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MATHEMATICAL ANALYSIS OF CONDUCTING AND
SUPERCONDUCTING TRANSMISSION LINES*

ANNE-SOPHIE BONNET-BEN DHIAT AND KARIM RAMDANIT

Abstract. This paper is concerned with a mathematical study of guided propagation in the
microstrip transmission lines used in microelectronics.

In the first part, the case of a zero-thickness perfectly conducting strip is considered. Using a
regularized formulation of Maxwell’s equations, it is shown that finding guided modes amounts to
the spectral analysis of a noncompact family of self-adjoint operators. The existence of guided modes
is then proved thanks to the min-max principle.

In the second part, we deal with the case of a zero-thickness superconducting strip. An asymptotic
model derived from London’s equation is studied and the existence of guided modes is deduced from
the case of the perfectly conducting strip.

Key words. superconducting transmission lines, waveguides, spectral analysis, Maxwell’s
equations
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1. Introduction. The wide use of planar transmission lines in microwave in-
tegrated circuits has induced the development of various methods to compute their
propagation characteristics (cf. [6]). The most common structure is the so-called mi-
crostrip line which consists of a thin conducting strip placed on a dielectric substrate
located on a conducting ground plane. Electromagnetically guided modes are con-
fined between the ground plane and the strip. Recently, new lines have been realized
using superconducting materials instead of conducting ones and providing very low
thermic losses.

We are interested here in the theoretical study of guided modes in conducting and
superconducting microstrip lines. Throughout the paper, thermic losses are neglected
and the conducting strip is considered to be of zero thickness. Moreover, since the
modes we are interested in are confined near the strip, the metallic box surrounding
the line is omitted. Therefore, the cross section of the line in an unbounded domain.
Consequently, as generally in the open waveguides theory (cf. [1, 2, 3, 5, 9]), the
determination of the guided modes amounts to solving a noncompact self-adjoint
eigenvalue problem.

The first part of the paper is devoted to the case where the strip is supposed to
be perfectly conducting. Using a regularized variational formulation for Maxwell’s
equations, it is proved that the guided modes are related to the eigenvalues of a self-
adjoint operator. Since the waveguide is open, this operator has a nonempty essential
spectrum. Its determination, which is not so obvious, constitutes the main topic of
this part. Then existence results for guided waves are established thanks to the min-
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max principle. In particular, the existence of the fundamental mode at low frequency
is established.

In the second part, the case of a superconducting strip is considered. Since the
strip is very thin in practice, its superconducting properties can be modeled thanks
to an asymptotic model based on London’s equation. This leads us to an impedance
boundary condition on the strip. Using the results obtained in the first part, existence
results for the guided modes are derived. We conclude the paper by proving that the
case of the perfectly conducting strip is the limit, as the impedance parameter goes
to infinity, of the case of the superconducting strip.

2. The perfectly conducting microstrip line.

2.1. Description of the microstrip line. Let (O, x1,x2,x3) be an orthonor-
mal system of coordinates. The structure we consider is invariant in the xs-direction.
It is located in the half-space x5 > 0 and limited in 2 = 0 by a perfectly conducting
ground plane. Let

Qoo = {(21,22) ;22 > 0}

be the cross section of the line. Throughout this paper, we will assume that the
strip is of zero thickness, and its cross section I'g will be considered as a crack. The
propagation domain is

Q=0 .\ TIg.

Its boundary is 02 =I" g U ', where I'¢ denotes the cross section of the ground
plane.

The thickness of the dielectric substrate is noted h and the width of the strip w
(cf. Figure 1). Furthermore, we suppose that

I's = {(l‘l,h), ‘l‘1| < w/2}

The cross section of the dielectric substrate is then Qp = Rx]0, k[, and the air’s
cross section is 24 = Qo \ Qp = Rx]h, +o0].

In practice, the line is surrounded by a metallic box. Physicists distinguish two
kinds of propagating modes in this line: the so-called box modes and the guided
modes. The first modes are not well confined near the strip and can interact with the
metallic box surrounding the line. On the contrary, the second modes (which are the
interesting ones for applications) are perfectly confined and do not “see” the metallic
box. The method we propose here to distinguish the guided modes from the others
in the mathematical analysis is to consider that the waveguide is an open one and
thus to neglect the box. As a consequence, the section of the propagation domain
) is supposed to be unbounded. The box modes are no longer guided: they become
radiating modes and form the continuous spectrum that will be studied in section 2.4.

2.2. Equations of the guided modes. Guided modes are particular solutions
(E,H) of Maxwell’s equations such that

E (331, T2, T3, t) =F (331, :L‘Q) ei(‘*’t*ﬂm3)’
(1) H(l’1,$2,$3,t> :H(xl,fEQ) ei(u)tiﬂw?’)7
E7HEL2(Q)7 W,,BER

Such solutions describe electromagnetic waves propagating in the z3-direction, with-
out attenuation or deformation. w is the pulsation, 8 is the propagation constant,
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S xz

h Dielectric substrate b

Ground plane

Fic. 1. Cross section of the microstrip transmission line.

and w/f the phase velocity. The fact that E and H are square integrable means that
the transverse energy is finite: this condition is responsible for the confinement of the
mode near the strip.

Let Curlg and Divg denote the operators obtained from the classical Curl and
Div operators after replacing the derivation, with respect to x3, with multiplication
by (—iB).

Then, from (1) and Maxwell’s equations, we deduce the following two-dimensional
problem for {E, H}:

Curlg E = —iwpoH (),
Curlg H = iweeoE (),
2) Divs(=E) = 0 ().
DiVﬁ H=0 (Q)

Exn=0 (09),

where
e ¢ and pg are the values of the dielectric permittivity and the magnetic per-
meability in the vacuum and ¢ is the relative dielectric permittivity defined
by

e — 1 in QA,
o ED in QD,

where ep is a positive constant such that ep > 1.
e 7 is the unit normal to (I's UTg) x R.
Classically, we deduce from (2) the following problem for the electric field:

Curlg(Curlg E) = w?cE  (Q),
3) Divy(cE) = 0 o)
Exn=0 (09)),

where we have supposed, without loss of generality, that ¢2 = 1/ (sop0) = 1.

2.3. A variational formulation. There are two ways to further expand these
ideas. The first consists of introducing a space of fields E such that Divg(eE) = 0 (see,
for example, [12]). The numerical counterpart of this choice is the use of edge finite
elements. We present here an alternative approach which allows the use of nodal
elements (see [8, 4]). In this approach, the divergence-free condition is no longer
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imposed in the variational space, but is taken into account through a penalization
term in the variational formulation. Such a formulation is called regularized.
Let us set

) V ={E € L*(Q)?* Curlg E € L*(Q)? Divg(eE) € L*(Q),
E xn=0on 900}

In fact, V' does not depend on S and can be defined equivalently by
V= {E € LQ(Q)B;Eg S HI(Q)7E2’1 — ELQ S LQ(Q),
eE1, + (eFz) 5 € L2(9),E xn =0 on aQ} .

