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Abstract

We study the Euclidean property for totally indefinite quaternion fields. In
particular, we establish the complete list of norm-Euclidean such fields over imag-
inary quadratic number fields. This enables us to exhibit an example which gives
a negative answer to a question asked by Eichler. The proofs are both theoretical
and algorithmic.

1 Introduction

Quaternion fields are special cases of central division algebras. Let us recall that such
an algebra F' is a 4-dimensional algebra over a number field K with basis (1,1, j, k)

such that i2 = a, j2 = b and k = ij = —ji, where a, b are non-zero elements of K. This
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b

b
algebra is denoted by <%) Let w = x+yi+2zj+tk € ( 7

),wherem,y,z,t e K. We
b
denote by w the image of w by the canonical involution of (a,?) , which is defined by

b
W= —yi — zj — tk, and by nrdg/x(w) = ww its reduced norm. The algebra (a,?)

is a division algebra if and only if the quadratic form nrdp/x(z + yi + zj + tk) =

22 — ay? — bz% + abt? represents zero on K only trivially. In this case, we say that

b
(%) is a quaternion field. Throughout this paper, F' will be a quaternion field over

a number field K. We will denote by Zy the ring of integers of K, by Zj- its unit group
and by Ng/q the norm form. We will also use N /g for the norm of an ideal (if / is a
nonzero ideal of Zg, Nko(I) = |Zk/I|) and nrdp,x for the reduced norm of an ideal
(if J is an ideal of F', nrdp/k(J) is the ideal of K generated by the nrdp g (x), x € J).

Definition 1.1. Let A be an order of F. We say that A is right-Euclidean if and
only if there exist a well-ordered set W and a map ® : A — W such that for every

(a,b) € A x A\ {0} there exists some g € A satisfying
(1) d(a —bg) < P(b).
We will also say that ® is a right-Fuclidean stathm for A.

Let us denote by N : F' — Q>( the absolute value of the reduced norm map
nrdp/g : F' — Q defined by nrdp/g = Ng/g o nrdp/x. The map N is multiplicative
and for any order A of F, it satisfies N(A) C Zsq. So N, with W = Z, is a natural
and practical candidate for checking whether A is right-Euclidean, which leads to the

following, more precise definition.

Definition 1.2. An order A of F'is right-norm-Euclidean if for any (a,b) € A x A\ {0},
there exists some ¢ € A such that

(2) N(a—bq) < N(b).

We can define similarly left-Euclidean orders and left-norm-FEuclidean orders by
replacing bg by ¢b in (1) and (2). In fact, these two notions are equivalent, which allows
to speak of Euclidean and norm-Euclidean orders (see [3]). Moreover, if F' admits a
Euclidean (repectively norm-Euclidean) order A, then A is maximal and every maximal
order of F'is also Euclidean (respectively norm-Euclidean), which enables us to speak of
Euclidean (respectively norm-Euclidean) quaternion fields: quaternion fields admiting
a Euclidean (respectively norm-Euclidean) maximal order. All these considerations are
developed in [3] and will be recalled in Section 2.

Our main results are the following theorems which deal with totally indefinite
quaternion fields, i.e. quaternion fields in which no infinite place is ramified.
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Theorem 3.4. Let F' be a totally indefinite quaternion field over a number field K.
Then the following statements hold.

(i) If K is Euclidean, then F is Fuclidean;
(ii) If K is norm-Euclidean, then F' is norm-Euclidean;

(iii) If the class number of K is equal to 1, then for any maximal order A of F, we
have M(A) < M(K).

We refer the reader to Section 2 for the definitions of the Euclidean minima M (A)
and M (K). This result will enable us to find an example of Euclidean quaternion field
which is not norm-Euclidean (see Proposition 3.8).

Eichler |6, Section IV] had already studied a variation of the norm-Euclidean prop-
erty for quaternion fields satisfying the so-called Eichler condition® (which is satisfied
by any totally indefinite quaternion field). He proved a statement similar to (ii), but

his proof (as others in the literature) seems to be incomplete. See Section 3 for details.

Theorem 4.1. Let K = Q(v/—d) (where d is a squarefree positive integer) be an
imaginary quadratic number field. Let F be a quaternion field over K. Then F' is

—2,-5
norm-Euclidean if and only if d € {1, 2,3, 7, 11} or F = (’—)
Q(v-19)

Eichler asked a question that can be reformulated in our context as follows. Let F
be a totally indefinite? quaternion field over a number field K. Let us suppose that
F' is norm-Euclidean. Does this imply that K is norm-Euclidean? The last quaternion
field of Theorem 4.1 provides a negative answer to this question. It is norm-Euclidean
while the field Q(v/—19) is not norm-Euclidean, and even not Euclidean.

The organization of the paper is as follows. In Section 2, we give basic definitions and
recall some properties of totally indefinite quaternion fields and Euclidean quaternion
fields. Then Sections 3 and 4 are respectively devoted to proving Theorem 3.4 and
Theorem 4.1.

2 First definitions

2.1 Orders, ideals

We first recall some definitions and basic properties. The reader may refer to [5], [10]
and [11] for more details. Let v be a place of K and K, be the completion of K at v.

LA quaternion field F over a number field K satisfies the Eichler condition if there exists at least
one infinite place of K which is not ramified in F.

