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Abstract

Up until now, it was recognized that a detailed study of the p-rank in towers of
function fields is relevant for their applications in coding theory and cryptography.
In particular, it appears that having a large p-rank may be a barrier for a tower to
lead to competitive bounds for the symmetric tensor rank of multiplication in every
extension of the finite field F;, with q a power of p. In this paper, we show that
there are two exceptional cases, namely the extensions of F, and 5. In particular,
using the definition field descent on the field with 2 or 3 elements of a Garcia-
Stichtenoth tower of algebraic function fields which is asymptotically optimal in
the sense of Drinfel’d-Vladut and has maximal Hasse-Witt invariant, we obtain a
significant improvement of the uniform bounds for the symmetric tensor rank of
multiplication in any extension of F, and F5.

Keywords: Algebraic function field, tower of function fields, tensor rank,
algorithm, finite field.

1. Introduction

1.1. General context

The determination problem of the tensor rank of multiplication in finite fields
has been widely studied over the past 20 years, as shown by the growing number of
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publications on this topic including amoung others [12], [18], [2], [11], [5], [16].
This problem is worthwhile both because of its theoretical interest and because it
has several applications in the area of information theory such as cryptography and
coding theory.

1.2. Tensor rank of multiplication

Let IF, be a finite field with q elements where q is a prime power and let I be a
IF,-extension of degree n. The multiplication in the [F -vector space FFy. is a bilinear
map from Fg. X Fgn into Fgn, thus it corresponds to a tensor t € JFZ ®IF; ®]Fqn
where IF;H denotes the dual of Fy» over F,. Hence the product of two elements x
and y of . is the convolution of this tensor with x ® y € F» ®Fqn. If

where aq, € FZ”’ b, Fons € € Fyr, then

N

x-y=tlx®y)= > a,()b(y)e. &)

(=1

Every expression (1) is called a bilinear multiplication algorithm % (resp. a
symmetric bilinear multiplication algorithm if a, = b, for all £ € {1,...,A}). The
integer A is called the tensor rank (resp. symmetric tensor rank) of the algo-
rithm %, or the bilinear complexity (resp. symmetric bilinear complexity) of the
algorithm %.

Let us set

pg(n) := min (%),

respectivel
’ Y SYM(n) := min u(%>™)
My = min u s

where % is running over all bilinear multiplication algorithms (resp. ™ is run-
nig over all symmetric such algorithms) in Fg. over F,.

It is interesting to study the minimal length of a symmetric multiplication algo-
rithm since it turns out that it plays an important role in several other areas such
as Riemann-Roch system of equations, arithmetic secret sharing, multiplication-
friendly codes, etc, as mentioned in [9].

1.3. Basic notions related to function fields and notation

Let F/FF, be an algebraic function field of one variable of genus g, with constant
field IF,. For any integer k > 1, we denote by P (F/F,) the set of places of degree
k, by B(F/F,) the cardinality of this set and by P(F/F,) = Uy P\(F/FF;) the set
of all places in F/F . For any place P, we define F; to be the residue class field
of P and 0, its valuation ring. Every element t € P such that P = t & is called a



local parameter for P. The support of 9 = ZP apP is the set of the places P such
that ap # 0.
For any divisor 2 of F/FF,, the Riemann-Roch FF,-vector-space associated to 9
is the set
ZL(2)=1{f €F/F, | 2+(f) = 0}tuU{0}.

The Riemann-Roch Theorem states that the dimension dim 2 of the vector space
Z(9) is related to the degree of the divisor 2 and to the genus of F/F, by:

dim2 =deg?2 — g + 1 + dim(x — 2), 2)

where k denotes a canonical divisor of F/F,. In this relation, the complementary
term i(2) := dim(x — 2) is called the index of speciality of 2. Note that in any
case, we have i(2) > 0. In particular, a divisor 2 is called a non-special divisor
when the index of speciality i(2) is zero and 2 is called a special divisor if i(2) > 0.

1.4. Known results

1.4.1. General results

The bilinear complexity u,(n) of the multiplication in the n-degree extension of
a finite field IF, is known for certain values of n. In particular, Winograd [20] and
de Groote [13] have shown that this complexity is > 2n — 1, with equality hold-
ing if and only if n < %q + 1. Using the principle of the Chudnovsky-Chudnovsky
algorithm [12] applied to elliptic curves, Shokrollahi has shown in [17] that the bi-
linear complexity of multiplication is equal to 2n for %q +l<n< %(q +1+4+¢€(q)
where e is the function defined by:

(@) = greatest integer < 2,/q prime to g, if q is not a perfect square
= 2,/q, if q is a perfect square.

Eventually, the original algorithm of D.V. and G.V. Chudnovsky introduced in
[12] leads to the following theorem by [3]:

Theorem 1. Let q be a prime power. The tensor rank u,(n) of multiplication in any
finite extension Fgn of IFy is linear with respect to the extension degree; more precisely,
there exists a constant C such that for any n, it holds that:

,uzym(n) < Cyn.
Moreover, one can give explicit values for C,; in particular for g =2 or g = 3:

Proposition 2. The best known values for the constant C, defined in the previous
theorem are:

196 ifg=2 [11], [5]

C =

27 ifq=3 [3]



Remark. The estimate C, = 19.6 is obtained by combining the general uni-
form bound py " (n) < %n + % from [5] for n greater than 19, and the values of
us "(n) given in [11, Table 1] for n < 18 (see Appendix).