It is a Hilbert space for the following norm (with the usual notation for the norms in
Sobolev spaces):

2

|§,Q + HEEM + (EEQ),QH )

2
15l = \ NI+ 1Bl + 11— B -

and the embedding of V in L? (02)3 is compact (cf. [16] for the case of homogeneous

loc
boundary conditions and [8] for nonhomogeneous ones).

For every (3 € R, consider the following variational eigenvalue problem:

Find w € R such that there exists £ € V, E # 0 satisfying

() . _ _
/{Curlg E.Curlg F + Divg(cE)Divg(eF)} = wQ/ eE.F VFeV.
Q Q

Following [4], we can prove the following.

LEMMA 2.1. Ewvery solution of (3) satisfies (5). Conversely, if w?> < (32, every
solution of (5) satisfies (3).

Proof. The fact that every solution of (3) satisfies (5) is a direct consequence of
Green’s formula. To show the converse result, we first prove that for w? < 32, every
solution E € V of (5) satisfies

= Divg(eE) =0 ().
Indeed, taking as test functions in (5)
F = Gradg v,
where ¢ € H}(Q) is such that Divg(e Gradg ) € L?(2), problem (5) reads

(6) / ¢Divg(e Gradg y) = w2/ eE.Gradg ¢ = —wQ/ 0.
Q Q Q
If we define the self-adjoint operator T of L?(£2) by
D(T) = {1/} € H}(Q); Divg(e Gradgy) € L2(Q)} ,
Ty = — Divg(e Gradg ¢) —w?yp Vo € D(T),

then (6) shows that » € R(T)%, where R(T) denotes the range of T. Thus, ¢ €
Ker(T'), and

(o) =0= [ (0ol +1026l%) + (5% =) Il
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Since € > 1, we have $%¢ — w? > 0, and thus ¢ = Divg(eE) = 0 in . Now, (5) can
be written

(7) / Curlg E.Curlg F' :w2/ eEF  VYFeV.

Q Q
Taking as particular test functions in (7) indefinitely differentiable fields F' with sup-
ports in Qp or in 24, one can check that

Curlg Curlg E = w?eE  in Qp,

(8)
Curlg Curlg E = w?¢E  in Qa.

The lemma will be proved if we show that Curlg Curls E belongs to L*(©2)%. One
can easily check that this is equivalent to proving that the tangential component of
Curlg E is continuous through the interface ¥\ I'g between the dielectric and the air
(3 denotes here the interface {x2 = h}). So let us prove that

(9) / [(Curlg E x n) xn].(F xn)=0 VF € CSO(Q)S,
S\Is

where the integral has to be understood as a duality.

The first point to notice here is that this relation is satisfied for F' € V. Indeed,
multiplying the two equations of (8) by ' € V, one derives, thanks to Green’s formula,
the relation

Curlg E.Cuﬂg F — /

[(Curlg E x n) x n].(F x n) = w2/ eE.F.
S\'g

Q Q

Comparing this last equation to (7), we obtain
(10) / (Curly B xn) xn){(Fxn)=0  VFeV.
Z\Fs

The difficulty comes now from the fact that C5°(Q)® ¢ V, since F'-n is not continuous
through the interface ¥\ I'g for F' € V. Nevertheless, (9) can be deduced from (10),
since one can easily show that

VF €C°(Q)3, 3G = (Gp,Ga) € V such that : Gxn=F xnonX\Tg.

(Take, for example, G4 = F in Q4, and Gp in Qp such that Gp x n = F x n and
EDGD -nzaAF~non E\FS.)
Thus, (9) holds and, consequently,

Curlg Curlg E € L*(Q). |

Remark 2.2. (i) Notice that condition w? < 2 simply means that the mode’s
propagation speed is lower than the propagation speed in the vacuum. We will see
later that this condition will always be satisfied if we look for eigenvalues that are not
embedded in the essential spectrum.

(ii) More generally, we could have studied the regularized problem obtained by
adding to the bilinear form, [, Curlg E - Curlg F, the penalization term

s/ Divs E - Divg F,
Q
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where s > 1. The equivalence between the original problem and the regularized
formulation still holds in this case, provided that the eigenvalue w? satisfies w? < s32.
In this paper, L?(Q)? is equipped with the scalar product

(11) (E,F). :/5E.F,
Q

the associated norm being denoted

1/2
Em:(/dmﬁ .
Q

Let A(8) be the unbounded operator of L%(2) with domain D(A(f)) associated with
the bilinear form a(g;-,-) defined on V x V by

a(B,E,F) = /{Curlﬁ E.Curlg F' + Divg(eE)Divg(eF)}.
Q

Then, problem (5) reads
For § € R, find w € R such that there exists E € D(A(f)), E # 0, satisfying

A(B)E = W?E.

Lemma 2.1 shows that every eigenvalue w? of A(3) such that w? < 32 corresponds to
a guided mode of the microstrip line. In other words, finding the guided modes of the
microstrip line amounts to the spectral analysis of the operator A(f3).

Before we achieve this spectral analysis, let us first give an explicit definition of
the operator A(3) and of its domain D(A(8)). Recall that we have the following
equivalence:

E € D(A(B)) E €V and 3G € L*(Q)3 such that
(12) and &
AB)E =G a(B;E,F)=(G,F) VFeV.

PROPOSITION 2.3. The operator A(B) is the operator of domain

D(A(B)) = {FE € L*(Q)3, Curlg E € L*(Q)3, Curlz Curlg E € L*(Q)?,
Divg(cE) € H}(Q) and E x njgq = 0}

and such that for E € D(A(B))

1
A(B)E = E{Curlg Curlg E — e Gradg Divg(¢E)}.

Proof. Set
D = {EelL?*)? CulgE € L*(Q)3, CurlgCurls E € L?(Q)3,
Divg(cE) € H}(Q) et E X njpg =0},

and let us prove that D = D(A(S)).
(i) For E € D, Green’s formula shows that

a(B; E,F) = / (Curlg Curlg E — € Gradg Divg(eE)) - Fdz  VF € V.
Q
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Consequently, D C D(A(B)) and, for F € D,
1
A(B)E = E{Curlg Curlg E — e Gradg Divg(¢E)}.
(ii) To prove the inverse inclusion, let E € D(A(B)) and set G = A(B)E € L*(Q)3.
Since D(A(B)) C D(a(f;-,-)) =V, we have
Curlg E € L*(Q)*, Divg(eE) € L*(Q), and E x njpq = 0.
Moreover, thanks to Green’s formula, the definition of D(A(3)) (see (12)) shows that

(13) G=Ap)E = é{Curlg Curlg E — e Gradg Divg(eE)} € L*(Q)3.

