < C"vg 47 |Jul| Lo 1o,
where the constant C” depends on C’, F and M,;s.. Then

t _3
lullzzers < C (Huon - HF%)HLPdT) Oy e o,

_3
and if ¢ is so small that C", it < %, we obtain:

t
lullggerr < © (\IUOIILP +/ IIFG(T)IILPdT> : (2.10)
0

Finally when ¢ is large, we globalize this result thanks to a subdivision 0 = Ty < T} <
... < Ty =t such that for all i € {0,..., N — 1},

113
C"(Ti1 — i)t ~ 3% (2.11)

then for all ¢ € {0,..., N — 1} and all ¢’ € [T}, Ti11],

t/

lullzes 2o < C{ [[u(T3)]|zr +/ [E(T)]|LedT |
[Tiat] Tz
which classically implies that:
t
full e < & (ol + [ 17 @rar )
0
(2011)4

3

Thanks to (2.11), N ~ (20")*v; %, we obtain the desired result with D =C % . B

3 Around the operator I

The proof of Theorems 1 and 2 follows classical lines: as in the work of T. Hmidi for
the Navier-Stokes system (see [32]) or in [13, 14, 15] for compressible models, we localise
the equations thanks to the dyadic operators, then we perform a Lagrangian change of
variable, localizing again we obtain the desired estimates. As in [14, 15] all the difficulty
lies in the study of the commutator of the nonlocal operator I' with the Lagrangian
change of variable. In what follows we will skip details on what is classical and focus on
this point.

3.1 Rewriting of the operator: singular integrals

In the previous studies of the Primitive Equations and the 3D-QG system, we dealt with
the operator I' in energy spaces (only using its symbol, see [8, 9, 11, 12]) or in particular
cases where I is reduced to the classical Laplacian (v = v/, see [10]). In the present



article we will need a more handy expression for this operator and the next section is
devoted to rewrite I' as a singular integral (in contrast with the cases of [14, 15| where
the kernels have nicer properties).

Let us begin by collecting the pure local and non-local parts out of I', from its
definition, we easily write that (recall that Ap = 97 + 03 + F203):

T =AA w0} + 005 +VF?03) = AN (vAp + (V) — v)F?03)
=AW+ (V —v)F2P3AY) = vA + (V' — V) F2O5AAL. (3.12)

As A = Ap + (1 — F?)92, we obtain:
D=vA+ (/= v)F20i(I;+ (1 — F2O3A.Y) =T + (v — V) F?(1 — F?)A?,

where we define the following operators:

(3.13)

NI

Iy =vd}+vd3+ ((1— F*v+ F?/) 03,
A =03(—Ap) 2.

Remark 11 Dealing with 05(—Ap)~! would lead to an obstruction but (as in [34])
simply studying the square root of this operator (which is the derivative of a Riesz
operator) will provide the properties we need.

Let us recall the following result:

Proposition 4 (1.29, see [3] p.23) If |.| denotes the canonic euclidean norm in RY, then
for each o €]0,d], there exists a constant Cq, > 0 such that:

F(177) = Caol 1”7
We deduce from this that, with d = 3 and o = 2:
1 C 1 c 1

== _v
Elr” Fa?+a3+ 5ad F|33|2%’

F Y

where C' > 0 denotes a universal constant and we introduce, for € R3 and a # 0,
|z|2 = 2% + 23 + o3, (3.14)

We can then define the distribution 1" as follows: for all ¢ € D,

<Tys= [ 2y, :/ LG N
R

R3 \x!i 2
F

sx%%—x%—{—ﬁx?)

As we want to compute A = %8§T, we begin with writing (thanks to the Lebesgue
theorem): for all ¢ € D,

) x
< T,y >=lim 5 ¢2( ) T
e20J|z|>e T1 + T3 + 7273

dx.

10



Thanks to the Green formula and the fact that the surface integral goes to zero with &,
we easily obtain that:

T3

)>71/1 >= lim -~z : sU(z)dx.

2.2 2 2
0 wze F7 (23 + a3 + pad)

< 03T, >=< PV (83(|x|2 )

o[BS

Then, deriving once more:

< O3T,p >= — < 03T, 03¢ >= lim ( Ko(z)y(x)dx + Je>,
|| >e

e—0

with the kernel (degree —4):

1 9 22 42— 342
Ko(x) :a§(|x|2 )) :_ﬁ 21 22 flwz 233,
% (2% + 23 + 2 a3)
and the surface integral:
2 x§
= ~ %3 P(x)do:(x)
2
/|m|e F2 |a] (23 + a3 + a3)

:_%/2”/3 ( sin? ¢ cos ¢ ¢(6cosgpcosH,ecosgosinﬁ,esingp)dspda. (3.15)
0 /=3

: 2
cos? p + £z sin® @) €

Lemma 1 The previous integral satisfies:

def A1 (2 sin? ¢ cos
Lty o —2—/ EEEp(0)dp — 0.
F2e J oz (cos?p + 2 sin? p) €0
Proof: the quantity is equal to:
I _i/g sin? ¢ cos ¢ (g cos @ cos b, ecos psinb, esin ) _w(o)dgo
g 9
F? -z (coszgp%—%sinQ@)Z €
and thanks to the Lebesgue theorem,
s S S 9
9 or I ) . COS ( COS
lim Io = ——5V1(0) / /2 i QDTOS_SDQ 5 | cospsing | dedf
e=0 F 0 J-z (cos? g+ zzsin® p) sin
9 0
= —ﬁvw(o) -1 0 | =0, (3.16)
0

as the three integrals are zero. l
Moreover, thanks to the Green formula, for any fixed ¢,

ar 1 /% sin? ¢ cos @
F?¢

—z (cos?p + %sin2 gp)z |z|>e

11



so that we have, for all ¢ € D,

< 93T, >= lim Ko(z)(¢¥(z) — 1(0))dz,
e—0 |z|>e
and we finally end up with the following expression of A: for all function f € S, and all
z € R3,

_¢
F

(03T = f)(z) = ¢ <O, f(x —.) >

A (@) -

= lim K@) (f(x—y) - flx))dy, (3.17)
e—0 |y‘25
with the kernel K defined for all y € R? by:
20 yi+y3 — =23
K(y) = 3,2 .2 1 2\3"
(v + 93 + 293)
Note that as the degree of K is —4, the integral diverges at the origin, so that we still

need to desingularize this expression. An easy way to do this is (as used in [14]) to
perform the change of variable y —+ —y and we obtain (as K is even) that for all x € R3,

