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LIMIT THEOREMS FOR BIFURCATING INTEGER-VALUED
AUTOREGRESSIVE PROCESSES

BERNARD BERCU AND VASSILI BLANDIN

Université de Bordeaux

ABSTRACT. We study the asymptotic behavior of the weighted least squares es-
timators of the unknown parameters of bifurcating integer-valued autoregressive
processes. Under suitable assumptions on the immigration, we establish the al-
most sure convergence of our estimators, together with a quadratic strong law
and central limit theorems. All our investigation relies on asymptotic results for
vector-valued martingales.

1. INTRODUCTION

Bifurcating integer-valued autoregressive (BINAR) processes are an adaptation
of integer-valued autoregressive (INAR) processes to binary tree structured data.
It can also be seen as the combination of INAR processes and bifurcating autore-
gressive (BAR) processes. BAR processes have been first introduced by Cowan and
Staudte [9] while INAR processes have been first investigated by Al-Osh and Alzaid
[1, 2] and McKenzie [22]. BINAR processes take into account both inherited and
environmental effects to explain the evolution of the integer-valued characteristic
under study. To the best of our knowledge, this is the first paper devoted to BINAR
processes.

We can easily see cell division as an example of binary tree structure, the integer-
valued characteristic could then be, as an example, the number of parasites in a cell.
Keeping this example in mind, we consider that each time a cell is dividing, the two
sister cells inherits both some parasites depending on the number of parasites of
the mother, and some parasites from the environment. Bansaye [3] used a Kimmel
branching process to model this division process. This Kimmel process can be seen
as the inheritance part of our BINAR process, where the parasites in the mother cell
divide and then the offspring are distributed among the two sister cell. However,
this model does not allow any environmental effect.

The first-order BINAR process is defined as follows. The initial cell is labelled 1
and the offspring of the cell labelled n are labelled 2n and 2n+ 1. Denote by X, the
integer-valued characteristic of individual n. Then, the first-order BINAR process
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is given, for all n > 1, by

(1.1)

X2n =ao Xn + €9y
Xont1 =bo X, +eap1

where the thinning operator o will be defined in (2.1). The immigration sequence
(€2, Eon+1)n>1 represents the environmental effect, while the thinning operator rep-
resents the inherited effect. The example of the cell division incites us to suppose
that €5, ans e9,,1 are correlated since the environmental effect on two sister cells
can reasonably be seen as correlated.

The purpose of this paper is to study the asymptotic behavior of the weighted
least squares (WLS) estimators of first-order BINAR process via a martingale ap-
proach. The martingale approach has been first proposed by Bercu et al. [7]. We
also refer to Wei and Winnicki [27] and Winnicki [28] for the WLS estimation of
parameters associated to branching processes. We shall make use of the strong law
of large numbers [14] as well as the central limit theorem [14, 16| for martingales, in
order to investigate the asymptotic behavior of the WLS estimators, as previously
done by Basawa and Zhou [5, 29, 30]. In contrast with Bercu et al. [7], we investi-
gate the asymptotic behavior of a WLS estimator instead of a least squares one. On
the one hand, it enables us to reduce the moment assumption on the immigration
sequence. On the other hand, it also allows us to reduce the asymptotic variance in
the central limit theorem for our estimates. This gain of efficiency is entirely due to
the weighted sequence which was inspired by Wei and Winnicki [27]. The fact that
we consider an integer-valued process also forced us to adapt the proofs because
of the thinning operator which needs to be manipulated more carefully than the
classical product.

Several points of view appeared for both BAR and INAR processes and we tried
to make a link between those approaches. On the one hand, for the BAR side of
the BINAR process, we had a look to classical BAR studies as done by Huggins
and Basawa [18, 19] and Huggins ans Staudte [20] who studied the evolution of cell
diameters and lifetimes, but also to bifurcating Markov chains models introduced
by Guyon [15] and used in Delmas and Marsalle [13]. However, we did not put aside
the analogy with the Galton-Watson processes as studied in Delmas and Marsalle
[13] and Heyde and Seneta [17]. We also refer to the interesting contribution of De
Saporta et al. [10, 11, 12| dealing with statistical inference for BAR processes with
missing data. On the other hand, concerning the INAR side of the BINAR process,
we used the classical INAR definition but also had a look to Bansaye [3, 4] who stud-
ied an integer-valued process on a binary tree without using an INAR model, and
also Kachour and Yao [21] who decided to study an integer-valued autoregressive
process by a rounding approach instead of the classical INAR one. The approach of
this paper has also been used for the study of random coefficient bifurcating autore-
gressive (RCBAR) process as in Blandin [8] and Bercu and Blandin [6]. RCBAR
processes is the combination of BAR processes and random coefficient autoregressive
processes. They have been previously investigated by Nicholls and Quinn [23, 24, 25].
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The paper is organised as follows. Section 2 is devoted to the presentation of
the first-order BINAR process while Section 3 deals with the WLS estimators of
the unknown parameters. Section 4 allows us to detail our approach based on
martingales. Section 5 gathers the main results about the asymptotic properties of
the WLS estimators. More precisely, we will propose the almost sure convergence,
the quadratic strong law and the central limit theorem for our estimates. The rest
of the paper is devoted to the proofs of our main results.

2. BIFURCATING INTEGER-VALUED AUTOREGRESSIVE PROCESSES

Consider the first-order BINAR process given by (1.1) where the initial integer-
valued state X is the ancestor of the process and (g9, £9,.1) represents the immi-
gration which takes nonnegative integer values. In all the sequel, we shall assume
that E[X?] < co. Moreover,

Xn Xn
(2.1) aoX, = ZYM and boX, = ZZW
i=1 i=1

where (Y,i)ni>1 and (Z,;)ni>1 are two independent sequences of i.i.d., nonnega-
tive integer-valued random variables with means a and b and positive variances

02 and o} respectively. Moreover, put, pd and 75, 7 are the fourth-order and the

sixth-order centered moments of (Y,,;) and (Z,;), respectively, and (Y, ;) and (Z, ;)
admit eighth-order moments. We also assume that the two offspring sequences (Y}, ;)
and (Z,;) are independent of the immigration (£2,,€2,+1). In addition, as in the

literature concerning BAR processes, we shall assume that
0 < max(a,b) < 1.

One can see this BINAR process as a first-order integer-valued autoregressive process
on a binary tree, where each node represents an individual, node 1 being the original
ancestor. For all n > 1, denote the n-th generation by

G, ={2",2"+1,...,2"*" —1}.

In particular, Gy = {1} is the initial generation and G; = {2, 3} is the first genera-
tion of offspring from the first ancestor. Let G, be the generation of individual n,
which means that r, = [logy(n)]. Recall that the two offspring of individual n are
labelled 2n and 2n + 1, or conversely, the mother of individual n is [n/2] where [z]
stands for the largest integer less than or equal to x. Finally denote by

r}Tn = U Gk
k=0
the sub-tree of all individuals from the original individual up to the n-th gener-

ation. On can observe that the cardinality |G,| of G,, is 2" while that of T, is
T, | =2"+ —1.
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FIGURE 1. The tree associated with the BINAR

3. WEIGHTED LEAST-SQUARES ESTIMATION

Denote by F = (F,)n>0 the natural filtration associated with the first-order
BINAR process, which means that F, is the o-algebra generated by all individ-
uals up to the n-th generation, in other words F,, = 0{ X,k € T,,}. We will assume
in all the sequel that, for all n > 0 and for all k € G,

Eleak| Ful = ¢ as.
Eleogs1|Fn] =d  as.

