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Simulation of crashworthiness problems with improved
contact algorithms for implicit time integration

L. Noels!, L. Stainier?, J.-P. Ponthot™

University of Liége, LTAS-Milieux Continus and Thermomécanique, Chemin des Chevreuils 1, B-4000 Liege, Belgium

When studying crashworthiness problems, contact simulation can be the source of a number of problems. A
first one is the discontinuities in the normal evolution for a boundary discretized by finite elements. Another
problem is the treatment of the contact forces that can introduce numerical energy in the system. In this
paper, we propose to combine a method of discontinuity smoothing with the energy—momentum consistent
scheme that recently appeared in the literature.

Keywords: Energy conserving; Momentum conserving; Dynamics; Contact; Finite-elements method

1. Introduction

When studying impact problems, time integration of the equations of evolution occurs in the
non-linear range. An important source of non-linearity results from the bodies contact
interactions. Treatment of the contact can be achieved with a penalty method, with an augmented
Lagrangian method or with a Lagrangian method [1,2]. For each method, two problems must be
carefully taken into account: the first one results from the finite-elements discretization that leads
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to discontinuous normal evolution, and the second one results from the fact that a non-linearity
can lead to instabilities of the time integration algorithm.

The first problem can be resolved with some numerical techniques such as gap smoothing
based on a signed function as proposed by Belytschko et al. [3]. Another technique is to
consider a segment-to-segment approach (and not a node-on-segment approach) as proposed by
Puso and Laursen [4]. Nevertheless, Graillet and Ponthot [5] proposed a node-on-segment
approach that consists in adapting the normal of the surface, leading to a continuous
discretization. This method has the advantage of being easy to implement and to lead to an
efficient algorithm.

The second problem is solved thanks to the recent development of the energy momentum
conserving algorithm (EMCA) initially proposed by Simo and Tarnow [6]. It consists in a mid-
point scheme with an adequate evaluation of the forces leading to a stable algorithm in the non-
linear range. This adequate evaluation of the contact forces was given for a penalty method by
Armero and Petbcz [7,8] to simulate frictional and frictionless contact. This method leads to
penetration of the surface (as in a classical penalty method) and therefore to an accumulation of
energy during the contact interaction. But the work of the contact forces is equal to the dissipation
resulting from the friction after the contact is released. Laursen and Chawla [9,10] have developed
penalty and augmented Lagrangian methods leading to unconditional dissipation of the energy.
Recently, Laursen and Love [11,12] have extended these methods to geometric admissibility by the
use of velocity corrections.

In this paper, we propose to rewrite the contact formulation proposed by Armero and Petdcz
[7,8], taking into account the adaptation of the normal that leads to a continuous normal
evolution. Moreover, the contact formulation is rewritten to be able to consider a 3-dimensional-
boundary composed of Coons patches. To achieve this goal, the formulations that depend on the
curvilinear coordinates have been rewritten in such a way that they depend only on the nodes
projections and no more on the coordinates. This method allows one to consider frictional forces
when the slave node moves from one patch to another.

The goal of this paper is to present a robust and accurate method that leads to an implicit time
integration algorithm able to deal with crashworthiness problems. This kind of problems is
generally solved with an explicit algorithm. Nevertheless, we think that such problems can be
more accurately solved with an implicit scheme without loss of robustness or efficiency [13].
Moreover we are interested in combining both the implicit and explicit scheme while dealing with
time integration. Such a combination can reduce the computational time without loss of accuracy
[13—15]. Nevertheless it requires an efficient implicit time integration method. The purpose of this
paper is to study the treatment of the contact interactions to provide such a robust time
integration algorithm. In this paper we will study crashworthiness problems with an implicit
method to demonstrate the robustness of the contact treatment in this method.

In Section 2 we will present some preliminaries on continuous dynamics, finite-elements
discretization and time integration. Next, in Section 3, we will present the classical contact
formulation and the method proposed by Graillet in order to get a continuous normal.
Adaptation of the Armero and Petocz [7,8] formulation, with the continuous normal method, that
will lead to verify the conservation laws will be presented in Section 4. Finally, in Section 5,
numerical examples will be presented to illustrate the efficiency, the robustness and the accuracy
of the method.



2. Preliminaries

After having briefly recalled the notations used in this paper, we will establish the continuous
dynamics conservation laws. Next, we will introduce a finite-elements discretization and the
EMCA. Readers interested in the basics of time integration algorithms can refer to classical books
[16,17].

2.1. Notations

Let V', V2 Cc R be the manifold of the points defining two bodies and S',S* c R’ be the
manifold of their respective boundary (Fig. 1). Two configurations are under consideration: the
initial configuration that is referred to with a subscript 0, and the current configuration at time ¢.
Each boundary S' is decomposed into two parts: the first one, S is the part where the
displacements are known and the second one, S%, is the part where the tractlon is imposed. Let X
be the current positions and X, be the initial positions. Therefore, the two-point gradient of
deformation tensor is defined by

ox

F -
0X

with f = F~! and J = detF. (1)

Let py: Vo — R, be the initial density. Let X’ be the manifold of the admissible positions for the
body i:

= {¥: V) — R*|[J>0and ¥ = X] VX € Vj} (2)

with ¥ the known positions. Let # be the current time and let T = [0, #/] be the integration interval.
Therefore, the motion of the body is defined by Vi=1,2: 1€ T — X(1) € X', During this motion,
the body is subject to specific load b(t) \/l x T — [RR3 In this paper, we assume this load is equal
to zero. Let X be the Cauchy stress tensor. For each body i, boundary pressures TSl(t)

S’ 7o X T — R? lead to the condition TSl(t) = X()7i(¢) with 7i the outward unit normal to S'. Let us
assume that the external forces result only from the contact interaction. Therefore, it leads from

s'(t)

Fig. 1. Definition of the bodies interaction.



the geometrical admissibility and from the action-reaction principle to

Sty =S%h(t) and Tg(3p,0) = —Ta(¥,0) Ve Sk (3)
The body is now decomposed into finite elements thanks to shape functions ¢°¢: \/6 — R with
& €[1,N,] (N; the total number of nodes of body i = 1,2), and with ¢% (%)) = 5?: (6 is the
Kronecker symbol). It leads for each node ¢&; € [1, N;] and for each initial position X, € \/6 to

=/ EF.r— \=C;: S E.or— ;ri 5 E.r— ;él

X(¥o) = ¢%(R)X",  X¥(Fo) = ¢“(%)X"  and  X(¥) = ™ ()X, “)
where Einstein’s notations are used. Let ¥ be an admissible virtual displacement defined by the
manifold for body i

= {7: V) — R|[Bls =0, 6(X,0) =0, 8(F,2) =0 VX € Vi]}. (5)
Let F' ¢ D' be the manifold of admissible virtual displacements dX that can be decomposed such
as (4).