Let us present the best finalized version of this algorithm in its symmetrical
version, which is a generalization of the algorithm of Chudnovsky-Chudnovsky type
introduced by Arnaud in [2] and developed later by Cenk and Ozbudak in [11].
This generalization uses several coefficients in the local expansion at each place
P; instead of just the first one. Due to the way to obtain the local expansion of
a product from the local expansion of each term, the bound for the symmetric
bilinear complexity involves the complexity notion ]\7.1q (u) introduced by Cenk and
Ozbudak in [11] and defined as follows:

Definition 3. We denote by Mq(u) the minimum number of multiplications needed in
[F4 in order to obtain coefficients of the product of two arbitrary u-term polynomials
modulo x" in Fy[x].

Note that in [16], Randriambololona gives an even more general version of the
Chudnovsky-Chudnovsky algorithm, which encompass the case of non-necessarily
symmetric algorithms. This generalization is not relevant here, since we focus on
the symmetric tensor rank; thus we introduce the generalized symmetric algorithm
Chudnovsky-Chudnovsky type described in [11].

Theorem 4. Let
o g be a prime power,
e F/F, be an algebraic function field,
® Q be a degree n place of F/F,,
® 9 be a divisor of F/F,
o P ={P,...,Py} beaset of N places of arbitrary degree,
® tq,...,ty belocal parameters for Py, ..., Py respectively,
® uy,...,uy be positive integers.

We suppose that Q and all the places in &2 are not in the support of 9 and that:

a) the map
L(9) — Fap~F
Ev, : 4 Q
el - @
is onto,
b) the map

—

. 3(2@) — F degPl)Ul X (F degPZ)uz X oo X (F degPN)uN
BVo: ‘ f g«pql(f), os(Fhrorron(F))
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is injective, where each application ; is defined by

f —

| 222y — (Fgn)"

. FP (P, fUD(R))

with f = f(P)+ f'(P)t; + f"(P)t? + ...+f(k)(Pi)tf< + ..., the local expansion
at P; of f in £(29), with respect to the local parameter t;. Note that we set

fOi=f.
Then

N
p™(n) < 3 ™ (deg P)Mgesr, ().
i=1

In particular, we will consider in this paper a specialization of this algorithm
which is described in Section 4 and requires the additional hypothesis that there
exists a non-special divisor of degree g — 1; this will motivate the study of ordinary
towers.

1.4.2. Asymptotic bounds for the extensions of F, and Fy
The following asymptotic bound for the bilinear complexity was introduced in

[18]:
ue™ (k)
MZW" := lim sup — .
k—o00

Recently, with the help of the torsion-limit technique and Riemann-Roch sys-
tems, Cascudo, Cramer and Xing improved in [9] the upper bounds for szm in
the case where q is small (g € {2,3,4,5}). In particular, from optimal towers with
asymptotically few 2-torsion points relatively to the genus they obtained:

M;" <723 and M;" <5.45.

1.5. Motivations — New results established in this paper

As mentioned in [9] by Cascudo, Cramer and Xing, and in [7] by Bassa and
Beelen, it is widely accepted that towers of algebraic function fields having a large
p-rank are less efficient for certain applications to information theory. Indeed,
for example, in [7], it reads: ‘A detailed study of the p-rank in towers is rele-
vant for their applications, see [8]. For example, although both of the towers
introduced in [15] and [14] have the same limit and hence are equally influ-
ential for applications in coding theory, a detailed study of their p-rank reveals
that in fact the latter 2 is more appropriate for other kinds of applications, e.g.
secure multiparty computation and fast bilinear multiplication.” In particular, it
appears that having a large p-rank may be a barrier for a tower to lead to com-
petitive bounds for the symmetric tensor rank of multiplication in every extension

2which turns out not to be ordinary, according to [9]



of the finite field ¥y, with q a power of p. In this paper, we show that there are
two exceptional cases, namely the extensions of F, and F;. More precisely, we
will show that an ordinary tower may lead to better uniform results for the ten-
sor rank of multiplication in any extension of F, and 5 than a non-ordinary one
because of the link between maximal p-rank and existence of a non-special divi-
sor of degree g — 1. Indeed, we know that the existence of a non-special divisor
of degree g —1 in the function field F/FF, is of crucial importance in the perfor-
mance of Chudnovsky-Chudnovsky type algorithms over F, designed from F/F,
[4], [16]. When the definition field F, is such that q > 4, then according to [4]
there always exists a non-special divisor of degree g — 1. Nevertheless, the prob-
lem persists in the case where the definition field is F, or F5. In [5], to avoid this
obstacle, we substituted non-special divisors of degree g — 1 for zero-dimensional
divisors whose degree is as close as possible to g — 1, in the descent over I, of
the original Garcia-Stichtenoth tower presented in [14] and defined over F,4; non-
special divisors of degree g — 1 being the borderline case of zero-dimensional divi-
sors. However, Bassa and Beelen established in [7] that the second optimal Garcia-
Stichtenoth tower introduced in [15] and defined over F,. is ordinary. On the
other hand, it was shown in [6] that there always exists a non-special divisor of
degree g — 1 in any ordinary function field. In this article, we combine these two
results to a modified version of the optimal tower studied by Bassa and Beelen
which improves the results obtained in [5]. Namely we define intermediate steps
for the tower and descend the definition field from F¢ to IF,, and from Fy to F
respectively, which lead us to the two following bounds:

9
py " (n) <15.23n+ 3 and  py"(n) <7.732n.

Note that the difficulty to obtain non-asymptotic estimations of the 2-torsion points
in all steps of the tower used in [9] is an obstruction to obtain uniform bounds as
we get in this paper.

2. Definitions and related properties of the p-rank

Definition 5. The p-rank y(F), also called Hasse-Witt invariant, of a function field F
with constant field IFP, the algebraic closure of the finite field ), is defined as the
dimension over I, of the group of divisor classes of degree zero of order p.

If the function field is defined over a finite field ¥, we define its p-rank as the p-rank

of the function field FE, obtained by extending the constant field to the algebraic
closure of .

