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Abstract

We consider quadrature formulas of high order in time based on Radau-type, L—stable
implicit Runge-Kutta schemes to solve time dependent stiff PDEs. Instead of solving a large
nonlinear system of equations, we develop a method that performs iterative deferred corrections
to compute the solution at the collocation nodes of the quadrature formulas. The numerical
stability is guaranteed by a dedicated operator splitting technique that efficiently handles the
stiffness of the PDEs and provides initial and intermediate solutions to the iterative scheme. In
this way the low order approximations computed by a tailored splitting solver of low algorith-
mic complexity are iteratively corrected to obtain a high order solution based on a quadrature
formula. The mathematical analysis of the numerical errors and local order of the method
is carried out in a finite dimensional framework for a general semi-discrete problem, and a
time—stepping strategy is conceived to control numerical errors related to the time integra-
tion. Numerical evidence confirms the theoretical findings and assesses the performance of the
method in the case of a stiff reaction—diffusion equation.

Keywords: High order time discretization, operator splitting, deferred corrections, error control.
AMS subject classifications: 656M12, 65M15, 65L04, 65M20, 656M70, 65G20.

1 Introduction

Operator splitting techniques were originally introduced with the main objective of saving compu-
tational costs compared to fully coupled techniques. A complex and potentially large problem could
be then split into smaller parts or subproblems of different nature with a significant reduction of the
algorithmic complexity and computational requirements. Operator splitting techniques have been
used over the past years to carry out numerical simulations in several domains, from biomedical
models to combustion or air pollution modeling applications. Moreover, these methods continue to
be widely used due to their simplicity of implementation and their high degree of liberty in terms of
the choice of dedicated numerical solvers for the split subproblems. In particular, they are suitable
for stiff problems for which robust and stable methods that properly handle and damp out fast
transients inherent to the different processes must be used. In most applications, first and second
order splitting schemes are implemented, for which a general mathematical background is available
(see, e.g., [31] for ODEs and [34] for PDEs) that characterizes splitting errors originating from the
separate evolution of the split subproblems. Even though higher order splitting schemes have been
also developed, more sophisticated numerical implementations are required and their applicability
is currently limited to specific linear or nonstiff problems (see, e.g., [12, 10, 33, 6] and discussions
therein).
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In the past decades high order and stable implicit Runge-Kutta schemes have been developed
and widely investigated to solve stiff problems modeled by ODEs (see [32] Sect. IV and references
therein). These advances can be naturally exploited to solve stiff semi—discrete problems originating
from PDEs discretized in space, as considered, for instance, in [5, 9, 4] to simulate compressible
flows. Here we are, in particular, interested in a class of fully implicit Runge-Kutta schemes,
built upon collocation methods that use quadrature formulas to numerically approximate integrals
[29, 44]. However, the high performance of implicit Runge-Kutta methods for stiff ODEs is adversely
affected when applied to large systems of nonlinear equations arising in the numerical integration of
semi—discrete PDEs. Significant effort is thus required to achieve numerical implementations that
solve the corresponding algebraic problems at reasonable computational expenses. As an alternative
to building such a high order implicit solver we consider low order operator splitting schemes,
specifically conceived to solve stiff PDEs, embedded in a classical iterative deferred correction
scheme (see, e.g., [41]) to approximate the quadrature formulas of an s—stage implicit Runge-Kutta
scheme.

In this work, the high order quadrature formulas over a time step At, corresponding to an s—
stage implicit Runge-Kutta scheme, are evaluated using the numerical approximations computed
by a splitting solver at the s intermediate collocation nodes. Such a dedicated splitting solver for
stiff PDEs can be built based on the approach introduced in [18]. This approach relies on the use of
one—step and high order methods with appropriate stability properties and time—stepping features
for the numerical integration of the split subproblems. The splitting time step can be therefore
defined independently of standard stability constraints associated with mesh size or stiff source
time scales. All the numerical integration within a given At is thus performed by the splitting
solver with no stability restrictions, while the fully coupled system without splitting is evaluated
for the quadrature formulas. Starting from a low order splitting approximation, the stage solutions
are then iteratively corrected to obtain a high order quadrature approximation. This is done in
the same spirit of other iterative schemes that correct low order approximations to obtain higher
order numerical solutions of ODEs or PDEs, like, for instance, the parareal algorithm [35] or SDC
(Spectral Deferred Correction) schemes [20].

This paper is organized as follows. Time operator splitting as well as implicit Runge-Kutta
schemes are briefly introduced in Section 2. The new deferred correction splitting algorithm is
introduced in Section 3. A mathematical analysis of the numerical errors is conducted in Section 4,
and a time step selection strategy with error control is subsequently derived in Section 5. Spatial
discretization errors are briefly discussed in Section 6. Finally, theoretical findings are numerically
investigated in Section 7 for a stiff reaction—diffusion problem.

2 Mathematical background
We consider a parabolic, time dependent PDE given by

O = F(0%u,0gu,u), t>tg, € R (1)
u(to,m) ZUO(ZC), t=tg, T ERd,

where v : R x R — R™ and F : R™ — R™. For many physically inspired systems, the right hand
side F' can be split into components according to

F(92u, 0gu,u) = F(u) = Fy(u) + Fa(u) + ..., (2)

where the Fj(u), i = 1,..., represent different physical processes. For instance, a scalar nonlinear
reaction-diffusion equation with u : R x RY — R would be split into F (u) = —0s - (D(u)dzu) and
Fy(u) = f(u) for some diffusion coefficient D : R — R, and nonlinear function f : R — R. Within
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the general framework of (1), we consider the semi—discrete problem

diu = F(u), t>to, } 3)

'LL(O) = Uop, t:to,

corresponding to problem (1) discretized on a grid X of size N; u, ug € R™" and F : R™V —
R™ . Analogous to (2), we split F'(u) into components F;(u).