Consequently, we deduce from (1.1) that, for all n > 0 and for all k € G,,

(3.1) Xog, = aXy + c+ Vo,

' Xopr1 = bXi + d 4 Vopg,

where Vo, = Xop, — E[Xox|Fr] and Vo1 = Xogy1 — E[Xogy1|Fn]. Therefore, the two
relations given by (3.1) can be rewritten in the matrix form

(3.2) Xn = 0'®, + W,

where
n — ) ¢, = ) W, = )
w= () %= (V) (i)

and the matrix parameter

Our goal is to estimate 6 from the observation of all individuals up to T,. We
propose to make use of the WLS estimator 6,, of # which minimizes

1

1
An(f) = 5 > aHXk — 0" 7

keT,_1
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where the choice of the weighting sequence (c,),>1 is crucial. We shall choose
cn, = 1+ X, and we will go back to this suitable choice in Section 4. Consequently,
we obviously have for all n > 1

~ _ 1
(3:3) b =511 D, —Pixi

keT,_1 k

where .
t
S, ICEZT; D}
In order to avoid useless invertibility assumption, we shall assume, without loss of
generality, that for all n > 0, S, is invertible. Otherwise, we only have to add the
identity matrix of order 2, I5 to S,,. In all what follows, we shall make a slight abuse
of notation by identifying 6 as well as 0, to

a /a\n
vec(f) = Z and VeC(é\n) = %n
d d,

Therefore, we deduce from (3.3) that

c
k€T, -1 *
X Xop
el Z 1 Xog,
n-l cr | XeXort1
kET, —1
Xok+1

where ¥, = [,®.S5,, and ® stands for the standard Kronecker product. Consequently,
(3.2) yields to

B 1
en — 6 = Enil Z C—kveC((I)ka),
keT,_1
XV
_ 1 Var
3.4 =1 il
(34) n-t k; e | XiVors
n Vak+1

In all the sequel, we shall make use of the following moment hypotheses.
(H.1) For all n > 0 and for all k € G,

Eleok|Fn] = ¢ and  Eleg|Fu] =d  as.
(H.2) For all n > 0 and for all k € G,

Varleoi|Fn] = 02 >0 and Varlegy1|Fn] =02 >0  as.
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(H.3) For all n > 0 and for all k,1 € G,41, if [k/2] # [I/2], ek and g, are condition-
ally independent given F,,, while otherwise it exists p*> < o203 such that, for

all k € G,
El(ear — c)(eans1 — d)|Fu] =p  ass.
(H.4) One can find p? > o2 and pj > o such that, for all n > 0 and for all k € G,

E [(e2 — c)! | Fo] =pt and  E[(e2p41 — d)* \Fo] = ns  as.
In addition, it exists v* < plud such that, for all k € G,
E[(gar — €)* (ki1 — d)?*|Fn] = 12 a.s.
(H.5) One can find 75 > 0 and 7$ > 0 such that

sup sup Efey | F,] =70  and  sup sup E[e5, 4| F] =78  as.
n>1 keGy, n>1 keGy,

supE[e}] < oo
n>2
It follows from hypothesis (H.1) that V5, and V5, can be rewritten as

Xn Xn

Von = Z(Ym —a)+ (e —c) and Voppy = Z(an — ) + (e2n — d).

i=1 i=1
Hence, under assumption (H.2), we have for all n > 0 and for all k € G,
(3.5)  EVaglF)=0Xy+02 and E[Vy,,|F]=0;X;+ 0] a.s.
Consequently, if we choose ¢, = 1+ X, for all n > 1, we clearly have for all £ € G,,

E[VZ| F] < max(02,02)c,  and  E [V, | F,] < max(c},03)c,  as.

a’ >~ c

It is exactly the reason why we have chosen this weighting sequence into (3.3).
Similar WLS estimation approach for branching processes with immigration may
be found in [27| and [28]. We can also observe that, for all k& € G,, under the
assumption (H.3)

p=E[VorVara|Fn]  as.

Hence, we propose to estimate the conditional covariance p by

S o
(3.6) Pn = Z Vo Vo1

[T k€Tn—1
where for all k € G,,,
{f/gk = Xoj, — @ Xy, — T,
‘/}2k+1 = X2k+1 _EnXk - C/i\n

For all n > 0 and for all k¥ € G,,, denote vy, = V2 — E[VA|F,]. We deduce from
(3.5) that for all n > 1

V22n = ﬁt@n + Vo
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where 1’ = (02 0?). It leads us to estimate the vector of variances 1 by the WLS
estimator

~ - I 5
(37) M = nil Z d_‘/;k@k
kETp1
where
1 t
Qn=) R
keTy,
and the weighting sequence (d,,),>1 is given, for all n > 1, by d,, = (1 + X,,)?. This
choice is due to the fact that for all n > 1 and for all &k € G,,
2
Elvys| Fu] = E[Var|Fa] — (E[Vi| Fal) a.s.
(3.8) =200 X7 + (up — 300 + 40202) Xy + s — 0 a.s.

where we recall that p is the fourth-order centered moment of (Y;,;). Consequently,
as d, > 1, we clearly have for all n > 1 and for all £ € G,,

Elv3elFa] < (Mo — 04 + 40507 + i — 0)d as.
We have a similar WLS estimator En of the vector of variances (" = (07 03) by
replacing V3, by V3, into (3.7).

4. A MARTINGALE APPROACH

In order to establish all the asymptotic properties of our estimators, we shall make
use of a martingale approach. For all n > 1, denote

Xy Vay,
1 Vay,
M, = -
Z Cr ch‘/2k+1
k€T, -1
Vakt1
We can clearly rewrite (3.4) as
(4.1) 0, —0=x_" M,

Asin [7], we make use of the notation M, since it appears that (M,,),>1 a martingale.
This fact is a crucial point of our study and it justifies the vector notation since most
of asymptotic results for martingales were established for vector-valued martingales.
Let us rewrite M,, in order to emphasize its martingale quality. Let ¥,, = I, ® ¢,
where ¢, is the matrix of dimension 2 x 2" given by

XQn X2n+1 X2n+1_1
v/ Con  4/Conyq o 7/ Con+1_1
¥n =
1 1 1

v/ Can y/Congl 3/ Con+i_1
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It represents the individuals of the n-th generation which is also the collection of all
o,/ v/¢x where k belongs to G,,. Let &, be the random vector of dimension 2"

oo (Ve Vo Voo Vapt Vanss Vyror_y
n \/CQn—l \/CQn—l_;’_l \/Czn,1 \/an—l \/an—1+1 £/ Con_1q ’

The vector &, gathers the noise variables of G,,. The special ordering separating odd
and even indices has been made in [7] so that M,, can be written as

My, = Wi 1&
k=1

Under (H.1), we clearly have for all n > 0, E[{,1|F,] = 0 as. and W, is F,-
measurable. In addition it is not hard to see that under (H.1) to (H.3), (M,,) is
a locally square integrable vector martingale with increasing process given, for all
n > 1, by

n—1 n—1
(4.2) (M), = WE[Ga&h | FV =D L as.
k=0 k=0
where
1 (02X, + 02 p X? X,
(13) L= ( e ()
1€(Gy g

It is necessary to establish the convergence of (M),,, properly normalized, in order to
prove the asymptotic results for our BINAR estimators «/9\7“ M, and Zn Since the sizes
of ¥,, and &,, double at each generation, we have to adapt the proof of vector-valued
martingale convergence given in [14] to our framework.