2 Actually, he only asked for F to satisfy the Eichler condition, which is looser in general. When
K is an imaginary quadratic field, F' is totally indefinite and as a consequence, it satisfies the Eichler
condition.
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We say that v is ramified in F if F,, = F ® K, is a skew field. An infinite place of K
which is ramified in F' is necessarily real. The set of places (finite and infinite) which
are ramified in F' is nonempty (since F is a field), of even cardinality and uniquely
characterizes F' up to K-algebra isomorphism. If no infinite place is ramified, we say
that F' is totally indefinite. As a consequence, if K is totally complex, any quaternion
field over K is totally indefinite. In this case, the number of finite places of K which
ramify in F' is a positive even number.

An ideal I of a quaternion field F' is a full Zg-lattice in F', i.e. such that K1 = F.
An order of F is an ideal which is also a subring of F. Equivalently, an order A
of F' is a subring of F' containing Zy such that KA = F and whose elements are
integral over Zg. An order is mazimal if it is not properly contained in another order.
An ideal I defines two orders, its right order and its left order respectively given by:
O,(I)={zeF; I CI}and O)(I) ={x € F; I C I}.

Two ideals I, J are left-equivalent if there exists some x € F'\ {0} such that [ = xJ.
The classes of ideals with right order A are called the right classes of A. We define in
the same way the left classes of A. If A is a maximal order of F', the number of right
classes of A is finite and equal to the number of left classes of A. Moreover this number
is independent of the choice of A. It is called the class number of F' and we will denote
it by hp.

Two orders A and A’ of F' are of the same type (or conjugate) if there exists some
z € F'\ {0} such that A’ = z7'Az. This defines an equivalence relation over the set
of maximal orders in F'. The number of classes for this relation in the set of maximal
orders is called the type number of F' and we will denote it by tr. We have tp < hp.

An ideal I is two-sided if O.(I) = O,(I), normal if both O,(I) and O,(I) are
maximal orders, integral if it is normal and if I C O,(I). In the latter case, we also
have I C O,(I). For instance, if A is a maximal order and if b € A\ {0}, then bA is an
integral ideal with right order A and left order its conjugate bAb™!.

Let A be a maximal order. A prime ideal S of A is a proper integral two-sided ideal
with right order A such that for every pair of two-sided ideals S, T', with the same
properties, if ST C P then S or T' C *B. For every prime ideal B of a maximal order
A, there exists a unique prime ideal p of Z such that p C P and we have p = PN Zg.
Conversely, if A is a maximal order, for every prime ideal p of Z, there exists a unique
prime ideal of A such that p C . With this notation, if the prime p is ramified in F',
then pA = 2.

A maximal ideal D1 is a maximal element in the set of proper integral ideals with
right order O,(). In this case, M is also maximal in the set of proper integral ideals
with left order O;(MN).

Remark 2.1. Assume that A is a maximal order and that 91 is a maximal ideal with
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right order A. In contrast to the commutative case, we can find x,y € A such that

—-1,—-1
xy € M but neither x nor y belongs to M. For instance let us take F' = ( ((’2 )

and A =Z+1iZ + j7Z + Hi;—jMZ, respectively the Hamilton quaternion field and the
Hurwitz quaternion ring. Set « = 147+ j and 91 = A, which is a maximal ideal with
right order A. Then x = 1+1i+ k and y = 7 satisfy zy = 3 € 91 and neither € 91 nor
y €N

For every maximal ideal 91 with right maximal order A, there is a unique prime
ideal B of A such that P C M and we have P = {z € A; Az C 9}. Then, with the
previous notation, we have MNZg =P N Zg = p and nrdp/ (M) = p.

A proper product of ideals is a product Nj ---N; where for every 1 < i <[ — 1,
O,(N;) = Oy(N;41). Every proper integral ideal I admits a decomposition into a proper
product of maximal ideals I = 9y - - -9 where O;(I) = O;(0) and O,.(1) = O,.()
(see [10, Theorem 22.18|). Then, as seen in |3, Lemma 2.2|, we have

nrdp/K(I) = HI‘dF/K<m1) s nrdF/K(‘ﬁl).
Lemma 2.2. Let A be a maximal order of F' and let p be a nonzero prime ideal of Zy .

(i) Ifp is ramified in F, there ezists a unique maximal ideal N of F' such that p C N.

Moreover, N is two-sided.
(ii) Let x € A and y € pA, then nrdp/k (v + y) = nrdp/x(z) mod p.

iii) Suppose that a € A\ {0} is such that nrdp/k(a) € p. Then there exists a maximal
/
ideal I with right order A such that a € N and NN Zk = p.

Proof. (i) See [3, Lemma 2.2|.

(ii) There exist a positive integer r, (pj)i<j<r € p", and (Aj)1<j<, € A" such that

Y= Z;lej)\j. We compute nrdp i (2+y) = nrdp k(@) +nrd gk (y) +trd g g (7).
First,

nrdp/i(y) = Z trd gy i (pjAjprAk) + andF/K(pj/\j)

1<j<k<r =1
= Y pipstrdpc(AA) + ) pinrdgyi (X)),
1<j<k<r j=1

That proves that nrdg/x(y) € p. Likewise,

trd gy (27) = D trdpyi(aX;)p; € p.