2.1 Time operator splitting techniques

Assuming for simplicity that F(u) = F1(u) + F2(u), we denote the solution of the subproblem

div = F1(v), t>tp,
’U(O) = o, t:to,

by X'wvy, and the solution of the subproblem

dt’UJ:FQ('LU)7 t>t07
’UJ(O) = Wy, t:to.
by Y'wq. The Lie (or Lie-Trotter [43]) splitting approximations to the solution of problem (3) are
then given by
£§UO = Xth’LLO, £t2’u,0 = YtXt’U,O. (4)

Lie approximations are of first order in time; second order can be achieved by using symmetric
Strang (or Marchuk [36]) formulas [42] to obtain

Stug = X2V X uy,  Shug = YV2X'Y 2. (5)

Similar constructions follow for more than two subproblems in (2). Let us denote by §2fwu, any
of these four splitting approximations, where At represents the splitting time step (i.e., the overall
time-marching algorithm would compute wu,; = §**u,,). In this work we consider splitting ap-
proximations built in practice under the precepts established in [18]. In particular, dedicated solvers
with time-stepping features are implemented to separately integrate each split subproblem during
successive splitting time steps such that the numerical stability of the method is always guaranteed.

2.2 Time implicit Runge—Kutta schemes

Let us now consider an implicit s—stage Runge—Kutta scheme to discretize (3) in time. Given a
time step At, the solution u(ty + At) is approximated by uf¥, computed as

ui:uo+AtZa1;jF(t0+cht,uj), izl,...,s; (6)
j=1
'l,l/ll:{K :u0+AthjF(to+cht,uj). (7)
j=1
The arrays b, ¢ € R® gather the various coefficients b = (by,...,bs)? and ¢ = (c1,...,¢5)T, and

A € M (R) such that A = (a;j)1<i j<s- These coefficients define the stability properties and the
order conditions of the method, and are usually arranged in a Butcher tableau according to

cl| A
bl
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Recall that, if all the elements of the matrix of coefficients A are nonzero, then the scheme is said
to be a fully IRK scheme [32]. Moreover, if

asj:bj, j:].,...,s, (8)

then the last stage u, corresponds to the solution ul¥ according to (6)—(7).

Methods satisfying (8) are called stiffly accurate [39] and are particularly appropriate for the
solution of (stiff) singular perturbation problems and for differential-algebraic equations [32]. Fully
TRK schemes with a number of stages inferior to its approximation order can be built based on
collocation methods [29, 44], together with the simplified order conditions introduced by Butcher
[7]. In this case, the coefficients b correspond to the quadrature formula of order p such that
fol m(r)dr = >7_, bjm(c;) for polynomials m(7) of degree < p — 1. Moreover, the coefficients in
c and A, together with conditions for the stage order ¢, imply that at every stage i = 1,...,s
the quadrature formula [;* () dr = > 5—1 aijm(c;) holds for polynomials 7(7) of degree < ¢ — 1.
Depending on the quadrature formula considered, for instance, Gauss, Radau or Lobatto, different
families of implicit Runge-Kutta methods can be constructed (for more details, see [32] Sect. IV.5).

In this work we consider the family of RadaullA quadrature formulas introduced by Ehle [22],
based on [8], that consider Radau quadrature formulas [40] such that p = 2s — 1 and ¢ = s. These
are A— and L-stable schemes that are stiffly accurate methods according to (8). Note that, even
though Gauss methods attain a maximum order of p = 2s [7, 21|, they are neither stiffly accurate
nor L-stable schemes, which are both important properties for stiff problems. Approximations of
less order are obtained with Lobatto methods satisfying p = 2s — 2 [7, 21, 11, 2]. In particular
the collocation methods with p = 2s — 2 and ¢ = s, known as the LobattolIIA methods, yield
stiffly accurate schemes, but these are only A-stable. As such, we hereafter focus on the RadaullA
quadrature formula of order 5 given by ([32] Table IV.5.6)

4—+/6 88 — 76 206 — 169v6 —2+3v6
10 360 1800 225
446 | 296 +169v6 88+ 76 —2-3v6
10 1800 360 225 (9)
. 16 — 6 16 + V6 1
36 36 9
16 — V6 16 + /6 1
36 36 9

3 Iterative construction of high order schemes

With this background, we describe in what follows how a high order quadrature approximation can
be computed through an iterative scheme. Following the IRK scheme (6), we define t; = to + ¢; At,
i =1,...,s and introduce the set U = (u;);=1,.. s, which is comprised of the approximations to
the solution w(t;) of (3) at the intermediate times. Since ¢; = 1 for stiffly accurate schemes, and
in particular for RadaullA quadrature formulas, us stands for the approximation to u(ty + At),
which was denoted as uf¥ in (7). To simplify the discussion that follows, we define

Ifg (U) = AtZaijF (t() + cht7uj) s (10)
j=1

so that the IRK scheme (6) can be recast as
wi=ug+1[(U), i=1,...,s, (11)

or equivalently as
U; = Uj—1 +I€:_1(U)7 i:]-v"‘7s> (12)
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where I}' (U) :=I}}(U) — I,:"*(U). Notice that [ () dr = 325 _, (ai; — aig)m(e;) still holds for
I > i and polynomials 7(7) of degree < g — 1; and therefore I (U) retains the stage order q.
To compute U, that is, the stage values of the IRK scheme (6), and hence the Runge-Kutta
approximation (7), we need to solve a nonlinear system of equations of size m x N X s given by (6)
r (11). One of the most common ways to do this consists of implementing Newton’s method (see,
e.g., [32] Sect. IV.8). In this work, however, we approximate U by an iterative deferred correction

technique.

3.1 Deferred correction splitting scheme

Given a provisional set of solutions denoted by U = (u;);=1

s, We can compute an approximation

.....

U = (4;)i=1,.. s to U, following (12), according to
U=+ I (O), i=1,...,s (13)

with ug = ug. This approximation is then iteratively corrected by computing

"ttt =at st i=1,..s, (14)

which defines a new set of provisional solutions T}kﬂ corresponding to iteration k 4 1, and a new
approximate solution ﬁkH according to (13). When the corrections (9;);=1,..., s become negligible,
we expect that U approaches the quadrature formulas used in the IRK scheme (6) (or (11)), with
us approximating «R¥ in (7).

Taking into account that system (1) (or (3)) is stiff, we follow the approach of [18] and consider an
operator splitting technique with dedicated time integration schemes for each subproblem to handle
stiffness and guarantee numerical stability. We thus embed such an operator splitting technique
((4) or (5)) into the deferred correction scheme (13)—(14), yielding the deferred correction splitting

~0
(DC-S) algorithm. The first approximation U is obtained directly by recursively applying an
operator splitting scheme as follows:

ﬂ(lJ = 801Atu0’ ﬂ? = S(Ci*Ci—l)Atﬂ?_lv i=2,...,5. (15)
We then define the corrections in (14) as

k i—ci_1)At~k+1 i—ci—1)At~k P
oF = gleimci-yAtghtl _ glei—cim)atgh 1=2,...,s.