5. MAIN RESULTS

In all the sequel, we will assume that the law of the immigration (€9, £9,41) does
not depend on n. However, we shall get rid of the standard assumption commonly
used in the INAR literature that the offspring sequences (Y,,;) and (Z,, ;) share the
same Bernoulli distribution. The only assumption that we will use here is that
the offspring sequences (Y,,;) and (Z,;) admit eighth-order moments. We have
to introduce some more notations in order to state our main results. From the
original process (X,,)n>1, we shall define a new process (Y},),>1 recursively defined
by Y1 = Xy, and if Y,, = X} with n,k > 1, then

Yn+1 - X2k+nn

where (k,)n>1 1S a sequence of i.i.d. random variables with Bernoulli B(1/2) dis-
tribution. Such a construction may be found in [15] for the asymptotic analysis of
BAR processes. The process (V) gathers the values of the original process (X))
along the random branch of the binary tree (T,,) given by (k,). Denote by k,, the
unique k£ > 1 such that Y,, = Xj. Then, for all n > 1, we have

(51) Yn+1 = Cln+1 [e] Yn + €n+1
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where

n

aif kK, =0
(5:2) Gt {b otherwise ot c ok

Lemma 5.1. Assume that (¢,,) satisfies (H.1) to (H.4). Then, we have

v, L1

where T is a positive non degenerate integer-valued random variable with E[T3] < oo.
Denote C3(R ) = {f € CH(Ry,R)[3y > 0,V > 0, (| f'(2)]| + | f(2)]) <~(1 +a:3)}.

Lemma 5.2. Assume that (g,,) satisfies (H.1) to (H.5). Then, for all f € C3(R,),
we have

Z F(Xe) =E[f(T)] as.

n—00 ‘T |
Proposition 5.3. Assume that (¢,,) satisfies (H.1) to (H.5). Then, we have

(5.3) lim (M)n

=L a.s.

where L is the positive definite matrixz given by

1 2T + o2 p T T
L_E|:(1+T)2< p o2T+02) ¥\ 1 1]

Our first result deals with the almost sure convergence of our WLS estimator 0,,.

Theorem 5.4. Assume that (e,,) satisfies (H.1) to (H.5). Then, 6, converges
almost surely to 0 with the rate of convergence

i 2 _ n
(5.4) 16, — 8 O(!’H‘m!) a.s.

In addition, we also have the quadratic strong law

(5.5) lim — ka (B = 0)'AO — 6) = tr(A2LATY?) s

n—oo N,

where

1 T T
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Our second result concerns the almost sure asymptotic properties of our WLS vari-
ance and covariance estimators 7, ¢, and p,. Let

_ 1
=@l Y Vi
keT,_1 k

_ 1
gn :Qnil Z d_k‘/g2k+1q)k7

kJETn—l
1
Pn=1p 7 E Vo Vagt1.
eTnfl

Theorem 5.5. Assume that (g,,) satisfies (H.1) to (H.5). Then, 1, and (o con-
verge almost surely to n and C respectively. More precisely,

~ n
(5.7) 17—l = O (m) a.s.

~ n
(5.5) H@—MFO(EZO ws.

In addition, p, converges almost surely to p with

. n
(5.9) Pn—pn=0 <m> a.s.

Remark 5.6. We also have the almost sure rates of convergence

~ 2 _ n /\_ 2 _ n ~ 2 n
-l =0 () 162 =0 (") G =0 (") s

Our last result is devoted to the asymptotic normality of our WLS estimators 5,“
T, Co and p,.

Theorem 5.7. Assume that (¢,,) satisfies (H.1) to (H.5). Then, we have the
asymptotic normality

(5.10) T2l — 0) L5 N(0, (I, © AT © A7),
In addition, we also have
(5.11) Il @ — 1) L5 N (0, B~ M, B,
-~ L _ _
(5.12) VTl (gn - g) £y N(0, B My B Y,
where
1 T T
B=FE|——
e (7 1))
Mo o—E 20072 + (pt — 302 + 4020H)T + pt — o (T2 T
ac (1 —|—T)4 T 1 5
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My, — E |22 4 = 30y + dojoi) T + g —0g (T2 T
(1+1T)* T 1)|°
Finally,
. L
(5.13) VITn-a| (9o — p) = N (0,02)
where
c
(5.14) 0'/2) = 020, E[T?] + (0205 + 0,07) T—= + % = p?,
E[1?] = TE_ N 2 — Te N 2(ac + bd)e_ |
1—a 1—a? (1—-a)(1—a?
02+ 0} __a+b 5 a*4 P
=0, a = 5 ac = s
2(a — a?) 2 2
_ c+d — 4R+ A+
c= c2=-= d
2 2 '

The rest of the paper is dedicated to the proof of our main results.

6. PROOF OF LEMMA 5.1
We can reformulate (5.1) and (5.2) as

n—1
Yn:anoan_lo...oaonl+Zanoan_10...oak+1oek—i—en.
k=2
We already made the assumption that the law of the immigration (e, €2,.1) does
not depend on n. Consequently, the couples (ag, ex) and (a,_gyi2, €n_gt2) share the
same distribution. Hence, for all n > 2, Y,, has the same distribution than the
random variable
n—1
Zn:ago...Oano}/l+Za20@30...oan,k+10en,k+2+€2,
k=2

n
=ayo...oa,0Y] + E A3 0030...0Qp_10 € + eo.
k=3

For the sake of simplicity, we will denote

n
(6.1) Zn:a20...oanoY1—|—E (3 0A30...0Ap_1 O €.
k=2

For all n > 2 and for all 2 < k < n, let ZZ*’““ =qa,o0...0a,0Y; and 2711 =Y. We
clearly have ¥0=*+2 = g, o Xk 1 Consequently, it follows from the tower property
of the conditional expectation that

E[2"] = Elag o '] = E[a 0 X7 '[P(ag = a) + E[b o X2 P(ay = b),
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leading to
np_ L Ak n—l_ = n—1
E[Z)] =5 (IE E ; Yo X0 +E |E [ 3 Zoi| 21 ,
1 :EZ‘I __2:;—1
=3 (E ;E[Yz,i] +E ;E[Zzﬂ-]} ,
= % (Elazn )+ EPE ) =@k '] = --- =@ 'E[%,] =" 'E[V1].
The stability hypothesis 0 < max(a,b) < 1 implies that 0 < @ < 1 which leads to

- ny __ G —n—1 __ E[}/l]a
;E[zn] _E[Yl];a =T

Then, we obtain from the monotone convergence theorem that

(6.2) lim ¥ =0 a.s.

n—oo

It now remains to study the right-hand side sum in (6.1). For all n > 2, denote

By the same calculation as before, we have for all n > 2

n n—2
E[T,] =) @ *Ele] =c ) a",
k=2 k=0
which implies that
lim E[T,] = ——.
n— 00 1—a

Hence, the positive increasing sequence (T,,) converges almost surely to
oo
T:Zago...oak_loek
k=2

which is almost surely finite, thanks to the monotone convergence, as E[T] < oo.
Therefore, we can conclude from (6.1) and (6.2) that

lim Z, =T a.s.

n—o0

leading to

v, L1

Let us prove that E[T?] < co. First of all, we already saw that

Blaz 0. 00,0 eps] = " Bfes] = "
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In addition,

E[(S0)7] = 5 (B (a0 23] +E [(ho 7))

2 [R—

2271 2 [ 2271 2271 2271 11
B e | (Y v (=] | =B e | v 30 Y m |

i=1 i=1 i=1 j=1

i J# 1.
wr-l wr-lypn-l

=E | Y BN+ ) Y EMJEY ]|,
i=1 i=1 j=1
J#i

=E[Xr (o2 +a®) + XN (! — 1)a?],
=E[Z) o2 + E[(Z2)7.