Consequently, proving the inclusion D(A(5)) C D amounts to showing that each of
the two terms Curlg Curlg E and Gradg Divg(eE) belongs to L*(Q)? if E € D(A(B)).
To achieve this, the key point is to prove that the divergence ¢ := Divg(eE) € L?(Q2)
belongs, in fact, to the space H} (). Notice that if we prove this result, the assertion
Curlg Curlg E € L?(Q2)? then follows immediately from (13).

To show that ¢ € HE(f), we use the same kind of arguments as those used
in the proof of the equivalence between the strong formulation and the regularized
variational formulation in Lemma 2.1.

Taking in (5) test functions F' of the form F = Gradg1, where ¢ € HJ () is
such that Divg(e Gradg ¢) € L*(Q)3, we see that ¢ = Divg(eE) satisfies

(14) / ¢ Divg(e Gradg ) = / eG - Gradg 1.
Q Q

Now let ¢ € H(2) be the unique solution of the coercive (for 8 # 0) variational
problem

(15) / e Gradg ¢ - Gradgy = 7/ eG - Gradgy Vi € Hy ().
Q Q

Taking in (15) test functions ¢ € H(Q) such that Divg(e Gradgy) € L3*(Q), we
obtain the following relation for ¢:

/ ¢ Divg(e Gradg¢) = / eG - Gradg 9.
Q Q

Comparing this equation to (14), one can see that

/Q@_@)W:o.

The surjectivity of the operator

T : ) — Divg(e Gradg ),
HN Q) — L2(Q)
then implies that ¢ = ¢ € H}(Q). O

PROPOSITION 2.4. The operator A(() is self-adjoint.

Proof. Since A((3) is symmetric, a sufficient condition for its self-adjointness is
that the operator A(3) + Id be surjective. This follows immediately from the Lax—
Milgram theorem, since the bilinear form a(3; ., .) is clearly coercive on V x V. o

Because the operator A(f) is positive and self-adjoint, its spectrum is included in
R*. To study its possible eigenvalues, we first determine its essential spectrum and
then apply the min-max principle.
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2.4. The essential spectrum. As shown before, an important consequence of
the omission of the metallic cavity is that the spectrum of A(f) is not discrete, but
involves a continuous part—the so-called essential spectrum—which corresponds to
the radiating modes. The main result of this section is that this essential spectrum
is identical to the essential spectrum of the unperturbed medium. Here we mean by
unperturbed medium the medium obtained after removing the strip from the transmis-
sion line. Of course, this result is due to the boundedness of the strip. Nevertheless,
it cannot be deduced from classical results on the spectrum’s stability under compact
perturbation. Indeed, the difference between the two operators involved, A(f3) for the
microstrip line and A () for the unperturbed medium, appears in their principal
parts. Consequently, A(8) — Ax(8) is not a compact perturbation of the operator

A (B)-
In order to define the operator Ay (3), let us set

if 0 < xg < h,
if x9 > h.

crcle) = 0) = { §7
Then Ay (f) is the operator with domain
D (A (B)) = {E € L2 (0)®, Curls E € L2 (Qs)®, Curly Curly E € L2 (Q00)?,
Div (0o E) € HE (o), and E X njgo = o}
such that

1
A (B)E = — {Curlg Curlg E — e, Gradg Divg (eoc E) } .

The operator A, (8) is associated with the bilinear form ao.(5;-, ), of domain

" V. = {E € L2 (Qs)?; Curlg E € L2 (Q00)® , Divs (e E) € L2 (Qo0) ,

16
Exnjrg =0}

and satisfying

(17) oo(B; E, E) :/ |Curlg E2 + |Divg (e E)|?  VE € Vi

oo

We show the main result of this section in the following.
THEOREM 2.5.

O'ess(A(ﬁ)) = Oess (AOO(B)) = [’7TM(6)7 —I—OO[,

where
teo 1 du |? 21 12
— | |— d
A o (xg) dl’g +ﬂ |U,‘ T2

18 =

( ) ’YTM(B) uEHlé]g*),u;éO too 9

|u|*dxo
0

Remark 2.6. The equation w? = yrar(3) is the dispersion relation of the funda-
mental transverse magnetic guided mode of the slab waveguide (cf. [7, 10]). In other
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words, yrar(8) represents the first eigenvalue of the self-adjoint operator Az (3)
defined on L? (RT) by

d d d
D) = {we 1 (8): g (g ) €12 (), o =0},
d 1 d 2
o= (o) o

One can easily check (cf. [10]) that vrar(8) is the first positive solution v of the
dispersion relation

(19) tan(kh) = epn/k,

where we have set kK = /vep — (32 and = /32 —~. Furthermore, a graphical
study of the dispersion equation (19) (cf. [13]) shows that v (5) has the following

properties:
B — yram(B)/3? is a decreasing function on RF,
1

0 <yrm(B)/B*> <1 VB >0,
(20) vrm(B)/6% ~ 1 for B~ 0,

1
Yrar(8)/5% ~ — for B~ 400,

€D

62 7'('2

li - = .
ﬁ—lgioo M (ﬁ) ED 4e ph?

For the proof of Theorem 2.5, we also need to define the quantity corresponding to
the fundamental transverse electric guided mode,

[

+oo
/ ene (3) [uf2des
0

du

d:TJQ

2
+ﬁ2u|2> dxs

TE (ﬁ) ueH} %]E*),u;éo

)

which is the first positive solution «y of the dispersion relation
(21) tan(kh) = —k/n.

It can be shown that for a slab waveguide (cf. [10, 13]), the fundamental transverse
electric mode is faster than the fundamental transverse magnetic one. Indeed,

0 < Vyrm(B)ep — 8% < % <\ reBep — A2 < %

Consequently,

yrm(B) < yre(B).
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To establish Theorem 2.5, we will demonstrate successively the following three
inclusions:

Uess(A(ﬁ)) C Oess (Aoo (6)) ) Oess (Aoo(ﬂ)) C [’YTM(ﬁ)a +OO[7

['YTM(B)? +OO[ C Uess(A(ﬁ))'

To prove the first inclusion, we will build up a singular sequence of A () by trun-
cating a singular sequence of A(f3).

The main difficulty in proving the second inclusion comes from the coupling of
the electric field components in a(8; E, E') through the curl and the divergence terms.
Because the problem is invariant in the x;-direction, we first perform a Fourier trans-
form in this direction. Using a suitable rotation in (O, x1,x3), we can decouple one
component from the two others. The result will then follow from the properties of
the transverse electric and magnetic modes of the slab waveguide.

Finally, to prove the last inclusion, we use the tools introduced to prove the second
inclusion to build up for every A > yrp(8) a singular sequence of A(8) associated
with A. Let us start by proving the first inclusion.

ProrosiTION 2.7.

UGSS(A(ﬂ)) C Oess (Aoo(ﬂ)) .