Noticing that 6% = 0, (14) becomes
,allc+1 - a’f’ :diﬂ-l = af + S(Cq‘,—ci—l)Atﬁ’l;j‘ll _ S(Ci'_ci'_l)At’af,l, i=2,...s. (16)

The numerical time integration of problem (3) is thus performed using an operator splitting
technique throughout the time step At. These results are subsequently used to approximate the
solutions (ﬁf) j=1,....s at the collocation nodes in the quadrature formula (13), corresponding in our
case to a RadaullA quadrature formula. The coefficients of matrix A are embedded in the definition
of Ittj_l (U) in (13) following (10), while coefficients ¢ define the length of the time substeps within

&
a given At. Note that the fully coupled F('E?), j=1,...,s, is evaluated in I;’ (U ) (eq. (13))

to compute af, i = 1,...,s. Denoting as p the order of the operator splitting scheme, we will
demonstrate in the following section that each iteration increases the order of the initial numerical
approximation (15) by one, that is, the local error of the method (16) behaves like QO(AtPHF+1),
potentially up to the order p of the quadrature formula and at least up to its stage order plus one:
q + 1. As previously said, the numerical stability of the time integration process is guaranteed by



DEFERRED CORRECTION OPERATOR SPLITTING SCHEMES 6

the use of a dedicated operator splitting solver [18], whereas the quadrature formulas correspond
to the L—stable RadaulIA-IRK scheme. Consequently, At is not subject to any stability constraint
and a time-stepping criterion to select the time step size based on some error estimate should
be introduced. In particular if the splitting solver considers only time—implicit L—stable methods,
the overall DC-S scheme will also be L-stable. However, one might be interested in using less
computationally expensive explicit methods within the splitting solver.

The relation of the DC-S scheme (15)—(16) with other iterative methods in the literature, namely,
the parareal algorithm [35] and SDC schemes [20], is briefly discussed in Appendices A and B.

4 Analysis of numerical errors

We investigate the behavior of the numerical error associated with the DC-S scheme (15)—(16),
considering problem (3) in a finite dimensional setting. Let X be a Banach space with norm || - ||
and F an unbounded nonlinear operator form D(F) C X to X. We assume that w(t), which
is the solution of (3), also belongs to X and that the same follows for the solutions of the split
subproblems. Assuming a Lipschitz condition for F(u) given by

[F(u) — F(v)| <&lu—, (17)
we have, given (10), that
HI;QI(U) - If;il(V)H < CIALS uy — vyl i=1,...,s (18)
j=1

Furthermore, considering (10) with the exact solution w(t) gives
I [(w(t))j=1,...s] = ALY i F (to + ¢; At u(t;)) ; (19)
j=1

and hence, considering the quadrature formula for the IRK scheme, we obtain

and for a stiffly accurate method,

recalling that ¢ and p stand, respectively, for the stage order and global order of the collocation
method. For the RadaullA quadrature formulas, recall that p =2s — 1 and ¢ = s.

Denoting the exact solution to problem (3) as w(t) = T'ug, we can in general write for the
splitting approximation that

<pl_y = CoAUT =1, (20)

/ F(u(r))dr = Ii!_, [(ult;));=1....s]

ts

F(u(r))dr — If: [(u(t))j=1,...s] || < n§ := CsAtPT,

to

T ug — 8% ug = cppa (wo) AP + cppn (ug) AP +

recalling that p stands for the order of approximation of the splitting scheme (see, e.g., [34] Sect.
IV.1 or [31] Sect. IIT). We then assume that the local truncation error of the splitting approximation
is bounded according to

[ T2 ug — 8% ug || < CuAPT, (21)

and that the following bound

[T %% — 8%ug — [T2vg — 82w || < C5AP T |ug — vy (22)
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is also valid. Moreover, we assume that 8! satisfies the Lipschitz condition
|82 ug — 82 wo| < (14 CoAt)|lug — wo- (23)
To simplify the discussion that follows, we define the error e¥ at each collocation node i and

iteration k according to
~k

“u(tz) <eb i=1,...,s (24)

and the sum of these errors as
—k k
=58 = E e;. (25)

With these definitions, we prove the following theorem.

Theorem 1. Considering problem (3) with the Lipschitz condition for F(u) (17), the DC-S itera-
tion (16) with a given time step At, and assumptions (22) and (23) for the splitting approximation,
there are positive constants A, B, such that for k=1,2,...,

Ehs < A+ BEMS (26)

Proof. Defining At; := (¢; — ¢;—1)At, i =2,..., s, we have from (16),
- _ o~k
u(t;) — uf“ =u(t;) — Uf—l - Iff_l(U ) — SAtIUfﬂl + SAtluf 1
ts ~k
= F@‘(r)dr—1i (U)

ti—1
A utiog) = $Mu(t) — [T4a), — 85%a) |
4 SAtiu(t ) SAt ~i€+11’
with k = 1,2, ..., after adding and subtracting T2%a" | =@l | +ftf;:i_1 F(u" (7)) dr, and 82w (t;_y);
and similarly,

k
u(ty) — ™ =u(ty) - Uo—ftl(U)

/ F(u dT—It1 [(w(tj))j=1,..s)

I8 [(u(ty)) o, ] — I (T,

after adding and subtracting I;* [(w(t;));=1,....s)-
Taking norms and conbldermg 20), (22), and (23), there exist some « and S such that

[t = s ks e i) it | 8 e — 2] o7

with o := C5AtP*! and 8 := 1 + CgAt. Similarly, from (18) and (19) there is a A := C; At such
that

Hu(tl) k“H < b+ A ZHu fa;?H. (28)

Summing (27)—(28) over i and considering the notation (24), we have for i = 2,...,s:

E'k:+1,i _ 7]6 4 )\Ek S +a':'k32 1 +55k+1,271

<4+ (A + )5k 4 gkl (29)
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In particular, from (28) we have
Eb=ef =g +ASMTET <ag+ (A a) S (30)

and using the inequalities considered in (29) and (30) with B’ := Z;:o (37, we obtain by mathe-
matical induction over i,

,—.}cl<zﬂz 7 j )\+O[)BZ l—vk ls (3]_)

which proves (26). O

Bound (26) in Theorem 1 accounts for the approximation errors accumulated over the time
subintervals at a given iteration and for the way the sum of these errors behaves from one iteration
to the next one. The next Corollary investigates the accumulation of errors after a given number
of iterations.