2.2. Continuum dynamics

The following quasi-variational principle (principle of virtual work of forces) must hold
Vox € F' [18, p. 412]:

Iy .
/ > / [px’-(sx’+zT aéx]dv / [T -0x]dS’ p dr = 0. (6)
0 imip2 |V 0xX

Integrating by parts, one gets

Z {p}%.ax’}dv / {(Tg-oxpdS = > / {ET a(sx}dv VieT (7)
i=1,2 !

i=1,2 i=1,2

=K =6 anl =0Wint

with 0 Win, 0 Weont and 0K respectively the virtual work of internal forces, the virtual work of
contact forces and the virtual work of inertia forces. This principle leads to the dynamics
conservation laws.

2.2.1. Conservation of linear momentum
Let L be the linear momentum defined by

L=}, [ b0avi=3 {poi?} dvy, (8)
i=1,2 i=1,2
where the conservation of mass (p dV = p,dVp) is used. Using Eq. (3) and assuming pure
Neumann boundary conditions (i.e. Sz = ), if 6X € F' is taken constant, Eq. (7) leads to the
conservation of linear momentum

-

ATy —Tg)}dS'=0 VreT. (9)
Sz



2.2.2. Conservation of angular momentum
Let J be the angular momentum defined by

I=)" {pmi?}d\/" /{poxAx}dv (10)

i=1,2 i=1,2

Using Eq. (3), assuming pure Neumann boundary conditions (i.e. Sz = ), and taking X =7 A X
with 7j constant, since ¥ is symmetric, since 7 is an arbitrary constant, and since the points
of the two surfaces have the same position X, Eq. (7) leads to the conservation of angular
momentum

/ (RA[Tg-Tel}dS'=0 VvreT. (11)

2.2.3. Conservation of energy
Let K, Wiy and W respectively be the kinetic energy, the internal forces work and the
contact forces work, with

/{ px}d\/’ /{ pox}d\/a,
i=12 YV i=1,2 YV

Wi =Y = [Ff]} dV/,

i=1,2

Weont = ) / {Tg-%}dS, (12)

=12

where the conservation of mass is used. Let us note that W oy #0 since the pomts on the two
surfaces do not necessarily have the same velocity. Let us split the contact forces TS, into a normal
force tyit (with ty : Sy x T — R™ the pressure) and a friction force T. Since the normal velocities
are the same for the two surfaces, it yields

Weont = ) / {tn7i - X} dS' +Z/_{T-§e}d§f (13)
o S%

i=1,2 i=1,2

- E_Z‘fr

with Apr>0 the frictional dissipation. Let the internal forces power be decomposed into
a reversible part U, and an irreversible part A, >0 (plastic dissipation, ...) with Wi, =
Uint + Aini. Let E be the system energy with E = K + Uy, where K is the kinetic energy.
Therefore, assuming pure Neumann boundary conditions (i.e. Sz = ¢), if X =X and using
Egs. (12) and (13), Eq. (7) leads to the first thermodynamics principle

E=—Ap — Ay VteT. (14)



2.3. Finite-elements decomposition

Thanks to Eq. (4), the terms of Eq. (7) can be rewritten such that

oK = / (P9 "} AVG[XT" - 0% = )~ MO - 0%,

i=1,2 i=1,2

Weont = ) / (Ts@ }dS' - 635 = ) [Feont]” - 63,

i=1,2 i=1,2

Wine = / _{zT [aa"l] }d\/o %% = Fol . 75, (15)
=12 YV

where M¢* is the mass related to nodes &; and ;. Since 6 € [’ is an arbitrary vector, Eq. (7) leads
to the balance equation

MEH[X = [Foon — Find) Vi eT Vi=1,2. (16)

To be able to 1ntegrate this relation in time, T is decomposed into some intervals [¢", #"T!] such
that T = |J)—, = [¢", £"+1]. Let At = "' — " be the time step size. Superscripts n and n + 1 will refer
to conﬁguratlons in time #* and #*!. To be consistent, the time integration must verify Eqgs. (9),
(11) and (14) (conservation equations).

2.4. Time integration

Once the balance Eq. (106) is established for any time ¢, this relation must be integrated in time.
To achieve this goal Simo and Tarnow have developed the EMCA method [6]. In this section, to
ease notations, we omit the subscript i on the node number &;. Relations between positions,
velocities and accelerations at node & becomes

~n+l

X = [ + [ I+ [L

At on .
S W (17)
2

2. L
These relations are second-order approximations in Az. If F, int 12 is a second-order approximation
of Fin(#"71/?), the balance Eq. (16) is discretized into a second-order approximation by

n+1

antlox -n At -
U = O 4 ST

+1/2 ontl)2
Zont - F?nt ]é' (18)

) and contact forces (ﬁ Z:nltp) have to be designed to verify the following

LR ¥ = [F

The internal forces (F
conservation laws.

int



2.4.1. Conservation of linear momentum
A sum on ¢ in Eq. (18) and the use of Egs. (17) leads to

3 MR Z MR = AZZ T i o (19)
¢
Z;:rl z"

where the continuous linear momentum L defined by Eq. (8) is discretized thanks to Eq. (4) into
L= YoM tugt, Eq. (19) is a discretization of Eq. (9) if

ﬁn+1 /2 ﬁn+1/2
Z[ m 17=0 and Y [F T =0. (20)
¢
2.4.2. Conservation of angular momentum
Thanks to Egs. (17), the vector product between ¥/ = (&' + ") /2 and Eq. (18) leads to

| B . e | . N
MU AR - MY AR = 3 AL

At
jn+ 1 j’”

n+1/2 n+1/2_ ¢
cont _Fint ]C’ (21)

where the contmuous angular momentum J defined by Eq. (10) is discretized thanks to Eq. (4)
into J = M3 A X", Therefore, Eq. (21) is a discretization of Eq. (10) if

—>n+1 +
2

X" /2, 4

N ad

2

F=0 and A [ﬁjjnlt/ = 22)

int

2.4.3. Conservation of energy 12 o enl
Thanks to Egs. (17), the dot product between X X =(X +X )/2and Eq. (18) leads to

: M+ . : ., .
—[ N N T e S Ca & o TR e

g

~~
Kt 1 K"

I (23)

where the continuous kinetic energy K defined in Eq. (12) is discretized thanks to Eq. (4) into

K = 1M ey . X", Let E be the discretized energy, let Uj,; be the discretized internal energy, let
Wint be the discretized work of the internal forces, let A;,;=>0 be the discretized internal
dissipation during the step and let A >0 be the discretized friction dissipation during the step.
Therefore Eq. (14) is discretized into

E — E' = — Ay — Ay (24)

If this latest expression is compared with Eq. (23), the internal forces must lead to

[ Tnt ]c [ n+l n]g Un+] U?m+Aint (25)

nt
and the contact forces must lead to

an-‘r 1 /2
[ cont

]f [An-i-l »n] Wn—H w

cont cont

— Ag. (26)



In this latest expression, we have introduced Wi, which is tolerated to be lower than zero during
the persistent contact but which must be equal to zero when the contact is released. This
methodology was proposed by Armero and Petocz [7].