Since the computation of the second expectation is exactly the same, we obtain

02+a§

E[(Z)?) = E[2; == + @’E[(Z3 7)),

et etny) -

n—2 — 2 2 —n—
_ <Z a”_i_ZaQ ) %E[}fl] + a2 IE[(E}L)QL
=0

—n—1 _ "L 9 9 .
_a a_ o, + ObE[Yl] L IIE[YE],
a—a? 2

= @ @@ )TEY] + o Y]
where
02 + O'g

2(a@ — a?)

In the same way, we can prove that
E[(az0...0a,0en41)Y] = @' — a2 )T+ a2
Consequently, as (e,) is an integer-valued random variable,
E[(ago...0a,0e,1)*] <@ ' (Ye+c2) <@ (T +1)c2.

Furthermore, we obtain from tedious but straightforward calculations that it exists
some constant & > 0 such that for all 2 <p <8

(6.3) E[(azo...0a,0ens)?] < EE[h]a" .
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One can observe that the constant & only depends on the moments of (Y,,;) and
(Zy.i) up to order 8. Hence, as 0 < @ < 1, we deduce from (6.3) and the triangle
inequality that

E[T%)Y3 < ZE [(az0...0a5_10¢€)’] 1/3’
k=2

< 51/3E[€§]1/3 Za(k_Q)/3 < 00
k=2

which immediately leads to E[T?] < co. Finally, let us compute Var(7T') in order to
prove that 7' is not degenerate. First, one can observe that

00 2
E[T2]:E (Zago...oakloek> ,
k=2

k=2
—i-ZZ Z El(ago...0a,_10¢€)(azo...0a,_10e)]
k=2 I=k+1

We already saw that

Ef(@o...oai0e)’] = (@2 —a e+ e

Moreover, we have, for all [ > 3

=
o
[N}

Eles(ago...0oa10¢)] = (ao...oal_loel)]+EE[sg(bo...oal_loel)],

—~
=
L)

[}

|El[(ac...ocaq_10€)]+E[e3]E[[(bo...0oa_10¢)]),

|
N~ N~ DN~

(c(aa'%c) + d(ba' ")),

bd)c
ac—; )051—3.

—~

In addition, for all K > 2 and for all [ > £+ 1

Ef(azo...0a,_10€)(azo...0a,._10¢€)]

1
:§E[(ao...oak_1oek)(ao...oal_loel)]

1
+§E[(bo...oak,1oek)(bo...oal,loel)].



ASYMPTOTIC ANALYSIS FOR BINAR PROCESSES
Let us tackle the first term
E[(ao...oak 10eg)(ao...oaq_10¢)]
aso.. Oak 10€k aso.. Oal 10€;
[a30...0a)_10€L a30...0a;_10€;
=K Z Z E[Y;.:Y, .0 Qj_10€,030 ..
i i=1 j=1
[a30...0a)_10€} a30...0a;_10€;
=E| > Z E[YeYi,l|
i i=1 j=1
[a30...0a)_10€} a30...0a;_10€;
=K a?|,
i i=1 j=1
=a’E[(azo...0a,_10€e;)(aso...0a_10¢)].
Hence, we obtained that
El(ago...0a,_10e;)(azo...0a,._10e)]
=a?’E[(azo...0a, 10¢€;)(ago...0a_10¢)],
—k—2
=a?> Elep(ago...0a_10¢)],

Finally, we have

o0

E[T?] :Z(—k 2 _

k=2

_ k2 (ac+ bd)éal—k—l'

2

_ —k-2— > (ac+ bd)e_,_
e+ a? 02) +2 — G
) ; 5

—2(ac+bd)e_, , 4

+2ZZ —a ,

k=3 I=k+1
(ac + bd)c

1—-a

(ac + bd)c

1 1 2
— Yé - _ _
C<1—5 1—a2>+1—a2+

1-a)1-a)

1+ s
1—a2

)

15

-0 a1 061] )
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To conclude, we can compute the variance of T

Var(T) = E[T?] — E[T)?,

:TE( 1 — 1 )+M

l—a 1-a2) 2(1-a
¢+ d (ac+bde (2 \°
+2(1—?) (1—a)(1—a?) (1—a> ’
v 11 o2+ o3 2(ad — be + ¢ — d)?
=1 <1—a 1-?) 2(1-?)*(2—(a2+b2))(2—(a+b))2'

The first and the third terms of this sum are clearly nonnegative since max(a, b) < 1,
and the second term is clearly positive under (H.2). This allows us to say that the
variance of T? is positive and T is not degenerate.

7. PROOF OF LEMMA 5.2
We shall now prove that for all f € C3(R,),
) 1
(7.1) lim s > F(Xk) = E[A(T)).

n—o0
keTn

Denote g = f — E[f(T))

M () = 727 05 and Mo ()= 5

k€Tx

Via Lemma A.2 of [7], it is only necessary to prove that

lim MT1| > 9(X) =0 as

n—00
keG,

We shall follow the induced Markov chain approach, originally proposed by Guyon
in [15]. Let @ be the transition probability of (Y;,), QP the p-th iterated of Q. In
addition, denote by v the distribution of Y7 = X and vQ? the law of Y. Finally, let
P be the transition probability of (X,,) as defined in [15]. We obtain from relation
(7) of [15] that for all n > 0

n—1
_ | 1 e e
E[Mg,(9)*) = 5;vQ"¢* + ) 5@ P(Q" g Q" g)
k=0

where, for all z,y € N, (f *g)(z,y) = f(x)g(y). Consequently,

e ) 0o oo n—1

_ 1 1 e ke
> EMe (9] =D 5v@ 0" + 3D v P(Q " g x Q" ),
n=0 n=0 n=1 k=0

<Y %v@’“ <92 +P (Z |ng*ng|)> :

=0
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However, for all z € N,

Q"g(x) = Q" f(x) = E[f(T)] = Eu[f (Yn) = F(T)] = Eu[f(Zn) — F(T)]

where Z,, is given by (6.1). Hence, we deduce from the mean value theorem and
Cauchy-Schwarz inequality that

(7.2) Q"g(x)| S E[W,|Z, =T < Ex[Ws]l/QEx[(Zn - T)2]1/2

where

Wa= sup [f'(2)].