It can be shown that :
Proposition 6. If F/IF, be a function field of genus g(F), then 0 < y(F) < g(F).

Definition 7. A function field F/FF, is called ordinary if y(F) = g(F).
A tower of function fields 7 = (F,/ ]Fq)nGN is said ordinary if for any n = 0, F,, is such
that y(F,) = g(F,), i.e. if any step of the tower is an ordinary function field.



Let us recall the following result from [6]:

Corollary 8. If F is an ordinary function field of genus g > 0 defined over F, or
over 4, then there is always a degree g — 1 zero-dimensional divisor in F.

Moreover, directly from Definition 5, we can deduce the following lemma:

Lemma 9. Let r =0 be an integer. If we set F/Fy :=H/F; ®TF
ordinary if and only if F/F, is ordinary.

o> then H/Fg is

PROOE Note that the genus does not change under constant field extension or
descent. It follows from Definition 5 that p-rank does not change under constant
field extension or descent since the p-rank of a function field F/IF; defined over a

finite field I, is equal to the p-rank of FF,. O

To conclude this section, we recall the following result which is proven
in [7, Lemma 6, 2.]:

Lemma 10. If H/F is a finite extension of function fields with same constant field T,
then

§(H) —y(H) = g(F) — y(F).

In particular, if H is ordinary then so is F.

3. Good ordinary sequences of function fields defined over F, or F5

In this section, we present sequences of algebraic function fields defined over I,
or IF5, constructed from the well-known Garcia-Stichtenoth tower defined in [15],
which will be used to obtain new bounds for the tensor rank of multiplication.

3.1. Definition of the Garcia-Stichtenoth’s tower

Let us consider a finite field ¥z with ¢ =p", for p a prime number and r an
integer. We consider the Garcia-Stichtenoth’s elementary abelian tower T, over F
constructed in [15] and defined by the sequence (F,,F;,F,,...) where

FO = FqZ (Xo)
is the rational function field over F,, and for any i > 0, F;;; := F;(x; 1) with x;4
satisfying the following equation:
q
X
-1 *

x4

L

q

Xipp + X =

Let us denote by g; the genus of F; in T,/FF;» and recall the following formule:

512 for odd i,
gi:{(q_ ) or odd i 3)

(qé — 1)(q% —1) foreveni.



Thus, according to these formule, it is straightforward that the genus of any step
of the tower satisfies:

(@i —1)(@7 —1)<g(F)<(qg? —1)gq* —1). )

Moreover, a tighter upper bound will be useful and can be obtained by expanding
expressions in (3):
- i+1
gF)<q"-2¢% +1. (5)
If the characteristic p =2 and r = 2, i.e. ¢ = 4, then we can densify the Garcia-

Stichtenoth’s tower with steps defined over the finite field Fg2 by considering the
following completed tower:

Tl/F16 : 1:'o,o < FO,l < Fo,z = Fl,O < 1:'1,1 < F1,2 = Fz,o (SRR

such that F; CF, CF., for any integer s€{0,1,2}, with F;,:=F; and

is =

F;, :=F;;,. Indeed:

Proposition 11. There exists a tower T, defined over F,¢ whose recursive equation
is defined over F,. More precisely, the tower T, is the densified Garcia-Stichtenoth’s
tower over F1 and is defined by T, = (F;) where for any i > 0:

>0
s€{0,1}

Fio:=F and Fi1 =F(ti11)
with t; ., satisfying the equation:

2 —
Tt =

)(3—4—1 fOT‘iZO,...,H—l. (6)

13

PROOE Let x, be a transcendental element over F, and let us set
Fo :=T16(xo).
We define recursively for i > 0

.
. X .
() x4 such that x} ) +x;y = =5 fori=0,...,n-1,

.
(i) t;4; such that t, +t;; = xf—jrl fori=0,...,n—1,

(or alternatively t;y = X7, | + X;11).
Thus, we can define recursively the tower T, by setting:

Fi1 =F;o(tiy1) =F;(tis1) and Fiy10="Fiy1 =F(xi1).



Let us remark that it is possible to densify the general Garcia-Stichtenoth’s
tower over Fg. for any characteristic p and for any integer r since each exten-
sion F,, /F; is Galois of degree q = p" with full constant field F;.. However, in the
general case the equation (6) for the intermediate steps is not defined over F, but
over ;. For example, for p =3 and r = 2, we obtain an equation which is defined

over Fy.

Notation. In the sequel, we will denote by B, (F/K) the number of places of
degree k of an algebraic function field F/K defined over a finite field K; we will
also denote by g; ; the genus of F; /¢ in T} /Fy.

3.2. Descent of the definition field of the Garcia-Stichtenoth’s tower on the fields F,
and Fy

First we state that when q¢ = 3, one can descend the definition field of the
tower Ty/Fg. from F,. to IFy since the recursive equation defining the tower has
coefficients lying in IF,. Thus, we have the following result:

Proposition 12. If ¢ = p = 3, there exists a tower E/F, defined over F, given by a
sequence:
GogGlnggGgg

defined over the constant field ¥y and related to the tower Ty /T2 by
F,=F,G; foradlli,
namely F; /T is the constant field extension of G;/F,.

Now, we are interested in the descent of the definition field of the tower T, /F.
from > to I, if it is possible. In fact, for the tower T; /F,, one can not establish a
general result but one can prove that it is possible in the case where the character-
istic is 2 and r = 2, i.e. ¢ = 4. Note that in order to simplify the presentation, we
are going to set the results by using the variable p.