Corollary 1. Considering Theorem 1, assumption (21) for the splitting approzimation with -y :=
CaAPT and B := Y7 87 with 3 := 1+ CsAt, we have for k =1,2,. ..,

EM <A+ B+ B>+ + B + 9B BF, (32)
with A =375, B5Ind and B = (A 4 )B*~ .
Proof. Considering (15) we have
u(ts) -, = u(t,) - §8%a;_,
= TAtS’u,(ts_l) — SAtSu(ts_l) + SAtsu(ts_l) — SAts'{LS_l,
and thus after taking norms,
g =7+ Pei_y =B

Noticing that
E0S =y [14B+B*+- -+ B <syB°7,

bound (32) follows by mathematical induction over k using (26). O
With Theorem 1 and Corollary 1, the following can be proved.

Theorem 2. For the DC-S scheme (15)—(16) with k = 1,2,..., if C1 < 1 in (18) and CsAt < 1
in (23), the following bound holds:

Hu(to + A (33)
with ¢ > max{Cs, C2Cq, sC41C1 }.
Proof. From (31) in Theorem 1 and considering that Hu to + At) — u, H <ekh=52ks _Zhsol we

obtain

ZIBSJJ A—FO&)ﬂS 1'—k 1,s

<ZIBSJJ A—FO&),@S 1( |:+B+B2++Bk72])

+ (A +a)p tsyBs I BEL (34)
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according to Corollary 1 with A = >7%_, B5~In} and B = (A+a)B*~!. Recalling that 8 = 1+CsAt,
77?71 = CoAtdt j=1,... s, and n§ = C3AtP*!, and considering the binomial series, we have that

S S

y 00 s — i )
D BT =) Z( ) )wﬁAt)l M1
j=1 j=1 Li=0
s—1 o) s — _] )
i | (077 ) o] )y
j=1 Li=1
s—1 oo o
= O3 AP 4+ CyAaH! ZZ ( s I J ) (CsAt)!, (35)
j=11=1
and similarly,
A= Zﬁ& j j _ C3Atp+1 —|—02Atq+1 1+06At Z( ) CGAt)l—l
j=1 =1

where we have considered that

s—1

Bl=Y pi= 11:%5 => ( } > (Cort)—?
j=0

=1

Since A = C; At and o = C5AtPT!, we know that
(A +@)B°~L = (CLAL + Cs AtPTL) Z( s—1 > (CeAt)!
1=0

and

B=(\+a)B! = (C1At + C5AtPTY) Z( ‘; ) (CsAt) 1
=1

we thus have with v = C,AtP+! that
(A4 )85 tsyB I BF 1 = sCLOF AR L O(CFAPHEF2), (36)

which together with (35) and (34) prove (33) with C; < 1 into (36), taking into account that
the expression (A+a)B8* 1A [1+ B+ B? +--- + B*2] yields O (Atminlp+2:9+2]) plus higher order
terms. O

For RadaullA quadrature formulas, bound (33) reads ¢ At™in[2s:s+2.p+k+1] - The impact of ap-
proximating the solution at the collocation nodes of the quadrature formula can be seen, for instance,
n (35), where a lower order might be attained as a consequence of the intermediate stage approx-
imations. In particular the DC-S scheme (16) does not necessarily converge to the IRK scheme.
On the other hand, (36) accounts for the iterative corrections performed on the initial low order
approximation. Notice that in practice a limited number of iterations k£ will be performed, certainly
less than p, and therefore the scheme would behave like O (Atmin(2s:s+2.p+k+1]) even for a finite

C1 > 1 in Theorem 2. The following Corollary gives us some further insight into the behavior of
the DC-S scheme.

Corollary 2. There is a mazimum time step Atmax such that for a given At < Atmax, there is a
positive and bounded C(k) such that for k =1,2,... ,min[p — p,q — p + 1], the following holds:

(F)

Hu(to + At) T

(37)
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Proof. For successive iterations k and k& — 1 such that k& < min[p — p,q — p + 1], we note that (34)
reduces to (36) and hence there is a positive constant (i such that

Hu(to + A — @t = gt Hu(to +AL) — ﬁ’g‘l( , (38)
and hence

]@%+Aw—ﬁ :@mwme+Aw—ﬁ (39)
where o), = H;?:lg‘j. Combining (39) with

Hmm+Aw_a§gHmm+A@_a§+Hﬁ_a2,
yields (37) with
Ok (At)k
k)= IREU 4
) = T o 40

and Aty = (maxy, () ! such that C(k) > 0 for any given At < Atpax. O

Notice that (38) explicitly reflects the increase of the approximation order with every correction
iteration established in Theorem 2. A maximum time step per iteration Atmyax ; can be also defined
as Atmax,k = (¢x)~', which in particular implies that no correction is expected for At > Atmax,k
according to (38). The maximum time step is thus given by Atyax = ming Atmax x in Corollary 2.
In practice we note that Atnyax,, can be larger than Aty during a given iteration.

5 Time stepping and error control

Since the numerical integration within the DC-S method is in practice performed by a splitting
solver with no stability constraints, we introduce a time step selection strategy based on a user—
defined accuracy tolerance. Denoting erry = ||u(to + At) — u, ||, as the approximation error of
the DC-S scheme (16) after a time step At, Corollary 2 gives us an estimate of erry, where in
particular errg stands for the initial splitting error. In practice we can numerically estimate the
error by computing (37) with (40), for which we first need to estimate the o coeflicients.

Let us introduce the following approximation to w(tg + At) according to (11), based on the
original s—stage Runge-Kutta scheme:

~k
al =ug+If:(U). (41)

Notice that @* is in general different from ﬁg computed according to (13). In particular, for
sufficiently small At, @? should be a better approximation to u(ty + At) than the splitting solution
@) given by (15). Therefore, we assume that

~0

Hu(tg +At) -l < |u(to + At) — al|| + Hﬁ‘; - ﬁﬂ” ~ ‘ al — g, (42)

and suppose that the same property holds for the corrective iterations, taking also into account
that the fully coupled system F(@"(t)) is evaluated in (41) for @*. Introducing erry = ||ak — @],
we approximate i in (38) by

~ 1 erry

Ck

- k=12 ...
Aterry_1’ R

and oy by o = H;?:lfj. We then estimate the error of the DC-S method, érry, according to (37):
or(A

~ ~k  ~0
erry = | ——=—7 | [|Us — U

Dt k=1,2 (43)
1= 5, (A0)F o B=ha
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The initial error, that is, the splitting error errgy can be directly approximated by errg, following
(42), and thus errg = erry.