(3.18)

Af(z) = lim K(y)(f(z —y) — f(z))dy = lim K@) (f(z+y) - f(x))dy

e—0 ly|>e e—0 ly|>e

—0

= lim /y|26 @(f(w —y)+ flz+y) - 2f(x)>dy

—3 LK@ (Fe =)+ 1) - 270 ). (319

As in [14] we will use the following alternative characterizations of Besov norms (see [3]),
if we denote 7, : f — f(. —a):

Theorem 3 ([3], 2.36) Let s €]0,1] and p,r € [1,00]. There exists a constant C' such
that for any u € Cj,

| 7—yu — ul|p

CilHUHB;T < H ||LT(Rd;%) < CHUHB;T'

ly|® I

and when s = 1, we have to use finite differences of order 2 instead of order 1:
Theorem 4 ([3], 2.37) Let p,r € [1,00]. There exists a constant C' such that for any
ueC,

|T_yu + Tyu — 2ul| L

|y

; |
C M ullgy, < | Ity < Cluly

Unsurprisingly, we use the latter to retrieve that for all p € [1,00], and all f € B;l(R?’),
then Af € LP(R?) and

1Aflr < Crll gy (3:20)
Remark 12 The main reason why we studied A instead of directly A? is that, as the
latter is a pseudo-differential operator of integer order 2, dealing with Besov spaces would

require to obtain a similar expression but with finite differences of order 3, introducing
heavy problems with singular integrals.
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3.2 Localization

The proofs of Theorems 1 and 2 share the same starting point. As announced, if u

solves System (1.1), we first apply the dyadic operator A; (we refer to the appendix for

the Littlewood-Paley theory), and we obtain, as in [32, 25, 13, 14, 15| that u; dlef Aju

satisfies:

atuj + Sj,lv.Vuj — Fuj = Fje + Gj + Rj, (3.21)
Ujji—g = Ajtio = U5,
where the well-known remainder term is defined as follows
R]’ = (Sj,ﬂ} — v).Vuj + [’U.v, A]]u = Sj,lv.Vuj — A]’(’U . Vu) (322)

Remark 13 We emphasize that the terms S;_1v.Vu; and R; have their frequencies
located in a ring of size 27 if j > 1, and as explained in the proofs, we will use it only for
J > No with Ny large enough.

The next step is as in the cited works to perform a Lagrangian change of variable.
We first define v;; the flow associated to the regularized advection velocity S;_qv, that
is the solution of the following system:

{at%‘,t(fﬂ) = Sj-10(t, ¥.4(2)), (3.23)
Yio(e) = .

Then, introducing w; = ujo;,, that is for all t, x, u;(t, x) = u;(t,v;(x)) (same notation

for the other quantities), we get:
00ty = T = I} + G5 4+ 1, 4.5, (3.24)
Ujjp—g = U0,5,

where we have defined :9\; as the following commutator:
S; = (Tuy) o b4 — D(uj o 1bjy). (3.25)
Decomposing I' into its pure local and non-local parts (see (3.13)):
I =Tp+ (v—7v)F?(1 - F?)A2,
we decompose the commutator /S\; into :9; = gji + S?V/L , with:
éij = (T'puj) o e — Lr(uj o jp),

_ 3.26
SNL = (v — V) F2(1 — F?) ((A%m 0 — A2(uy 0 wm). 20

Obviously, we got rid of the advection term, but ended with functions that are not
frequency localized anymore, and the next step is to localize once again and taking
advantage of the fact that (as div.S;_jv =0, 1, is volume-preserving):

luillze = 5 05 e = 1(Sj-notiy) o5 + (> Aqgiiy) o5 1o
q>j—No

<|ISj-notille + Y 1A lle. (3.27)
q>j—No

13



We refer to the next section for the low frequencies, as they will be dealt using Lemma
2.6 from [3] exactly as in [32, 13, 14, 15], and we focus here on the high frequencies,
for wich we apply the dyadic operator A; to the previous system. We get that for all
[ > ] — Nol

5tAﬂTj—FAﬂTj=Az<ff+@§+1§}+sf+sjﬂ>,

(3.28)
Alﬁvjﬁ:o = Alqu = AlAqu,
Thanks to the Duhamel formula, we have
t S
Aty = e A A jug + / et A, (F; +GS+ R+ Sk + SjVL> ()dr, (3.29)
0

and then we can follow the very same lines as in [32, 25, 13, 14, 15] provided that we are
able to estimate HA[Sme and ||AlSjVL||Lp, which is the object of the following result:

Proposition 5 Under the same assumptions, there exists two constants C' > 0 and
Cr > 0 such that, for all p € [1,00], if t is so small that:

VIO _ <

)

DO =

then
IASEl| L + 1SN E 1o < Cpmax (v, /)25 VO (VO — 1) s (8) | 1,

where V (t) = f(f [Vo(r)|[Leedr.

Proof : The first estimate is easily dealt exactly as in the case of the classical Laplacian
and we will skip details (we refer to [32, 10, 13]). Estimating the non-local commutator
is the main difficulty of the present article and will require more attention. This is the
object of the following section.

3.3 Commutator estimates for gJVNL

First, as in [34] we simplify the problem by rewriting é}i as follows:

(A2uj) o thjy — AP (uj o) = (A(Auj)) o b — A((Auy) oty
+ A((Auj) o — A(ujo ¢j7t)> , (3.30)
which allows us to reduce the study to the following quantity: for any function f,
I; = I;(f) = (Af) oty — A(f o ¥jr)-

The first step in the study of SJN L is then the following result, whose proof is given in
the next section:

14



Proposition 6 There exist two constants C,Cg > 0 so that for all p € [1,00] and all
function f, denoting f; = A;f and, as usual, V(t) = fg IVu(7)||dr, if t is so small that

Q2CV(H) _q

IN
no

then |
1L ()L < CreCV O (eCVE — 1)27| f]| 1o

3.3.1 Proof of the commutator estimates for A

As in [14, 15], instead of estimating I;(z), it will be simpler to estimate Ij(¢;t1 (z)) as
it considerably simplifies the integrals. Moreover, contrary to [14, 15] we have divv = 0
so the Jacobian determinant is equal to 1 and the previous quantities have the same
LP-norm. Most of the computations are valid for any C2-function f, and we will precise
when it will be needed that f is spectrally localized in 2/C (we will write fj). Thanks to
(3.17), for all z € R3,