Proposition 13. If p = 2 and q = p?, the descent of the definition field of the tower
Ty/Fg from Fg. to ¥, is possible. More precisely, there exists a tower T, /T, given by
a sequence:

Hoo SHpy SHoo=H; oS H;; SH p=Hyp &
defined over the constant field IF,, and related to the tower Ty /Fg. by
F;=FpH;; foralli=0ands€{0,1,2},
namely F; /T is the constant field extension of H; ;/FF,,.
PROOE It is a straightforward consequence of Proposition 11. O

In order to draw consequences for the previously descended towers, let us
recall the known results concerning the number of places of degree one of the
tower T,/Fg, established in [15] and [1].



Proposition 14. If ¢ = p" > 2, then for any n > 2:

(-9 +2¢* ifp=2,

Bl(F”/qu):{ (¢ -a)+2q ifp>2.

Now, we deduce some straightforward properties concerning the towers T, /F,
and E/Fs.

Proposition 15. Let ¢ = p? = 4. For any integers i > 0 and s € {0,1,2}, the alge-
braic function field H; ;/FF, in the tower T,/F, has By(H;/TF,) places of degree one,
B,(H,;/T,) places of degree two and B,(H; ;/TF,) places of degree four and satisfies:

(l) Hi/]Fp g Hi,s/Fp g HH_l/Fp with Hi,O = Hi and Hi,Z = Hi+11

(i) the genus g;; of H; ;/TF, satisfies:

Si+1

(iia) g5 < o= (ib) g, <p 3 (q" - 2q§+1) +p*2
(lll) Bl(Hi,s/]Fp) + 2B2(Hi,s/Fp) + 4B4(Hi,s/]Fp) = qi(q2 - q)ps

Moreover, T, is algebraically closed in each algebraic function field H; ; of the tower

Remark. Bound (ii.a) is tighter than Bound (ii.b), but when we will need
an estimate for g; ; which does not depend on the parity of the step i of the tower,
Bound (ii.b) will be useful.

PROOE Property (i) follows directly from Proposition 13. Each extension
H,,,/H;; is a Galois extension of degree [H,,; : H; ] = 2275 Moreover, according
to [19, Prop. 3.7.8] the full constant field of H; is I, since at least one place of
H, is totally ramified in H; ;. Indeed, the place at infinity of F, is totally ramified in
the tower T,/Fg.. Hence, the same holds for the place at infinity of Hy in T,/F,,.
Since the algebraic function field F; is a constant field extension of H; , for any
two integers i > 0 and s € {0,1,2}, F;; and H;; have the same genus, so by the
Hurwitz Genus Formula [19], one has:

g.
8is = p;: (7)

with g(H;;1/F,) = g(Fiy1/Fg) = ;41 given by (3). Finally, applying Bound (5)
on g;,1, we get (ii.b). Moreover, for a € Fp2\{w € F2 | w? + w = 0}, let P, denote
the place of degree one in the rational function field F, which is the zero of x5 — a,
then P, splits completely in F;, ; /F, by [15, Lemma 3.9]. Let us set d := [F,; : F;]
and d’ := [F;y; : F;]. If £ denotes the number of places of F;; lying over the

place P, of F, it is well known that £ < % with equality holding if and only if P,
splits completely in F;_; /Fy; so £ = % = [F; : Fy] which proves that the place P,
splits completely also in F; ;/F,. Thus, there are exactly q'p°® places of degree one
above P, in F; ;, so there are at least q'(g® — q)p® places of degree one in F;,, since

‘qu\{wEqu|wq+w=0}|=q2—q.

10



To conclude, we deduce from [15] (where the same formula with s =0 is
proven for F, ;) that the number of places of degree one of F;/F,. is such that
B, (F;;/F.2) > (¢* —q)q'p’. Eventually, F; being a degree four constant field ex-
tension of H;, it is clear that for any two integers i > 0 and s € {0, 1,2}, it holds
that

B, (H;/F,) + 2B,(H, /F,) +4B,(H,;/F,) > (¢* — q)q'p’.
O

Similar results than those of Proposition 15 can be obtained for the tower E/F5,
namely:

Proposition 16. Let ¢ = p = 3. For any integer i > 0, the algebraic function field
G;/F, in the tower E/F, has the same genus g; than the corresponding step F;/F g
of the tower Ty/F,>. Moreover, the number of places of degree one and two of each
function field G; /T is related to the number of rational places of F;/F by:

B, (F;/Fq) = B1(G;/Fy) + 2By(G;/Fy)
thus, the following bound holds:
B,(G;/F,) + 2B,(G;/F,) > q'(q* — q). (8

To conclude this section, let us recall that in [7], the authors established the
ordinarity of the classical tower over F.:

Theorem 17. For any prime power q, the tower To/F, is ordinary.

Thus, we can deduce that the ordinarity of T,/Fg provides the same property
to the towers T,/F, and E/F5:

Proposition 18. The towers T,/F, and E/F4 are ordinary.

PROOE Since constant field descent preserves ordinarity from Lemma 9, the tower
E/F5 is ordinary and so are the steps F; ; of the tower T,/FF,. Moreover Lemma 10
implies that the intermediate steps F; ; are also ordinary since each one belongs to
a finite extension F;; o /F; ; with same constant field, where F;, ; is ordinary. [J

A straightforward consequence of this last proposition and Corollary 8 is the
following result:

Corollary 19. For any function field F in the towers T, /F, and E [T, there exists a
non-special divisor of degree g(F) — 1.
4. New bounds for the tensor rank

4.1. Preliminary results
To obtain our new estimates for ;" (n) and i, (1) from the towers described

in the previous section, we will need some technical results which are proven below.