Having an estimate of the approximation error (43), we can define an accuracy tolerance n such
that for a user—defined 7, no further correction iterations are performed if erry < n is satisfied.
Therefore, by supposing that

[ ok(Atnew )" H~k 0
= — u, — U,
1-— ak(Atnew,k)k

and comparing it to (43), we have that

n

1/k
Lo (A0 e + 5k(At)kn] At (44)

Atnew,k = |:

We can thus estimate the new time step as Atpew = v X min(Atpew k, Atmax k), after k iterations,
where Atmax p = (Ce)~and v (0 < v < 1) is a security factor. Note that this new time step supposes
that k correction iterations will also be used for the next time step. By defining a maximum number
of iterations kpax, another way of estimating the new time step supposes that

ot Emax
<[P E e @
and hence,
. ,'7 1/kmax 5k 1/kmax k/kmax
e e o e v M o

where oy, is approximated by (Zk)kma"’kak. In this case the new time step can be computed as
Atpew = v X Min(Abnew ko » Atmax, k), With the maximum number of iterations given, for instance,
by kmax = min[p — p,q — p + 1]. Notice that the time step Atyew k.. 1S potentially larger than
Atpew i for k < kmax, since the former needs more iterations to attain an accuracy of 1 according
to (45). The best choice between Atnew , and Atnew k.. depends largely on the problem and, in
particular, on the corresponding computational costs associated, for instance, with the function
evaluations or with the splitting procedure. In general both approaches look for approximations of
accuracy 7, where smaller time steps involve fewer correction iterations and wvice—versa. We could
also consider, for instance, Atpeyw = v X Min(Atpew ks Abnew ko s Nmax k) -

Recalling that the splitting error can be estimated as érrg = errg = ||a? — .||, we can also
define a new way to adapt the splitting time step for stiff problems, as previously considered in [14].
Given the splitting approximation (15), one needs only to compute 4?, according to (41). Defining
Nsplit s the accuracy tolerance for the splitting approximation, we can compute the splitting time
Step Atnew,split as

Neplit 1/(p+1)

splr

Atnew,SPIit =V |: ,B :| Ata (47)
erro

assuming from (21) that errg = C4AtP*! and n = C4At§:;i,sp1w where p stands for the order of

the splitting scheme. The same technique may be applied to any other low order time integration
method. In particular by setting nspiic = 7, we can estimate the splitting time step Atnew spiit that
would be required to attain accuracy n through (47), in contrast to Atyew r OF Atpew k

max *

5.1 Predicting approximation errors

If kmax correction iterations have been performed and the error estimate is still too large (erry, .. >

max

1), then the DC-S scheme defined in (16), together with the initial splitting approximation (15),
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must be restarted with a new time step Atnew, computed as previously defined. In this case, these
kmax iterations are wasteful, and hence we derive a method for predicting erry, . based on the
current error estimate erry. Denoting the predicted final error estimate as éﬁ",’;max, we approximate
it according to _

erry, = (CeAt) > "Ferry, k=1,... kmnax — 1,

following (38). If for some k < kmax — 1, we have that erry,_ > 7, we restart the scheme (15)—(16)
with a new time step given by

1/kmax

At;klew Fmax — Y % Atk/knﬁﬁx’
’ (G )Fmax—Ferry,

supposing that errg pew = €rrg in

~ erry
_ At* Fmax | _
n Ukmax( new,kmax) [Jk(At)k] 5

where Gy, = (()Fm=—*5,. For the initial approximation k = 0, we predict &) based on the
previous o o1q and time step Atqq according to

max ;

k
_ _ . _ _ At max
T e = Ol (A1) eTrg, o = O hmaxs0ld [ o ;
old

with the corresponding time step

1/kmax
n
At =V =
new,Kimax 51 oo ;

max

supposing again that errg new = €rro.

6 Space discretization errors

So far, only temporal discretization errors were investigated. For the sake of completeness we briefly
study in the following the impact of spatial discretization errors in the approximations computed
with the DC-S method. Contrary to Section 4, only an empirical approach is considered. Denoting
by u(to+ At, x)|x, the analytic solution of problem (1) projected on the grid X at time tg+ At, and
by u(ts), the exact solution of the semi-discrete problem (3) at time t; = tg + At; we can assume
that for the approximation ﬂf coming from (16), the following bound is satisfied

k

utto + At @)lx — @k | < flulto + At @) x — ults)] + ||ut,) - ] (48)

That is, the approximation error of the DC—S method is bounded by the sum of space discretization
errors, |u(to + At,x)|x — wu(ts)||, and time discretization errors, ||u(t;) — @"||. As previously
established in Theorem 2, the local order of approximation of the latter is given by min[p+1, ¢+2, p+
k + 1]. Therefore, given a semi-discrete problem (3) with solution w(t), high order approximations
can be computed by means of (16) within an accuracy tolerance of 1. In particular, for sufficiently
fine grids and/or if high order space discretization schemes are used, space discretization errors may
become small enough and the approximation error of the DC-S method would be estimated as 7,
also with respect to the analytic solution of problem (1) according to (48).
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6.1 Introducing high order space discretization

Spatial resolution is a critical aspect for many problems, and high order space discretization schemes
are often required. We consider high order schemes to discretize F'(u) in space for problem (1), and
denote such an approximation as FHO (u), so that wHO(t) stands for the solution of the correspond-
ing semi-discrete problem. We can thus use scheme (16) to approximate u©(¢) by considering
FHO(u) in the computation of the ﬁf’s in (13), and FiHO(u)7 i=1,2,..., for the splitting approx-
imations in (16) and (15). Let us call this approximation (2*)¥°. Recalling that the numerical
error ||ufO(t,) — (@*)HO|| can be controlled by an accuracy tolerance 7, a high order space dis-
cretization also results in better error control with respect to the analytic solution u(t, x), following
the discussion in the previous section.