LWy () = (Af)(x) = A(f 0 je) (05 (x))

= lim ( K@Uy Sy~ [ x) ((f 0 3) (1 () — ) — f<m>)dy) .

e—0 \y|26
(3.31)
Performing in the second integral the following change of variable (see [14])
T—z= T/Jj,t(ﬂ);tl (z) — y) Sy = ¢;t1 () — ¢]77t1 (x — 2),
we obtain that
I(4h;} () = lim g.(x), (3.32)
’ e—0
where
ge(x) = K(y)(f(z—y) — f(2))dy

[ Kmo)(fe - ) - @)y (333
Ima (—y)|=e
with the following notations: for all z,y € R3,

ma(y) = ;) () =5} (z +y),
(3.34)

In what follows we will make an extensive use of estimates involving these diffeomor-
phisms and for simplicity, we put in the appendix all these properties, that are much
more precise than in [14, 15].

The main ingredient in the proof of Proposition 6 is to rewrite j(iﬁ;tl (x)) in a more
handy way, which is the object of the following result:
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Proposition 7 Under the same assumptions, for all x € R3,

1

L) (2) = §</RS (K(y) = K(ma(=y) (f(x —y) + flz +y) - 2f(x))dy

+/R3 (K (ma(—y)) = K(ma(v))) (f(z +y) — f(x))dy>. (3.35)

Proof : For all € > 0, and = € R?,

(@) = [ (K0 — KOs, o) ) (e =) = @)y
= /RB <K(y)1|yze(1{mz<y>ze} + Lpma(y)l<e})
= K (ma(=9) Ljma (i<t (Lyize) + 1{y|<s})> (flz—y) = f(2))dy. (3.36)
so that we can rewrite g. into:

9e(z) = gl (x) + g2 (z) — g2 (),

with

(

gi(z) = /R3 Ly >3 L jma (=) e} (K(y) - K(mm(—y))> (f(z—y)— f(x))dy,

g2(z) = /Rs Ly ze) L jma (o)<} K W) (f (@ —y) — f())dy,

\g?(fﬂ) = /R3 Li1yl<e} L{jma (—g) 2o} K (ma (—y)) (f(z — y) — f(x))dy,
(3.37)

We will now prove the following result:

Lemma 2 Under the previous assumptions,

2 3
sup (192 ()] + |92 (2)]) — 0.

Proof: We will only concentrate on g2 because, up to applying the diffeomorphism
my, g2 can be dealt exactly the same way. First we emphasize that any direct estimate
will fail as it will only give that |g2(x)| is bounded as e goes to zero. Indeed, thanks to
Proposition 14 from the appendix, we have:

1
2(0)] < Cr / LSOV 2OV )|V £ oo dy

e<|y|<eCV e ’y‘B

< CpefV 2V _1)(S3VE _ )|V flpe. (3.38)
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In order to prove the desired result we need, as in (3.19), to perform the change of

variable y + —y in the second term of the obvious identity ¢2(z) = 3(¢2(z) + ¢2(2)) ,

which allows us to write that for all z € R3:

o) =5( [ K@=~ f@an+ [ KG9 - f)ay)

AZ
where we have introduced the following sets (of course depending on z):
AT ={yeR¥/|y| >c and |m.(%y)| <e}. (3.39)

Obviously, we can state that:
Lemma 3 The sets AT satisfy:

VyeR3, yecA- & —ye AT,
and forn € {—1,1}:

AT c{yeR%/e <|y| <ee®V® and e V® < |m,(ny)| < e}

and in

vol(A7) < 3 (e3cv(t) - 1) g3

Proof: thanks to the first estimate from Proposition 12, we immediately obtain the
second point. [

Taking these sets into consideration, we can rewrite gZ2:

P() = 3 (L) + TL(x) + T1L(2)). (3.40)
with

L@ = [ K@) =)+ fa ) = 2f@)dy
@ = [ K - )

1@ = [ K@) - @)y
AD\AZ
Lemma 3 immediately implies that I1. = ITI.. We recall that we want to prove that g2

goes to zero (see Lemma 2). Let us begin with I.: using twice the mean-value Theorem
and Lemma 3 implies that for all z € R3,

Cr
L@l < [ Rl 1 dy
e<|y|<eeCV(®) ’y‘

C
= a_gHvszL“VOI {y eR3 e<|y < EeCV(t)}

4
< Cpuv?fHLoog <e3CV(t> - 1) £ (3.41)
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so that we obtain:

sup |I-(x)] — 0. (3.42)
2ER3 e—0

As before, applying this rough argument to g2 only provides that it is bounded whereas
we need to prove it goes to zero. For I1. (and I11.) as we only have a finite difference of
order one, we need to be much more precise when estimating the volume of AZ \ AZ:

Cr o o
(I ()] < /AE\AE+ |y|4\y!HVfHL dy < —5 IV fllze=vol (A2 \ AL)

In fact, as each of the sets Agc is already very close to the domain located between the
spheres centered at zero and with radii € and eV (®) | their symmetric difference has an
even smaller volume:

Lemma 4 Under the previous assumptions and notations, there exists a constant Cr;
(also depending on t but bounded) such that:

vol(AZ \ AT) < Cp et

Proof : Let us write that
ANAT c{y e R, e <yl <O, om0 <my(—y) <e, and  [ma(y) > £}
Thanks to the last point of Proposition 12, if y € AZ \ AT then:

a0 = lma(o)] £ VOO — i1, 2l

< AV 2OV _1)972 (3.43)

so that, using this with the fact that |m,(—y)| < €, we obtain

£ < )] < Ir(-9)| + |lma(a)] = s < & (14 4V OV - i)
That is

AZ\ A C {y cR3 < |mL(y) <e (1 + 4OV 20V _ 1)2j5>} .

Then, as y — mg(y) is a volume preserving diffeomorphism, roughly denoting C; =
AV (2CV () _1)27 | we get:

vol (A7 \ AY) <vol{yeR3 e<|y<e(l+eC))}

4 4
— 353 (14205 —1) = ?a‘* (3C; +3eCs +C5), (3.44)

which concludes the proof of the lemma. [J
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Remark 14 We do not need to worry about the dependency in time, as in what follows
we will deal with small t such that e“V(®) —1 < 1/2.