Proof. Let A € 0.55(A(B)) and E® € D(A(B)) be a singular sequence of A(3)
associated with A:

— 0.
€

H E®)

=1, E® —0 inL*Q)°, HA(,B)E(”) —AE®)

&€

In order to build up a singular sequence of A (8) associated with A, we multiply F (®)
by a regular function 6 that vanishes in the vicinity of the strip I's. So let us set

(22) FP) (21, 29) = 0 (21, 22) EP (21, 22)

where 6 € C* (2 is such that
e there exists two open sets @ and O’ of Q,, with I's € O C @', such that

=0 inO and 6=1inQ,\0O"
e 050 =0 in the vicinity of the interface ¥ = {xs = h}.

The sequence F() defined by (22) will be a singular sequence of A (3) associated
with A if and only if it satisfies the following properties:

(i) 3>0, [FP|., >6sVpeN.
(i) F® — 0 in L? (Qu)°.
(iii) FP) € D (Ax(B)) and ||Ax (B)F® — XFP)||__ — 0.

F®) clearly satisfies (i) and (ii). Indeed, we have

=1.

€

) — g _ (1— Q)E(p) and HE(p)
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Since E®) is bounded in V, the compactness of the embedding V C L? (€)% implies
that

(1—-0)E® — 0 in L?(Q)>.

Consequently, F(”)HLQ(Q r- 1/2 for p large enough, and thus (i) is satisfied.

Property (ii) is a direct consequence of the weak convergence of E®) to 0 in
L2(2)3.
To check property (iii), let us define for every U = (Uy, Uz, Us)” the quantity

1
AU = — {Curlg Curlg U — e Gradg Divg (eocU)} -

The important point here is that A, F(?) belongs to L? (R \ ¥), but does not belong
to L? (Qs) (recall that ¥ = {zp = h}). Indeed, F® does not fulfill some of the
continuity conditions on ¥, ensuring that A F®) e L2 (Qo0). More precisely, since
0260 vanishes in the vicinity of X, we have

[Curlg F®) n] N - [Eép)}

[Divﬁ (sooF@)” .

Consequently, these jumps are not (in general) equal to zero and F(®) ¢ D (Ao (5)).
Nevertheless, F(P) is a relevant choice for a singular sequence of A, (3) associated
with A. Indeed, a straightforward computation shows that

0 T
= (81 7070) )

_ [gooE§p)] 500

AF® _ \Fp®) — ¢ (A(ﬁ)E(p) _ )\E(p)> + G0,
where we have set

G®) = grad§ x Curlg E® + Curlg (grad@ X E(p)) + Gradg (grad G.EOOE(p)) .

Since E®) is a singular sequence of A(j3) associated with A, we have
0 (A(B)E(p) - )\E(p)) — 0in L? (Qx)®.

Furthermore, classical interior regularity results for the Maxwell operator imply that
E® is bounded in H? (R4 \ ¥). Thus, since the support of grad is included in
O’ \ O which is bounded, we have G — 0 in L2 (Q4)", thanks to the compactness
of the embedding of H* (Q4)* into L2

loc

AF® —XF®) 0 in L? (0. \ 2)°.

(Q0)®. Consequently, we have

To obtain a singular sequence of A, (), we need only rectify the nonzero jumps of
F(®) across 3. This will be achieved by adding to F®) a corrective term C®), defined
as the solution of the boundary value problem

1
A CP) 4 E—CU’) =0 in Qe \ %,
oL 2% nr, =0 and Divg (EOOC(p))Wp =0,
{C(”) X n] =0 and {sooC(p).n} =0,
| =
{Curlﬁ Cc® x n} s {Curlﬁ EW® x n} -

[DivB (5000(”))] 5= [DiVﬁ (aooE@))]

=
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The existence and uniqueness of C®) follow immediately from the Lax-Milgram the-
orem. Furthermore, we have

CP) — 0 in H (Qs \ 2)°.

Now, the sequence F(®) 4+ C'() belongs to D (A (0)) and still satisfies properties (i),
(ii), and (iii). It is thus a singular sequence for A..(3) associated with . d
Now we prove the most difficult inclusion.
PROPOSITION 2.8.

Oess (Aoo(/B)) C ['7TM(6)7 +OO[ .

Proof. Since Ay (B) is a self-adjoint operator, the proposition will be proved if
we show that

(23) (A (B)E, E). . > ru(B)IE|Z,. -

To prove this inequality, we perform a Fourier transform in the z;-direction and
express (A (B)E, E),_ and | E||2_ with respect to E, Fo, and Es. After a rotation
in the plane (O, z1,x3), we obtain a decoupling of one component from the others.
The result will then follow from the study of the monodimensional problem in zs,
obtained by “freezing” the Fourier variable. Expanding (A« (8)E, E)_ , we have

€co

€oo

UnDEB),, = [ {102 + 0Bl + 100 Es + 0B + 012 — 02Er
Qoo

+ |E<X>81E1 + 0o (EOOEQ) — iﬁSOOEg,IQ} dridzs.

Let us define for almost every x5 € R* the Fourier transform of E (-, x5) € L?(R) by

i) 1 —i€x
E (& ) = E/RE(%,%Q@ $71 .

Then, the Plancherel theorem shows that for all E € D (A (5))

~ 2 ~ 2

(4=@)E.B), = [ {|pua i6Eo] +|-icEa+ inBy
£€ER, o €ERT
~ 2
(24) + ‘—ing _ 62E1’
~ ~ 2
" ‘—igsmEl + 0 (sOOEQ) _ iﬁsmEg‘ Y dé ds
and
) ~|2
IE|2, = / oo | B| dt dos.
RxR+

Now notice that since we have used a Fourier transform in the x;-direction, we are
looking for electromagnetic waves propagating in the direction k = (£/k,0, 8/k),
where k = /32 + £2. Thus, it is natural to perform a rotation in the plane (O, z1,x3)
so that the direction defined by k is one of the two directions of the new system of
coordinates. So, let us set

P o= %<5E1—§E3>,
(25) B, = E,
By = o (Bt 9By,
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or equivalently

B o= o (sRi+€R),
(26) E, = P,
By = % (—fﬁl +ﬁﬁ3) :

Substituting these last relations in (24), we obtain
~12 0 a2
(Ax(B)E.E),_ = / {]azFl\ + 2| Ay } dé ds
EER, zo2€RT
(27)
- ~ 12 ~ JONIT
+/ {‘ang —H'k:Fg‘ n ‘—iksooFg 40, (EOOFQ)‘ } d¢ ds.
€€R, z2€RT
A2 a2 a2 a2 a2 a2
Furthermore, we have ‘El‘ + ‘Eg‘ + ’Eg’ = ‘F1’ + ‘Fg‘ + ‘Fg‘ and thus
2
(28) B2 :/ oo ‘F’ de ds.
RxR+
Since ﬁl(g, .) € H} (RT) for almost every & € R, the definition of vy (k) shows that
~ |2 ~ |2 ~ |2
/ {‘82}71‘ +k‘2 ‘Fl‘ } dl‘g Z ’)/TE(IC)/ Eco ’F1’ dl‘g.
Rt R+

Integrating this inequality with respect to £ and using the fact that k — yrg(k) is
a nondecreasing function, we obtain (since k = /32 + &2 > )

(29) /EER o {‘82?1‘2 + k2 ‘ﬁ1‘2} dxy d§ > yre(B) /&R ens €00 ‘ﬁl‘z dxs dE.