A more efficient alternative, however, uses FHO(u) only in the quadrature formulas for the
ﬁf’s in (13), and low order discrete F;(u)’s, ¢ = 1,2,... for the splitting approximations in (16)
and (15). The latter procedure results in an approximation ()"0 to (@*)HO. Since low order
discretization in space is used to evaluate the corrections, that is, to predict the solutions at the

collocation nodes of the quadrature formulas, we expect that (ﬁf)HO becomes equivalent to ('E];)HO

after some iterations; if this does happen, then (%")HO becomes an approximation of maximum
order p = 2s — 1 in time, according to Theorem 2, and of high order in space to the analytic
solution u(t, ) of problem (1). Nevertheless, taking into account the hybrid structure of (@*)HO in
terms of space discretization errors, a simple decomposition of errors like (48) is no longer possible.
Moreover, we cannot expect that each correction iteration increases the order of approximation by
one and consequently, the error estimates previously established in §5 are no longer valid for this

configuration.

7 Numerical illustrations: The Belousov—Zhabotinski reac-
tion

Let us consider the numerical approximation of a model for the Belousov—Zhabotinski (BZ) reaction,
a catalyzed oxidation of an organic species by acid bromated ion (see [24] for more details and
illustrations). The present mathematical formulation [25, 28] takes into account three species:
hypobromous acid HBrOg, bromide ions Br~, and cerium (IV). Denoting by a = [Ce(IV)], b =
[HBrOs], and ¢ = [Br~], we obtain a very stiff system of three PDEs given by

Ova — D, 02a = l(—qa —ab+ fe),
1

1
8ib — Dy 02b = = (qa — ab + b(1 — b)), (49)
€
yc — D 02¢c=b —c,
where € R?, with real, positive parameters: f, small ¢, and small € and y, such that 4 < ¢ < 1. In
this study: e = 1072, p =107°, f = 1.6, ¢ = 2 x 10~3; with diffusion coefficients: D, = 2.5 x 1073,
D, =2.5x1073, and D, = 1.5 x 1073, The dynamical system associated with this problem models
reactive, excitable media with a large time scale spectrum (see [28] for more details). The spatial

configuration with the addition of diffusion develops propagating wavefronts with steep spatial
gradients.

7.1 Numerical analysis of errors

We consider problem (49) in a 1D configuration, discretized on a uniform grid of 1001 points over a
space region of [0, 1]. A standard, second order, centered finite differences scheme is employed for the
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diffusion term. To obtain an initial condition, we initialize the problem with a discontinuous profile
close to the left boundary; we then integrate until the BZ wavefronts are fully developed. Figure 1
shows the time evolution of the propagating waves for a time window of [0, 1]. For comparison, we
can solve the semi-discrete problem associated with (49) using a dedicated solver for stiff ODEs.
We consider the Radaub solver [32], based on a fifth order, implicit Runge-Kutta scheme built upon
the RadaulTA coefficients in (9). The reference solution for the semi-discrete problem is thus given
by the solution obtained with Radaub over the time interval [0, 1], computed with a fine tolerance:

TRadaub = 10_14 .

80 T T T T 0.9
70 0.8
6ol 0.7
0.6
50
0.5
S 40 + ) §
0.4 §
30 $
0.3 !
20 02 1
!
10 !
0.1 1
H
0 0
0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

Figure 1: BZ propagating waves for variables a (top left), b (top right), and ¢ (bottom), at time
intervals of 0.2 within [0, 1] from left to right.

We consider the splitting solver introduced in [18] for the initialization of the iterative algorithm
(15) and the corrective stages in (16) for the DC-S scheme. Radaub is used to integrate point
by point the chemical terms in (49), while the diffusion problem is integrated with a fourth order,
stabilized explicit Runge-Kutta method: ROCK4 [1]. (See [17, 19] and discussions therein for a
more complex application considering the same splitting solver.) Tolerances of these solvers are set
to a reasonable value of NRadaus = NROCK4 = 1072, taking into account that the splitting solver only
provides approximations to the solutions at the collocation nodes used in the high order quadrature
formulas. Again, the RadaullA coefficients of order 5 given in (9), that is, with s = 3 nodes, are
considered for the quadrature formulas in (13). In what follows we consider both Lie and Strang
splitting schemes, (4) and (5), ending with the time integration of the reaction terms. The latter is
particularly relevant for relatively large splitting time steps [15, 13].

Figure 2 illustrates local and global L?—errors for various time steps At with respect to the
reference solution, using the Lie scheme as the splitting solver into the DC—S scheme. The Lie
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Figure 2: Local (left) and global (right) L*-errors for the DC-S scheme with Lie splitting. Dashed
lines of slopes 2 to 6 (left), and 1 to 5 (right) are also depicted.
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Figure 3: Local (left) and global (right) L?-errors for the DC-S scheme with Strang splitting.
Dashed lines of slopes 3 to 6 (left), and 2 to 5 (right) are also depicted.

solution in Figure 2 corresponds to the splitting approximation with splitting time step Atgpic = At.
Local errors are evaluated at ty + At, starting in all cases from the reference solution at tg = 0.5.
Global errors are evaluated at final time, t = 1, after integrating in time with a constant time
step At. All L?-errors are scaled by the maximum norm of variable a(t,r) at the corresponding
time. For this particular problem the highest order p = 2s — 1 = 5 is attained and local errors
behave like O(A#™nI6:24k]) according to Theorem 2, with 5 = 1 for the Lie solver. Notice that very
fine tolerances do not need to be considered for the solvers used within the splitting method. For
relatively large time steps we observe the well-known loss of order related to splitting schemes on stiff
PDEs, as investigated in [13], which propagates throughout the DC-S iterations. Nevertheless, for
this particular problem, this loss of order is substantially compensated during the time integration,
as observed in the global errors at the final integration time. Same remarks can be made for the
DC-S scheme with Strang splitting and p = 2, as seen in Figure 3. However, the iterative scheme
attains a local order between ¢ + 2 = 5 and p + 1 = 6, even though the global errors behave like
O(Atmin[5,2+k])'