This allows us to conclude that there exists a constant Cr; > 0 such that:

sup |II.(z)| < eCr;||Vf|lre — 0. (3.45)
x€R3 e—0
Gathering (3.40), (3.42) and (3.45) ends the proof of Lemma 2. [J
This immediately leads us to:

Ij(wj_,tl(x)) = lim g (2) = lim gal(x)

e—0 e—0

= lim o Hlvlze} L {ima (-y)l2¢) (K(y) - K(mx(—y))> (f(z —y) — f(x))dy. (3.46)
We emphasize that, for the same reason as before, we still cannot let € go to zero in this
integral: we obtain thanks to Proposition 14, that near zero, the integrated function is

bounded by:
1

20V
(O = DIV,
which is not integrable at 0. Our only option is to use once more the same desingular-
ization argument as before: g!(z) = 1(g!(z)+ g2(x)) and perform the change of variable
y — —y in the second term, in order to take advantage of finite differences of order 2.

Doing as what lead to (3.37) we can write that:

9z (2) = IVe(2) + Ve(z) + VI(2),

(3.47)
Vi) - [ i (K<y> - K(mm@)) (Fa+y) — F(x))dy

As before, thanks to the change of variable y — —y, we have V.(z) = VI.(x), and thanks
to Proposition 14 (see Appendix) and Lemma 4,

C
sup |Ve(z)| < / _I;’eGCV(t) (eﬁcv(t) _ 1)HVfHLoody
TER3 AR\AZ |y

Cr _
< 8_3660V(t) (eGCV(t) —1)[|Vf| e vol (AF \ AD)

< Cp eV (VG 1)V fllpoe — 0. (3.48)
e—0
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From this we finally deduce that:

1) = 5 i 1ViGe) = 3l | [ (K)o~ )

w) = [ (K = Klnol-)) (fa =) + fa+9) = 21 (a)) iy

B) = [ (Klma(o) = Km)) (o +0) ~ £y ). (3:50)

This concludes the proof of Proposition 7. B

Remark 15 We emphasize that, at last, we could pass to the limit € — 0 in the integrals
as the functions are now integrable on R3.

Remark 16 Note that this result was completely trivial if we could pass to the limit
n (3.17) and (3.32): indeed if the functions were integrable we only had to perform the
usual change of variable y +— —y.

To conclude the proof of Proposition 6, we will study A and B: the first term is very easy
to estimate. Thanks to Proposition 14, and Theorem 4, if ¢“V({®) —1 <1 /2,

C
ALy < / ‘yF‘ SV (VO 1)1 5 —y) + fi(+y) = 2£0)| e dy

< CFGGCV(t) (62CV(t) _ 1) HfjHBl 1 < CFGGCV(t) (BQCV(t) _ 1)2j‘|fj||LP- (3‘51)
P,

Remark 17 Note that Theorem 4 provides estimates for homogeneous Besov spaces,
but as we use these results with f;, which is spectrally localized, this entails the result.

In order to estimate correctly B we need a careful estimate of K(m,(—vy)) — K(mx(y)).
We refer to the appendix for the proof but we emphasize that, as in [14, 15] this term
provides the required power of |y| allowing the function to be integrable at 0. More
precisely, thanks to Proposition 14,

Cr ) ‘
Bl < [ CRAOENO 1) mint, X1+ )~ 50z

min(1, 27|y
< CpefCV ) 20V _ / S min(L 2y e~ Oledy. (352)

The rest of the proof is classical: we refer to [3] (section 2.4, se also [14]) for the following
estimate:

155+ y) = f;O)llze < Cmin(1, 27 [y))| £ e,
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so that, plugging this in the previous integral gives:

min(1, 27|y[)?
Bl < CFeGCV(t) (e2cv(t) _ 1)HfjHLP /RS %dy

2% 1
< Cre VOO g ([ s [y
<27 [yl yl>2-7 [l
< CFeGCV(t) (eQCV(t) _ 1)2ijjHLP- (3.53)

This concludes the proof of Proposition 6. H

Remark 18 In the case p = oo it is possible to prove the result in a slightly simpler way
using the formulation with finite differences of order 2.

3.3.2 Commutation for SJNL, end of the proof of Proposition 5

We studied the commutation with A but we recall that our aim is to study the commu-
tation with A?. This part of the proof is classical so we will skip details and only point
out what changes. Thanks to 3.30, we can write that:

™ (A%j) oy — A%(u; 0 wt) o < 1A ((A(AUj)) o — A((Auy) o w]»,t)) ™

+ HAzA<(Aua‘) ©jt — Auj 0 %;t)) Iz = [[Act]lze + [[As2]|ze,  (3.54)

Let us begin with 1. Of course, if we roughly estimate this term, we end up with terms
that are not summable (as we have to perform a summation over [ > j — Ny). To bypass
this problem, we simply use the same idea as Vishik (see [42, 32, 13, 14, 15]) and write
(we will only use it in the case [ > 0):

1A e < 27 AV| e < 27 V1|,
with, denoting g; = Auj,
V1 = (AVg;) o tjs - Dibjs — A(Vgj oy - Dipjy) =14 + 13,

where (we recall that I3 denotes the unit matrix of size 3 and D1}, the jacobian matrix

of ;)
{1,4 = (AVg;) ot - (D¥je — Is) = A(Vgj 0 tje - (Dje — I3)),
L = (AVg;) 0 dje = A(Vg; 0 ¥s0)-
Thanks to Proposition 6, we obtain that (if ¢ is small enough):

I1B|lr < CreCVO VO —1)27 ||Vl r < CreCVO (VO — 1)2%|juj|1p.  (3.56)

(3.55)

For the other term, introducing k; = D;; — I3, we can write that 14 = 141 + 142, with

1a = ((Ang) othjs — A(Vygjo 1/}j¢)> -k,
1p0 = A(ng o T,Z)j,t) ki — A(ng SXUNE kj)'

(3.57)
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The first term is easily dealt thanks to Propositions 6 and 11:
tarllzr < [1(AVg;) 0 9hje — A(Vgj 0 )l - Ikl
< CpeCVO (VO _1)299 ||V gl < Cre?VO (VO —1)23|u)| s, (3.58)

Estimating the second term will require more efforts and we begin with the following
property of the non-local operator A:

Proposition 8 For any smooth functions f,g we can write:

A(fg) = fAg+gAf+M(f,g),

where the bilinear operator M is defined by:

M(f.9)(@)= | K (f(z—y) - f2)(9(z—y)—g(=))dy.