2€[Zn,T)

By the very definition of C3(R,), one can find some constant a > 0 such that
|f/(2)| < a(1 + 25). Hence, it exists some constant 8 > 0 such that

E,[W?] < aE,[1 + Zy + T°) = (1 + E,[Z})] + E[T7]),
(7.3) < B(1+2%).
As a matter of fact, under hypotheses (H.1) to (H.5), E[T% < co and it exists

some constant v > 0 such that E,[Z5] < v(1 + 2°). Let us first deal with E[T°].
The triangle inequality, together with 0 < @ < 1 and (6.3) allow us to say that

E[T°"/5 <> E[(azo...0a10e) 60 < ¢VOR[el]/0 Z—<k 2/6 <
k=2

which immediately leads to E[T°] < oco. One the other hand, we infer from (6.1)
that

Ex[ZS]l/G < ]Ex[(a2 0...0a,©0 }/1)6]1/6 + ZEQE [(a2 0a30...0a, 10 ek)G} 1/6’
k=2

< EYOR, [Y5) Vot 4 ZE [(az0azo...0a,qo0e)°] 1o ,
k=2

< 51/6$ + ZE [(az 0@a30...00[_10 ek)ﬁ] e
k=2

and we have already proved that the sum in the right-hand term is finite. So we
can conclude that there exists some constant v > 0 such that E,[Z°] < (1 + x5).
Furthermore

Zn—T =a90...a,0Y] — Z (20 ...00a 0 €pyq
and the triangle inequality allows us to say that

Eo[(Zy — T)*]'? < Euf(azo...an o Y1)?Y? + Z [(aso...0a)0e1)*] 2
k=n+1
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We already saw in section 6 that

E,[(as0...an0Y:)?] = (@ —ﬁ"‘lmﬁz Vi) + @' E, Y2,

=@ =@ e = a(Ta T - T))
and
]Ez[(ag 0...0QaO© @k+1)2] — (ak—1 . ﬁk_l)TE + ?k_lﬁ,
Hence
y N —k—1 [— 1/2
Z E,[(az0...0a 0 )] = Z (5’“*1T6+ a2 <02 — TE‘)> ;
k=n-+1 Pt
S 1/2
<Y (@ eratfEore)
k=n+1
<Y et
k=n+1 - \/5
where

§ = \/max(c_2, (1+ ) —c2).
To sum up, we find that

o 1/2 5 n
_ 2112 < —n—1 an—Ll, —
E,[(Z, — T)? < \/E(Ta v (e T)) o \/5\/5 ,
( 1 1/2 d —n
vz (Ya ' +aHx—-T))"" + —Va ifz>T,
< 5 1—-Va
JIVIVG T+ N if o<,
\ 1—va
ENan \/5” ifz> T,
<
- 1 mn— mn
% f 4 5\/_\/5 ifr <,

2vVa
Finally, we obtain from (7.2) together with (7.3) and (7.4) that for some constant
k>0

Q"g(x)] < VB(L+2%)*Va" (14 x) <ﬁ+ 0 )S\/in/i(l+x4).

(7.4) g\/é"(1+a;)<ﬁ+1_5\/a>.

2 1—+a
Therefore,

P (Z|@"g*@"g|> < = Phxh)
n=0
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where, for all z € N, h(z) = 1 + z*. We are now in position to prove that

Zﬁgn(gf] < 0.

It is not hard to see that from hypothesis (H.5), it exists some constant A\ > 0 such
that for all z € N, P(h % h)(z) < A(1 + 2%). Consequently, it exists some constant
4 > 0 such that

(7.5) E

> E[Mc,(9)°] <> 2—1;%2’“ <g2 +P (Z Qg+ ng\)> ,
<3 g (BP0 + TE 0+ EDYD )
A2 =1 g
(7.6) < <2u+ _a> <2+Z?E[Yk]>.

1
Furthermore, we can deduce from (6.3) that it exists some constant ¢ such that

E[Y)/* <E[(aso...a00 %) "+ S E[(azo...ar 106"
k=2

<E[(azo...a,0Y))°] Ve VB [e5]1/8 de,27
k=2

< C1/8E[Y18]1/san—1 i 51/8E[€§]1/8
- 1—-a

- C1/8E[}/18]1/8 +§1/8E[eé23]1/8

- l-a '
Then, (7.6) and (7.7) immediately lead to (7.5). Finally, the monotone convergence
theorem implies that

Y

(7.7)

lim Mg, (g) =0 as.
n—oo
which completes the proof of Lemma 5.2.

8. PROOF OF PROPOSITION 5.3

The almost sure convergence (5.3) immediately follows from (4.2) and (4.3) to-
gether with Lemma 5.2. It only remains to prove that det(L) > 0 where the limiting
matrix L can be rewritten as

L=E[l 8|
where
T2 T
(02T + o2 p [ a+17)2 (1+417)?
F_( p 0T +o} and - B=1 " 1
(1+T7)2 (1+T)




20 BERNARD BERCU AND VASSILI BLANDIN

We have
2 2
L=E KUC(L)T O§T> ®B} +E [(‘jp (%) ®B} ,
o2 0 a2 p
(8.1) =0 o ® E[TB] + P ® E[B].

We shall prove that E[B] is a positive definite matrix and that E[TB] is a positive
semidefinite matrix. Denote by \; and Ay the two eigenvalues of the real symmetric
matrix E[B]. We clearly have

T° +1

and

R BN AR

thanks to the Cauchy-Schwarz inequality and A\; A\s = 0 if and only if T" is degenerate,
which is not the case thanks to Lemma 5.1. Consequently, E[B] is a positive definite
matrix. In the same way, we can prove that E[TB] is a positive semidefinite matrix.
Since the Kronecker product of two positive semidefinite (respectively definite pos-
itive) matrices is a positive semidefinite (respectively positive definite) matrix, we
deduce from (8.1) that L is positive definite as soon as p* < o203 which is the case
thanks to (H.3).

9. PROOF OF THEOREM 5.4

We will follow the same approach as in Bercu et al. [7]. For all n > 1, let
V, =M1 M, = (0, —0)S,_1(0, — 0). First of all, we have
Vg1 = M 5 Moy = (M + AMy )" S, (M + AM,,49),
= M!S M, 4+ 2ME S P AM, o + AME S AM, 4,
=V, — ML(Z 1 = S )M,, + 2MES PAM, o + AME L ST AM,, .
By summing over this identity, we obtain the main decomposition

(91) Vn+1 + An = Vl + Bn+1 + WnJrl

where

Ay = MU = 50 My,
k=1

Bup1 =2 MY AMiyy and Wiy = Y AM] 57 AMyy.
k=1 k=1
Lemma 9.1. Assume that (e,,) satisfies (H.1) to (H.5). Then, we have
n 1 - _
(9.2) lim Wa _ 5157“(([2 ® A)V2L(I, ® A)~V?) a.s.

n—oo 1
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where A is the positive definite matriz given by (5.6). In addition, we also have

(9.3) B+1 = o(n) a.s.
and
(9.4) lim Yo An _ 1257’(([2 ® A)V2L(I, @ A)~Y/?) a.s.

n—00 n 2

Proof. First of all, we have W,,,1 = T,11 + Rn+1 where

" AM]iJrl(IQ & A)ilAMk_H

k=1

“AME (TS — (I ® A)7HAMn

Rn—i—l = Z |Tk|

k=1
One can observe that T, = tr((I, @ A)"Y?H, 1 (I, ® A)~Y/2) where

" AM 1AM}
Hn+1 = Z kil kil .

k=1 [T

Our aim is to make use of the strong law of large numbers for martingale trans-
forms, so we start by adding and subtracting a term involving the conditional ex-
pectation of AH,, 1 given F,,. We have thanks to relation (4.3) that for all n > 0,
E[AM, 1AM} | F,] = L,. Consequently, we can split H,4; into two terms

n Lk
Hn+1 = Z m + ]Cn+1,
k=1

where
" AM,  AME L — Ly,
Kni1 = +
CCETm
It clearly follows from convergence (5.3) that
. L, 1
im — = = a.s.
n—00 |Tn| 2
Hence, Cesaro convergence immediately implies that
1l Ly 1

On the other hand, the sequence (kC,,),>2 is obviously a square integrable martingale.
Moreover, we have