The problem of the EMCA algorithm is to find a consistent expression of the internal/contact
forces that verifies the conservation conditions. A formulation of the internal forces for
hyperelastic models was given by Gonzalez [19] and extended to dynamic finite deformation
plasticity, with a hyperelastic formulation, by Meng and Laursen [20]. In a previous work [21,22],
we have developed a new expression of the internal forces valid for an elasto-plastic hypoelastic
model, which verifies these conditions. The goal of this paper is to establish the expression of the
contact forces that verify Egs. (20), (22) and (26).

2.4.4. Numerical dissipation

When the number of degrees of freedom increases, the numerical modes of high frequency can
lead to divergence of the time integration. Therefore, some controlled numerical dissipation can
be beneficial. This was first introduced in this EMCA algorithm by Armero and Romero [23,24],
leading to the energy dissipative momentum conserving algorithm (EDMC). In this EDMC
scheme, Eqgs. (17) and (18) are rewritten as

F = @ + [ ey [15+A[GZI§/2],

s+l N =n+1

[X ]C=[X]£+ [ I+ [ T
n+1/2
cont

—>n+l /2 ontl)2

Ly +5*c"]“ S VAN S s 27)

n+1/2 Sn+1/2 o . o
with des/ and F':ﬁss/ respectlvely the dissipation velocities and the dissipation forces.

Proceeding as in Sections 2.4.1-2.4.3, the dissipation forces have to verify

Z[ﬁgg/z] —0 and
14

¢
)—C>n+1 + fn
2

AFEPE =0 (28)

to verify the conservation of the linear and angular momentum, and have to verify

Snt+1/2 :

[Fa T - [ = R = 4520 (29)
to dissipate numerically the energy Ag (part of the energy dissipated by the dissipation forces).
The dissipation velocities have to verify

=+l N}
X +X

2

~>n+1/2

MGy 1 A =0 (30)

to verify conservation of the angular momentum (the linear momentum does not depend on the
dissipation velocities), and have to verify

MIE =Y 65T = 4620 31)

to dissipate numerically the energy 44 (part of the energy dissipated by the dissipation velocities).
Let us note that both vectors have to be simultaneously considered to avoid bifurcation in the



spectral matrix analysis [23,24]. Depending on the form of these vectors, the EDMC scheme can
be first-order (EDMC-1) or second-order (EDMC-2) accurate. For first-order accurate schemes,
the dissipation velocities can be expressed at node ¢ as [23] (no sum on &)

= n+1 n = n+1 N
AR FI- IR +XF

-n+1 RN/

IETR R 2
where y is a parameter that controls the amount of numerical dissipation. Let us assume that in
the linear range (small displacement) the internal forces are evaluated thanks to a stiffness second-
order tensor K. Then the internal forces are reduced to
[—>n+l X»n],u

2

Therefore, to avoid a bifurcation in the spectral radius analysis [23,24], the dissipation forces have
to reduce themselves, in the linear range, to
[—>n+l )—Cﬂ’l]u

2

In [25], we have proposed an expression of the dissipation forces for hypoelastic models subjected
to plastic deformations. A hypoelastic formulation computes the stress at the actual configuration
from a stress increment. This stress increment takes into account both the elastic part and the
plastic part of the deformations. For more details on this model we refer to Ponthot [26]. In this
paper we will present an expression of the dissipation forces related to the contact forces.

[ diss ]

) (32)

[ﬁn+1/2

i 1=K (33)

[Fas 1° = 7K™ (34)

3. Formulation of the node-on-segment contact

Let us consider that the nodes on the surface S' are the slave nodes and that surface S? is the
master surface By inverting this convention at each step, one gets a double pass algorithm.
Surface S? can be represented by a two- component vector u : S x T — R? (the components are
uy and uy). Therefore, ones gets Y(u, 1) : SO X T — X? with X? deﬁned by Eq. (2). Let us consider
a point Xy € \/0 associated with a node X' = X(X, 7). Let us define J(Xy, ) the closest point
projection of ' on the master surface (Fig. 1). Using the discretization of the master surface
P(Xo, 1) = @=(u(Xo, )X, it yields

0¥ 1) _ 4
ot ’
0y(Xo, 1)
S = 1,(u(Xo, 1))
where 7,(u(Xo, 1)) = 0P(u(Xo, 1)) / aua = (09 /du,)X** is the tangent vector of the surface.

6 o 9t — Lyvl
WD) 1 s, )37, 35)

3.1. Derivation of the gap

In this section we derive the normal gap and the tangential gap with respect to X, constant
(material derivation) [27]. These derivations will be necessary to establish the contact forces



formulation. Let us define g(Xy, ?) : S(l) x T — R the normal gap such that
g(Xo, 1) = [X(Xo, 1) — ¥(Xo, 1)] - 1i(Xo, 1) (36)

The normal has a unit norm leading to #(Xy, t) 0ri(Xy, 1)/0t = 0. Since the normal is perpendicular
to the tangent plane, it leads to 7,(u(%o, 1)) & S H(Xg, 1) = 0. Let us note that the normal gap is
not equal to zero during the contact since we tolerate a penetration. Therefore Egs. (35) and (36)
lead to

or

Now let us derive the projection of the gap on the tangents. Since the projection is orthogonal,
one gets

0% (u(Fo, D)X "] - 7i(Ro, 1). 37)

[X(Xo, 1) — (X0, )] - t,(X0, 1) =0  with o = 1,2. (38)
This expression is derived, using Eq. (35), into [27]
[ = 2%) oyt git - Ty = [T T — g1 Tuglig (39)
=B, EAJ,/;

with 7, = (0% /du,)%" and 7,5 = (020% /Bugdu,)3.