Jj=1
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(iii) Consider the integral ideal I = aA + pA. Its right order is A. Assuming I C A,
there exists a maximal ideal 9T with right order A containing I. As p is included

in O, we have NN Zx = p. By construction, we also have a € M.

It remains to prove that I C A. Let us assume that I = A. Then there exist
A € A and p € pA such that
1=a\+ p.

But then 1 = nrdp/k(aX + i) = nrdp/k(a)nrdp/r(A) mod p thanks to (ii). As
nrdp/k(a) € p, this proves that 1 € p, which is obviously false. Thus, I C A.
O

Lemma 2.3. Let A be a mazimal order of F. Then, for any a, b € A such that

al+bA = A, there exists ¢ € A such that nrdp/k(a+ be) and nrdp/ K (b) are coprime®.

Such a lemma was stated by Eichler and used without a proof (|6, p. 241| ). Vignéras
gave an unconvincing proof of it ([11, p. 91])%.

Remark 2.4. If hy = 1, we can obtain a similar decomposition, even without the
assumption that aA + bA = A. Indeed, as aA + DA is an ideal with right order A and
hr = 1, there exists a u € A such that aA +bA = pA. Then we can consider ©~'a and
w1~ tb, which satisfy the hypotheses of the lemma. Therefore, there exist o, 3, 7 € A
such that nrdp/ k(o) and nrdpx(3) are coprime and

a=pa+ppbr, b= pp.

Proof of Lemma 2.3. If b is zero or a unit, the lemma is clear, so we may assume from
now on that nrdp/k(b) is neither zero nor a unit. Let P be the set of nonzero prime
ideals of Zg dividing nrd g,k (D).

First, we want to prove that for any p € P, there exists some 7, € A such that

nrdp/g(a+b1,) € p or trdpg(a+bry) & p.

Obviously, if nrdg/x(a) & p or trdp/x(a) ¢ p, we may take, 7, = 0. Let us assume
then that nrdp/k(a) € p and trdg/x(a) € p. Thanks to Lemma 2.2 (iii), there exists a

3Let x,y be two elements of Zg. We say that 2 and y are coprime or that z is coprime to y when
the ideals xZ and yZy are coprime.

4Her proof relied on the following property. Let A be a maximal order and let 9t be a maximal
ideal with right order A. Let x,y € A such that zy € 9. Then x or y € . We have seen in Remark
2.1 that this is incorrect, and even in the totally indefinite case, it is still false. As an example, that we

will study later, take F = (ﬁ) AN=TZx®iZx® T 22457, o =144, and N = aA.

Then z = 1+ 2=2£ and y = 7 satisfy 2y =3 = nrdp/ g (o) € N. On the one hand, since hr = 1 and
nrdp) g (o) = 3, it is easy to see that 91 is maximal. On the other hand, trdF/K(a_l )= % ¢ Zy and
trdF/K(a_ly) = % ¢ Zk, which implies that neither x € 91 nor y € M.
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maximal ideal 91 such that a € 9t and MNZx = p. As aA + bA = A, we have b ¢ N,
therefore 914 bA = A. Consequently, there exist m € 9 and 7, € A such that

1=m+br,.

As aresult, 1 — b7, € 91. But 1 — b1y, = 1 — trdp/x (b7y) +7—_p‘5. If trdp/k (b)) € p C N,
then 1+ 7, - b € M. By multiplying on the right by b € A = O,(MN), as nrdp/x(b) € p
we obtain b € N, which is impossible. Therefore, trdg,x (b7,) ¢ b, and, as required,

trdF/K(a + pr) ¢ p.
Now, we prove that for any p € P, there exists some ¢, € A
nrdp/ g (a + bey) € p.

Fix any p € P. If 7, is such that nrdg/x(a + b7y) ¢ p, then take ¢, = 7. If not, then
we have nrdp/k(a + b7,) € p and trdp/x(a + b7y) € p. Let us take any nonzero prime
ideal q # p of Zk. Then p and q are coprime, so there exist s € p and ¢ € q such that

1l=s+t.
Besides, as (a + br,)A + bA = A, there exist A, u € A such that
1 = (a+bry)\+ bu.
Then set ¢, = 7, + pt. We have

nrdp/i (a + bep) = nrdp) g (a + bry) + nrdpy i (bput)
+ trdp/i ((a + bry)bput) .

(3)

But nrdp g (a + b7y) € p, nrdp i (but) = nrdp/x (b)nrdp) g (ut) € p and

trdpy i ((a+ bry)but) = trdpx ((a + pr)m) t,
= trdp/k (@ + b1y) t
— trdp/x ((a+b7y) - X~ a+b7y) ¢,
= (trdp/k (a + brp) — nrdp/k(a + b7y )trd gy (M) ¢

Therefore, (3) shows that nrdp/k(a + bey) = trdp/k(a + bry) mod p, which proves
that nrdp/k(a + bey) € p, as expected.
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Finally, we prove that there exists some ¢ € A such that for any p € P, nrdp/x(a +
be) ¢ p. If |P| =1, it is clear. If not, let us fix p € P. Then

p+ | | q=17Zk.
qeP
a#p

So there exist r, € p and s, € [[qer q such that
a7#p
Ty +sp = 1.