A]Cn+1 == lCn+1 - ’Cn AMn+1AM:L+1 - Ln)

= =i
T
For all u € R?, denote K,,(u) = u'K,u. It follows from tedious but straightforward
calculations, together with Lemma 5.2, that the increasing process of the martingale
(K (u))n>e satisfies (IC(u)), = O(n) a.s. Therefore, we deduce from the strong law
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of large numbers for martingales that for all u € R*, K,,(u) = o(n) a.s. leading to
K, = o(n) a.s. Hence, we infer from (9.5) that

n 1
(9.6) lm et ZLp

n—o0 n 2

Via the same arguments as in the proof of convergence (5.3), we find that

by
(9.7) lim -~ =L®A as.

n—00 |Tn‘

where A is the positive definite matrix given by (5.6). Then, we obtain from (9.6)

that

lim Tn = %tr((b @ A)VAL(I,® A)TY?) as.

which allows us to say that R, = o(n) a.s. leading to (9.2) We are now in position
to prove (9.3). Let us recall that

Bup1 =2 M AMyyy =2 M Wi,
k=1 k=1
Hence, (B,),>2 is a square integrable martingale. In addition, we have
ABpy1 = 2M!S PAM,, .
Thus
E[(AB,41)%|Fn] = AE[M!SAM,,  AM) 5 M| F] as.
= 4M!S T E[AM,  AM! | FIS M, as.
=AM!S L, Y MM, as.

We can observe that

1 O'ng—{—O'E P Xlz Xk
L"_ZCT( p 02 Xy + o3 “\x 1

kEG, F
and
1 X2 X
t_ = k k
v =3 ne (7).
keG
For o = max(02 + 0%,02 + 03), denote
02X, + o2 p
A, = ac,ly — ( P 02X, + 02 )

It is not hard to see that A, is a positive definite matrix. As a matter of fact, we
deduce from the elementary inequality

(9.8) (02 +0}) X, + 0.+ 02 < ac,

that
tr(A,) = 2ac, — ((02 + 07) X + 02 + 03) > ac, > 0.
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In addition, we also have from (9.8) that
det(A,) = (ac, — (02X, + 02)) (ac, — (03X, + 03)) — p,
=a’c} — ac, (02 + 07) X, + 02 + 0})
+ (02X +02) (0 X+ 07) — P,
> 0,0, X5 + (0505 + 0302) X + 0205 — p°,
> o202 —p* >0
thanks to (H.3). Consequently,
(aan + o2 p

<
p O'an + Ufl) < acplp

which immediately implies that L,, < aW¥, W' . Moreover, we can use Lemma B.1 of
[7] to say that
Yo,y <yt ot

n

Hence
E[(AB,1)?|Fa) = AM!S LS M, as.
<4aM!¥ U, UM, as.
<daM! (L' -3 HM, as.

leading to (B), < 4a.A,. Therefore it follows from the strong law of large numbers
for martingales that B,, = o(.A,,). Finally, we deduce from decomposition (9.1) that

Vit1 +An = 0(A,) +O(n) a.s.

leading to V,+1 = O(n) and A,, = O(n) a.s. which implies that B, = o(n) a.s. Fi-
nally we clearly obtain convergence (9.4) from the main decomposition (9.1) together

with (9.2) and (9.3), which completes the proof of Lemma 9.1. O
Lemma 9.2. Assume that (¢,,) satisfies (H.1) to (H.5). For all § > 1/2, we have
(9.9) |M,,]|? = o(|T,|n?) a.s.
Proof. Let us recall that
XiVak
1 Var,
M, = —
Z cr | XiVort1
keT,_1
Vagt1
Denote XV v
P, = Z kT 2k and Q. = 22k
Ck : Ck
keT,_1 i€Th_1

On the one hand, P, can be rewritten as

- 1 X5 Var
P, = V |Gk71|f/€ where fn =T .
kZ; Vv ‘Gn_l k@%;l Ck




24 BERNARD BERCU AND VASSILI BLANDIN

We already saw in Section 3 that for all k € G,,
E[Vor|F) =0  and  E[VA|F.] =c2X; +02 as.
In addition, for all &k € G,
B[V | Fo] = 30, X7 + Xi(pg — 30, + 60202) + e a.s.
which implies that
(9.10) E[Vop | Ful < ptci as.

where p}, = pt + pt + 60202 Consequently, E[f,11]|F,] = 0 a.s. and we deduce from
(9.10) together with the Cauchy-Schwarz inequality that

Sl = |ZG: (X) E[V;1I7)
EpIP3 (X) (—) EVAIFEVEE]  as

keGy lE(G

#GC
< |G |2(1 + 3\/|Gn|(|Gn| - 1)) Z Ci a.s.

keGn

3
(9.11) fac Z ¢ as.

16, &
However, it follows from Lemma 5.2 that
lim —— c (1+T7)%] as.
n—o00 |T | kgl;n k=
which is equivalent to say that
(9.12) lim —— c (1+T)"] as.
n—00 |(G | keZGn k=

Therefore, we infer from (9.11) and (9.12) that
supE[fn 4| Fn] <o as.
n>0

Hence, we obtain from Wei’s Lemma given in [26] page 1672 that for all § > 1/2,
P2 = o(|T,_1|n?)  aus.

On the other hand, ), can be rewritten as

= Z |Gk‘—1|gk‘ Where gn =

Z V2k
\% |G" 1 k€eGy -1

Via the same calculation as before, E[g,1|F, 0 a.s. and, as ¢, > 1,

nl =

3y 1
bd — < 3up,  as.

k
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Hence, we deduce once again from Wei’s Lemma that for all 6 > 1/2,

Q% = o(|T_1|n®)  aus.

n—

In the same way, we obtain the same result for the two last components of M,
which completes the proof of Lemma 9.2. U

Proof of Theorem 5.4. We recall from (4.1) that 0, — 0 = Y1, M, which implies

~ V,

0, — 0 2 < . 'n
where V,, = M!¥ 1 M,. On the one hand, it follows from (9.4) that V, = O(n) a.s.
On the other hand, we deduce from (9.7) that

Consequently, we find that

o _or=0(-l s,
18, — 9] o(|Tn_1|) s

We are now in position to prove the quadratic strong law (5.5). First of all a direct
application of Lemma 9.2 ensures that V, = o(n’) a.s. for all § > 1/2. Hence, we
obtain from (9.4) that

(9.13) lim An = %t'r((fz ® A)VAL(I, @ A)~Y?) a.s.

n—oo M,

Let us rewrite A,, as
Ap =" ME(SE - S0 M= MES P A M,
k=1 k=1
1/2 «—1w1/2
where Ay = I, — X,/°35.°%,%. We already saw from (9.7) that

Yin
Im —=L®A as.

n—o00 |Tn|

which ensures that

1
lim A, = =1, a.s.
n—o00 2

In addition, we deduce from (9.4) that A4, = O(n) a.s. which implies that

n 1 < -
(9.14) An _ <%ZM,§2,€_11M,€> +0o(l1)  as.
k=1

n
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Moreover we have

n

1 & 1 N N
- > MIS M, = - > (O — )i (0 — 0),

k=1 k=1

1 & ~ Yoo~
== T (0 — 0)' = (61 — 0),
"= ITh]

(9.15) = % > | Tia| (0 — 0)' (L ® A) (B — 0) +0(1)  as.

k=1
Therefore, (9.13) together with (9.14) and (9.15) lead to (5.5).