3.2. Expression of the contact forces

The pressure at node ¢; is expressed by tN(Sc’g] 0 S(l) x T — R*. The Kuhn-Tucker conditions
are expressed by
g(Xo,)=0 and ty(Xp,H)=0 and 1n(Xo, 0)g(X, 1) = 0. (40)
The tangential pressure is computed in a dual base 7;,, 7y, of 71, 7, [27] defined by
Ly, = [t - 15" with 7y, - 15 = S,p, (41)

where [7, - t,;] represents the component off of the inverse of the 2—2 matrix za 7. Therefore, let
tTl (Xo, 1) : SO x T — R be the friction pressure along tdl and let tTZ(xO,l) SO x T — R be the
friction pressure along 7;,. The friction pressure T is therefore computed from

— — 1

T =tr,ty, with |T|| = \/t7,t7,[L, - 15]” (42)

Let us define ¥7 the slip velocity, y, the slip rate, and &, = |7 — u.ty the Coulomb criterion
(1, 1s the friction coefficient). Therefore the friction conditions are

—

—

T
Ur = tiplp = —ycm and &.<0 and 9,20 and y.&. =0. (43)
Using Eqgs. (3) and (35), 6 Won defined in Eq. (7) can be rewritten as

Wem = [ {ltwii+ T1-BF = 9y, 065°]) dS (. (44)
S'(?)

10



Using Egs. (37) and (39), with g = 0 (that corresponds to verify the Kuhn—-Tucker relations
defined by Eq. (40)), Eq. (44) leads to

OW eont = / {tndg + t7,0u,} dS' (1) (45)
s

Now using Egs. (37) and (39), with g#0 (that corresponds to the actual situation), allows us to
rewrite Eq. (45) into

Wem= [ oyt 5 = (357 45 ()
S'(?)
+ / {11, [6X° — 2(¥7)3%%] - 75} dS' (1)
s'(

1 097 e e 1
+ tr,Ag, git - —— (X*1)0x* » dS (7). (46)
s'() " Oug

Comparing this expression with Eq. (15) leads to the contact forces

261

Foone = INTIX) + 7, Ag Tp(x™),

¢ v P — P z z a é’_’ z

Foams = =00 OF ) = b, Al % V() = b, A GGG S, (4D
In this expression, we have integrated the surface in the pressure (i.e. ¢y fSI{tN}dSI and
tr,  Joltr} dS"). Therefore, 7y and 7, correspond to the forces and not to the pressure. This
expression of the contact forces will lead to the conservation of the angular momentum (thanks to
the term g#) and has been established by Armero and Petocz [8]. Finally, using Eq. (43), the
frictional dissipation defined in Eq. (13) can be deduced from Eq. (45), leading to

L.Ifr = —l‘Tml'la = —széa;Z'lﬁ = —T' CUr = ,uctNyL,>(). (48)

Now we will adapt the contact forces (47) to a surface with normal discontinuity.

3.3. Discontinuous normal algorithm

When studying the contact between bodies discretized into finite elements, the boundary of each
body is composed of bilinear Coons patches (3D elements with linear shape functions) or of linear
segments (2D elements with linear shape functions). Therefore, the normal is no longer
continuous at the interface between two patches or segments. In this section, we will extend the
method proposed by Graillet [5] to solve this problem. This method will lead to a continuous
normal (%', 7) for each slave node ¢;, and will determine a master entity (segment or patch)
number no as well as a reduced master continuous coordinates ¢ in order to uniquely determine a
projection for each slave node on the master surface. These two master values have to be
considered to deduce the projection point y(no, u¢, t). We will analyze three possible situations: the
slave node projects itself out of all the entities (Fig. 2a), the slave node projects itself on one entity
(Fig. 2b) or the slave node projects itself on more than one entity (Fig. 2¢).

11



(a) (b) (©)

Fig. 2. Projection configurations in 2 dimensions: (a) projections are out of the entities; (b) there is one projection;
(c) there are two projections.

3.3.1. Case 1: projections are out of the entities

Let us suppose a 2D problem with a projection of slave node X*' on the two segments no — 1
and no, but with these two projections out of the effective part of the segments (Fig. 2a). Let (C)
be the intersection of these two segments. Normal is continuous with a slave node displacement
for

<

F(no,ut, 1) — X

¢

Yo, u, 1) =FC,1) and (X, 1) == .
”y(nO, uca l) - X! ||

(49)

For the 3D problem, Eqs. (49) are taken in the plane that includes the slave node and that is
perpendicular to the intersection edge of the two patches.

3.3.2. Case 2: there is one projection
If there is only one projection on entity no for coordinates u (Fig. 2b), we directly have

Fno,uc, 1) — X
4| I ’

F(no,u’, 1) = ¥(no,u,t) and AR, 1) = (50)

Y(no,uc, 1) — X
Y

3.3.3. Case 3: there are two or more projections

If there are more than two projections, let us consider the two closest projections. Let us
suppose a 2D problem with a projection of slave node X*' on the two segments no — 1 and no
(Fig. 2¢). Let «. be the angle defined in Fig. 2c. If this angle is larger than or equal to 90° (limit
configuration illustrated in Fig. 3a), the slave node has always two projections. But, if we want the
normal to evolve continuously, the slave node has to evolve from a simple projection
configuration to a double projection configuration. Then, if the node is closer from segment
no — 1 or no than from the bisecting lines (gray surface on Fig. 3a), we consider that the contact
occurs with this segment and the formulation is identical to Eq. (50) (assuming the segment
number is no). If the slave node is closer from the bisecting line (hashed zone on Fig. 3a), the
normal must be transformed to be continuous. The method proposed by Graillet [5] is the
following. Let us consider Fig. 3b, where the angle «. (assumed greater than 60° as we will explain
later) is represented and the complementary angle is decomposed into 4 angles of equal amplitude

12



(a) (b)

Fig. 3. Description of the two-projection configuration (2 dimensions): (a) limit configuration o, = 90°;
(b) configuration for an angle larger than 60°.