Using the time—stepping procedure established in §5, Figure 4 shows the estimated values of
the local error erry, according to (43), compared to the actual local errors illustrated in Figures
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2 and 3. Recall that errg stands for the splitting error. The estimated maximum time steps at
each corrective iteration Aty i = ((k)*l, are also indicated. They represent the maximum time
step at which corrections can be iteratively introduced by the DC-S scheme, which corresponds to
the intersection of local errors at different iterations in Figures 2 and 3. Notice that the loss of
order was not considered in §5 to derive these estimates; however, the computations can be safely
performed because érry overestimates the real local error for relatively large time steps, while the
Atmax i’s are also smaller than the real ones. The bound (37) in Corollary 2, on which érry is
based, is nevertheless formally guaranteed up to k¥ = min[p — p,q — p+ 1], that is, k =3 and k =2
for the Lie and Strang splitting, respectively.
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Figure 4: Local error estimates err;, for different time steps At for the DC-S scheme with Lie (left)
and Strang (right) splitting. Solid vertical lines stand for the maximum time steps Atyax ;. Dashed
lines correspond to local L?—errors from Figures 2 and 3.
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Figure 5: Left: time steps At at ¢ = 0.5 for different accuracy tolerances n for the Lie and DC—
S (Lie) scheme using Atnew i (44) and Atnew k.. (46) for time—stepping. Number of iterations
performed are indicated, the case Atnew k.., in parenthesis. Right: time-stepping for n = 1077;
the solid vertical line corresponds to time ¢t = 0.5.

The advantages of considering a high order approximation in time can be inferred from Figure 5,
especially when fine accuracies are required. For instance, to attain an accuracy of n = 1072 the
DC-S scheme based on Lie splitting needs a time step of At ~ 107, whereas considering the Lie
approximation would require a splitting time step 1000 times smaller. In particular small variations
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of At in the DC-S scheme can greatly improve the accuracy of the time integration at roughly the
same computational cost. Moreover, in order to guarantee a splitting solution of accuracy n, the
numerical solution of the split subproblems must also be performed with the same level of accuracy
[18]. For the splitting solver considered here, the latter involves Nradaus < 7 and nrocka < 7,
whereas this is not required for the DC—S scheme. As previously noted, using Atpew k... (46) for
the time—stepping involves slightly larger time steps because more iterations are performed. The
dynamical time-stepping is illustrated in Figure 5 (right), using Atpew,r (44) and Atpew k.. (46)
for the DC-S scheme, and Atpew spiit (47) to adapt the splitting time step for the Lie solver. For this
particular problem, a roughly constant time step is attained, after some initial transients, consistent
with the quasi self-similar propagation of the wavefronts, as depicted in Figure 1. In all cases the
time-stepping procedure guarantees numerical approximations within a user—defined accuracy.

7.2 Space discretization errors

We now investigate the spatial discretization errors in the previous approximations. We consider
both a second and a fourth order centered finite differences scheme for the Laplacian operator,
as well as various resolutions given by 501, 1001, 2001, 4001, 8001, and 16001 grid points. The
DC-S solution (with Lie splitting and k = 4) computed with the finest space resolution of 16001
points is taken as the reference solution. Figure 6 (left) shows the numerical errors for different
discretizations with respect to the reference solution. All approximations are initialized from the
same solution represented on the 16001-points reference grid; then, an integration time step is
computed on all grids with the same DC-S integration scheme and a time step of 1076, The goal
is to illustrate only the space discretization errors, as seen in Figure 6 (left).

Considering the same results obtained with the Lie and the corresponding DC-S scheme on a
1001-points grid, previously shown in Figure 2, we compute the numerical errors with respect to
the reference solution on 16001 points. Figure 6 (right) illustrates the errors arising from spatial
and temporal numerical errors after one time step. According to (48) we see that for sufficiently
large time steps the temporal integration error is mainly responsible for the total approximation
error, whereas the accuracy of the method is limited by the space discretization errors for small
time steps. Considering a high order space discretization scheme increases the region for which time
integration errors control the accuracy of the approximation. For a relatively coarse grid of 1001
grid points, it can be seen that an order of magnitude can be already gained in terms of accuracy by
increasing the order of the space discretization scheme, as seen in Figure 6. Greater improvements
are expected for finer spatial resolutions as inferred from Figure 6 (left).

Coming back to a spatial resolution of 1001 points, Figure 7 (left) displays numerical errors
related to the time integration, as in Figure 2 (left), this time with the fourth order space discretiza-
tion. As before the reference solution is obtained with Radaub and nraqaus = 10~!4, considering
now the fourth order space discretization scheme. The same previous conclusions apply as for the
results in Figure 2, now with high order approximations in both time and space. Similar behaviors
are observed for the Strang case. Nevertheless, a high order scheme in space can be more time and
memory consuming, since it usually requires larger stencils and thus more computational work. One
alternative, previously discussed in §6.1, uses high order space discretizations for the quadrature
formulas, which in practice involve matrix—vector multiplications; while the time integrators that
generate the iterative corrections are performed with low order discretization schemes in both time
and space. In Figure 7 (right) we evaluate the temporal errors for this configuration, using the same
reference solution as in Figure 7 (left). It can be seen that the space discretization errors are pro-
gressively eliminated until we obtain the same results observed in Figure 7 (left). That is, the hybrid
implementation with second/fourth order in space converges to the high order quadrature formula
evaluated with a high order space discretization. However, the time stepping strategy with error
control established in §5 is no longer valid since a decomposition of time and space discretization
errors such as (48) is no longer possible.
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Figure 6: Left: space discretization errors after one time step with the same time integration scheme.
Right: local L%-errors for the DC-S scheme with Lie splitting on a 1001-points grid, accounting
for both time and space numerical errors. Dashed lines of slopes 2 and 4 (left), and 2 and 3 (right)
are also depicted. Space discretizations of second and fourth order are considered.
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Figure 7: Local L?-errors for the DC-S scheme with Lie splitting with fourth order (left) and
second/fourth order (right) space discretizations. Dashed lines of slopes 3 to 6 are also depicted.