Using the inequality (cf. Remark 2.6)

Yrm (B) < yre(B),
we deduce from (29) that

(30)/§€Rm - {‘82?1‘2 + k2 )F}r} dxo d€ > vra(B) /&Rz . €00 ‘ﬁl‘z dxy dE.

Integrating inequality (32) given by Lemma 2.9 below with respect to £ (notice that
the fields F5(¢, ) and F3(&,-) defined by (25) belong to V for almost every £ € R) and
using the fact that & — (k) is a nondecreasing function, one obtains that

. ~ |2 ~ ~ 2
/ {‘82}73 + ’Lk’FQ‘ + ‘—’L'k‘EOOFg + 82 (EOOF2> ‘ } dfdxg
EER, zo€RT

> ’YTM(@/

EER, z2€RT

(31) A
o (‘Fg‘ +‘F3‘ )dxgdﬁ.

Inequality (23), and thus Proposition 2.8, now follow immediately from the addition
of inequalities (30) and (31). O
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LEMMA 2.9. Let V be the subspace of L? (RT) x L? (RT) defined by

v={F=(BF)cH:_(R)x H} (RY)},
where HL_(RT) = {ﬁz e L2 (RY), (gmﬁz) c H' (R+)}.
Then, for every FeVandk > 0, the following inequality holds:
~ 2 . N2
/ {‘82F3+ikF2‘ + ’—ikEooFg,-i-ag (EOOFQ)‘ }d:EQ
o €ERT

~ |2 ~ 12

T2 ER+

(32)

This lemma is proved in the appendix.
To conclude the proof of Theorem 2.5, it remains to show the following.
ProposiTioN 2.10.

[y (8); +00[ C 0ess (A(B))-

Proof. First, the definition of yrp(8) shows that the function k& — ~rar(k)
is bijective from [3, +oo[ onto [yra(8), +o0]. Consequently, Proposition 2.10 will be
proved if we show that we can associate with every yrps(k), k > 3, a singular sequence
of A((). This singular sequence will be constructed by truncating an electric field
deduced from the electric field F' of the slab waveguide’s fundamental TM mode. One
can easily check that

F =0,
Fy = — (k/weso) u,
Py = -

(i/weso) s’

where u € D (Arp(5)) satisfies Ay (k)u = yra(k)u. Given a truncation function
0 € C3° (RT), define the sequence E(®) by

E(p) (.131,.%‘2) = \}ﬁe (l‘l/p) E(xla-%?) )

where

—&§/kFs (22)\
E (33‘1,.732) = F2 (1‘2) ez&zl.
B/kEs (x2)

Notice that, to define E, we have used the rotation defined by (26). Using the same
arguments as those used in the proof of Proposition 2.7, we can build a singular
sequence of A(f3) associated with A by adding to E®) a corrective term that ensures
the continuity conditions of the sequence across ¥\ I'g. 0

As already shown, we do not investigate here the question of the existence of eigen-
values w? of A(3) embedded in the essential spectrum, i.e., such that w? > yra(6). In
the following we will find conditions for the existence of eigenvalues below the essential
spectrum (these eigenvalues form the discrete spectrum). Notice furthermore that,
since v (B) < 32, every eigenvalue of A(S) such that w? < yra(3) corresponds to
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a guided mode. These modes propagate more slowly than the fundamental mode of
the slab waveguide.

Remark 2.11. Using the same arguments as those used by Weder (cf. [17]), it
could probably be shown that the possible embedded eigenvalues w? of A(f3) satisfy
yra(B) < w? < B2. In other words, the equivalence between the classical and the reg-
ularized formulations holds even for these eigenvalues, and they define guided modes
of the microstrip line.

From now on, we denote by N () the number of eigenvalues X of A(f3) such that
A <y rm(B) (counted with their multiplicity).

2.5. Existence of guided modes. To prove the existence of guided modes, we
use the min-max principle (cf. [14]). Let (A, (5)),,>; be the increasing sequence of
positive real numbers defined as follows: B

_ a(f; E,E)

33 Am(B) = inf sup ,
(33) B) =, 3 ) e T B

where V,,, (V) is the set of all m-dimensional subspaces of V.

The min-max principle states that the operator A(3) has at least m eigenvalues A
satisfying A <v rar(8) if and only if A\, () < yrar(8). In other words, the following
assertion holds:

(34) Am(B) < vrm(B) <= N(B) = m.

Furthermore, if N (3) > m, the first m eigenvalues of A() are exactly the numbers

First, let us use this result to prove an existence result at low frequency for the
fundamental mode.

THEOREM 2.12. N(8) > 1 for 8 small enough.

Proof. Inequality (34) shows that the theorem will be proved if we can establish
that A\ (8) < yrm(B) for 8 small enough, i.e., if we can find (for 5 small enough) an
electric field E € V such that

a(B; E,E) —yrm(B)| B2 < 0.

To build such an electric field, we use the electrostatic potential, which is the solution
¢ of the following boundary value problem:

div(eVy) = 0 (Q),
(35) p =0 (Ta),
e =1 (I's).

Thanks to Hardy’s inequality (cf. [11]), the Lax—Milgram theorem shows that this
problem has a unique solution in the weighted Sobolev space

WiQ) = {u (14 |22) "% (log (1 + [2]2)) " u(z) € LA(Q), Vu e L?(Q)}.
Then, let us set
E = (919,050,0)" = (Vp,0).
First, we have E € V. Indeed, one can easily check that

E € L*(Q)%, Divg(cE) = div(eVp) =0, and Curlg E = i8 (Ey, —E1,0)" € L*(Q)%.
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Furthermore, since ¢ is constant on I'¢ and I'g, the tangential trace of E (which is

nothing but the tangential derivative of ¢) is equal to zero on 9Q =I" ¢ UTs.
We can then compute

a(3: E, E) = / | Curly B? = 52 / Vol?,
Q Q

1212 = [ elvel®
Q

Consequently,

_ fQ |V(p|2 < 'YTM(ﬁ)
JoelVel? 32
Now notice that y7u7(8) /3% = crar(3)?, where crar(3) is the propagation speed of the

fundamental TM mode of the slab waveguide. It follows from (20) that 8 — crps (ﬁ)2
is a decreasing function on R that satisfies

(36)  a(BEE) <yrmB)EIZ &  J(p):

1' 2 = ]_ 1. 2 == ]. .
Jim crav () ; g crm(B) /ep
Since
fQ |V50‘2
1/ep < J(p) = F—— <1,
/ () e

there exists 3* > 0 such that (36) is satisfied for § < *, i.e., such that the funda-
mental mode exists for g < G*. 0
Remark 2.13. The proof of Theorem 2.12 gives an estimation of the propagation

speed ¢1(0) = ()\1(5)/62)1/2 of the fundamental mode. Indeed, we have

c a(B; B, E) 1/27 1/2
0= (GER) - v

Now we are going to see that, under some assumptions on the geometries of
the strip and the dielectric substrate, we can establish an existence result at high
frequency. Recall that w and h are, respectively, the width of the strip and the
thickness of the dielectric substrate.