(180° — a.)/4. Let us assume that slave node X is closer from segment no than from segment
no—1 (ie. it is between lines b and b'). The two projections are J(no— 1,u,t) and
Y(no,u, t). Therefore, projection y(no — 1,u,t) is moved to y(no — 1,u/,t) such that the normal
becomes continuous with
ﬁc‘()—gél, 0= V(o — 1,u',t) — ¥(no,u, t) 2
”.)7(’10’ u, t) - )7(”0 - 17 M/, [)”

F(no,ut, 1) = [X + aii* (X', )] N S*(7) (51)

with €, the unit vector perpendicular to the plane and « a scalar that is numerically computed (in a
similar way a projection is computed) to reach the intersection. Now we have to determine
Y(no — 1,4/, t) such that 7 will have a continuous evolution. Let J(C, ¢) be the intersection of the
two segments as defined on Fig. 3b. Therefore, the system of equations to be solved is

/L/ J—;(}’l()—l,l/l,t)—_]_}(c,l)
||)_;(n0 - 13 u, t) - J_}(C’ t)” ’
L' = ||¥(no, u, t) — ¥(C, 0, (52)

V(o —1L,u',t) = WC,t)+a

where o is determined to lead to a normal continuous evolution. To achieve that goal, if the slave
node evolves from line b to line »’ (Fig. 3b), the normal has to evolve from a direction parallel to b
to a direction perpendicular to segment no. Then, point ¥(no — 1,u/, t) has to evolve from y(no —
1,u,t) to Y(C, 1) and, actually, o’ has to evolve from unity to zero, yielding

, Yo, u, ) — X|| /L' — tan((x — a.)/4) . n—o  |l+cosa.
%= T an((n — 00))2) — tan((n — o4y 0 tan( 2 ) ~\T—cosa. and
tan(n - occ> _ \/1 — /(1 + Cosocc)/Z' (53)
4 1+ /(1 +cosa.)/2
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Fig. 4. Description of the two-projection configuration (2 dimensions): (a) limit configuration o, = 60°; (b)
configuration for an angle larger than 60°.

Although the above formula is correct for all angles o, we have assumed that o, is larger than 60°.
In fact, for such a limit configuration represented at Fig. 4a, if there are two projections, the slave
node is always closer from bisecting line b than from the segments. Therefore, the methodology
that gives a continuous normal could be simplified by taking a normal to the line that joins the
two projections as represented in Fig. 4b. The intersection between the surface and the line
directed along the normal and originating from the slave node gives the actual projection point.
With €, the vector perpendicular to the plane and with @ a scalar numerically computed (in a
similar way a projection is computed), assuming that the intersection occurs with segment no, one
gets

Yo — 1,u,t) — ¥(mo,u,t)

—C ac’_“l f) =
T = o) = 300 = Lu, o

Fno,u, 1) = [X + aii (¥, )] N S*(2). (54)
When studying a 3D problem, all the formulas developed remain correct when applied in the

plane including X, ¥(mo — 1,u,t) and y(no,u, t). Moreover, in Figs. 2a, 3b and 4b, we have
represented the continuous tangent #{ associated with the continuous normal n¢.

4. Consistent contact forces formulation
In this section we propose an original implementation of the method proposed by Armero and

Petdez [7,8] that leads to verify the conservation laws. Our implementation allows us to take into
account the discontinuity of the normal. Let us work in configuration n + %, which is obtained
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with the positions ¥"7/? = (" 4+ ¥"*') /2. The algorithm developed in Section 3.3, and applied in

this configuration, leads to the continuous normal 7 (xc‘ "+1/2) for each slave node ¢, and to a
unique projection on a segment number no and with coordinates u<"+'/2. Moreover, since the
3-dimensional boundary is composed of Coons patches, to be able to consider frictional forces
when the slave node moves from one patch to another, the contact formulation is modified. We
rewrite the formulations that depend on the curvilinear coordinates, such that the formulations
depend only on the nodes projections. For a complex surface, it is always easier to compute
expressions that depend on the closest projection than to compute expressions that depend on
curvilinear coordinates.

4.1. Normal forces

Eq. (37) is integrated in time by the use of a finite difference stencil, leading to the dynamic gap
defined by Armero and Pet6cz [7]:

n+1 — gd + 7 (xC1 [n+1/2) [—>n+l —»ﬂ]il _ (Xél tn+1/2) D7n+l(n0, ucn+l/2) _ J_;n(l’lo, ucn+l/2)]’
(55)

where we use the coordinate u obtained in the mid-configuration to evaluate the pro-
jection in configurations n and n+ 1. The dynamic gap is initialized with the true gap
(i.e. g" = [¥" — 7"]- #">0) before the first contact detection (i.e. g"™' = [T — 71 #71 <0)
(see [7] for details). Using a normal penalty ky, a potential of contact was defined by Armero and

Petocz [7]:

cn+1/2

U(g):%k]vg2 if g<0 and U(g)=0 if g>0, (56)

leading to the evaluation of the normal force

U n+1 _ U n
P (Hil tn+1/2)2 (g n+1) n(gd) if n+l¢gz
9a  —Ya
oU n+1 +gd
—_ if n+l __ — n. 57
6g< 2 > " 9a Ja (57)

The normal components of the contact forces defined in Eq. (47) are then obtained by

-n+1/2

[F::m/ < —¢ (XC] ln+l/2)}’l ()—C>C1 [n+1/2)

-n+1/2

[F’C’;'m/ %: —t (xcl t’”l/z)q)gz(no ucn+l/2)n (—m tn+l/2) (58)

4.1.1. Conservation of linear momentum
Since [1 — > . ¢=(no, u"1/2)] = 0, Eq. (20) is directly verified from Eq. (58) that leads to

—>n+1/2 n+1/2 ;
cont ] Z cont FV - (59)
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4.1.2. Conservation of angular momentum
Expressions (58) verify Eq. (22) since

—»}’H»l +

X" —>n+l/2
2 [Fcont ]N
i=1,2 N
& &
X»n+1 + b 3 + b
— —tN(.XCl Zn+1/2)n( =& Zn+1/2)/\ [ 5 _ q/)(Q)‘z(no ucn+1/2) 5 :0
=g(f§1’tn+1/2);’>¢'(gi1’tn+1/2)
(60)

4.1.3. Conservation of energy

Let us study the cycle defined by Armero and Petocz [7]: in configuration 1 there is no contact
(g}, = ¢g'>0), in configuration n with 2<n<n' there is a persistent contact (93<0), and in
configuration n’ + 1 the contact is released (g +1>0). Let us first note that, using Egs. (55) and
(58), for each 1<n<n' we have

n+l/2C —>+l - ll+1/2 —n+1 —n1é
[Fcont ] 1' [xn n]cl +[ cont ]E\? xn - x”]Cz

=ty g — gil = —[U(g4) — U(g)]- (61)

WrH— 1 Wn

cont cont —

During the first step between configurations 1 and 2, we have, using Eq. (56), g} = ¢' >0, U(¢") =
0 and g3 <0, U(g?)=>0, leading to

W2 =W, —U(g)+ Ulgl) = —U(g2) <0. (62)
N—— N——

=0 =0
During step n € [2,1], we have ¢ <0, U(g")>0 and ¢’*' <0, U(g5") >0, leading to