11



Theorem 20. Let n and d be two fixed integers. Let F/F, be an algebraic function
field of genus g with at least By, places of degree k for any k|d. If the three following
conditions are satisfied:

(@ B,(F/F¢) >0,
(b) there exists a non-special divisor of degree g — 1,

(c) Zk‘d k(B + b,) >2n+2g — 1, where the integers b, are chosen such that
0< b, <By,

then
pm(n) < DBy + bi) + Y pIm (k) by,
k|d kld
SO
pe™ (k)
VM) < ith n := 1
p(n) < (kild:k(Bk+bk)+k2|d:kbk) with 0 : rr}zﬁlix -

PROOE The algorithm recalled in Theorem 4 is applied on a set & = Uy q &% with
P a subset of P (F/F,) with cardinality B,. Among each P € &, b, are used
with multiplicity u = 2; all such places form a subset % of &?. The others By, — by
places of &7 are used with multiplicity u = 1. From the existence of a non-special
divisor ¥ of degree g — 1 provided by Hypothesis (b) and the existence of a place
Q of degree n, one constructs an effective divisor 2 such that deg? =n+g—1
and dim%2 = n. Precisely, one can choose any divisor 2 which is equivalent to
Q + ¥, but whose support is disjoint from the support of Q + ¢. For such a divisor
9, the map Ev,, is bijective: indeed its kernel £ (2 — Q) is trivial since 2 —Q is
equivalent to ¢ which is non-special of degree g — 1 and so is zero-dimensional;
thus Ev,, is injective and actually bijective by dimension reasons. Moreover, from

Hypothesis (c) it holds that & (2@ — (Dper P+ Dren R)) = {0} since

deg (2@—(2 P+ZR)) =2deg@—2k(3k+bk)<0

e ReZ# k|d

thus Ev 4 is injective. From [11], it holds that Mq(Z) < 3, so Theorem 4 then gives
the following bound:

() < D ™ (degP)+2 ) p™(degR).
Pez REZ

Rearranging summation to group places with the same degree, we get the result.
O

Here we state two special cases of Theorem 20 which are adapted to the study
of the tensor rank on F, and F5 respectively. The first one is adapted to the case
where places of degree one, two and four are taking into account:

12



Proposition 21. Let p = 2. If F/F, is an algebraic function field of genus g with at
least By, places of degree k for k =1, 2 and 4, such that the three following conditions
are satisfied:

(@) B,(F/F,) >0,
(b) there exists a non-special divisor of degree g — 1,

(c) ZkM k(B + b,) >2n+2g — 1, where the integers b, are chosen such that
0 < by =By,

then

9 9
py"() < S(ntg+ 1)+ ZZkbk.
k|4

PROOE It is a straightforward consequence of Theorem 20 with g=p=2

and d=4. We recall that py (2) = 3 and p;"(4) < 9; so we obtain
sym
1 = maXyy ar P k) < max {1 ; §§ %} = % and the result follows from a choice of the

Bys and the by’s such that >, k(B+by)=2n+2g—-1+e€, with
€ €{0,1,2,3}: we must consider the less favorable case where there only exists
places of degree four and so we have to choose € = 3. O

This second specialization corresponds to the case where only places of degree
one and two are considered:

Proposition 22. Let ¢ = 3. If F/F5 is an algebraic function field of genus g with
at least By, places of degree k for k =1, 2 such that the three following conditions are
satisfied:

(@) B,(F/F3)>0,
(b) there exists a non-special divisor of degree g — 1,

() Zk\z k(Bi+ bi) > 2n+2g —1, where the integers b, are chosen such that
0<b,<By

then

3
YMn) <3 = kb,.
u™(n) < (n+g)+2kZ|2] "

PROOE The same proof than the previous one withg =3 and d =2, and so n =
in Theorem 20 gives the result.

o iw

Lemma 23. Let ¢ = 4 = p* and n > 19. There exists a step H; ; /T, of the tower T, /T,
such that the three conditions of Proposition 21 are satisfied with
b, =b, =b,=0. Moreover, if Condition (c) is satisfied then the two others also
are.

13



PROOE Thanks to Corollary 19, Condition (b) is satisfied for any step of the tower.
For i< “%413 it holds that p2*6<p. Then we get that
P20 (1- L+ A5 ) <p™ pA(VF - 1), since 1— L + = <1< pX(/F- 1),
It follows that p2*+*—pit24p<ps (f— 1), which leads to
2g;,+1< p%(\/ﬁ — 1) according to Proposition 15 (ii.b) with s € {0, 1} (one can
always assume that s 7 2 since H; , = H; o). Hence, from [19, Corollary 5.2.10]

Condition (a) is satisfied for any step H; ; such that i < ”_Trlg.

On the other hand, for i such that i>logq(n)—%, one has qi“_% >n+1,

so qH—lps—l(q 3) >n+1 since ps_l > q7% _p_l’ which giVeS that

¢ p’(q—3)>2n+2 and so ¢""'p*(q—1— 2)+q 2P >2n+2. Thus it holds
that:  qiTlpS(q—1)>2n+2+2¢*p° —q'7 p* =2n+ 2p" (' - gzt +2.
Eventually, one gets that ¢ 1p*(q — 1) > 2n + 2p*~2(q'*2 — ¢= 1) + 2p*2 — 1 since
2p*~2 —1 < 2 fors € {0, 1}, and Condition (c) is satisfied according to the inequal-
ities (ii.b) and (iii) established in Proposition 15.

Thus, for n>21 one can find at least one integer i in the interval

] log,(n) — 1 2 413 } and so a corresponding step of the tower H; , for which Propo-

sition 21 holds. Note that in any case, Condition (a) is satisfied for lower steps than
Condition (c), so it may happened that the first suitable step that satisfy both con-
ditions is not H; , itself but one of the previous step.