10. PROOF OF THEOREM 5.5

First of all, we shall only prove (5.7) since the proof of (5.8) follows exactly the
same lines. We clearly have from (3.7) that

R 1 -
QT — 1) = Y d—k<vai—v21>@k,

keT,_1
— 1
= Z d_ V2k VZk: Py,
1=0 keGy
n—1 1 N
(10.1) = (Vo = Var)? + 2(Vak — Var) Vi ) 0.
1=0 keG, dy

In addition, we already saw in Section 3 that for all [ > 0 and k € Gy,

~ t
=5 _ a —a
Vo — Var, = (a_c) Dy
Consequently,
(Var — Var)? < ||| (@ — @)* + (& — ¢)?) -
Hence, we obtain that

(Vak — V [Pxll®

Z Z 2k 2k < Z d/:C (( CL)2 + (Cl i C) )

=0 keG, =0 keG,
n—1

SZ((al—a)2+(a—0) ) ch,
=0 keGy
n—1
~ ~ 1
(10.2) <D (@ —-a)?+(@-c)? Tl > e

1=0 | l_1| keGy

Moreover, we can deduce from Lemma 5.2 that

Z cr =E[1+4T] a.s.

keGy

(10.3) lim
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Then, we find from (10.2) and (10.3) that

ZZ V%—V% Wor = Yok g, (Z |Tl_1|(<al—a>2+<a—c>2))

=0 keG,
However, as A is positive definite, we obtain from (5.5) that

n—1
Y OITial (@ —a)’ + @ —c)’) =0(n)  as.
=0

which implies that

(10.4)

=0 k

Furthermore, denote

n—1
V2k — Vo) Vag,
P, D,
Z d, k

Il
=)
b

Gy

We clearly have
Var — Vi) Va

APpp1=Poy—Po=Y_ ( y Dy,
keGy, k
- ‘/2]4: t al a
- 3 ey (0

In addition, for all k£ € (Grn, E[Vor|Fn] = 0 as. and E[V3|F,] = 02X + 02 < acy

a.s. where o = max(c?,62). Consequently, E[AP,,|F,] =0 a.s. and

a’ >~ c

1 ~ ~ t
E[AP AP | F) =Y SE[VAIF, )8} (% _z) (‘i’ a) L as.

c—c
keG, * !
2 2 ~ ~ t
0. Xy + 07 t (g —a\ (a—a ¢
= X I 1M ! 0! as.
dk c—cC cp— ¢

Therefore, (P,) is a square integrable vector martingale with increasing process (P),,
given by

= Z E[AP AP A as.
=1

2X ~ t
_ZZ ? ”UC@ o ( “) (ﬁl a) O,PL as.
ci—¢C cp—¢C

=1 keG,
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It immediately follows from the previous calculation that

[y

- 4
1P)ll < a3 (@@ — a2+ (@ - o) 3 12 g
=0 keG, k
n—1
<a ((51 —a)*+ (o — 0)2) Z Cp  a.s.

=0 keGy

leading to
(Pl = O(n)  as.

Then, we deduce from the strong law of large numbers for martingale given e.g. in
Theorem 1.3.15 of [14] that

(10.5) |Pul| = o(n)  as.
Hence, we find from (10.1), (10.4) and (10.5) that
|Qn_1(n —mn)|| = O(n)  as.

Moreover, we infer once again from Lemma 5.2 that
_r _ T _
(1-|-TT)2 (1+1T)2 a.s.
(+T)°  (1+7)2

n
An_ n =0\ =—— .S.
- mll =0 (") as

It remains to establish (5.9). Denote

1
(10.6) lim —Q, =E

n—00 ’Tn|

which ensures that

—~ V. — t
W, = <AV2" ) and  Ry= Y (W= W) Wi
‘/Qn—&-l k€T, 1

where

Then, we have

Tt Br— o) = D (Vo = Va) (Vowss = Vawrn) + B

keT,_1
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It is not hard to see that (R,,) is a square integrable real martingale with increasing
process given by

n—1

-y Y E [(Wk W) IWWET (W — Wk)‘ fn} a.5.
1=0 keG,
n—1 . L
=33 (Wi — W) JE [WWi| Fo] J(Wy = W) aus.
1=0 keGy
—1 2 2 L
Z Wi — W)t ("GX’;f T 02X1f+ 03) JWy, = W) as.

keG,

Il
3 FM

2 2 —
Z Wk - Wk> (Uka + 9d P 2) (Wk — Wk) a.sS.
=0 keGy

p 02X} + o2
Consequently,
n—1 e
n < Z (024 03) X+ 02+ 03) Wi — Wi|>  as.
1=0 keG,
n—1
SZB ((al—a) bl—b ) ZXka
=0 keG,
n—1 N
+ 26 <(a — 0)2 + (dl — d)2> Z Ck a.s.

o~
Il
o

keGy

where 8 = max(o? + 07,02 + 03). As previously, we obtain through Lemma 5.2
together with (5.5) that (R), = O(n) a.s. which ensures that R, = o(n) a.s. More-
over,

Z <‘72k - VQk) (‘72k+1 - V2k+1> < % Z ((‘7% - V2k>2 + <‘72k+1 - ng+1>2) )
k€Tn—1 keTy—1
< —ZH@z 017> (1+X7)

keGy
which implies via Lemma 5.2 and (5.5) that
Z (‘721@ - VQk) (%kﬂ - V2k+1> =0(n) as.
k€T, -1
Therefore, we obtain that
T 1|(Pn — pu) = O(n) a.8.

which leads to (5.9). Finally, it only remains to prove the a.s. convergence of 7, ¢,
and p, to n, ¢ and p which will immediately lead to the a.s. convergence of 7, (,
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and p,, through (5.7), (5.8) and (5.9), respectively. On the one hand,

(10.7) Qurlm =) = N = 3

where we recall that vy, = V2, — n'®,,. It is clear that (NN,) is a square integrable
vector martingale with increasing process (N), given by

n—1

(Nw=>_>_ > 00 (200 XE + (4 — 308 + 40202 X + it — o) as
1=0 keG, K

Hence,

72 Z <I>k<I>t a.s.

=0 kEGl

where v = pt — 01 + 40202 + it — o, which implies that

{N)all = O(Twa])  ass.
Consequently,
N2 = O@IT, ) as
which leads via (10.6) and (10.7) to the a.s. convergence of 1, to n and to the rate

of convergence of Remark 5.6. The proof of the a.s. convergence of ¢, to ¢ follows
exactly the same lines. On the other hand

(10.8) T il(pn = p) = Ho = > (VasVors1 = p)

k€T, -1

It is obvious to see that (H,) is a square integrable real martingale with increasing
process (H), such that (H), = O(|T,_1|) a.s. Finally, as H> = O(n|T,_4|) a.s., we
deduce from (10.8) that p,, goes a.s. to p and that the rate of convergence of Remark
5.6 is verified, which completes the proof of Theorem 5.5.

11. PROOF OF THEOREM 5.7

In order to establish the asymptotic normality of our estimators, we will exten-
sively make use of the central limit theorem for triangular arrays of vector martin-
gales given e.g. by Theorem 2.1.9 of [14]. First of all, instead of using the generation-
wise filtration (F,,), we will use the sister pair-wise filtration (G,,) given by

g’n = U(Xl7 (X2k7X2k+1)7 1 S k g n)

Proof of Theorem 5.7, first part. We focus our attention to the proof of the

asymptotic normality (5.10). Let M™ = (Mén)) be the square integrable vector
martingale defined as

(11.1) M"

-
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where
XV
1 Vo
Di = — !
¢ | XiVain
Vaia

We clearly have

(11.2)

1
- M,
M < P

where t,, = |T,|. Moreover, the increasing process associated to (M, lgn)) is given by

Ed

|g117

k o2 2
2, 4 o2 0 X2 X,
mr|Z ( anz-w?z)@(Xi 1)

Consequently, it follows from convergence (5.3) that

lim (M™), =L as.

n—oo

It is now necessary to verify Lindeberg’s condition by use of Lyapunov’s condition.