RS

Moreover there exists a constant Cr such that for all f,g:

IM(f,9)llzr < CrVIflelIV Fllzellglze Vgl . (3.59)

Proof : For the first part of the result, we simply use (3.17): for all z € R3,

(A(fg)—TAg—gAf) @) =tim [ K(y) <(<f9><x—y>—<fg><w>) @) (gle—y)—g(@))

e20 Jly|>e

—g@)(f—y) - f(:v))>dy

= K(y)(f(z—y) = f@))(9(z —y) — g(2))dy. (3.60)
y|ze

The integral converges on R3 (no problem at zero or at infinity) so we obtain the con-
clusion thanks to the Lebesgue theorem. For the estimate, we use a classical threshold
argument: for a certain R (to be fixed later), we can write that

1M (f.9) 0 < cp( / %H(ﬂ. — )= SO~ v) — 90 2y

yI<r Y

1
! /IyzR W” (fC=9) = FO) (gl —9) —9() ||Lg;dy>

1

1
< cp( / VAVl dy + / —44||f||Lp||gHLoody>
i<k Y] >R |Vl

1
< Cr (RIV sVl + S usllgle ) - (360

Then, classically, this summation of two terms with a constant product is minimal when
they are equal, that is when we choose:

pr_ _flelgle
19711990z

22



We can go back to the estimation of 149: applying the previous estimate with f =
Vg; o1, and g = kj, we obtain

1a2llr = || = M(Vgj o, ki) + (Vg o) - Akl e

N[

< Cy [(nwj 0 byl [19205 0 w1 - Dibyll e | Dby — IsnmonD%,tnLoo)

IV o wjvtuLpuAkjum]
(3.62)

Thanks to Proposition 11 and the fact that u; is frequency localized, we deduce
1
. 2 .
1azllzr < Cr <26JH%H%pecv(t)(ecv(” - 1)2> + Cp2¥ |luj| o || Ak | o

We have to be particularly careful with the last term, as k; is not frequency localized. A
way to deal with it is to write (see (3.20)):

1Ak [z = MDY — L3)l[ree < Cpl[Dje — sl -

Then, we use the following estimate:

Lemma 5 There exists a constant C' > 0 such that for all smooth function u, we have:
lull g, < OVTullr TVl

Proof : it is the same idea as in Proposition 8: for a certain « to be fixed later, we have

lull g, < > 2NAzuller + Y 27714Vl

j<a j>at1
< (Z2J’)\|u||m -+ ( Z 277) || Vul|
j<a j>atl

< C(2%ullzr +272(IV?ullzr), (3.63)

and choosing « the closest integer so that 22% ~ |lu| .- /||V?u|| - ends the proof. [J
From that we deduce (using Proposition 11):

1

D650~ Tl < (1D = Tallim 1Dyl ) < €O 1)
so that we can conclude:
az]lzr < Cp29eVO (VO — 1) luj]| o (3.64)
Gathering (3.58) and (3.64), we obtain that:

A1z < Cp2% eV O (VD 1) ||uy]| 1. (3.65)
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Remark 19 As a consequence of the previous lemma, we have:

IA(fg) — (Af)glle = IfAg + M(F,9)l e

< CF(HfHLp(Hg!!LooHV2g!!Loo) 2+ (If1le IV Fllze lgllee [V gl o)

NI

1 1 1 1 1 1
< CrllfIE gl (HinpHVQgHioo T HVinpHVgHioo>- (3.66)

We now turn to the second term 2 from (3.54). Exactly as in [14, 15], as we aim to
obtain a result summable for [ > j — Ny, we have to use twice the argument of Vishik on
2 because of the additionnal A:

1210 = 1A ((Aag)ows Ao ) i < 22 IV (Aug)ows Ao ) Lo
< 2192 ((A5) 0 v~ Aluy o 050) s, (367)
and the rest of the proof is similar, we first decompose:
v? ((Auj) otp;t — A(uj o wjvt)> =24+ 25 +2¢ + 2p,
where
24 = (AV?uj) 0 bj ¢ - Dy (D p — I3) — A<V2uj oyt Dipj(Dibjie — 13>7
2p = (AVu;) o, D*pj — A (vuj 0Pt D%j,t) :

20 = (AV?u;) 0 tpjy - (Dopj — I3) — A<V2uj o (D — I3)>,
\2[) = (AV2u]) o ij’t — A(VQUJ‘ (¢] ij’t).

Using the very same arguments as for 142 (we skip details) we obtain that:
A2 e < CE25 1Y O (VO 1) ||uy]| o (3.68)
Gathering (3.65) and (3.68) ends the proof of Proposition 5. H

4 Proof of Theorem 1

We can now return to the proof of the a priori estimates. Let us begin with Theorem 1.
Without any loss of generality, we will prove it for 73 = 0 and 75 = T. We recall that,
for the high frequencies, thanks to (3.29) and Proposition 3, there exist two constants
C, ¢ > 0 such that:

~ o 21
| Ayl e < C[e O AL A jug]| e

t _ —_—~ o~ —_ —_——
+/0 e—cro(t—T)2% <HA1FJ¢HL1) + HA[G?”LP + | AR || 1r + HA[(S]L + SjNL)HLp>(T)dT:|.
(4.69)

First, we refer to [32] for the following result:
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Proposition 9 With the notations from (3.22), there exists a constant C' > 0 such that:

17l < ClIV ol Los [lull o

Using once again the method of Vishik, we deduce that (we refer to the previous section
for details):

1AR | r < C27|V(R; 0 4 0) v < C27|[ Ry pe )
< CY VDV (t)|| poe u(t)]| o (4.70)

Thanks to (2.10), as [[v[|gers < €', and if ¢ € [0, for T > 0 so small that CC'T1 <
3

1

§I/OZ, then we can write that:

AR e < CZ VO T0(t)]) o (HUOHLP +/ (IFe()lle + HGe(T)HLP)dT> :
0
(4.71)
Remark 20 Remember that in the setting of Theorem 1, G¢ = 0.

