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a growing body to be subsets of a material manifold . Each content of the body is
a simple body of continuum mechanics and the conﬁguration space of the growing
body will be the union of the conﬁguration spaces corresponding to the various
contents of the body.
Additional structure is introduced because we want the have the possibility of
telling “which part of the growing body has grown” and it might be helpful to
use the growing human body as a metaphor. Thus, it is assumed that the various
parts of the growing body are identiﬁable. In fact, our ability to identify the parts
of the body will be extended all the way down to elements of a set—the growing
body points.
The approach we use in formulating the kinematics, and force and stress theory
is that of (Segev, 1984), (Segev, 1986) and (Segev and de Botton, 1991). Section
2 gives formal deﬁnitions for the notions discussed above and section 3 present
the conﬁguration space of the growing body with its diﬀerentiable structure as an
inﬁnite dimensional bundle. The base manifold of the bundle is the collection of
contents of the growing body in the material manifold. The ﬁber at a particular
content is the conﬁguration space of the simple body corresponding to that content
in space. Generalized velocities of the growing body are deﬁned as elements of the
tangent bundle to the conﬁguration space. Section 4 considers the velocity ﬁelds
of the material points that the growing body contains. Material velocity ﬁelds are
elements of the vertical subbundle of the tangent bundle to the conﬁguration space.
As such, the mapping that provides the material velocity ﬁeld associated with a
generalized velocity of the growing body is a connection for the conﬁguration space.
Forces are deﬁned as elements of the cotangent bundle and Section 5 discusses
forces and their various decomposition into components associated with the vertical
and horizontal subbundles. In Section 6 we consider forces that are continuous
1
with respect to the C norm. Such forces may be represented by stresses as in the
results presented in (Segev, 1984) and (Segev and de Botton, 1991). The stresses
representing the content-component of the force—the horizontal component—are
those analogous to the Eshelby tensor.