Put ¢ =) _p» 5q¢q- Then, for any p € P,

qeP
q#p

qeP

As a result, ¢ — ¢, € pA. Therefore, by Lemma 2.2 (ii),
nrdp) i (a + be) = nrdp) i (a + bey) mod p.

Consequently, for any p € P, nrdg/x(a + bc) ¢ p.

2.2 The Euclidean property

We recall the main properties of Euclidean quaternionic orders seen in [3, §2.3].
Proposition 2.5. Let A be an order of F.

(i) A is left-Fuclidean if and only if A is right-Euclidean. Therefore, A will be said to
be Euclidean if it is left or right-Euclidean. However, it does not mean necessarily
that A admits a function which is both a left and right-Euclidean stathm.

(ii) If A is FEuclidean, then A is mazimal.
(iii) If A is Fuclidean, then hp = 1.
(iv) If A is Euclidean, then every maximal order of F is Euclidean.

These properties lead to the following definition: A Fuclidean quaternion field is a
quaternion field admitting a Euclidean order, or equivalently such that every maximal
order is Euclidean.
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2.3 When the stathm is the norm

Let us denote by mg the local Euclidean minimum map of K (for the norm form)
defined by mg(z) = Xian |Nijg(x — X)| for x € K. Let M(K) = supmg(x) be the
€Lk

zeK
Euclidean minimum of K. In the same way, let us introduce the notions of local (and

global) Euclidean minima of an order A of F.

Definition 2.6. For any £ € F, we set

ma(€) = inf N(E =)

and we call it the local Euclidean minimum of A at £. We define the Fuclidean minimum
of A by
M(A) = supma(§).

Ler

Let us notice that this supremum is a well-defined positive real number and that
for every & € F there exists a A € A such that my(§) = N(§ — A) (see [4] and [1]).

Proposition 2.7. The following three statements are equivalent.
(i) A is left-norm-Euclidean;
(ii) A is right-norm-FEuclidean;
(i1i) For all§ € F, my(€) < 1.
Proof. See |3, Proposition 2.13] ]

This allows us to speak of a norm-Fuclidean order without specifying whether it
is left norm-Euclidean or right norm-Euclidean. Obviously, with the above notation,
if M(A) < 1, then A is norm-Euclidean. From Proposition 2.5 (iii), we know that a

norm-Euclidean order is necessarily maximal, and, as in the general case, we also have:

Proposition 2.8. If F' admits a norm-FEuclidean (necessarily mazimal) order A, then
every maximal order A" of F' is norm-Euclidean. Moreover, we have M(N') = M(A).

Proof. See |3, Proposition 2.14| O

Remark 2.9. Note that the latter equality is true as soon as tp = 1. For a counterex-

ample when tr > 1, see [3, Remark 2.15].

Proposition 2.8 allows us to speak of norm-Euclidean quaternion fields without
giving any reference to the maximal order that we consider. A norm-Fuclidean quater-
nion field is a quaternion field admitting a norm-Euclidean order, or equivalently such
that every maximal order is norm-Euclidean. Moreover if tx = 1, in particular if F
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is norm-Euclidean, we can speak without any ambiguity of its Fuclidean minimum:
M(F) = M(A) for any maximal order A of F.

Let us summarize.

e [f we want to prove that F' is norm-Euclidean, it is sufficient to choose a maximal
order A of I and to prove that A is right norm-Euclidean (or left norm-Euclidean).

e If we want to prove that F' is not Euclidean, we have to find a maximal order A

that is not right-Euclidean (or not left-Euclidean).

3 Euclidean totally indefinite quaternion fields

In this section, F'is a totally indefinite quaternion field over K, that is to say no infinite
place of K is ramified. This condition has important consequences on the properties of

the reduced norm map nrdp,k. The following lemma summarizes them.
Lemma 3.1. With the above notation, let A be a maximal order of F. Then,
(i) nrdp/k(F) = K;
(ii) nrdp/kx(A) = Zk;

(ili) For any x € A and any integral two-sided ideal I of A such that nrdp) i (x)Zg

and nrdp k(1) are coprime, we have

HI‘dF/K<CC + I) = HI‘dF/K<J]> +1InN ZK

These properties are usually stated with Fichler condition, such a generality is
needless for us. Statement (iii) is Eichler’s Norm Theorem for the arithmetic progression
(|6, Satz 5]), it implies (ii) which is also due to Eichler. In turn, (ii) implies (i), which
is a special case of Hasse-Schilling-Maafs Norm Theorem.

These properties have consequences on the class number hp of F'.

Lemma 3.2. With the above hypotheses, hr = hx.

Proof. With the more general Eichler condition, hg is equal to the order of the ray
class group of K modulo the infinite ramified places, which coincides with the class
group of K as no infinite place of K is ramified. See [10, Section 35|. O]

Remark 3.3. In particular, if F'is Euclidean, then hp = 1, thus hg = 1.

Now we can link the Euclidean properties of the number field K and of the quater-
nion field F'.
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Theorem 3.4. Let F' be a totally indefinite quaternion field over a number field K.
Then the following statements hold.

(i) If K is Euclidean, then F' is Euclidean;
(ii) If K is norm-Euclidean, then F' is norm-Euclidean;

(iii) Suppose that hx = 1. Then for any maximal order A of F, we have M(A) <
M(K).