Weon = Weon + Uldi™) =U(g)) = = U(gy) <. (63)

=0

Finally, considering the step n’, we have gd >0, U (gd)>0 and g7 >0, U (9 +1) = 0, leading to

cont

Weont = Weow + Uld) =Ulgy ™) = =U(gi*h) = 0. (64)
_——
=0
Therefore, the normal part of Eq. (26) is verified: during persistent contact the work is negative,
and after the contact is released, the work is equal to zero. Let us note that during this last step

where the contact is released, the pressure computed by Eq. (57) is different from zero, and
therefore, since U (gf,’)>0, the contact forces are different from zero too.
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4.1.4. Numerical dissipation
If the time integration scheme used is the EDMC-1 algorithm, Armero and Petocz [7] have
introduced numerical dissipation related to the contact forces with

+1
n+1/2 £ U(gn — gd) ==l ntl)/2
[dlss]lz_ n+l _ n (C]Z+/)
d d
Y L B .
[Fig 1= =Xgn+17nd P2 (V)R 1, (65)
d d

where y is a parameter governing the numerical dissipation. This expression of the dissipation
forces verifies directly Egs. (28). Moreover, one gets

—>n+1/2 ﬁn n n
> [Fge 17 =¥ = 2 UGgs™ - gl)) = 4r >0, (66)
i=1,2
which verifies Eq. (29).

4.2. Friction forces

Let us assume that the projection of the slave node in the mid-configuration is

j}””l/ 2(no,u™'/?). Our first simplification is to define an orthogonal unit base associated to this

point:
(xél tn+1/2) A [)7"+1/2(n0 i) — ”"J’l/z(no u(¢n+1/2)]
|7 (—>C1 12y A [)—}W+1/2(n0 ig) — —>”+1/2(n0 ue12)]|

OE ) = E ) AR ), (67)

?T(fc’fn T2 = %(X’é‘, 7172,

Therefore the dual base defined by Eq. (41) is equivalent to the primal base.
To integrate Eq. (39) in time, we first compute a dynamic tangential gap increment

Ag, = )+ 7"(no, u" /). (68)

Let us define a dynamical projection, denoted by ¥(no,, uy), that corresponds to the accumulation
of the dynamic tangential gap increments. This dynamical projection is evaluated in the following
way. Firstly, no; and u, are initialized at the first contact configuration. Next, the dynamic
tangent gap is evaluated from the dynamic tangential gap increments and from the difference
between the previous dynamical projection (i.e. _’”+1/ 2(nod,u )) and the actual projection (i.e.
¥ 2 (no, u"t1/%)). It becomes

g, = Ag,, + " 2math, uh) — 7 (no, u?). (69)

[an-i-l]cl _ [ﬁn] %+1 cnt1/2

(no,u

As can be seen in Fig. 5, when the dynamic gap is added to the actual projection (i.e.
)7'““1/ 2(no,u™1/?)), it does not lead to a point that is on the master surface S°. Therefore, by
analogy with Eq. (39), we project this point in the plane tangent to the master surface, leading to
point % defined by

-

X =7 o, u ) 4 [z, V) g 1R ). (70)
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cn+1/2
no,u )+ 0y

Fig. 5. Construction to find the dynamical projection (2 dimensions).
Actually, the new dynamic values nof;rl and u”+1 are obtained by projecting ¥ on the surface S? in
the configuration n + 4, leading to ¥ el 2(110’“rl utth.

This construction is 1llustrated in F1g 5 and is a planar approximation of a time discretization
of Eq. (39) as we will see. If it are the surface coordinates in the new base, and assuming that the
gap remains small enough, Eq. (39) becomes

B — 0237 Ty = Aypily with Aug = Ty - Ty = O, (71)

= —
For a planar approximation, we have X = y"“/ 2

)—}n+l/2(n0 ud) —>n+l/2(n0 ucn+1/2) — [ﬂn] (XCI [n+l/2)

(no"™', /4™ and using the definition of @, it yields

)—;n+l/2(n0d n+1) —>n+l/2(n0’ ucn+l/2) [~n+l] ()—éfl l”+l/2) (72)
These expressions reduce Egs. (68-70) to
[ﬁZ-H ﬁd] (xfl tn+1/2) [—>n+1 _)—én]g“]

roE ) (o, w2 — ' (no, uem )], (73)

which is a time integration of Eq. (71).

If the master surface is not plane, these approximations consist in evaluating the tangential gap
by joining the projections by a line and not by moving on the surface. But this approximation is of
the same order as the finite element decomposition that leads to bilinear Coons patches.

Now we have to evaluate the frictional forces from these dynamic coordinates. Let us assume
that the sticking point is on the entity #o and has the coordinates ;. Therefore, the sticking

predictor is evaluated as
)—}>n+1/2 —>n+l/2(n0n+l n+1)

2

(noy, uy) +

B ) = —kegr, —

00, )| - T5(E5, 1)

(74)

with k7 the tangential penalty and r. a factor that ensures an increase of the master surface size
will not introduce numerical energy in the system. This ratio will be computed when evaluating
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the friction dissipation (Section 4.2.3). Using the Coulomb law defined by Eq. (43), the final
components are

e if (15 <0,
trj’fed()‘c’ctl [71"1‘1/2)

ir, p— Uotn (x51 l"+1/2) if @c(lgffd)>()‘ (75)
t

I, 1,

Since the dual base corresponds to the new base, assuming the normal gap remains small, the
frictional forces from Eq. (47) becomes

[F’Z(;lt/z ¢ =t ()—551 [n+l/2)f"()—c>é1 tn+1/2)
[F’Zom ;ﬂz — _ZT (Xtél tn+1/2)q)§2(n0 ucn+l/2)t (—’Cl tn+l/2) (76)

4.2.1. Conservation of linear momentum
Since 1 — ) Z 0% (no,u"+1/?) = 0, Eq. (20) is directly verified since Egs. (76) lead to

4n+l/2 & ﬂn+l/2
F ont TI+Z cont CT2:0 (77

4.2.2. Conservation of angular momentum
Eqgs. (76) lead to

—>n+l +

X" 2ntl/2 e
2 [ cont ]T
i=1,2
£ &
—n+1 on | ! 2n+1 bvild
X +X X+ X
_ ZT (xcl Zn+1/2) # _ (/)() (}’lO ucn+1/2) f /\[ (xgl Zn+1/2) (78)

:g()?il ’tn+1/2)ﬁ<‘(£§l Lpr1/2)
which is different from zero since the term depending on the gap ¢ in Eq. (47) was neglected.
Eq. (22) is therefore verified only if the gap remains small enough.