2. Growing Bodies and Their Contents
In this section we give a mathematical framework that describes the kinematics
of growing bodies. By growing bodies we roughly mean phenomena in which the
region occupied by a body in space changes not only because of deformation but
also because of the addition of material points to the body. When considering the
addition of material points we have in mind a process like the growth of a plant leaf
or the growth of the human body through a process of division of cells. Of course,
we want to suggest a continuum model so one may think of the cells as being
inﬁnitesimally small. Alternatively, if one is willing to assume that bodies have
an unloaded reference conﬁguration is space, it is possible to think of the growth
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of the body as an evolution of the unloaded reference state. In order to have
a clear distinction between growing bodies and the regular bodies in continuum
mechanics—those containing a ﬁxed collection of material points—we will refer to
the latter as simple bodies. The mathematical model of the notion of a growing
body has to convey the idea that, like the case of the growing human body, we
can assign names to the body and its parts, the subbodies, even though they do
not contain a “ﬁxed number of material points”. Thus it is assumed that we have
a growing body B and a collection of growing subbodies and a partial ordering on
this collection which lets us specify that one particular subbody P1 is contained in
another growing subbody P2 . Here, B, P1 , and P2 , etc. are merely elements in the
collection of the growing subbodies and do not have any additional mathematical
structure. Next, we wish to assume that our ability to identify growing subbodies
does not stop at a certain scale. Rather, it is possible to construct sequences of
growing subbodies contained in one another that decrease in size whose limits can
be identiﬁed with elements of a set. This provides B with the structure of a set
and we will refer to its elements as the growing body points. The various growing
subbodies are subsets of B. In other words, we assume that the body can be
divided into smaller and smaller identiﬁable portions whose limits, the undividable
portions or “atoms” are the growing body points. A continuous variation of the
properties of the growing body points may serve as a motivation for assuming
that they are identiﬁable. These assumptions can be put into a more rigorous
framework using Boolean algebras and Stone’s representation theorem (Dunford
and Schwartz, 1971, p. 43, for example). Further, we add geometrical structure
by assuming that the growing body B and its subbodies have the structure of
three dimensional, compact diﬀerentiable manifolds with boundaries of a three
dimensional Euclidean space.
As stated, our objective is to model the growth of a growing body so material
may be added or removed from it. We do this by assuming that there is a large
collection of material points, M , to which we will refer as the material manifold and
whose elements will be referred to as material points. We assume that M is a three
dimensional Euclidean space with tangent space V. At any stage in the growth
of the growing body, the material points it contains are the image of a mapping
c: B → M . Since the growing subbodies and body elements are identiﬁable in any
of the stages of growth, we assume that c is an embedding. We will refer to such an
embedding B → M as a content of M . Thus, the image of a content c is a simple
body.
For a given growing body B, we will use Emb(B, M ) to denote the collection of
embeddings of B in M . Hence, the collection of all contents of B, the content space,
can be identiﬁed with Emb(B, M ). We recall (Michor, 1980) that the collection
ω
ω
of C embeddings Emb(B, M ) is an open subset of C (B, M ), the collection of
ω
all C mappings for ω = 1, 2, . . . , ∞. Hence, for ω ≥ 1, the content space is a
(trivial) diﬀerentiable manifold. The tangent space Tc Emb(B, M ) to the content
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space at any content c can be identiﬁed with C (B, V). We will refer to an element
ċ ∈ T Emb(B, M ) as a growth rate.
3. The Conﬁguration Space of a Growing Body
For a content c in Emb(B, M ), B = c{B} is a simple body. Thus, one may consider
its conﬁgurations in space. We recall that a conﬁguration κ of a simple body B is
an embedding κ: B → 3 , where for the sake of simplicity we model the physical
space by 3 . We will denote by Qc{B} the conﬁguration space of the simple body
c{B} in space, hence, Qc{B} = Emb(c{B}, 3 ). It will be useful sometimes to regard
a conﬁguration κ ∈ Qc{B} as a mapping
κ̂: c(B) ⊂ M → M × 3 ,

κ̂ = (1 , κ).

DEFINITION 1. The conﬁguration space of the growing body B is
QB =



Qc{B} ,

c ∈ Emb(B, M ).