THEOREM 2.14. If 3% > m, then N'(8) > m for (8 large enough.

Proof. Thanks to the min-max principle, this result can be obtained by proving
that for 57 > m, the min-max A, () (defined by (33)) satisfies A, (8) < yrar(8) for
0 large enough. To prove this, we first notice that for every m-dimensional subspace
Vin of V', we have from (33)

a(B; E, F)
37) AnlB) < o e B

In particular, let V,,, be the m-dimensional subspace of V' spanned by the m electric

fields (E(p))p:1 n» Where

2
sin{pﬂ-(ajl_‘_w)} if 0<x9<h and |x1|<g,

EW = EP) =0 and EY = 2w 2

0 elsewhere.
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One can easily check that E® e V for p = 1,...,m. Furthermore, we have

Div (BT =0,
i3 sin (p?T (221 + w))

2w
Curlg E®) = 0 for |z1] <w/2 and 0<z3 <h

p (pw (221 + w))
cos | ———=

w 2w

and for 1 <p#qg<m: (E(p),E(‘Z)) =0and a (B;E(p),E(‘J)) = 0. Thus

al(B;E,E)  a(B8;E™ EM)
sup 3 = 3
Eev,, | E|Z HE(m)

A straightforward computation shows that

w/2
e = [ elponf =en [ [
w/2
w/2
>/w/2/

62
Am(B) < ng wQED'

2
dacldxg

<m7r qul; + w))

(mw Qmulj + w))

and

2
dxld(ﬂg.

(o) -

Thus, inequality (37) reads

On the other hand, we know from (20) that

li - — = .
ﬂ*{n}%oo M (ﬁ) ED 4ep h2

2
< gogpE e, it % > m, then for 3 large enough, we have

62 2
Am(B) < =+ 2
€D IU&‘D

. 2_2
Consequently, if 757

D

<yrm(B). o

Theorem 2.14 shows that at high frequency there exist at least m guided modes
in a perfectly conducting microstrip line if it has a sufficiently thin dielectric substrate
or a sufficiently large strip.

3. The superconducting microstrip line.

3.1. Modelling the strip superconducting properties. The zero-thickness
strip is now supposed to be made of a superconducting material. The simplest way to
model the superconducting properties of a material (cf. [15]) is to use London’s macro-
scopic model for superconductivity. It consists of adding to the classical Maxwell’s
equations the so-called London’s equation, which relates the current J (in the super-
conductor) to the electric field E. In the time domain, this equation reads

0J 1

e —— )
ot poAi(T)
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where Ap(T) denotes the length of London’s equation, which depends only on the
temperature T' and the nature of the superconducting material used. It represents
the penetration depth of the electromagnetic field inside the superconducting material
and is very small in practice. For an electromagnetic field of the form (1), London’s
equation becomes

—1

J=_ "
poA7 (T)w

B,

which looks like Ohm’s law, but with a purely imaginary conductivity, depending on
the frequency w. Substituting this equation into Maxwell’s equations, one can easily
check that a superconducting material behaves, in London’s model framework, as a
material of negative dielectric permittivity es(w) depending on the frequency

1
) S e
Nevertheless, in the particular case of a zero-thickness strip studied here, we can
use London’s model to derive formally an asymptotic model (cf. [13]), in which the
superconducting properties of the strip are taken into account through an impedance
condition written on the strip I's. More precisely, the asymptotic model is obtained
by simultaneously letting the strip’s dielectric permittivity eg(w) tend to —co and its
thickness d to zero at the same speed. In other words, we first write

es(w) =¢e5(w)/6 and d=éd",

where 6 is a small parameter and €% (w) and d* are some given characteristic values.
After a scaling step, we develop into a power series of delta the electromagnetic field
inside the strip and look for the equations satisfied by this field as the small parameter
delta tends to 0. This leads to a model in which the tangential component of the
electric field is continuous through I's and, moreover, proportional to the current
density in the strip. In other words, the conditions satisfied by the electric field are

{[Exn]zo on (I's),

(39) 1

Exn= K[CurlgEx n]xn on (Ig),
where A is a positive constant.

Remark 3.1. (i) The positive constant A is given by the relation
(40) A = —powies(w)d = —pow?es(w)d*.

Using (38), one should notice that (40) shows, in particular, that A does not depend
on the frequency, since

A =d/N\i(T).

(ii) If the strip was made of a conducting material, the parameter A would have
been a complex number, with negative real and imaginary parts.

In the following, we will use conditions (39) to take into account the supercon-
ductivity of the strip.
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3.2. Mathematical setting of the problem. With the notation introduced
in section 2.1, the equations satisfied by the electric fields corresponding to the guided
modes are

Curlg Curlg E = w?eFE (Q),
Divg(eE) =0 (Q),
(41) [E x n] 210 (T's),
Exn= X[Curlg Exn] (Tg),
Exn=0 (Te).

Remark 3.2. Notice that, because of the continuity of the tangential component
of E across I's, a guided mode necessarily satisfies Curlg E € L? (QOO)S.

To write a regularized variational formulation of problem (41), we proceed as in
section 2.3.

Let W be the subspace of L%(2)? defined by
W‘:{Eaﬂm%mmEeBm@ﬁmm@meﬁm%
Exm%eLﬂTg7Exn:OmTG}

and a(A; §;-,-) the bilinear form defined on W x W by

a(A; B E F) = /QCurlg E.Curlg F + /Q Divg(eE)Divg(eF)+A [ (E xn).(F x n).

T's

Now consider for every 8 € R the following variational problem:
(42) EcWVYFeW, a(A; 3;E,F) = w?(E, F)..

Using the same arguments as those used in Lemma 2.1, we obtain the following.

LEMMA 3.3. Ewvery solution of (41) satisfies (42). Conversely, if w? < (32, every
solution of (42) satisfies (41).

The variational formulation (42) can be seen as a penalization of the boundary
condition ' x n = 0 on I'g, which is satisfied in the case of the perfectly conducting
strip studied in section 2. One can also formally notice from (39) that this case
corresponds to the limit problem obtained for A tending to infinity. This result will
be rigorously proved in section 3.4.

Before studying the spectral properties of the operator associated with the bilinear
form a(A;3;-,-), let us point out some useful properties of its domain W. First, as
can easily be checked from its definition, W does not depend on (3. More precisely,
we have

W/:{EGL%QP;EgeH%QLl%J—EhQGL%Q%5ELy+@Eﬁ2€L%Q%
[Exn]=0onTg, Exnr, €L*(s), Exnzoonl"g}.