Moreover one can check that for n = 19, H; is the first suitable step of the tower to
apply Proposition 21 with b; = b, = b, = 0. Indeed, it holds that g(H; /F,) =9 so
Condition (a) is satisfiled and since B,(H,/F,) = 4, B,(H;/F,) = 2 and
B,(H, /F,) = 12, Condition (c) is also satisfied for H; but it is not the case for H ;.
Similarly for n = 20, H; does not satisfy Condition (c), but H; ; does satisfy both
Conditions (a) and (c) since g(H, ;/F,) = 21, By(H;/F,) = 4, By(H;;/F,) = 2
and B4(H; ;/F,) = 25. O

Lemma 24. Let ¢ = 3 and n > 13. There exists a step G;/F5 of the tower E /F5 such
that the three conditions of Proposition 22 are satisfied with b; = b, = 0. Moreover;
if Condition (c) is satisfied then the two others also are.

PROOE Thanks to Corollary 19, Condition (b) is satisfied for any step of the tower.

n—4

2 n—4 —
For i < ™2, Condition (a) is satisfied since one has: q' < q; < f}—il =q: ‘F

and so (q 3 — 1)(q T — N<qz ‘F which gives that the 1nequa11ty
2g;+1<q T (f— 1) of [19, Corollary 5.2.10] holds according to (4).
On the other hand when i > Zlogq ( 5 1) Condition (c) is satisfied. Indeed, for

such i one has: qz > -—1,s0 4qz > 2n — 5, which gives that 4q2 +2q>2n+1.
Adding 2q'*%, Wthh equals (q>—q)g', to both sides it follows that:
(2 —q)q' +2q > 2n+2¢"*" —4q2 +1=2n+2(q""' —2qz +1)— 1. Thus from
(8) and (5) we get that inequality of Condition (c) holds with b; = b, =0

To conclude, one can see that for n > 13, the interval [210gq % - ,%} con-
tains at least an integer i and so G;/F5 is a suitable step of the tower; moreover

14



the smallest such integer is the smallest i > 2log, (g - 1), i.e. the smallest one for
which Condition (c) is satisfied. O

Till the end of this section, we will deal with the following notations:

def
Ny;s 1= Max {m | 2m+2g(H;)—1< Z kBk(Hi)s/IE‘Z)}
k|4

and
na (}gfmax{m | 2m+2g(G;))—1< ZkBk(Gi/F?a)}‘

k|2

Let us explain the relevance of these definitions, focusing on the case of the role
of n3; in the tower E/F; (the same holds for the tower T,/F, when one replaces
ny; by ny; ). The integer nj; is the biggest one for which it holds that:

D kBi(G;/F3) = 2ny; +2¢; — 1
k|2

i.e. Fgn, is the biggest extension of F3 for which G;/F; could be a suitable step of
the tower to apply Proposition 22 with b; = b, = 0. If n > n3;, then

> kBy(G;/F3) < 2n +2¢; — 1
k|2

but one has
Z kBi(G;/F3)+2(n —n3;) > 2n+2g; — 1
k|2

which means that G; is still a suitable step of tower to apply Theorem 22 if we can
choose the b;’s such that Zk|2 kb, > 2(n —ng;).

Thus, we are interested in the determination of a lower bound for n3; and ny; .
It is the purpose of the two following lemmas:

Lemma 25. If p =2and q =p* =4, then n,;, >q""'p* + q:tps—1.

PROOE According to Proposition 15 (iii) and (ii.a), and Formula (5), we get:

D kB(H,/F,) - 28(H ) +1 > (g2 —q)g'p —2p" X g2 - 2q5 T + 1) +1

k|4

qi+2ps _ qi+1ps _ ps—l(qH—Z _ 2q§+1 + 1) +1

qi+2ps—1(p _ 1) _ qi+1ps +q§+1ps _ps—l +1

qi+1psfl(q _p) +q§+1ps -1
sinces€{0,1,2}andp—1=1

qi+1ps +qé+1ps -1.

v
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Lemma 26. If q =3, then n;; > 4q% -1

PROOE Proposition 16 and Formula (5) give:
D kBu(Gi/F3)—28(G)+1 = q'(®—q)—2q" —2q% +1)+1
k|2
¢ g -1)—2¢™ +4¢7 —1
gt q-3)+497 —1=4q7 —1.

A%

O

Now, we establish a lower bound for the gap between the genus of two succes-
sive steps of each tower T, /F, and E/F3:

. def i i
Lemma 27. (i) Ifq=p*=4then Ag;, := g(H; 1) — g(H;) > p*(2q" — 3q2).

B def . .
(i) If p=q=3then Ag; := g(Gi11) — g(G;) = (q — 1)(g"** — ¢/,

PROOE (i) For any s € {0,1}, since [H; ., :H;;]=p the Hurwitz Genus
Formula gives that g;.;—1>p(g;;—1) and it follows that
8is+1~ 8is 2 (P = 1)(gis — 1)

If s=0, then g;,—1=g;—1 and according to (4), it holds that
gi—1>(q2 — 1)(q> —1). Thus, we getg; > qq' — 1+ Jq> =2q' —3q>
which gives that g; .1 — g;5 = 2q' — 3q§ =p*(2q' — 3q§).

If s=1, then g1 —8&;=(—1)(g;—1)  holds, with
8is—1=g;1—1>p(g;—1) from Hurwitz Genus Formula. Thus we get
8ior1~ 8is 2 (P = Dp(gi — 1) = (p ~ Dp(2¢' —3q2) = p*(2q' - 3¢2).

(ii) From Formule (3), we get

(g—1) (g - qé) for even i,

573 (-1 qi+1—q%) for odd i,

which gives the result.