c

The mapping
π: QB → Emb(B, M )
deﬁned by π(κ) = c if κ ∈ Qc{B} will be referred to as the conﬁguration space
projection.
Consider a typical content c0 of B. The ﬁber π −1 {c0 } = Qc0 {B} , being a space of
ω
embeddings, is an open subset of C (c0 {B}, 3 ), ω ≥ 1. Hence, it is a diﬀerentiable
manifold whose tangent space at any conﬁguration κ ∈ Qc0 {B} can be identiﬁed
ω
with C (c0 {B}, 3 ).
In order to construct the kinematics of growing bodies, one has to endow QB
with the structure of a diﬀerentiable manifold.
PROPOSITION 2. The conﬁguration space of the growing body QB has the structure of a trivializable diﬀerentiable bundle.
Proof. Let c0 be a content of the body. Then, since for any other content c,
c{B} is diﬀeomorphic to c0 {B}, the manifolds Qc0 {B} and Qc{B} are diﬀeomorphic.
In fact, the diﬀeomorphism may be explicitly written as κ → κ0 = κ ◦ c ◦ c−1
0 , κ∈
Qc{B} , κ0 ∈ Qc0 {B} . We will refer to such a trivialization of QB as a trivialization
centered at c0 . For a given content c1 , the representative κ1 of a conﬁguration
κ ∈ Qc{B} under the chart centered at c1 is related to κ0 by κ1 = κ0 ◦ c0 ◦ c−1
1 .
This last relation is clearly diﬀerentiable.
It follows that for arbitrary contents c0 , c1 , we have
κ1 ◦ c1 = κ0 ◦ c0 = κ ◦ c.
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In the sequel, e = κ ◦ c will be referred to a the extent of the growing body at the
conﬁguration κ. Clearly, the extent of the body is an embedding of B in 3 that
is independent of the choice of a chart. It is obvious that the mapping Φ: QB →
Emb(B, M ) × Emb(B, 3 ) given by Φ(κ) = (π(κ), κ ◦ c) = (c, e) is a bijection.
Thus, Φ generates a homeomorphism of QB with Emb(B, M ) × Emb(B, 3 ) so
that a conﬁguration κ may be represented by a mapping (c, e): B → M × 3 .
A motion of the growing body is a diﬀerentiable mapping  → QB and a
generalized velocity at the conﬁguration κ ∈ QB is an element of Tκ QB , i.e., it is a
tangent to a motion passing through κ.
Under a chart centered at the content c0 elements of QB are represented by
ordered pairs of the form (c, κ0 ) ∈ Emb(B, M ) × Qc0 {B} . Hence, under this chart
generalized velocities will be represented in the form (c, κ0 , ċ, κ̇0 ) ∈ Emb(B, M ) ×
Qc0 {B} × Tc Emb(B, M ) × Tκ0 Qc0 {B} .
PROPOSITION 3. If (c, κ0 , ċ, κ̇0 ) in
Emb(B, M ) × Qc0 {B} × Tc Emb(B, M ) × Tκ0 Qc0 {B}
represents a generalized velocity κ̇ using a chart centered at c0 and (c, κ1 , ċ, κ̇1 )
represents κ̇ using a chart centered at c1 , then the transformation rule is κ̇0 ◦ c0 =
κ̇1 ◦ c1 .
Proof. The transformation rule for the derivatives is obtain by diﬀerentiating
the relation κ1 (t) ◦ c1 = κ0 (t) ◦ c0 with respect to the “time” parameter.
The collection of all generalized velocities of the growing body is therefore the
tangent bundle T QB on which one has the tangent bundle projection τQB : T QB →
QB assigning to any generalized velocity κ̇ the conﬁguration at which it is tangent.
Another natural mapping deﬁned on the tangent bundle T QB is the tangent to
the conﬁguration space projection T π: T QB → T Emb(B, M ) that assigns to each
generalized velocity of the growing body the corresponding growth rate. Locally,
τQB is represented by (c, κ0 , ċ, κ̇0 ) → (c, κ0 ) while T π is represented locally by
(c, κ0 , ċ, κ̇0 ) → (c, ċ).