Proof. We will start by proving (i) and (ii). Let us assume that K is Euclidean, which
implies hp = hxg = 1. Let ¢ : Zx — W be a Euclidean stathm for some well-ordered
set W. Set A to be a maximal order of F'. We put ® = g onrdp/x : A — W and we
will prove that ® is a right-Euclidean stathm.

Let a, 8 € A. Then, using Lemma 2.3 and Remark 2.4, there exists (u, o/, 8/, 7) € A*
such that 5 = pf', @ = po/+pf'7, and nrdp k(') and nrdp/k (5') are coprime. Since ¢
is a Euclidean stathm, we can divide nrdp;x (p)nrdp/k(a’) by nrdp/x(pu)nrdp/k (8') =
nrdp/k(f) and there exists a ¢ € Zg such that

(4) ¢ (nrdp/k (p)nrd gk (o) — nrd ey (p)nrd gk (8')c) < o(nrdgx(8)).

Now, notice that nrdp/x (o) — nrdp/x(8')c € nrdp/k (o) + nrdp/k (') Zk. We may
then apply Lemma 3.1 (iii) with / = nrdp k(')A and # = /. We obtain nrdp/k (o) +
nrdp g (8')Zkx = nrdp/x (a + nrdp/ k(5 )A) C nrdp/k (o + #'A). This allows us to
write nrdp/ k(') — nrdp g (8')c = nrdp/k (of — ') for a v € A. Consequently,

nrdp) g (p)nrdp g (o) — nrdp g (p)nrdp k(') = nrdp g (p)nrd g (o — 5y),

and (4) can be rewritten as

pnrdr/x(a — B(1 +7))) < p(ardp/k(8)),

which completes the proof of (i).

If we assume K to be norm-Euclidean, then we can take ¢ = |Ng/q| : Zx — Z>o.
We proved above that ® = N is a right-Euclidean stathm for A, that is to say that F
is norm-Euclidean. That proves (ii).

Now, we will prove (iii). Take £ € F. Since hx = 1 we also have hr = 1 by Lemma
3.2, and thanks to Lemma 2.3 and Remark 2.4, £ can be written as £ = 7o + 7 for
some o, f,7 € A such that nrdp/x(a) and nrdp/k(3) are coprime. Then, we can take
a ¢ € Zk such that

(5) ‘NK/Q (nrdF/K(ﬁ_la) - c)‘ = mg (nrdF/K(ﬂ_la)) .
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As before, Lemma 3.1 (iii) proves that

nrdp) i (o) + nrdp g (8)Zx = nrdp) i (a + nrdF/K(ﬁ)A)
C nrdp/k (o + BT+ BA).

We deduce from it that there exists a v € A such that
nrdp) g (o) — nrdp g (B)c = nrdp i (a4 BT — B7) .
Dividing by nrdg,x(3) and using (5), we find
| Nic/g(nrdpyx(§ = 7)) = mx (nrdpyx (8~ ) .

Therefore, we have my(§) < mg (nrdp/x (87 @) < M(K), from which we easily
deduce (iii). O

Now, we can complete the list of Euclidean and norm-Euclidean quaternion fields
over Q.

Corollary 3.5. Let F' be a quaternion field over Q. Then F is Euclidean if and only
if F'is norm-FEuclidean, which happens exactly when F' is indefinite or

rel(F57) () ()}

Proof. The case where F is definite over Q was treated in |3, Section 4|. If F' is indefinite
over Q, then F'is norm-Euclidean thanks to Theorem 3.4 (ii). O

Remark 3.6. The Euclidean and the norm-Euclidean properties are equivalent in this
setting. This is analogous to the cases of imaginary quadratic number fields and totally

definite quaternion fields over quadratic number fields (see [3]).

So far, all examples of Euclidean quaternion fields were in fact norm-Euclidean.
As there exist Euclidean number fields which are not norm-Euclidean, we can use
Theorem 3.4 (i) to find quaternion fields which are Euclidean, but not necessarily
norm-Euclidean. To exhibit examples which are actually not norm-Euclidean, we will

need the following lemma.

Lemma 3.7. Let F' a totally indefinite quaternion field over a number field K with
hig =1. Let p;, 1 <1i < s be some distinct finite places of K ramified in F' and t € Zy
such that tZyx = py---ps (we have hx = 1). Then for any v € Zy coprime to t, there
exists & € F' such that my(§) > mg(v/t).
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Proof. First, by Lemma 3.1 (ii), there exists an a € A such that nrdp/k(a) = v. For
every i, let us denote by B; the unique prime two-sided ideal of A lying above p;. These
ideals satisfy: p;A = P2, P, NZx = p; and P, P; = B, B; for every 4, j (see |10, Section
22|). Moreover nrdp/k(B;) = p;. Since the B; commute, we have B, --- P, C P, for
every 4. This implies Ry - - - P N Zx C P, N Zg = p; for every i so that

PBi--PsNZk Sp1---ps.

Let us notice that nrdg/x(a)Zx = vZk and nrdp/x(P1---Ps) = p1---ps = tZg are
coprime. Applying Lemma 3.1 (iii) to z = a and I =P - - - P, we obtain

nrdp/i(a+ P - Ps) = nrdpyg(a) + Py - Ps N Zg
C nrdp/k(a) +p1---ps.