Next, we obtained in Proposition 5 that if ¢ is so small that

1

eVl 1 < -
-2

then
IAISE| e + [ ASVE| 1o < Cmax(v, ') 294V O (VO 1) uy (1)) -

Then the arguments are the very same as in [32, 10] so we will skip details and refer the
reader to the proofs and lemmas therein. Taking the L"-norm in time (r € [1, 00]), using
(4.71), (5) and the Young estimates on (4.69), we obtain that for all ¢ € [0, T]:

t
~ _1 -~
1A || Ly e < C(vor2?) > |:‘|A1Aju0||Lp +/ |AFS(T)||rdr
0
‘ ¢
21 CV () (uuonm -/ HFe(T)nde) ]
0

+ (vor2?) " Cp max(v, )25 eV O (V) — 1) ()| o, (4.72)

After using that HAII’*'V’J-GHLp < CHF]EHLp < C||F¢||r we sum over | > j — Ny (Ny will be
fixed soon), and get that for all 7 > Ny and ¢ € [0,T]:

t
.1 .
(vor2¥)7 Z !!AzUj!!L:LPSC!!Aqu\\LP+Cr22N°/ [ F(7) | Lo dT
1>j—No 0

t
OO0 1) (unls + [ 1))
0

/
4 CFMQSNOGCV(t)(eCV(t) _ 1)(,/07022])%“%‘&”% (4.73)
0
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Next, we turn to the low frequencies (I < j — Ny) which we can estimate as follows
(we refer to [3], Lemma 2.6 [32], section 2.4.1 in the divergence-free case), there exists a
constant C' > 0 such that :

1S - Nl o < C27 N0V O || 1y 1o (4.74)
Then, plugging this into (3.27), and gathering with (4.73), we can write that for all
J = No:
25\ 1 2N, !
(vor22)F sl < CllAjuol| + G2 / | Fe(r)||podr
0

/
n <02NoeCV(t) n (eCV(t) B 1)CF maX(V, 14 )23NoeCV(t)> (V0T22j)% HujHLpr
Vo

t
023N LV (LYW 1) (HUOHLP +/ HFe(T)HLpdT> :
0
(4.75)

This is here that we fix Ny: we need T" > 0 small enough and Ny large enough so that:

s 1 3
CC T4 S 57/0 s
LV < %7
2N CVT) | (CVT) _ 1y mz.xX(V, 1/)23N066‘V(T) < 1,
min(v, V') 2
which is satified if:
( l/3
T < 0
= oot
cvr) o 3
3 e max (v, ) 3 1
202N 4 (eCVT) ) Op——2 293N D < 2
2 + (e ) Fmin(v, ) 2~ 2

so that we first choose Ny € N large enough so that 20 > 6C and then we take 7' > 0
so small that:

v
T< ———
= 2Ccon)®
OV _ < 1 ‘ (4.76)
=~ 60 m;.ix((z/,ul/)) 93No

With these assumptions, we immediately obtain that there exists a constant C'r such
that for all 7 > Ny,

L1
(vor2* )7 |Juj Ly e

t t
< Cl|Ajug||rr + Cr/ |EC(T)||edT + CF <Hu0||Lp +/ ||Fe(7')||Lpd7'> . (4.77)
0 0
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For the low frequencies, thanks to Proposition 1 and condition (4.76), we simply write
that for all j < Ny (with the usual changes when r = 00),

1 1 1
(1/07'22J)r ||uj'||L;Lp < (V0T22N0)r ||uHL2><>Lptr

< Clugr)? <HUQHL1) +/Ot HFG(T)HLpdT> (478)

Combining the last two estimates ends the proof of Theorem 1.

5 Proof of Theorem 2

The proof begins as for Theorem 1: we start from (4.69). There is no change for the

non-local commutators AZ(SJ»L + SJN L), and for the remainder term R;, instead of using
Proposition 9, we will use the following result (we refer to [32], Lemma 2.4.1 for the
proof):

Proposition 10 With the same notations as in (3.22), there exists a constant C' > 0
such that: ‘
I1B;lle < ClIVollzee Y 27| Agu .
k>—1

Thanks to Lemma 2.6 and 2.7 from [3] (in the volume preserving case), we get:
|AES (D)llae < C27 1Y O 5 (7) 10,

AR (7)|[1r < €271V O Tu(r) | D 27N Agu(r)] o
k>—1

From this we deduce that:
1A 10 < Cem | AL A jug)| o
¢
+ Cp max(v, V/)23ijBCV(t)(eCV(t) — 1)/ e~ cvo(t=")2% luj(T)||LpdT

0

t
+ €21V S7 9l [ v o | (s

E>—1 o

t .
+ CA e—cuo(t—’r)22l (eCV(t)Q—‘l—J‘ HF}'E(T)HLP + HGE(T)HLP)dT> . (579)

Taking the Lj-norm and then summing for [ > j — Ny, we obtain what follows (we skip
the details as the method is exactly the same as in [32]): for all j > Ny and ¢ € [0,T:

1 ~ 2
(or2?)e > A e < CllAjuol|Le + Cre W2 FeYf

[>j—No

C , N4 ,
+ 22096 e + m%?%e”@(e”“’ — 1) (or2%) 7 ||uj| 1y 1o
0 0

1 j .
+ OV OVl et 2™ 7 w27 27 Al e (5.80)
E>—1
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As in (4.74), we need to estimate the low frequencies:

v (t)

‘|SJ*NO@‘|LQLP < Ce 27N0||uj||L{LP-

Multiplying by 2j5(uor)% and introducing a(r,s) = min (1+ (s + 2),1 - (s+ 2)) > 0
(this is the reason of the restrictions on the indexes) and:

1 . 2
Uj(t) = vg 27T |uj| Ly,

we obtain that for all 7 > Ny,

Vo

/
U;(t) < C27%|| Ajuol| e + <02—Noecv<t> + CFMQ?)N%CV(”((;CV@ — 1)> U (t)

+Cecv(t>t%HVUHL5Loo2N° Z Uy (t)2- 9kl
k>—1

; C
+ CeCV BN || Fe|| 11y, + 22N025+"2HG€HL;LP. (5.81)
We can bound the low frequencies (j < Np) as in [32] and we finally end up with:

Uj(t) < C2%|| Ajuo|| e (1 + (vot)+270)

4 <02NoeCV(t) 4 CFmaX(V, 7//) 23NoeCV(t)(eCV(t) _ 1)) Uj(t)

o

+ O (VO (1) 2280 ) 20%| F | 1
9 2N, N s+f*2
+ V2 0—{—1/ t2lNo ) 2 1G5l Ly e
0

+C <eCV(t>2N0t% + (uot)%> Vol 3 Un(t)2 20l (5.82)
k>—1

As there exists a constant C. s > 0 so that we have:

Z Uit g—a(rs)lk—jl < Cr.s sup Uk(t),
2 E>—1

taking the supremum for 7 > —1, we choose T" small enough and Ny large enough so
that:

1 3
C’C’ITZ S 57/61’
1
GCV(T) -1 S 5,
FmaX(l/ 1/)2 3No ,CV(T )( cv(T) _ 1) < 1
min(v, ') -6
C27NOBCV(T) < l
6?
. 1
Crs <eCV<T>2N° + v&) T Vol < 5
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These conditions are realized when we fix Ny € N so large that 2No > 9C and T is chosen
small enough so that:

v
T< - —>~7
>~ (200/)47
1 1
GCV(T) — 1 < min 5, max(v,v') 53N,
9CF min(v,v’) 27
Cr,s

T
T+/ Vol[}edr <
0

~
6 <2N0+1 + 1/0T>

Under these conditions we obtain that for all ¢ € [0, 77,

1 1 1
510 Uy(1) < Crr (ol + (1 00 Pl g+ C 4160167, ).

Jj=-1

t =P,

which leads to the conclusion of Theorem 2.

6 Appendix

The first part is devoted to a quick presentation of the Littlewood-Paley theory. In the
second section we briefly recall general considerations on flows. The last section gives
results on the diffeomorphisms introduced in the proofs of the theorems.

6.1 Besov spaces

As usual, the Fourier transform of u with respect to the space variable is denoted by
F(u) or uw. In this section we will state classical definitions and properties concerning
the homogeneous and nonhomogeneous dyadic decomposition with respect to the Fourier
variable. For a complete presentation we refer to [3] (Chapter 2)

Let x a smooth radial function supported in the ball B(0, ) equal to 1 in a neigh-
borhood of B(0,3) and such that r +— x(r.e,) is nonincreasing over Ry. If we set
(&) = x(£/2) — x(&), then ¢ is compactly supported in the annulus C = {¢ € R? ¢y =
3 < [¢] < Cy = §} and we also have that:

VEeRIN{0}, D 27l =1,
leZ
6.83
Ve e RY x(¢ +Z(p 27l¢) = 1. (6.83)
1>0
From this we define the homogeneous dyadic blocks: for all j € Z,
Aju = (2 D)u = 20 (21) xu, with h=F Lo,

We recall that (bTD\)u@) = ¢(&)u(€). Then we have for tempered distributions (modulo
polynomials, we refer to [3] for precisions):

u = ZAlu (6.84)
l
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Similarly, the nonhomogeneous dyadic operators are defined for all j € Z, by

Vi< -2, Aju=0,
A_ju = x(D)u,
Vi>0, Aju:=@29D)u=2h(2)xu

We also define the low frequency cut-off operators

Siu:=x(277D)u = Z Agu= 22 ) xuif k=F 1y,

Sju= x(277D)u = Z Aqu.

We can now define the nonhomogeneous Besov spaces:
Definition 1 For s € R and 1 < p,r < oo, we set
1
||UHB;W = ( Z 2r18||Alu||2p> it r<oo and HuHBfa,oo = Slllp2ls||AlUHLP-
>—1

The nonhomogeneous Besov space By, .. is the subset of tempered distributions such that
|ullBg, is finite.

It is more delicate for the homogeneous spaces:

Definition 2 For s € R and 1 < p,r < oo, we set

1
. ” .
HUHB;T = (ZQTISHAZU||EP> if r<oo and HUHBEOO = Slllp2ls||AlUHLP-
leZ

The homogeneous Besov space B;T is the subset of tempered distributions such that

lim;, oo || Sjul| o = 0 and ||ul| 5. is finite.
p,T

Once more, we refer to [3] (chapter 2) for properties of the nonhomogeneous and homo-
geneous Besov spaces. For now let us just state that:

e there exists a constant C' such that for all j € Z, p € [1, 00| and all u,

1Azullze + 1A5ulle + [1Sjulle + [1Sjulze < Cllullzs.

e for all j,5/ such that |j — j'| > 2, AjAj/ = 0 (the same for nonhomogeneous
operators).

The Littlewood-Paley decomposition allows us to work with spectrally localized (therefore
smooth) functions rather than with rough objects. We obtain bounds for each dyadic
block in spaces of type Lf.LP. Then, with a view to get estimates in L] B; -, we perform
a summation in ¢"(Z). In fact we do not bound the L. Bs norm as the time integration
has been performed before the £” summation. This leads to the definition of the spaces

L%B;,r from the following norm:
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Definition 3 For T >0, se R and 1 <r,p < oo, we set

lullze = 121 Agul g 2ol oy

The spaces E%B]‘;r can be compared with the spaces L;B;’,T thanks to the Minkowski

inequality: we have
lullzs gy <lulligsy, i r2>p and fulzps, > lulles i r<p.
All the properties of continuity for the product and composition which are true in Besov

spaces remain true in the above spaces.

Let us now recall a few nonlinear estimates in Besov spaces. Formally, any product
of two distributions u and v may be decomposed into

wv = T,v + Tyu + R(u,v), where (6.85)
T := Z Si_ulApw, Tyu:= Z S_1vAju and R(u,v) := Z Z A Apo.
I I Ir—i<1

The above operator T is called a “paraproduct” whereas R is called a “remainder”. The
decomposition (6.85) has been introduced by J.-M. Bony in [4]. We refer to [3] for general
properties and for paraproduct and remainder estimates. The same can be defined for
nonhomogeneous spaces.

6.2 Estimates for the flow of a smooth vector-field

In this section, we recall classical estimates for the flow associated to the smooth vector-
field S;_1v. We refer to [3] (sections 2.1.3 and 3.1.2), [13, 25, 14, 15] for more details in
the compressible case. We also refer to [32] for the incompressible Navier-Stokes case.

Proposition 11 Under the assumptions of theorems 1 and 2, if V (t) := fg Vot e dt’.
Let +; 4 the associated flow:

t
Yix) = +/O Si_1v(t ) - (x)) dr'.

Then for all t € R, the flow 1);; is a smooth volume-preserving diffeomorphism over R3
and there exists a constant C > 0 such that one has, if t > 0,

1Dy e < V),
| Dt — Iyl pee < OV — 1,
Vk>2 || DY e < C20-17 (eCVE) 1),

where D f denotes the jacobian matrix of f.
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6.3 Study of the diffeomorphisms m,(+.)