4.2. Main results
Theorem 28. It holds that

1035 9 1933
sym sym
n) < n+— and n) < n.
uy () 68 5 pg () 250
W—/ N
<15.221 =7.732
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PROOE. We first set p = 2 and q = p2. Note that for n < 18, the result already
holds from Section 1.4.1 and [11, Table 1] (see Appendix). So, fix n> 19 and
choose i > 0 and s € {0, 1} such that

Z kBk(Hi,s+1/Fp) =2n+ 2gi,s+1 -1
k|4

but

D KBy (H; /F,) < 2n+2g;, — 1.
k|4

We can apply Proposition 21 in the two following ways:

(@) onH; /F, with b; = b, = b, = 0, which gives:

sym

9
py" () < 2 (n+ gien +1)

(b) on H,,/F, with the by’s chosen such that Zk|4kbk = 2(n — ny;,) if
2(n —ny;5) < 354 kB (H; i /F,), which leads to:

9 9
uS™(n) < 3 (n+gi,+1)+ 2 E kby.
k4

Rewriting those two bounds respectively as:

9 9 9
Wy () S S(n=ngp )+ D (ngs+ 8is + 1)+ DA

and 9
py ™ (n) <9(n—ny )+ 5o+ 8o+ 1)

we see that the second one is better than the other as soon as n —n,;; < Ag;,
under the assumption that 2(n —n,; ) < Zkl 4 kB (H;;/F,). So if D, ; is such that
D,y;s <Ag;sand 2D,; < Zk|4 kB (H;;/F,), then when n —n,; ; <D, , the sec-
ond bound is better and can be reached since we can choose the b;’s such that
Zk|4 kby :=2(n —ny; ). The particular case where n =n,; ; + D, ; ; will give us an
upper bound for ;" (n) as follows: define the function ®,(x) := min; &, ; ((x),
with

9(x =y )+ 5(ngys+ gis +1) if X —ny; <Dy
Dy ;5(x) = .
z (x + &gt 1) else,

then p; ™ (n) is bounded above by any linear function whose graph lies above all
the points { (1, + Dy, (115 + D)) }i-
We fix X :=ny; + D,; ; where

1

Dy, :=min{p*(2q' — 3q2); 54'(@* —)p’} =p'(2q' - 3q2)

17



so that one has D,;; < Ag;, from Lemma 27, and D,; < %ka kB (H;;/T,)

X

9 .
according to Theorem 15. Thus, for any i,s, ®,(X) < 3 (1 + Sist1 ) X+ -

One has

s+l pi(@2 =3¢ ) +po?
X g+ip* +q: " p = 1+ pi(2g' - 3¢3)
q*p(q—3qz +q " ph)
gHp (1427 +q s =3¢ —q71p)
q—3p' +q " 'p7!
1+2¢7 1 +p -3¢ s —q1p)

<7/16

IA

q—3p'+q'p"

1+2¢7 +p7' =L

IA

; 81
which gives that Bist < 3%’ o)

9/ 81 9 1035 9
MMy <= |14+ — = Z.
Ha (")—2(+34)n 2~ 68 " 12

9
2

Now we consider the case ¢ = p = 3. Since the result already holds for n < 13

from [11, Table 1] (see Appendix), fix n > 13, and choose i > 0 such that

D kBi(Gip1 /F,) = 20+ 2814, — 1
k|2

but

Z kBy(G;/F,) < 2n+2g; — 1.
k|2

We can apply Proposition 22 in the two following ways:

(@) on Gy,/F, with by = b, = 0, which gives:

p™(n) <3 (n+ gis1)

(b) on G;/F, with the by’s chosen such that kakbk = 2(n —

2(n—ns;) < Zk|2 kB (G;/FFy), which leads to:

3
() <3 )+ ) kby.
ps™(n) < (n+gl)+2k2|2] '

Rewriting those two bounds respectively as:

psy™(n) <3(n— ns;)+3(ng; +g;) +3Ag;

18
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and
sym

py (n) <6(n—ny;)+3(ng; + &)

we see that the second one is better than the other when n — n3; < Ag;, under the
assumption that 2(n —nj;) < Zk|z kBi(G;/F,). So if Dy; is such that D;; < Ag;
and 2D;; < Zk|2 kB (G;/F,), then when 2(n —ny;) < D3;, the second bound is
better and can be reached since we can choose the b,’s such that
Zk|2 kby :=2(n—n3;). The particular case where n =nj; + D, ; will give us an
upper bound for u3™ (n) as follows: define the function ®5(x) := min; ®5;(x), with

6(x —n3;)+3(n;; +g;) ifx—ny; <Ds;
®3,(x) =
3(x+gis1) else,

then ngm(n) is bounded above by any linear function whose graph lies above all

the points { (ng’i + D3, ®3(ng; + Dg,i)) }i-
We fix X :=ng; + D3; where

_ . 1
Dy i=min{(q -~ (g™ —q"*); Zq'(¢* ~ )}
Thus, for any i > 2, Dy; = (¢ — 1)(¢"™ — q/"/?!); and it holds that
8i+1
o,(x)<3(1+ 22 ) x.
X
One has:
i3 i
gi+1 (g2 —1)(q> —1)
X 497 —1+(q—1)(g"* —q"?)
i+3 2
q72—q2(1+yQ+1
qi+2 +4q% _ qi+1 _ (q _ 1)qﬁ/2] -1
i _ 42 —i—
¢ (Vi-a P+ v +a?)

+3

q'*? (1 +4g7% —q = (q-1)g ¢ - q‘i‘z)

IA

which gives that:

.} —i—
Vi—q 2 (A4 /Q+q 2
i+3 —L—2

1-q'=(q-1)q = —¢q

8i+1 <
~ =

so since i > 2:

VIi—-q A+ y+q
1-ql—(q-1)g:—q*

&i+1 <
~ =
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Finally, with g = 3, one gets:

wm V3-s(1+v3)+37* 1933
pum(n) <3| 1+ . — n<——n.
5_2.3 5 — 34 250/
=7.732
~7.7314

O

Remark. In the case of IF,, the descent of the tower T, defined over F;. with
q = 2 from Fp to F, = T, is not sufficient to obtain a competitive bound for the
tensor rank. Indeed, in this case, we get:

9
py™(n) <22.5n+ >
Corollary 29. The following new estimates hold:

C,=16.16 and Cy=7.732.