(6)

Since hp = 1, there exists a b € A such that B, --- B, = bA. Let us put E =b"la € F.
Then, there exists a A € A such that

N(a—0bN)
N(b)
|NK/Q(anF/K(a —bA))|
N(b) '

ma(§) =

As bA € Py -+ - Py, (6) shows that there exists a y € py - - - ps = tZk such that
nrdp i (a — bA) = nrdp g (a) +y.

Hence there exists a z € Zg such that

_ Nrjo(mrdeyr(a) +t2)]

But nrdg) k(b)) € Zk and nrdp g (b)Zg = nrdp/x(P1---Ps) = p1-- - ps = tZx so that
we have nrdp/x(b) = et where ¢ € Zj;. From this we deduce

[Nk jo(nrdryk(a) + t2)]
[Nk jo(et)]
|Nijg(v +t2)|
|Nicso(t)]

- oenG +

> oe(l)

mA(f) =
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Proposition 3.8. Let K be the real quadratic field of discriminant 53. We set x € K
such that 2> —x — 13 = 0. We put t = v + 2 and p = tZg. Let F be any totally
indefinite quaternion field over K in which p is ramified. For instance, we can take

F = (%’7) Then F' 1s Euclidean, but not norm-Fuclidean.

Proof. Take any F satisfying the conditions of the proposition. As F' is totally indef-
inite, hp = hx = 1. Harper proved that K is Euclidean (without assuming GRH, see
[7]). Consequently, by Theorem 3.4 (i), F' is Euclidean.

Furthermore, let us define v = 2x 4+ 7, which is coprime to ¢t. Then, by Lemma
3.7, there exists some £ € F such that my(§) > mg (%) But we chose v and t such
that my (%) = M(K) = 2. Therefore, my(€) > 1, which proves that F' is not norm-
Euclidean. ]

4 Quaternion fields over imaginary quadratic number
fields

The section will be devoted to the proof of the following statement.

Theorem 4.1. Let K = Q(v/—d) (where d is a squarefree positive integer) be an
imaginary quadratic number field. Let F be a quaternion field over K. Then F is

—2,—95
norm-Euclidean if and only if d € {1, 2,3, 7, 11} or F = (’—)
Q(v-19)

In this section, K is an imaginary quadratic number field K = Q(v/—d), where
d > 0 is a squarefree integer, and F is a quaternion field over K. Let us remark that
no infinite place of K ramifies in F', so that I is totally indefinite. Suppose that F' is
norm-Fuclidean. Since F is totally indefinite, by Lemma 3.2, we have hx = hgp = 1.
This implies that d € {1, 2, 3, 7, 11, 19, 43, 67, 163}. In Subsection 3.1 we will prove
that F' is norm-Euclidean for d = 1, 2, 3, 7, 11 and not norm-Euclidean for d > 19.

Then, Subsection 3.2 will be devoted to the remaining case d = 19, and we will prove
—-2,-5
that under this hypothesis the only norm-Euclidean quaternion field is (’—),
Q(v—-19)

thus proving Theorem 4.1.

4.1 First steps, the case d # 19

First, we can deal with the 5 first values of d.
Proposition 4.2. Ifd =1, 2, 3, 7 or 11, then F is norm-Fuclidean.

Proof. 1t is a classical fact that d = 1, 2, 3, 7 and 11 are the only values of d for
which K is norm-Euclidean. Then, thanks to Theorem 3.4 (ii), we conclude that F' is
norm-Euclidean. 0
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Now, in view of proving that F' cannot be norm-Euclidean for d > 19 we have to
establish some preliminary results. In particular, in order to apply Lemma 3.7, we look

for convenient points x € K such that mg(z) > 1.
Lemma 4.3. Suppose that d € {19, 43, 67, 163}. If t € Zk satisfies

Vd
Vd —4

(i) eithert € Z and |t| >

2
i) ort € 7Z and |t| >
() ort ¢ 2 and 1] >

then, there ezists some v € Zg such that mg(v/t) > 1.

Proof. In all cases, we have d = 3 mod 4 and Zx = Z + Zw where w =

B:{xEK; 1§Im(x)§g—1}.

It is easy to see that if © € B then mg(z) > 1. Thus, it is sufficient to find v € Zg
such that v/t € B. Let us write t = t; + tow where ¢y, ts € Z.
Case (i): t € Z (ty = 0). Let us search for such a v with v = kw and k € Z with the

v _k\/a

' t. Since I (-)
same Slgn asS mce 1m t 2t

%jd. Let us
put

, we have

2t d—2)|t
t Vi Vi

But condition (i) implies that the difference between the right-hand side and the left-

hand side of this double inequality is at least 1, so that we can find such a k.

Case (ii): t € Z (ta # 0). Here, let us search for v in Z, whose sign is opposite to the

tovd
sign of t5. Since Im (%) = —%, we have
2[t)? tP(Vd—2
t [t2]V/d |t2]V/d

t
> 1. But since |t_| >

o] it is sufficient to
2

2 J—
As above, such a v exists if W—d4) ﬁ
[ta]Vd 2
—4
have W+> > 1 which is implied by condition (ii). 0

Proposition 4.4. If d € {43, 67, 163}, then F is not norm-Euclidean.
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Proof. In these three cases, K = Q(v/—d) has class number 1. Recall also that, since
F' is totally indefinite, the set § of finite primes of K that ramify in F' is non-empty
and has even cardinality. Let p be such a prime. Since hyx = 1, there exists a t € Zg
with p = tZk. Moreover |t| > 1 because p is prime.