Denote
tn
= >[I -
k=1

We obtain from (11.1) that

1 & [(1+ X32)2
Pn = W ZE [C—4k(v22k + V22k+1)2‘ gk—l} g
n k

(E[VaklGe1] + E[Vipi1]Ge-1]) -

k=1

In addition, we already saw in Section 9 that
E[Van|Gn-1] < ftactn,  E[VapialGnaa] < tiacy s,
where p}, = pt + pl + 60202 and up, = pp + pi + 60203, Hence,

in

2 4
On < a Zcz a.s.

I Tnl? k=1

where p* = pd. + pj;. We can deduce from Lemma 5.2 that

Z a=E[(1+T)"] as.

keT,

n—00 ‘T |
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which immediately implies that

lim ¢, =0 a.s.
n—oo

Therefore, Lyapunov’s condition is satisfied and Theorem 2.1.9 of [14] allows us to
say via (11.2) that

= M, Z N0, L.
Finally, we infer from (4.1) together with (9.7) and Slutsky’s lemma that

T 1@ — 6) L5 N(0, (I, @ ADL(I, @ A™Y)). 0

Proof of Theorem 5.7, second part. We shall now establish the asymptotic
normality given by (5.11). Denote by N™ = (N,in)) the square integrable vector
martingale defined as

k
VDS e
— d;

We immediately see from (10.7) that
1 1
Qn(nn+l - 77) = Nn+l-
VT T

In addition, the increasing process associated to (N,E")) is given by

(11.3) N =

k
n 1 12
SRl S
; 1
| P Z d—CD D202 X7 + (ub — 302 + 40202 X+ pt —0h)  as.

@
,_.

Consequently, we obtain from Lemma 5.2 that

200T? + (u — 302 + 4026H)T + (ut — o) (T2 T M
= M, as.
(1+T)* T 1

In order to verify Lyapunov’s condition, let

tn
= > E[IN = NP G
k=1

lim (N™), =R

n—oo

We clearly have
1 (14 XP)vg, 1 v,
|T | d% B |’]Tn| dy, ’

1IN — N2 =

which implies that
1 |U2k|3
T2 4 3/2 :

1IN — N R <
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However,
[van|* = [V, — 05Xy — 02 P < (Vg + 05X + 02)°
(11.4) < Vg, + 3Va(02 X + 02) + 3Var (00 X + 02)* + (05X + 07)°
We already saw that E[V2|Gr_1] = 02X} + 02 a.s. and it follows from (9.10) that
E[Vzﬂgk—l] < Naccz a.s.
It only remains to study E[V.}|Gx_1]. Denote

Xk

Ak = Z(Y]m — a) and Bk = &9 — C.

i=1
We clearly have from the identity Vo, = A, + By that
(11.5) E[Vy|Gr1] = E[A}|Ge—1] + 15E[A}]Ge1]E[B|Gr—1]
+ 20E[A}|Gr—1]E[B|Gr—1] + E[A}|Gk1 JE[By|Gr1] + E[BL|Gr1].
On the one hand, E[A2|G;_;] = 02X, a.s. and
E[AL|Gr 1] = pi Xy + 3Xu( Xy, — Dot as.
Moreover, we have from Cauchy-Schwarz inequality that
‘E[Ai]gk,lﬂ <pio,Xp o as.
Furthermore, it follows from tedious but straightforward calculations that
E[AR]Gr—1] < 78 Xp 4+ 15X4(Xy, — 1)pgos + 1500 Xi(X), — 1) (X — 2)
+10pS Xp(Xp — 1) as.
Then, it exists some constant a > 0 such that
E[A%|Gi1] < ac;  as.
On the other hand, E[BZ|Gy_1] = 02 a.s. and E[B}|Gy_1] = p! a.s. In addition

C

|E[B}|Gi—1]| < plo.  and  E[Bi|G1] <78 as.

Consequently, we deduce from (11.5) that it exists some constant 5 > 0 such that
E[VaplGr] < Beg as.

which implies from (11.4) that for some constant vy > 0,
Ellvae)*|Gr-1] < ve)  as.

Then, as ¢ = dj, we can conclude that

by < —1

T

which immediately leads to

lim ¢, =0 a.s.
n—oo
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Therefore, Lyapunov’s condition is satisfied and we find from Theorem 2.1.9 of [14]
and (11.3) that

1
V |Tn—1|
Hence, we obtain from (10.6), (11.6) and Slutsky’s lemma that
VTl — 1) 5 N(0, B M,.B™).

Finally, (5.7) ensures that

. L _ _
VTt @ — 1) = N(0, B"'M,.B7Y).

The proof of (5.12) follows exactly the same lines. O
Proof of Theorem 5.7, third part. It remains to establish the asymptotic

normality given by (5.13). Denote by H™ = (H ’gn)) the square integrable martingale
defined as

(11.6) N, £ N (0, M),

=

(11.7)

‘/21+1

We clearly have from (10.8) that

1
= VITnl(pns1 — mHn+1-

Moreover, the increasing process of (H lgn)) is given by

k
(H' Vars1|Gna] — 1)
As before, let
Xk
Ck = Z(Z]m — b) and Bk = &9k+1 — d.
i=1

As Vo = Ay + By and Vo1 = Cy + Dy, we clearly have
B [VAVA 1| 6] = E [ 4] Gut] (B [C3] 6] + B[ D] Gi])
VB G E[C2 ] +E[BIDE 6] s
Consequently,
(11.8) E [1/'22,61/22,H1|Qk,1} =0l0, X + (020; +0y00) X+ 17 as.
Then, we deduce once again from Lemma 5.2 that

lim (H™), =02 as.

n—o0 p
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where 0;2) is given by (5.14). In order to verify Lyapunov’s condition, denote
tn
on= 38 [ - HE P ]
k=1

We obtain from (11.7) that

1 &
bn = W ZIE [lVQkVQk—I—l — P|3‘ gk—l] ,
n k=1

in

> (B [[VarlPVarsr [P Gror] + 31p[E [ViiViisr | Gri]

k=1

1
(L9 <

+ 30°E | Vak| [ Vars1| Gra] + |0]) -

It follows from Cauchy-Schwarz inequality together with the previous calculations
that it exists two constants «a, 5 > 0 such that

E [|Vor||Var41|| Gr—1] < ey as.

and
E [|Vai*Varsr|?| Gror] < B} ass.

In addition, we already saw from (11.8) that for some constant v > 0
E [V3iVaps1| 1] <vcf as.

Consequently, we obtain from (11.9) that for some constant § > 0

0N
(bn < W ch a.s.
k=1

which, via Lemma (5.2), leads to

lim ¢, =0 as.
n—oo

Hence, we can conclude that

H" £5 N (0,02).

In other words

L
VITual(pn = p) = N(0,05).
Finally, we find via (5.9) that

Tt (5 — p) 55 N (0, 02)

which achieves the proof of Theorem 5.7. O
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