PROPOSITION 4. The mapping Φ is diﬀerentiable. The representative of the tangent T Φ maps κ̇ into (ċ, ė) = (ċ, κ̇0 ◦ c0 ) for a chart centered at the content c0 .
Proof. We use a chart centered at some content c0 . A generalized motion of
the growing body is represented by curves c(t), κ0 (t) in Emb(B, M ) and Qc0 {B} ,
respectively. Since κ(t) = κ0 (t) ◦ c0 ◦ c(t)−1 , we have
Φ(κ(t)) = (c(t), κ(t) ◦ c(t))
= (c(t), κ0 (t) ◦ c0 ◦ c(t)−1 ◦ c(t))
= (c(t), κ0 (t) ◦ c0 ).
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The ﬁrst component is clearly diﬀerentiable and the time derivative ė of the extent
is therefore given by ė = κ̇0 ◦ c0 . Hence, Φ is diﬀerentiable and in fact, it generates
a global diﬀerentiable bundle chart on QB .
The fact that Φ generates a natural global chart on QB valued in Emb(B, M ) ×
Emb(B, 3 ) suggests a geometrical interpretation of the space of generalized velocities Tκ QB as follows. The tangent Tκ Φ to Φ at the conﬁguration κ of the growing
body, generates a natural isomorphism of Tκ QB with Tc Emb(B, M )×Te Emb(B, 3 )
with e = κ ◦ c. Now, the tangent space Tc Emb(B, M ) may be identiﬁed with
ω
ω
C (B, V) and Te Emb(B, 3 ) may be identiﬁed with C (B, 3 ), hence, Tκ QB is
ω
naturally isomorphic to C (B, V × 3 ). In other words, for each generalized velocity of the growing body there is a unique vector ﬁeld deﬁned on B and valued in
ω
V × 3 . The element of C (B, V × 3 ) representing κ̇ may be thought of as a
variation (ċ, ė): B → T (M × 3 ) of the mapping (c, e): B → M × 3 .
4. Material Velocity Fields
The representation of generalized velocities of the growing body and the transformation rule for their representatives presented in Proposition 3, make it clear that
while the element ċ ∈ Tc Emb(B, M ) is uniquely determined by the generalized
velocity κ̇, the other component of the representative, κ̇0 ∈ Tκ0 Qc0 {B} , depends on
the choice of content c0 . We recall that κ̇0 describes a velocity of the simple body
c0 {B} and as such it has a clearer kinematical meaning than κ̇. In the sequel we
will refer to the velocity of a simple body as a material velocity (ﬁeld). We conclude
therefore that the representatives (ċ, κ̇0 ) do not provide an invariant decomposition
of the generalized velocity κ̇ into a growth rate and a material velocity ﬁeld. While
(ċ, ė) ∈ Tc Emb(B, M ) × Te Emb(B, 3 ) is uniquely deﬁned by κ̇, the component ė
does not have the usual meaning of a material velocity ﬁeld. In this section we discuss the various aspects of an invariant decomposition of generalized velocities into
growth rates and material velocity ﬁelds. Mathematically, such a decomposition is
a connection on the bundle QB .
Consider κ ∈ Qc{B} . An element κ̇ of Tκ QB will be termed vertical if T π(κ̇) = 0
so that no growth of the body is associated with it. Such a vertical generalized
velocity can be regarded as an element of Tκ Qc{B} and thus it represents a material
velocity ﬁeld.
To motivate the geometrical construction of the connection, consider a motion
(c(t), e(t)) in Emb(B, M ) × Emb(B, 3 ) whose tangent at t = 0 is (ċ, ė). If the
material point X is in the interior of B = c(B), then, there is a neighborhood U
of the zero in  for which c(t)−1 (X) is well deﬁned so that e(t) ◦ c(t)−1 (X) is a
motion of the material point X in space. Let v(X) be the tangent to this motion
so that
d