8 Concluding remarks

We have introduced a new numerical scheme that achieves high order approximations in time
for the solution of time dependent stiff PDEs. The method exploits the advantages of operator
splitting techniques to handle the stiffness associated with different processes modeled by the PDEs,
while high order in time is attained through an iterative procedure based on a standard deferred
correction technique. In this way the initially low order approximation computed by a tailored
splitting solver is iteratively corrected to obtain a high order approximation based on a quadrature
formula. The latter is based on Radau collocation nodes according to the RadaullA, s—stage
quadrature formulas. Moreover, the splitting solver uses dedicated methods in terms of numerical
stability and independent time-stepping features within every splitting time step to separately
advance each subproblem originating from the PDE. Consequently, no time step restriction needs
to be observed in the deferred correction splitting technique to guarantee the numerical stability of
the numerical integration. The traditionally low algorithmic complexity and efficiency of a splitting
approach are therefore preserved, while high order approximations in time are achieved by including
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extra function evaluations at the collocation nodes and by performing matrix—vector multiplications
according to the quadrature formulas.

A mathematical analysis of the method was also conducted in a general finite dimensional space
with standard assumptions on the PDEs and the splitting approximations. In this context it was
proved that the local error of the iterative method behaves like A¢gminlp+l.a+2p+k+1] o — 1 9
where p, ¢, and p stand for the global and stage orders of the quadrature formulas and the global
order of the splitting approximation, respectively. A maximum time step was also formally identified
beyond which the iterative scheme yields no additional correction. Based on these theoretical results,
a time-stepping strategy was derived to monitor the approximation errors related to the time
integration. Both the definition of the maximum time step as well as the time—stepping procedure
remain valid regardless of the integration scheme used to approximate the solution at the collocation
nodes. Numerical results confirmed the theoretical findings in terms of time integration errors and
the orders attained. In particular, given a stiff PDE discretized on a given grid, the time-stepping
technique yields numerical time integrations within a user—defined accuracy tolerance. This error
control remains effective for the overall accuracy of the numerical approximations for a sufficiently
fine space resolution and/or when high order space discretization schemes are considered.

Finally, a hybrid approach wherein low order spatial discretizations are used to advance the
correction equation while fully coupled high order spatial discretizations are used to evaluate the
quadrature formula was introduced. The numerical tests performed herein demonstrate that this
approach converged, for the particular problem considered, to the same solution obtained using the
high order spatial discretization throughout. The advantage to the hybrid approach is that the
correction equation is solved using less computationally expensive spatial operators, although the
theoretical results concerning adaptive time—stepping no longer apply.

A Relation with the parareal algorithm

Considering problem (3) over the time domain [tg,t,], it can be decomposed into n subdomains
[ti—1,ti[, ¢ = 1,...,n, and At; := t; — t;_1. The parareal algorithm [35] is based on two propa-
gation operators: Glug and Flug, that provide, respectively, a coarse and a more accurate (fine)
approximation to the solution of problem (3). The algorithm starts with an initial approximation
(ﬁ?)izl,wm given by the sequential computation:

a) =gy, i=1,...,n (50)
It then performs the correction iterations:
ath = gt gAtalt —ghtaEl L i=1,...,n (51)

The coarse approximations, which are computed sequentially, are thus iteratively corrected in order
to get a more accurate solution based on the fine solver, performed in parallel.

The coarse propagator can be thus defined as a low order operator splitting technique as con-
sidered in [16]. Moreover, if the n time intervals are defined according to the collocation nodes of
an IRK quadrature formula, then the fine propagator could be defined following (13). The iterative
DC-S scheme (15)—(16) can be thus formally seen as a particular implementation of the parareal
algorithm (50)—(51). The parareal algorithm can be actually recast as a deferred correction scheme
[27]. The combination of time parallelism and deferred correction techniques was recently investi-
gated in [38, 23]. However, in the DC-S scheme the deferred corrections are performed over a single
time step instead of the entire time domain of interest. The latter involves a departure from the
time parallel capabilities of the parareal algorithm, as it was originally conceived. Furthermore, the
quadrature formula in the DC-S scheme that considers the approximations (ﬂf)i:17,,,,s to compute
ﬁf at each node cannot be viewed as the standard fine propagator in the parareal framework which
would rather perform a numerical time integration from ﬂf_l. The latter is especially relevant when
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one studies the method since a common approach in the analysis of the parareal algorithm considers
the fine propagator as the semiflow corresponding to the exact solution (see, e.g., [35, 3, 27, 206]).

B Relation with SDC methods

The iterative SDC method introduced in [20] to approximate the solution of problem (3) can be
written in general as [37]

gt =gt 4 /t [F(a’f“(T)) - F(a‘“(T))} dr+ 8% (@Y, i=1,....n, (52)

ti—1
St / Flu (53)
1

ti—

where At = t,, — tg, and

is a spectral integration operator defined by means of a quadrature formula that evaluates F'(u(t))
at the n or n + 1 (if time ¢y is included) collocation nodes. Depending on the stiffness of problem
(1) (or (3)) either an explicit or implicit Euler approximation to the remaining integrals in (52) is
considered, that is,

@t =@l A [Pl () - F@ ()] + st @),

or
k

a1 g 4 A [ (@ (7)) — F(’Tle(T))} + Sfffl(f] )

or a combination of both depending on the nature of each F;(u) into F(u) = F1(u)+Fa(u)+. .. [37].
The 0-th iteration is computed by a low order time integration scheme. These approximations are

~ .y
thus iteratively corrected to obtain a high order quadrature rule solution: @" ™ ~ @t} +S5i» (U")

following (52).
Introducing the following approximation into (52),

w,;_ 1+/ F@"(r))dr ~ 8leimein)Atgh
ti—1

with At; = ¢1 At and At; = (¢;—c¢;—1)At, i = 2,...,n = s, one can notice that (16) and (52) become
equivalent, as long as the spectral operator Sfb_ L (U) with its corresponding quadrature nodes are
defined based on an IRK scheme relying on a collocation method, that is, Sttf,l (U) = Iff,l (U). The
spectral operator (53) was built in [20] based on the Lagrange interpolant that evaluates F'(u(t))
at the Gauss—Legendre nodes, which is equivalent to considering a Gauss quadrature formula for
IRK schemes. The latter was later enhanced in [37] by employing Lobatto quadrature formulas. In
this case the spectral operator is equivalent to that based on the LobattoIIIA-TRK scheme. These
analogies between spectral operators in SDC schemes and quadrature formulas for IRK methods
were investigated, for instance, in [30]. The DC-S scheme (16) can be thus recast as a variation of
the SDC method in which numerical time integrations are performed within each time subinterval
instead of approximating integrals into (52). The latter, however, involves important changes to
the iterative procedure in (52) together with its practical implementation.
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