For d = 67 and 163 we have < 1 and necessarily t satisfies

d
- < 27 -
Vd—4 Vid—4
hypotheses of Lemma 4.3. This implies that there exists a v € Zy such that mg(v/t) >

1. But v and t are coprime: if not, tZ being a prime ideal, we would have v/t € Zg
and mg(v/t) = 0, which is absurd. Hence, we can apply Lemma 3.7 with s = 1 and
there exists a £ € F such that ma(§) > mg(v/t) > 1. Consequently, F is not norm-

Euclidean.

2
\/C_i < 3 and

Vd—4 Vd—4

t ¢ Z ort € Z with |t| > 3. It remains to study the case where ¢ = +2. But, as the
cardinality of S is a positive even integer, there exists another finite prime that ramifies
in F,say p' =t'Zg. If t' ¢ Z, we are done. If t' € Z, necessarily |t'| > 3 because p’ # p.
We can apply again Lemma 4.3 with ¢’ and the conclusion follows. O

For d = 43 we have

< 1. The same argument is possible if

Summarizing results of Proposition 4.2 and Proposition 4.4, we obtain

Theorem 4.5. For d # 19, F' is norm-FEuclidean if and only if

de{l,2 3,7 11}

4.2 The case d =19

It remains to study the case d = 19. We are first going to prove that there is only one
quaternion field over Q(v/—19) that might be norm-Euclidean.

Proposition 4.6. If F' is a norm-Euclidean quaternion field over Q(v/—19), then

necessarily F = (i>
!/ Qv-19)/)

< v/32. The same argument as

Proof. For d = 19 we have ﬂ < 13 and
Vd

above shows that if p = tZg is a finite prime of Zx that ramifies in F', then we have
[t|> <31 if t € Z and |t| < 12 otherwise. This leads to the following list of candidates:
the primes py = 2Zg, p3 = 3Zg, ps = Wik, Ps5, p7r = (1 + w)Zg, P7, p11 = (2 + w)Zg,
pit, pir = (3 +w)Zik, P17, P19 = (=1 + 2w)Zk, P19, Pa3 = (1 + 2w)Zg, pa3. Here pyy, is
the prime above m when m is inert, otherwise the two primes above m are p,,, and p,,,
(its conjugate). Now, it is easy to compute some appropriate local Euclidean minima
in K. We obtain
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" 5 . 5 2%
E\ow+1) "\og+1) 23

In all these cases, Lemma 3.7 (with s = 1) can be applied and we obtain that only

p3, p5 and p; can be ramified in F. Moreover we have

e (2N e () 22
E\sw) " \3w/) 45

Again Lemma 3.7 (with s = 2) shows that neither p3 and ps5, nor ps3 and ps can be
ramified simultaneously. Since the number of finite ramified primes is a positive even
integer, we have a unique possibility: ps; and p5 are the only primes of K that ramify
in F'. This leads (up to isomorphism) to

*=(avm)

O
142 23 _
Remark 4.7. We have my +_w =35 and the primes p5 and p; are ramified.
ww
Therefore, Lemma 3.7 gives us the following bound:
23
7 M(A) > —.
© ()22
—2,—5

Now let us focus on F' = ( ) As a maximal order of F', we can take®

Q(v—-19)

14+i+j 2 itk
7
9 K

A:ZK@iZK@ ZK~

We are going to prove that F' is norm-Euclidean. Our approach will be algorithmic,
following some ideas used in [2|, [8] and [3] for the computation of the Euclidean

minimum. Let us work in a more general context. Let d > 1 be a squarefree integer

and F = (%) be a totally indefinite quaternion field over K = Q(v/—d), where a, b

5We do not prove this because it is easy to check that A is an order whose discriminant is equal to
—52. Tt can also be checked using Magma (|9]).
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are supposed to belong to Q, for simplicity. Let A be a maximal order of F. Suppose

that we have a description of A:
4
A= l@l(az,l + aoi + ar3j + ajuk) g,

where, for simplicity, we suppose that a;,, € Q for 1 < [, m < 4. Then F' can be

written

4
F = lejl(au + a2t + ay3j + apak) K
=A+ A,

where A
A= l@l(am + a2t + ay 35 + aiak)D,

and where D is a fundamental domain of K. Take for instance D = {z +y0; x,y € J},
where J = [0, 1) N Q and

o_ %?d if d =3 mod 4,
B v/—d  otherwise.