PROOE The estimate for C; is straightforward since % = 7.732; for C,, it fol-
lows from Proposition 28 for n greater than 19 and [11, Table 1] for n < 18 (see
Appendix). O

APPENDIX

To be selfcontained we recall here the values from [11, Table 1] which are used
througout this paper, namely bounds for ;" (n) and u; " (n) for 2 <n < 18:

n 2(3(4|5|6(7|8|9(10(11|12(13|14|15|16|17|18

p, (M)<[3]6]9][13[15/22]24[30[33[39|42[48[51[54]60]67]69

uy (m)<|2|3|4]5]6]7[8]9[10][11]12]13]14|15|16]17]18

Acknowledgments

The first author wishes to thank Inria for funding his venue at Saclay where this
work was partly done while he was visiting the GRACE team at LIX.

The second author was partially supported by the Labex Mathematics
Hadamard (LMH) through its International PostDoctoral Scholarschip program.

References

[1] Aleshnikov, I., Kumar, V. B, Shum, K. W,, Stichtenoth, H., 2001. On the split-
ting of places in a tower of function fields meeting the Drinfeld-Vladyt bound.
IEEE, Transations on Information Theory 47 (4), 1613-1619.

20




(2]

(3]

[4]

(5]

(6]

(7]

(8]

[9]

Arnaud, N., 2006. Evaluations dérivées, multiplication dans les corps finis
et codes correcteurs. Ph.D. thesis, Université de la Méditerranée, Institut de
Mathématiques de Luminy.

Ballet, S., 1999. Curves with many points and multiplication complexity in
any extension of IF,. Finite Fields and Their Applications 5, 364-377.

Ballet, S., Le Brigand, D., 2006. On the existence of non-special divisors of
degree g and g — 1 in algebraic function fields over ;. Journal on Number
Theory 116, 293-310.

Ballet, S., Pieltant, J., 2011. On the tensor rank of multiplication in any ex-
tension of IF,. Journal of Complexity 27, 230-245.

Ballet, S., Ritzenthaler, C., Rolland, R., 2010. On the existence of dimension
zero divisors in algebraic function fields defined over FF,. Acta Arithmetica
143 (4), 377-392.

Bassa, A., Beelen, P, 2010. The Hasse-Witt invariant in some towers of func-
tion fields over finite fields. Bull. Braz. Math. Soc. (N.S.) 41 (4), 567-582.

Cascudo, I., Cramer, R., Xing, C., 2009. Torsion-limits for towers and
asymptotically good special codes in secure computation and complexity.
manuscript.

Cascudo, I., Cramer, R., Xing, C., 2014. Torsion limits and Riemann-Roch sys-
tems for function fields and applications. IEEE, Transactions on Information
Theory 60 (7), 3871-3888.

Cenk, M., Ozbudak, E, 2008. Efficient multiplication in Fym, m >1 and
5 <1 <18. In: Vaudenay, S. (Ed.), Progress in Cryptology — AFRICACRYPT
2008. Vol. 5023 of Lecture Notes in Computer Science. pp. 406-414.

Cenk, M., Ozbudak, E, 2010. On multiplication in finite fields. Journal of
Complexity 26 (2), 172-186.

Chudnovsky, D. V,, Chudnovsky, G. V,, 1988. Algebraic complexities and alge-
braic curves over finite fields. Journal of Complexity 4, 285-316.

de Groote, H. E, 1983. Characterization of division algebras of minimal rank
and the structure of their algorithm varieties. SIAM Journal on Computing
12 (1), 101-117.

Garcia, A., Stichtenoth, H., 1995. A tower of Artin-Schreier extensions of
function fields attaining the Drinfeld-Vlddut bound. Inventiones Mathemati-
cae 121, 211-222.

Garcia, A., Stichtenoth, H., 1996. On the asymptotic behaviour of some tow-
ers of function fields over finite fields. J. Number Theory 61 (2), 248-273.

21



[16]

[19]

[20]

Randriambololona, H., 2012. Bilinear complexity of algebras and the
Chudnovsky-Chudnovsky interpolation method. Journal of Complexity 28,
489-517.

Shokrollahi, A., 1992. Optimal algorithms for multiplication in certain finite
fields using algebraic curves. SIAM Journal on Computing 21 (6), 1193-
1198.

Shparlinski, 1., Tsfasman, M., Vladut, S., 1992. Curves with many points and
multiplication in finite fields. Coding Theory and Algebraic Geometry (Lu-
miny 1991). Lectures Notes in Mathematics, 151. Springer-Verlag, Berlin, pp.
145-169.

Stichtenoth, H., 1993. Algebraic Function Fields and Codes. No. 314 in Lec-
tures Notes in Mathematics. Springer-Verlag.

Winograd, S., 1979. On multiplication in algebraic extension fields. Theoret-
ical Computer Science 8, 359-377.

22



	Introduction
	General context
	Tensor rank of multiplication
	Basic notions related to function fields and notation
	Known results
	General results
	Asymptotic bounds for the extensions of F2 and F3

	Motivations – New results established in this paper

	Definitions and related properties of the p-rank
	Good ordinary sequences of function fields defined over F2 or F3
	Definition of the Garcia-Stichtenoth's tower
	Descent of the definition field of the Garcia-Stichtenoth's tower on the fields F2 and F3

	New bounds for the tensor rank
	Preliminary results
	Main results