In this section we prove precise results and estimates for the diffeomorphisms m, (+£.)
and for the quantities Y defined as follows (see (3.34)):

ma(y) = w;tl () - w;tl (z+y),

+ Ima(£y)| L
Yy = 7\mx( vl and Y = et o} if y #0.
lyl lyls

First, let us state the following result:

Proposition 12 There exists a constant C' > 0 such that for all x,y € R3,
1 e V0 <y, <eCVO, where V(t) = [) || Vu(T)| pedr,
2. or equivalently, e~V |y| < |m,(L£y)| < eV Oy,

3 YL -1 < e2CV () _ 1 and |i -1 < e2CV(t) _ 1,

4. or equivalently,

o ()] — |y|1 < (2VO _ 1)y
5. |Y+ _ Y,| < 62CV(t)(620\/(t) _ 1)min(1,2j|y|),

6. or equivalently,

Ima(—y)| = Imx(y)l‘ < VOV — 1) min(1, 2/ [y |)y|-

7. The same for YL (where the R?® euclidiean norm |.| is replaced by |.|1, see (3.14)
F

and we).
8 \mzu:y) . y|\ < 2OV (VO 1))y
9. ‘mx(—y) - mx(y)!‘ < 2OV 2V — 1) min(1, 27 |y|)|y|.

Remark 21 We emphasize that as v, is close to Id, m(—y) ~ y and my(y) ~ —y.

Proof : We refer to [14, 15] for the proof of points 1 to 7. We will prove here the last
two points. Let us begin with point 8 in the case of +y (the case —y is dealt exactly the
same way): thanks to the definition of 1;; (see (3.23)), for all y € R3,

t
Yila) —x = /O S;10(7,154(x)) dr.

Applying this at the point ¢;t1 (x), we obtain:
t
o= 03 = [ (0l @)ar
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Now, applying this to the point x — y and thanks to the definition of m, (see (3.34)0, we
end up with:

y—ma(—y) =y — (¥;, () = ¢ (x —y)) = - (T/);tl(x) A T y))>
T /0 (Sj‘lv(T’ Vi 0 (x)) = Sjrv (7 0 ) (w — y))> dr. (6.86)

Thanks to the Taylor formula, the integrand is equal to:

1
/0 VS 10(r, -0 (@ —y+sy) - Vibjr 00 (z —y +sy) - Vi [ (z — y + sy) - yds,

which allows us to obtain (using Proposition 11):

= ma)l < [ 198 -0l Vel 199 uwlolir
< V(D) < VOO — 1)yl (6.87)
which end the proof of point 8. For the last point we simply write that:
ma(—y) +ma(y) = 205} (x) — o5 (@ —y) —¥5 )} (z +y).

As in [14, 15], an elementary use of the Taylor formula implies that for a smooth C2
function,

Sup 2f(x) = fx —y) = fle+y)| < [YPIV =,
z€ER3

and then, thanks to Proposition 11, we obtain that for all z,y € R? with y # 0,
ma(=y) + ma(y)| < lylPIIV205 ) [ < €TV (VO —1)2 |y,

On the other hand, thanks to point 8 from the proposition,

Ima(=y) + me(y)| = [me(—=y) —y +y +ma(y)| < |me(—y) —y| + [ma(y) + ¥l
< QeQCV(t)(eQCV(t) —1)]y|. (6.88)

Gathering the last two estimates ends the proof of point 9. H

We will conclude this section with the following result:

Proposition 13 With the same notations as before, if t is so small that:

1

eQCV(t) -1 S 5’

then for all smooth function k defined on [%, %], and all x,y € R3 with y # 0,

F
(1) = RV < K [l oo g1, (2D = 1),
F F : j
) = KO < 1K e 132V O (2O — 1) min(1, 27|y,
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Proof : an elemental use of the Taylor formula gives that:

k(1) — k(YL) = / 1 K+ 1-s)vy” - 1) (1 - vi)ds,
0

so immediately, we obtain
k() = RYE) < K e 1 e2ever -y eaovio a1 = Y7,
Similarly, we obtain that:
F) F) F F
RO) = R < IR oo a—erev 0y 1 eaevo_p [V = v

and the conclusion follows from the assumption on ¢ and Proposition 12. B

6.4 Results on the kernel K

In this section we wish to gather various results on the kernel involved in the singular
integral form of the QG operator I' (see (3.18)). We begin by rewriting K as follows:
Yy € R3
Ky = % Vit -y F(y!L(y))
- 3 3 6
2 (2 + 43 + &93) |y|%
where (.|.) is the cannonical inner product on R3 and L is the isomorphism of R? defined
for all y € R? by

)

3
L(y1,vy2,y3) = (Y1, Y2, —ﬁy:s)-

First we have the following estimates:

min(1, FQ)\y] < |L(y)| < max(1 7%)@’
min(1, $)[yl1 < |L(y)| < max(1, $)ly|1
min(L, )ly| < [yl < max(1, )yl

As L is linear we directly write:
Lemma 6 For all a,b € R3, we have:
(b|L(b)) — (alL(a)) = (b + a|L(b—a)) = (b— a|L(b+ a)). (6.89)

Contrary to the cases of [14, 15] the kernel has no sign and reaches the value 0, so we
will have to be much more careful than in these works.

Proposition 14 With the same notations as in Proposition 12, there exists a constant
CF such that for all t so small that

20V 1 <

l\?l»—\

then we have:

C
K (y) — K (me(—y ))’<\ny1 eSOV (20V 1) _ 1),

1K (ma(y)) — K (ma(—y))| < gf; SV (VW 1) min(1, 27|y,

(6.90)
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Proof : Using (6.89), we immediately obtain that for any y,z € R3\ {0},

K(y) - K(2) = Cr WILw) (L)

lyl% 2%
F F

1 1

I
F F

:CF

(y + z|L(y — z)) + (Z\L(z)) ( ) . (6.91)

ly[5
F

This implies that for all y € R?\ {0},

and similarly

’K(mar(_y)) - K(mx(y))’ <

) (11
N (- rm) - 0

Finally, the conclusion is obtained thanks to Propositions 12 and 13 (with k(u) = »~%). B

The author wishes to thank T. Hmidi, C. Imbert and G. Karch for useful discussions.
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