4.2.3. Evaluation of frictional dissipation
In this section, we will evaluate the scaling factor r,. used in Eq. (74) that leads to a consistent
algorithm. The tangential part of Eq. (26) is computed from Eq. (76), yielding

A= = [Fom B[ = 397 = [Fl, 07 [ = 51
= (3, tn+l/2)t @, 2y R - R — gogz(no, U 3y, (79)
Using Eqgs. (68—70), this last relation becomes
Ay = —t7, (xél tn+1/2)l (—»cl tn+1/2)‘A§”
= — o (L HEE )[R 5 ol )
~ — 1 (R, TV RS, ) [}7”+1/2(n0”+1, utthy — M+1/2(no’$,uf, ]. (80)

19



As Armero and Petdcz proposed [8], let us define n,; a value that represents the slip but that does
not depend on the surface size variation and let us define Ay such that

oy = [0l al) — oo, 1)) - [0t o) — (o0, ),
A" = [ (o, ) — 7o, )],

A—>n+1 D—}>n+l/2(n0n+l uZJrl) —>n+l/2(n0 ud)] (81)
Therefore Eq. (74) leads to
lr;:fd()_fil, Zn+l/2)t—’§;()—é§1, tn+l/2) . D—}n+l/2(n0n+l n+1) —>n+1/2(n016113 ul:])]
1
= =5 kpr 5L A+ AFTIEE ) (AT - A

kr

== Iy =il (82)
if 7. is defined by
’7n+1 U + +1
Azy(no’“*l n+1) Azy(nog 2 if no™™ 't £ nol, ult,
ro = 1 (83)
1a if no™,u™ = no, ult

AZ (non-i-l’ Z—H)

with A2p(no™t!, w1y = S22 (AP 75 (R%1, £+1/2))2. Therefore, using Eqs. (75) and (82), Eq. (80)
can be rewritten as

—pred

—[n"“ — ] if o.(T")<0,

Afr = k t re (84)
STREN )it @ (T >0,
207 |

Now we have to verify the physical consistency of this relation and to determine the sticking
point. Let us define a cycle of #n’ steps without sliding (i.e. sticking status) and the following step
with a sliding status. Let us suppose that the contact starts at step 0. In such a case, the sticking
point is defined by no = no?, and by 7 = ud Thanks to Eq. (81) it leads to 1 ¢ =0 and Eq. (84)
leads to

n=n'—1

kT kTﬂlN /41 /
A= > S =+ = I =]
e 2177
kr HeIN krudn i
= S [1_ e i >0, (85)
N7 | 21T

Here we do the same approximation that Armero and Petdcz did by assuming the new sticking
point is the latest obtained projection point: if); =y “. This approximation leads to the exact
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solution when the tangential penalty tends to infinity. For such a penalty, we have uf,/ =1 and,
using Eqgs. (75) and (81), Eq. (85) is rewritten as
kT,LLCZN WAl kT,u(

A = W”d 2||7—>_,pred” 1V (rio -”H n“) — Yo(ro, i2)|*

= petw 1 Fooy ™, iy ) — Fo (o, da)ll, (86)
which corresponds to the time integration of Eq. (48). If the penalty dis different from infinity
(which is always the case), the energy stored in (k7 / 2)173/[1 — utn/| 7 ] is lost and the scheme
overestimates the dissipation.

Since the tangent forces are physically dissipative, we do not need to define additional
dissipation forces related to these tangent contact forces.

5. Numerical examples

In this section we will prove that our method to compute the contact interactions is both
efficient and robust. The elements are 8-node bricks with underintegration of the pressure to avoid
volumic locking. The model used is an elasto-plastic hypoelastic material. The internal forces
expression can be found in [21,22]. Normal contact forces are expressed by Eq. (58) and tangent
contact forces are expressed by Eq. (76). Expression of the dissipation forces related to the
internal forces and expression of the dissipation velocities corresponding to a first-order
dissipation algorithm (EDMC-1) can be found in [25]. Dissipation forces related to the normal
contact forces are expressed by Eq. (65).

5.1. Numerical example 1: impact of two hollow cylinders

The problem under consideration is the interaction of two hollow perpendicular cylinders
(Fig. 6a). Both cylinders have the same mean radius (R =98.5mm), the same thickness
(e =3mm) and the same length (L = 460mm). The initial difference of the gravity center
coordinates is X = (250 mm; 0 mm; 0 mm). The right cylinder has no initial velocity, while the left
one has an initial velocity X = (40m/s;4m/s;0m/s). Both cylinders are made of aluminum
(density p = 2710kg/m?, Young’s modulus Y = 70000 N/mm?, Poisson’s ratio v = 0.3, initial
yield stress Xy = 90 N/mm? and linear isotropic hardening # = 100 N/mm?). Each cylinder has
990 elements (3 through the thickness, 22 along the circumference, 15 along the length). The
interaction between the cylinders occurs with a Coulomb frictional law (normal penalty ky = 10°,
tangential penalty k7 = 10%, friction coefficient u, = 0.1). We will compare the results obtained
with the following algorithms:

— EDMC-1 algorithm with an infinity spectral radius equal to 0.8;
— Hilber—Hughes—Taylor (HHT) [28], with an infinity spectral radius equal to 0.8.

Fig. 6b and c illustrate respectively the equivalent plastic deformations obtained for the EDMC-1
scheme and for the HHT scheme for a time step equal to 0.5 ps. Both simulations lead to the same
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Fig. 6. Geometry of the two cylinders: (a) initial configuration; (b) equivalent plastic deformation (after 5 ms) with the
EDMC-1 simulation; (c) equivalent plastic deformation (after Sms) with the HHT simulation.
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Fig. 7. Time evolution of the left cylinder linear momentum for a time step size equal to 5ps: (a) linear momentum
along X; (b) linear momentum along Y.

results. Fig. 7a and b illustrate the time evolution of the left cylinder linear momentum,
respectively along axis X and Y. The solutions are compared to a reference solution obtained with
the EDCM scheme without numerical dissipation (EMCA) and a time step equal to 0.1 ps. Along
direction X, the left cylinder transmits a part of its linear momentum to the right cylinder. Along
direction Y, the friction interaction leads to a transfer of linear momentum from the left cylinder
to the right cylinder. All the solutions are identical. Fig. 8a illustrates the fact that, since the left
cylinder impacts the right cylinder below its gravity center (positive Y), the angular momentum
along Z of the left cylinder begins to increase. Next, due to the friction effects, the angular
momentum along Z of the left cylinder decreases. The EDMC-1 scheme leads to a solution
different by about 10% from the reference solution. The HHT scheme leads to a solution different
by about 35% to the reference solution. The angular momentum along Z of the two cylinders is
illustrated in Fig. 8b. Since we have neglected the term depending on the gap ¢g in Eq. (47), the
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Fig. 8. Time evolution of the angular momentum for a time step size equal to 5 us: (a) angular momentum along Z for
the left cylinder; (b) angular momentum for the two cylinder.
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Fig. 9. Final energy (after Sms) of the two cylinders: (a) numerically dissipated energy; (b) contact forces work.