Furthermore, W is a Hilbert space for the norm

1Elw = \/IIEH? + || Curlg E||2 + || Divg B2 + | E x nlfg r,

and the embedding of W in L? (£2)? is compact (cf. [8]).

loc
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Finally, one should notice that V' C W (where V is defined by (4)), since the
conditions [E x n]jr, = 0 and E x n € L?(I's) are clearly fulfilled by the electric
fields E that belong to V. As we will see later, this property will be very useful to
establish existence results for the guided modes.

Because the space L?(Q2)? is equipped with the scalar product (-,-). defined by
(11), let A(A; ) be the unbounded operator of L?(€)3 associated with the bilinear
form a(A; 8, -, +).

Finding guided modes of the microstrip line amounts to finding the positive eigen-
values of A(A;3) such that w? < 32. Since A(A;3) is a positive self-adjoint operator,
its spectrum is included in R* and is composed of a (possibly empty) discrete part
and a continuous part. Before using the min-max principle to show existence results of
guided modes, we have to determine the essential spectrum oess(A(A; 3)) of A(A;S5).
Using the same arguments as those used to prove Theorem 2.5, we can establish that
this spectrum is still the same as that of the unperturbed medium.

THEOREM 3.4.

Uess(A(A; ﬁ)) = [WTM(ﬂ)? +OO[ .

Remark 3.5. (i) If we had used a conducting strip instead of a superconducting
one (see Remark 3.1), the bilinear form a(A;f;-,-) obtained would still have been
coercive, although Re(A) < 0. This result is a direct consequence of the fact that
A has a nonzero imaginary part. Nevertheless, this last property is also responsible
for the loss of symmetry of a(A;f3;-,-). Consequently, the operator A(A; () is not
self-adjoint in this case, and its spectral analysis is much more complicated.

(ii) As already shown, a superconducting and nonzero-thickness strip behaves as
a material of negative dielectric permittivity, depending on the frequency. The change
of sign of the permittivity (positive outside the strip and negative inside) makes the
operator involved no longer elliptic and its self-adjointness study quite difficult.

3.3. Existence of guided modes. The results presented here follow from those
obtained in section 2.5 in the case of the perfectly conducting microstrip line. Let
N (B) (respectively, N'(A; 3)) be the number of guided modes of this line (respectively,
of the superconducting microstrip line studied in this section). Recall that A(3) and
N (A; B) are, respectively, the numbers of eigenvalues A of A(3) and A(A; 3) such that
A <y rm(B), counted with their order of multiplicity. Then we have the following.

THEOREM 3.6. For fired 3, A — N(A;B3) is a decreasing function which is
bounded from below by N (3):

N(A; 8) = N(B).

Proof. The key point of the proof is the fact that V' C W and that for every
E €V, we have

a(A;B35E,E) = a(B5E, E).

Consequently,
. a(B; E, E) : a(A; B B, E)
inf sup ———— = inf sup  —— o
Vmevm(v) EEVm,E#O ||EH€ V"”EV"’"(V) EEVm,E#O HE”E
and
a(A; 3B, E) . a(A; B B, E)

inf sup > inf sup
Vi€V (V) BeV,, B20 || B2 W€V (W) Eew,..E20 || B2
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In other words, we have shown that

(43) Am(B) = Am (A5 B).

The min-max principle then shows that
N(A;B) = N(B).

The fact that the function A — N(A; 3) is decreasing also follows from the min-max
principle, since A — \,,,(A; B) is clearly a nondecreasing function for fixed g. |

Thanks to result (i) of Theorem 3.6, it immediately follows from Theorems 2.12
and 2.14 that the same existence results as those obtained for a perfectly conducting
strip hold.

THEOREM 3.7.

(i) N(A; 8) > 1 for B small enough.

(ii) If % > m, then N'(A; 8) > m for 3 large enough.

3.4. Asymptotic behavior of the guided modes for A — +oo. Problem
(41) can be seen as a penalization of the problem corresponding to a perfectly con-
ducting strip of zero thickness, the penalization parameter being A. In this section,
we make this statement precise by proving that the fundamental guided mode and
the corresponding eigenvalue of A(A;3) converge, as A — 400, to the corresponding
eigenelements of A(3). This result is given by the following.

THEOREM 3.8. Suppose that N'(8) > 1 and let \1(A; B) (respectively, A1(5)) be
the first eigenvalue of the operator A(A; B) (respectively, A(B3)). Then

Jim (4 8) = a(9).

Furthermore, if E(A;8) € W denotes an eigenvector associated with A1(A;[3), then
there exist a subsequence of E(A; 3), still denoted E(A; B), and an eigenvector E(3) €
V of A(B) associated with \1(B) such that

Proof. To make the proof easier to read, we will omit in the notation the depen-
dence with respect to 8. For instance, the operator A(A;(3) (respectively, A(f3)) is
denoted A(A) (respectively, A).

First, let us notice that since N'(A) > N > 1 (see Theorem 3.6), the first eigen-
value A1 (A) of A(A) exists.

In order to establish Theorem 3.8, we are going to prove successively the following
assertions:

(i) There exist a real number A} and an electric field E € V such that

Ainioo A(A) = AT and E(A) — E weakly in W.

(ii) E(A) — E strongly in W.

(ili) A7 = A1 and E is an eigenvector of A associated with A;.

Let us start by proving property (i).
(i) The function A — A;(A) is nondecreasing and satisfies A\ (A) < A; (see (43)).
Thus, there exist A} = lima_ o A1(A), and, furthermore, we have

(44) AF < AL
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Let E(A) be an eigenvector associated with A;(A) satisfying (without loss of general-
ity) the condition |[|[E(A)||e = 1. Then

a(A; E(A), E(A)) = A (A).
This equation can be written
(45) / | Curlg E(A)[* + | Divg(e E(A))|* + A/ |E(A) x n|? = A1 (A).
Q s

Consequently, E(A) is bounded in W (with respect to A), and there exist £ in W and
a subsequence of E(A), still denoted E(A), such that E(A) — E in W. Furthermore,
since (45) implies that

(46) Ainioo g |E(A) x n|* =0,

we have £ x njpg = 0 and E belongs to V.

(ii) To prove that e(A) = E(A) — E converges to 0 in W, we shall first prove that
it converges to 0 in L?(Q2)3.