v(X) = ė ◦ c−1 (X) + (De ◦ c−1 )
((c(t))−1 )(X) ,
dt
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where, De denotes the derivative (gradient) of e. Using
d
((c(t))−1 (X))= −(Dc−1 (X))(ċ ◦ c−1 (X))
dt
we arrive at
v(X) = ė ◦ c−1 (X) − (De ◦ c−1 (X))(Dc−1 ◦ c−1 (X))(ċ ◦ c−1 (X))
so that

v(X) = ė ◦ c−1 (X) − Dκ(X)(ċ ◦ c−1 (X)).

This relation suggests that the material velocity may be deﬁned for the interior
of the body. Two problems are apparent in this expression: The material velocity
ﬁeld is deﬁned only for the interior of the body and the appearance of Dκ in the
k−1
k
expression implies that the material velocity ﬁeld is C
if κ is C .
To construct the connection geometrically, it is useful to use the mapping κ̂
when considering the decomposition of Tκ QB . We will also restrict ourselves to the
∞
case where κ is C . Using the natural global chart Φ, let
∞

∞

Γ̂ : Tc Emb(B, M ) = C (B, V) → C (B, V × 3 ) = Tκ Φ{Tκ QB }
be given by Γ̂ (ċ) = (1 , Dκ◦c)(ċ), i.e., Γ̂ (ċ)(ξ) = (ċ(ξ), Dκc(ξ) (ċ(ξ))). Thus, Γ̂ maps
ċ into a vector ﬁeld tangent to the image of κ̂ (the graph of κ). The mapping
Tκ Φ−1 ◦ Γ̂ : Tπ(κ) Emb(B, M ) → Tκ QB
will be denoted by Γ . From its local expression it is clear that T π ◦ Γ = 1 .
Next, note that
1 − Γ̂ ◦ T π: Tc Emb(B, M ) × Te Emb(B, 3 ) → Tc Emb(B, M ) × Te Emb(B, 3 )
satisﬁes
(1 − Γ̂ ◦ T Φ)(ċ, ė) = (0, ė − (Dκ ◦ c)(ċ)).
Hence, we deﬁne
ˆ Tc Emb(B, M ) × Te Emb(B, 3 ) → Te Emb(B, 3 )
∆:
ˆ = pr2 ◦ (1 − Γ̂ ◦ T π) = ė − (Dκ ◦ c)(ċ). By its deﬁnition, ∆(
ˆ ċ, ė) represents a
by ∆
ˆ
material velocity ﬁeld. The expression for ∆ is analogous to the expression obtained
above for v only the former is deﬁned on B and latter is deﬁned on c{B}. Hence,
letting c−1∗ : Te Emb(B, 3 ) → Tκ Qc{B} be given by c−1∗ (ė) = ė ◦ c−1 , we deﬁne
∆: Tκ QB → Tκ Qc{B}
by

ˆ ◦ T Φ.
∆ = c−1∗ ◦ ∆
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Thus, ∆ assigns to any generalized velocity a material velocity ﬁeld whose local
expression is identical to the one presented previously. Clearly, if κ̇ is in Tκ Qc{B} ⊂
Tκ QB , then ∆(κ̇) = κ̇. In addition we have, T π ◦ Inclusion ◦ ∆ = 0, ∆ ◦ Γ = 0,
where Inclusion: Tκ Qc{B} → Tκ QB is the inclusion mapping. We conclude that ∆
and T π decompose the collection of velocity ﬁelds into material velocity ﬁelds and
growth rates. The situation is illustrated by the following diagram.
Inclusion
-

Tκ Qc{B} 

@ ˆ
I
@ ∆
@
@

∆

Tκ QB 
6
Tκ Φ

Tκ Φ−1

Tπ

-

Γ
pr1

Tc Emb(B, M )

Γ̂

?

Tc Emb(B, M ) × Te Emb(B, 3 )

5. Forces and Their Decompositions
In this section we present the basic properties of forces as implied by the structure
of the conﬁguration space for the growing body and the deﬁnition of forces as
elements of the cotangent bundle T ∗ QB of the conﬁguration space. Thus, a force at
the conﬁguration κ of the growing body is a continuous linear mapping fB : Tκ QB →
. We will use simple body force for forces on bodies with a ﬁxed material structure.
In addition, we have forces corresponding to the content space of the body and we
will refer to a functional fc : Tc Emb(B, M ) →  as a content force.
We note that a content force fc induces a force fB on the growing body by
fB = T π ∗ (fc ). Here, T π ∗ is the dual of the mapping T π so fB (κ̇) = fc (T π(κ̇)).
Similarly, a force on a growing body fB at the content c of B induces a force fm
on the simple body c{B} by fm (v) = fB (Inclusion(v)).
The global chart Φ introduced in Section 3, can be used in order to represent
forces on growing bodies by two components: a content force and and extent force—
an element of the dual space Te∗ Emb(B, 3 ). Thus,
Tκ∗ Φ: Tc∗ Emb(B, M ) × Te∗ Emb(B, 3 ) → Tκ∗ QB ,