value is not constant but has a variation of 0.1%. Fig. 9a illustrates the numerically dissipated
energy at the end of the simulation. The energy dissipative simulations are performed with 5
constant time step sizes: 1, 2, 3, 4 and 5Sps. For small time steps size, the HHT algorithm
introduces energy in the system and is dissipative only for large time step sizes. The EDMC-1
algorithm, whatever the time step size, always leads to a positive numerical dissipation. Fig. 9b
illustrates the (accumulated) work of the contact forces at the end of the simulation. For the
EDMC-1 scheme, this work corresponds to the friction dissipation and this value is constant for
each time step size. For the HHT scheme, the normal component does not lead to a work equal to
zero. Therefore, the work of contact force is not always equal to the friction dissipation and can
vary by about 20% when the time step size is multiplied by 5.

5.2. Numerical example 2: buckling of square tubes

Let us now study the dynamic buckling of a square tube as proposed by Karagiozova and Jones
[29]. Due to symmetry, only one quarter of the tube is under consideration. The square tube
(Fig. 10a) has a constant thickness of 1.14 mm and a height of 146 mm. The cross square section of
the tube has a length of 23.7mm, and the angles are smoothed with a corner radius of 2.1 mm. If
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Fig. 10. Description of the square tube: (a) geometry (mm); (b) hardening law (MPa).

the section is kept symmetric, the dynamic buckling will be different from the experimentation
that is not perfectly symmetric, leading to a non-symmetrical buckling. Therefore Karagiozova
and Jones [29] have proposed to reduce the Y-length of the section by 1% and to increase the X-
length of the section by 1% (Fig. 10a) to introduce some numerical imperfections in the model.
Therefore, the area of the section remains constant with a little asymmetry. The tube is made of
aluminum (density p = 2700kg/m?, Young’s modulus ¥ = 71000 N/mm? and Poisson’s ratio
v =0.3). The von Mises limit X, depends on the equivalent plastic strain &’ through the law
2,(MPa) =200 + 11.64[1 — e_loo""l] + 209¢”/(MPa). This hardening law is illustrated in Fig. 10b.
Let us note that Karagiozova and Jones [29] use a multi-linear-segment approximation of this law.
Our numerical model is composed of 2600 brick elements (120 along the height, 10 along each half
length of the section, 2 along the arc and 1 through the thickness). '

The buckling is generated thanks to the impact of a rigid mass M, with an initial velocity X
(Fig. 10a). The rigid mass is simulated with a volume of length 23.7 mm and with a Young’s modulus
ten times larger than the tube’s one. When studying the buckling of a tube, with shells elements,
Langseth et al. [30], who used shell elements, fixed the rotational degrees of freedom at the extremity
of the tube. Since we use brick elements, we do not have this opportunity. Therefore, we choose to fix
the radial displacements of the nodes situated at 2.5 mm of the extremities (gray zones represented in
Fig. 10a). The study proposed by Karagiozova and Jones [29] consists in the absorption of an impact
of 600 J (for the whole tube) at different velocities. Values of the impact velocities Xy and of the impact
masses M are reported in Table 1 for the four impact simulations under consideration.

We use the EDMC-1 scheme with p,, = 0.8 (spectral radius at infinity) to simulate the problem.
The time step size is computed thanks to an automatic criterion [31] with an accuracy of 10~ on
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Table 1
Impact properties

Name Impact Impact Experimental Numerical Karagiozova
velocity mass, M crushing [33] crushing and Jones [29]
(m/s) (kg) (mm) (mm) (mm)

N76 14.84 5.45 68.3 71.9 66.4

G5 25.34 1.87 60.8 70 54.3

N41 64.62 0.28 44.1 46.9 394

No61 98.27 0.126 35.5 38.8 35.6

Initial N76 G5 N41 N61

125 153 141 149

251 281 298

376 422 446

502 562 595

Numerical results (EDMC-1)

Fig. 11. Final deformations of the square tube: von Mises stress (MPa) of the numerical results obtained with the
EDMC-1 algorithm.

the integration error [31] and the choice of updating the Hessian matrix is also computed from
automatic criteria [31]. Each time step is computed with a Newton—Raphson scheme (tolerance
107°) enhanced by a line-search [32] (tolerance 10~%). Contact forces are computed with the
formulation developed in Section 4. The contact is frictionless and uses a normal penalty ky = 10
for the tubes N61, N41 and G5, but a penalty of ky = 10* for the N76 tube that has a slower
dynamics.

The deformed configurations obtained are illustrated in Fig. 11. When compared to the
experimental results obtained by Yang [33] (Fig. 12), it appears that the buckling modes are quite
similar (same number of buckles and same positions). Crushing distances (of the top of the tube)
of our numerical results and of the experimental results are reported in Table 1. We have also
reported, in this table, the crushing distances obtained with an explicit algorithm and shell
elements by Karagiozova and Jones [29]. It appears that our numerical results obtained with an
implicit algorithms are accurate with respect to experimental results, with a 15% error. Moreover,
let us note that an implicit simulation with an «-generalized algorithm [34] (p,, = 0.2) did not
succeed for the present simulation (no convergence of the Newton—Raphson algorithm).
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Initial N76 G5 N41 N61

(a) - Experimental results

Fig. 12. Final deformations of the square tube: experimental results obtained by Yang [33] and published by Jones and
Karagiozova [29] (Reprinted from Int J Impact Eng 30, D. Karagiozova and N. Jones, Dynamic buckling of
elastic—plastic square tubes under axial impact—II: structural response, 167-92, Copyright 2004, with permission from
Elsevier).

6. Conclusions

In this paper we have presented a practical way to simulate complex contact interactions with
an implicit scheme in the framework of the so-called ‘“‘conserving algorithm”. To achieve this, the
evolution of the normal was smoothed and rendered continuous even for facetted discretizations.
Next, the contact forces are computed in a thermodynamically consistent way, taking into
account this smoothing method. Numerical examples have proved the efficiency and accuracy of
this method for impact simulations. We conclude that, with such improvements, implicit schemes
are able to simulate complex contact problems.
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