Taking the limit as A — +oo in the variational formulation (42) satisfied for
every F' € V.C W, one obtains that

(47) a(A;E,F) = a(E,F)=X,(E,F). VYFeV.
It then follows from (42) and (47) that
(48) a(Ase(A), e(A) = M (A) + A B2 = 20 (A)(B(A), B)..
Since ||e(A)|2 = 1+ ||E||2 — 2(E(A), E), (48) shows that
(49) a(A;e(A), e(A) = M () [le(A)]2 + (AT = M(A) | B2
Now set

eso(A) = Oe(A),

where 6 € C* (Q,) satisfies
e Vzx ey :0<0(z) <1
e There exist two open sets O and O’ of € such that

I'scOcC0O,
0=0 in O,
6=1 inQx\O.

e 0 (x1,22) = 0 (z1) in the vicinity of the interface ¥ = {x3 = h} between the
dielectric substrate and the air.
It is clear that e (A) € Vo, where Vo (defined by (16)) is the domain of the
bilinear form aoo(+,-) (defined by (17)) associated with A.,. Since

. . aoo(F7 F)
Yrym = inf (Uess (AOO)) = Fevlan#O W7
0oy €0
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we have
(50) oo (€co(A), €00 (A)) = yrr [lecs (A)Hiw
A straightforward computation shows that
{ i (enc(A),enc(8)) = [ 16 {] Curly () +  Divi(ee(A) P} + G(A)
Q

leso (M) 12, = lle()]2 + H(A),

Q
=
I

/Q |VO x e(A)|> + 2 Re (/Q(e Curlg e(A)) -(V9><e(A)))

+/Q |V0 - ee(A)]* +2 Re (/Q(eDivB(ae(A))) -(V9~6(A))> ;

H(A) = —/Qs(l —02) le(A)[%.
Inequality (50) then reads
/Q 101 (| Curlg e(A)|* + [ Divg(ee(A)*) = yrarlle(M)IZ + (yrar H(A) — G(A)).
Since 0 < 0 < 1, this inequality implies that
(51) a(Ase(A),e(0) = yrarlle)|Z + (vrar H(A) = G(A)).
We now deduce from (49) and (51) that

(52)  (yrar = M) le()Z < AT = M) )2 = (yrarH(A) = G(A)).

To conclude the proof of (ii), we notice that (thanks to the compactness of the em-
bedding of W in L2 .(2)3)

loc

€(A) — 0 in L?OC(Q)gﬂ
| Curlge(A)]]c  and | Divg(ee(A))||c are bounded,

(1 —60) and V6 have compact supports.
Thus

lim G(A)= lim H(A)=0.

A—+o0 A—+c0

On the other hand, we have

YTy — )\1(1\) > Yrm — A1 >0 and lim )\1(A) = )\1<

A—+oc0
Consequently, (52) implies that

tim ()2 =l [IB(A) - EJ2 0.

A—+oc0
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The convergence in W now follows from the fact that (for A > 1)
IE(A) = Ellw = lle(A)llw < a(A;e(A),e(A)) = M (A)]le(A)]1Z + (AT = A (A)) [ £]12.

(iii) Since E(A) — E converges to 0 in L?(Q)3 and ||[E(\)|| = 1, we have E # 0.
Furthermore, (47) shows that

a(E,E)

A= D
E

On the other hand, the min-max principle shows that

FF
)\1 = in 701( ! )
FeV,F#£0 || F||?
Consequently,
A < AL
Joined to (44), this inequality implies that
A=A,
and thus F is an eigenvector associated with A;. ]
Remark 3.9. Using the same arguments, it can be proved that the results of
Theorem 3.8 may be extended to the guided modes of higher order. In other words,
if N(B8) > m, we have (with obvious notation)

R lirrj_ Am(A; B) = A (B)  and  En(A;B8) — En(8) in W.

Appendix. This appendix is devoted to the proof of Lemma 2.9. We have to
show that the following inequality holds for every F= (]:"\2, F\g) eV:

/ . {‘82133 ‘*‘ikﬁzr + ’—ik‘eooﬁg + 0o (sooE)’Q} dzo

(53) I Y
> 'YTM(k)/ €00 (‘FQ‘ + )Fg,’ )dxz,
ToERT
where
v={F=(F\R) e 1 (RY)xmH (R)}
and

H: (®Y) = {F e 1?(RY), (shs) € H' (RY)}.

Proof. The main difficulty comes from the coupling of the two components ﬁg
and F3, which is induced by the regularizing term.
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Consider the bilinear form by (f;.,.) defined for (ﬁ, é) €V xV by

P dFs . ~\ (dGs . ~
bey (kFG) - /]R+ (dmﬂk&) (dxzﬂkc:g)

4+ | —ikeo F3 +

N d (600 @2)
—ikec Gy + ——— | dxo.
diIZg e 3t dCEQ 2

The lemma will be proved if the following inequality holds:

2
€oo

2 ~12 ~ |2 ~ |2
Z/ e’:‘oo’F‘ dl‘gz/ Eoo (‘FQ‘ +‘F3‘ ) d$2.
€oo R+ R+

Indeed, inequality (53) can immediately be obtained by integrating inequality (54),
with respect to £, and using the fact that ¢ — ~pas(¢) is a nondecreasing function.
So let us prove (54).
Let F € V, and define § as the unique function of H} (RT) such that

where

|7

d ~ ~
- - 2 A= —
(55) <goo - > + k0@ s (EOOFQ) tkeso F3.

Then, if we set

we have G € V, and thanks to (55),

(56) dd—m (gmég) —ikewoGy = 0.

A straightforward computation then shows that

2
boo(k;ﬁ,ﬁ>:/w +/R+

and
2 AP a3 | .
—[enlof 4 [ e (| 2]+t
€oo R+ R+ d.TQ

Consequently, to prove (54) it is sufficient to prove the following two inequalities:

(57) /]R )

2

@ + Zk‘ag d.L“Q
dl’g

d AN
~ 0 (Eoo de) + ke

4G 4 ik

2
12
> k - ‘G‘
dzs Z v )/]R+8
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and

g |? _
R+ R+

Let us start by proving (57). First, notice that (56) shows the existence of s
D (Arp(k)) such that

2

d.’l?g 2

d do
(Y i
dx

. ik ~
GQ = ZZ’;
€00
~ 1 d1/)
Ga =
3 Eoo dTo

Inequality (57) then reads, in terms of 127

2

d (1 dp 1 (| dy 2 |72
- - > _ k)
(59)/]1%* diCQ (500 d.’£2> + ’(/) de - ’YTM(k.) /]R+ o di(,‘g + k ‘w‘
or equivalently,
(60) |Ara 3], = vrar k) (Arar(k). )
L2 ")’

where we have set (u,v)r2 = [, uv and ||ul|7. = [5; [ul?.

Setting f = Ar M(k)@, inequality (60) can be written
(ATM(k)—lf,f)L2 1

H

Since the essential spectrum of the self-adjoint operator Azp(k)~! is the interval
[0,1/k?], and 1/y7a (k) is nothing but the largest eigenvalue of Arjs(k)™!, we have

(61) S S )

(ATM(k)ilJ?» J?)L2

and (61)—and thus (57)—is satisfied.

Comparing (58) and (59), we see that (58) can be proved simply by replacing
€00 With 1/e, in the previous arguments. In this case, the spectrum of the operator
Arp (k)" is purely continuous and is still equal to [0,1/k?]. Thus

1
yrar (k)

< supor (Arar (k) 1) =

supo (Arn(k)™') = 1/k* < 1/yra(k),
and consequently,

1A72: ()72 = vrar (k) (Arar (k)@ §)pa - O
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