e=κ◦c

satisﬁes fB (κ̇) = Tκ∗ Φ(fc , fe )(κ̇) = fc (ċ) + fe (ė) where (ċ, ė) are the representatives
of the generalized velocity κ̇ under the chart Φ. Since Tκ Φ is an isomorphism, the
last relation also gives the content force and extent force that represent a given
force fB on the growing body.
The content force represents the power expanded when the extent rate vanishes
momentarily. The power corresponding to the rate of change of the “unloaded
conﬁguration” is evaluated. Thus, it includes power pertaining to the motion of the
material points that get crowded as material is added into a ﬁxed region in space.
The extent force represents the power expanded when the growth rate vanishes
momentarily, however, the velocity for which the power is computed is the extent
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rate and not the material velocity when ċ = 0. Thus, the extent force performs
power even in cases where the material velocity ﬁeld vanishes, i.e., ė = Dκ(ċ).
An additional representation of forces on growing bodies is provided by the
decomposition of generalized velocities into growth rates and material velocities
described in Section 4. Recalling that
(T π, ∆): Tκ QB → Tπ(κ) Emb(B, M ) × Tκ Qc{B}
is an isomorphism whose inverse is Γ ◦ pr1 + Inclusion ◦ pr2 . It follows that
(T π, ∆)∗ : (Tπ(κ) Emb(B, M ) × Tκ Qc{B} )∗ → Tκ∗ QB
is also an isomorphism. Hence, a force fB may be represented by a force fa ∈
Tc∗ Emb(B, M ) and a simple body force fm in the form
fB (κ̇) = [(T π, ∆)∗ (fa , fe )](κ̇) = fa (ċ) + fm (v),

ċ = T π(κ̇), v = ∆(κ̇).

Note that the force fa represents the power performed by the force on the growing
body in the case where the material velocity vanishes. Thus, it represents the power
expanded by the force in the case of pure growth, i.e., when ė = Dκ(ċ).
One can relate the representation of a force on a growing body using the global
chart Φ and the representation using the connection. We have
fB (κ̇) = fc (ċ) + fe (ė) = fa (ċ) + fm (v)
= fa (ċ) + fm (ė ◦ c−1 − (Dκ ◦ c−1 )(ċ ◦ c−1 ))
= (fa − fm ◦ (Dκ ◦ c−1 ) ◦ c−1∗ )(ċ) + fm ◦ c−1∗ (ė),
where, c−1∗ is the pullback of vector ﬁelds deﬁned on B into vector ﬁelds deﬁned
on c{B} so c−1∗ (ċ) = ċ ◦ c−1 , c−1∗ (ė) = ė ◦ c−1 and we used the expression for the
material velocity ﬁeld. Thus, the relations obtained is
fc = fa − fm ◦ (Dκ ◦ c−1 ) ◦ c−1∗
fe = fm ◦ c−1∗ .
The inverse relations may be obtained using ė = v ◦ c + (Dκ ◦ c)(ċ) as
fa = fc + fe ◦ (Dκ ◦ c)
fm = fe ◦ c∗ .
The situation is illustrated in the following diagram.
∗

∗

Inclusion
T π
Tκ∗ Qc{B}  ∗- Tκ∗ QB  ∗- Tc∗ Emb(B, M )
∆

@

ˆ∗
@∆

@
R
@

Tκ∗ Φ

6

Tκ∗ Φ−1

Γ

pr∗1



Γ̂ ∗

?