Now, since my is A-periodic, to prove that F' is norm-Euclidean, it is sufficient to
establish that for every £ € A there exists a A € A such that N(§ — \) < 1. The sets
A and A can be rewritten as

4 4 4 4
A= {Z a2 +izaz,221 +jzal,3zl + kZCLzAZz; x, Y € Z} 7
=1 =1

=1 =1 = =

4 4 4 4
A= {Z a1z +1 Zal,QZl +jzaz,3zz + kzamzz; T, Y € J} ,
=1 =1

=1 =1

where 2 = x; + y,0. Clearly, A and A are respectively isomorphic to Z® and J®, and
we embed both sets in R® in the following way. To £ = o + 8i + vj + 0k € F, where
a, 3,7,0 € K we associate the column vector

(Re(a), Im(a), Re(8), Im(8), Re(7), Im(7), Re(8), Im(9)) "
In other words, we consider the matrix M € Mgys(R) defined by

1,1 G11N Q21 G217 Az Az11 Qg1 G417
0 apaip 0 agapp 0 agap 0 agip
Q12 Q127 Q22 Q221] Az2 G327 Q442 G427)
0 aop 0 agep 0 azgop 0 agop
i3 Q137 a3 G237 ag3z az37 a43 G437
0 ajgp 0 ag3zp 0 azzgp 0 ag3p
A1.4 Q147 Q24 Q247 A34 Q347 Q44 G447)
0 ayap 0 agap 0 azap 0 agap
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where 7 = Re(f) and p = Im(6), and we see A and A respectively as M -Z8 and M - J®.
Now, we consider a cutting-covering of A = M -[0, 1]® using parallelotopes whose faces

are orthogonal to the canonical axes of R®. These parallelotopes P are of the form
P = {(wi)i<i<s € R% |u; — C < by},

where C' = (¢;)1<i<s is the center of the parallelotope and 0 < h; for every i. In order
to prove that F' is norm-Euclidean, it is sufficient to prove that for every P of our
cutting-covering of A there exists a A € A such that

(8) for every u € P, N(u — \) < L.

In this case, we will say that P is absorbed by A. But thanks to our identification N

can be rewritten

2
N(t) :‘m+m0%ﬂmyugﬁ—m%+%D%HMh+@D2

= f()* +4g(t),
where [ is a complex square root of —1 and

Ft) = 2 — 12— at2 + at? — bi2 + b2 + abt — abt?,
g(t) = tits — atsts — btste + abirts.

Therefore, to ensure that (8) is satisfied, it is enough to establish that
9) A(P, \)+4B(P, \) < 1,

where

A(P, \) = sup f(t)> and B(P,\) = sup g(t)>
teP—A teP—A

Let us remark that, if y; = C; — \;, for every t € P — A, we have t; € [y; — hi, y; + hy,

from which we deduce

0 < 2 < y2+2lylhi+h? if Jy| < by
y2 = 2yilhi +h2 < 2 < g2+ 2ylhi +h2 iy > hy

and
vy — yilhy — |y;|hi — hihy < tit; < wyiy; + |vilh; + |yjlhi + hihy.

If we take into account the signs of a and b, these inequalities give us explicit bounds
for f(t) and g(t) when t € P — A\, say a < f(t) <  and v < g(t) < 9, from which we
deduce that (9) will be satisfied if

(10) max{a?, 4} + 4max{+? 6%} < 1.
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Now, it is sufficient to prove that every P of our cutting-covering satisfies (10) for some
A belonging to a finite set S of precomputed elements of A. Of course, things are not so
simple: in general, if we begin with a reasonable cutting-covering, some parallelotopes
are not absorbed. In this case, we cut them into 2% smaller parallelotopes and we
continue. The algorithm is roughly as follows.

1. Define a set S of elements of A.

2. Define a covering of A by parallelotopes as described above. Denote by T the set
of these parallelotopes.

3. For any P € T, search for a A in S that absorbs P, replacing 1 by a constant
k < 11in (10) to control rounding errors. If such a A exists, remove P from 7.

4. If T = (), we are done and the algorithm stops.

5. If not, cut every P € T into 2% smaller parallelotopes and replace T with the set
of these smaller parallelotopes. Then go to step (3).

In the case of F we have K = Q(v/—19), § = =12 and as a maximal order for F we
take A = Zyx ® iZx B H;“ZK o 2_fl+kZK so that our matrix M is

L 5 00 5 1 5 3
0¥ 0 0 0¥ o B
e
0 0 0 ¥® o YE o VI
Mzoooogioo
00 0 0 0¥2 o0 o0
o0 0 0 0 0 L 1
00 0 0 0 0 0 ¥©

The algorithm ran with the following parameters: the set S was defined by
S={M-X; X; € ZN[-2,3| for every i},
we used a covering of A by parallelotopes satisfying, with the above notation,

max{z;; v € A} — min{z;; z € A}
120

hi =

for every 7, and the constant k was equal to 0.921. After 3 loops, all parallelotopes were
absorbed at one step or another and we obtained:
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Proposition 4.8. The quaternion field F' is norm-FEuclidean.

Combining Theorem 4.5, Proposition 4.6 and Proposition 4.8 completes the proof
of Theorem 4.1.

Remark 4.9. If we take k£ = 0.92, the algorithm does not succeed. There are many
problematic parallelotopes and after several loops, their number increases dramatically.

Since we know that M (A) > % it is reasonable to conjecture that we have an equality.

Remark 4.10. This gives a negative answer to the question asked by Eichler. Here

K = Q(+/—19) is not norm-Euclidean and even not Euclidean for any stathm, but F' =

92 _
) =5 is norm-Euclidean. Let us note that Eichler’s definition of the Euclidean

property for K was slightly different than the standard one that we use. Anyway, in

our context, both definitions are equivalent.
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