Tc∗ Emb(B, M ) × Te∗ Emb(B, 3 )
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A mixed representation of the force fB can be obtained by substituting the
expression for fa into the representation fB (κ̇) = fa (ċ) + fe (ė) to obtain fB (κ̇) =
(fc + fe ◦ (Dκ ◦ c))(ċ) + fm (v). Using the equation for fe in terms of fm , we ﬁnally
arrive at
fB (κ̇) = (fc + fm ◦ c−1∗ ◦ (Dκ ◦ c))(ċ) + fm (v).
This representation uses the physically signiﬁcant fm and content force fc describing the power expanded as the “reference unloaded conﬁguration” changes.
6. Stress Representation of Forces
This section considers basic stress theory for growing bodies. In accordance with
(Segev, 1984),(Segev, 1986) and (Segev and de Botton, 1991), the basic framework
in which stresses are deﬁned is the representation of continuous linear functionals
ω
on C (D, W) for a ﬁnite ω, where D is a compact three dimensional submanifold
with boundary of a three dimensional Euclidean space E with tangent space is TE ,
and W is a ﬁnite dimensional vector space. We note that as D is compact, any
∞
k
element f of C (D, W) is of a ﬁnite order, i.e., f ∈ C (D, W) for a ﬁnite k. In
particular, stress theory for continuum mechanics of order one is obtained if we
use ω = 1 as summarized by the following proposition.
PROPOSITION 5. A continuous linear functional f ∈ C (D, W)∗ can be represented by measures σ and Σ deﬁned on D and valued in W and L(W, TE ),
respectively, in the form
1



f (u) =

u · dσ +

D



Du · dΣ,

1

u ∈ C (D, W).

D

The measure σ is referred to as the ambient force or the self force and in case
one assumes that the total force on each subbody of D vanishes then σ = 0. The
tensor measure Σ is referred to as the stress tensor. The representation of a force
by stresses is not unique, i.e., there is more then one pair (σ, Σ) that represents a
generalized force f .
If a force fP is given for any subbody P of D such that


fP (u) =

u · dσ +

P



Du · dΣ,

1

u ∈ C (P, W),

P

for some stress measures σ and Σ, then the stress measures are unique.
In the case where the stress measures σ and Σ can be represented by diﬀerentiable densities s and S with respect to the volume measure V on D so the
representation of the force f is in the form


f (u) =
D

u · s dV +



Du · S dV,

1

u ∈ C (D, W),

D
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there are unique vector ﬁelds b deﬁned on D and t deﬁned on ∂D—the usual body
force and surface force—related to the stress densities by Div S + b = s on D and
S(n) = σ on ∂D, such that


u · b dV +

f (u) =
D



1

u · t dA,

u ∈ C (D, W).

∂D

These results can be applied immediately in the various cases discussed so far
if we take in the preceding sections ω = 1. For an extent force
fe ∈ Te Emb(B, 3 )∗ = C (B, 3 )∗
1

we may replace in the proposition above f, u and D by fe , ė and B, respectively.
Similarly, we will denote the stresses and force ﬁelds corresponding to σ, Σ, b
and t by σe , Σe , be and te , respectively. In the same fashion, a content force
1
fc ∈ C (B, V) may be represented by content stresses σc and Σc , and a force fa
may be represented by the stresses σa and Σa .
A diﬃculty arises when one considers the simple body force fm because of the
relation v = ė ◦ c−1 − Dκ (ċ ◦ c−1 ). As mentioned in Section 4, we restrict ourselves
to forces at smooth conﬁgurations of the growing body because of this loss of
diﬀerentiability.
The relations between the various representatives of a force fB considered in
the previous section, lead to relations between the corresponding stress representatives.
PROPOSITION 6. If any growing subbody is given a force and the collection of
forces for the various subbodies is represented by the stress measures σc , Σc , σe ,
Σe , σm , Σm , σa and Σa , then
∗
∗
◦ (Dκ ◦ c) − Σm
◦ (D2 κ ◦ c)
σc = σa − σm
∗
−1
Σc = Σa − Σm ◦ (Dκ ◦ c) ◦ (Dc ◦ c)∗ .
∗ and Σ ∗ on B are the images under c−1 of the measures
Here, the measures σm
m
σm and Σm on c{B}, respectively.
Proof. Writing the relation fc (ċ) = fa (ċ) − fm (Dκ (ċ ◦ c−1 )) in terms of the
corresponding stress measures, we obtain





ċ dσc +
B



Dċ dΣc =
B



ċ dσa +
B

−



Dċ dΣa
B

Dκ (ċ ◦ c−1 ) dσm

c{B}

−



D(Dκ (ċ ◦ c−1 )) dΣm .

c{B}
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One has


Dκ (ċ ◦ c−1 ) dσm =

∗
(Dκ ◦ c)(ċ) dσm
,

B

c{B}





D(Dκ (ċ ◦ c−1 )) dΣm =



∗
(D(Dκ (ċ ◦ c−1 )) ◦ c) dΣm
.

B

c{B}

Using
D(Dκ (ċ ◦ c−1 )) = D2 κ(ċ ◦ c−1 ) + Dκ((Dċ ◦ c−1 )(Dc−1 )),
the relation between the two representations of the force assumes the form




ċ dσc +
B





Dċ dΣc =
B

ċ dσa +
B

−



Dċ dΣa
B

∗
(Dκ ◦ c)(ċ) dσm

B

−



B

((D2 κ ◦ c)(ċ)
∗
+ (Dκ ◦ c)(Dċ(Dc−1 ◦ c))) dΣm
.

Using the notation (Dc−1 ◦c)∗ (Dċ) = Dċ(Dc−1 ◦c) the last equation may be written
as




ċ dσc +
B



Dċ dΣc =
B

∗
∗
ċ (dσa − dσm
◦ (Dκ ◦ c) − dΣm
◦ (D2 κ ◦ c))

B



+

∗
Dċ (dΣa − dΣm
◦ (Dκ ◦ c) ◦ (Dc−1 ◦ c)∗ ).

B

Since the above equality holds not only for the growing body B but also for the
case where the integration is performed over any growing subbody P of B it follows
(Segev and de Botton, 1991) that
∗
∗
σc = σa − σm
◦ (Dκ ◦ c) − Σm
◦ (D2 κ ◦ c)
∗
−1
Σc = Σa − Σm ◦ (Dκ ◦ c) ◦ (Dc ◦ c)∗ .

We now make the additional assumption that the various stress measures are
given in terms of diﬀerentiable densities with respect to the volume measure VB on
B. We note that typical treatments of continuum mechanics consider only stresses that are given in terms of diﬀerentiable densities with respect to the volume
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measures on the body. We will denote these stress (density) ﬁelds by replacing the
greek characters with the corresponding roman characters. Thus, we have
dσc
dΣc
dσa
dΣa
∗
dσm
∗
dΣm
dσe
dΣe

=
=
=
=
=
=
=
=

sc dVB ,
Sc dVB ,
sa dVB ,
Sa dVB ,
s∗m dVB ,
∗
Sm
dVB ,
se dVB ,
Se dVB .

Using the stress ﬁelds we may represent the generalized force as


fB (κ̇) =

(ċ · tc + ė · te ) dAB +



(ċ · bc + ė · be ) dVB ,

B

∂B

where AB is the area measure on ∂B, the surface force ﬁelds are given by
tc = Sc (n),

te = Se (n),

and the body force ﬁelds are given by
bc = sc − Div Sc ,

be = se − Div Se .

Similar representations hold for the components (fa , fm ) of the force.
The self forces corresponding to the material force will vanish and the corresponding Cauchy stresses will be be symmetric if one assumes that forces do not
perform power in case of a rigid body motion of the body. (See Segev 1984 for
the case where the stresses are measures rather than diﬀerentiable ﬁelds.) The last
requirement is usually motivated by the symmetry of the physical space. For the
forces associated with the growth of the body such a requirement, leading to the
corresponding “balance laws” can be motivated as follows. If we interpret contents
of the growing body as unloaded (or other preferred) conﬁgurations of the growing
body in space, the force fc corresponding to the content should have the same symmetry properties. In other words, no power is associated with inﬁnitesimal change
of the unloaded conﬁguration described by rigid body motion. Hence, σc = 0 and
the Cauchy stresses associated with Σc and Sc are symmetric.
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