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Sensitivity approach for modelling the environmental loading of marine
structures through a matrix response surface

Franck Schoefs

Nantes Atlantique University, CNRS, Institute in Civil and Mechanical Engineering (GeM), UMR 6183, Faculté des Sciences et des Techniques,

2 rue de la Houssinière, Nantes F-44000, France
The actual challenge for the reassessment of existing offshore structures through a rational process of reassessment leads one to state 
the importance of a response surface methodology. At different steps along the quantitative analysis, quite a number of approximations 
are developed as surrogates for the original model. They require subsequent uncertainty and sensitivity studies. This paper suggests a 
geometrical description of the energy of the wave kinematics fields for the building of a wave loading response surface. The matrix 
response surface of the water particle kinematics field is shown to be suitable for further transfers and for uncertainty and sensitivity 
studies. This allows discussion of the complexity level to be introduced in stochastic modelling of the wave actions within its relevance for 
the probabilistic mechanics analysis of offshore structures. For illustration, in situ measurements are used to provide ranges and 
distributions of basic variables with a view to performing uncertainty and sensitivity studies.
1. Introduction

Nowadays, one third of the existing offshore platforms
require life extension. It is well recognized that the
probabilistic reliability approach gives an efficient quanti-
tative means for updating additional information and for
measuring the relative change in safety level compared with
a predefined requirement. During this last decade, efforts
were concentrated on developing methods and their
corresponding software for structural reliability analyses.
More and more in recommended practice, resulting failure
probabilities and/or reliability indices are introduced for
elaboration of LRFD rules and comparison of design
proposals. The actual challenge lies in providing rational
procedures and decision aid tools related to the reassess-
ment of offshore structures where the structural and
mechanical integrities are important criteria.

The required structural behaviour can be considered as
the output of a system, which varies in response to the
changing levels of several input variables. The response
ck.schoefs@univ-nantes.fr
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surface methodology (RSM) comes, of course, as a basic
formal aid tool. The challenge is that, starting from
environmental loadings and resistance factors in order to
obtain reliability indices, the models are to be provided
meaningfully. Therefore, the response curves must be based
on some prescribed understanding of the underlying
mechanism [1]. Key factors and underlying concepts to
control RSM are introduced in Section 2. The primary
concern is about how to provide criteria for rational
guidance when choosing a response function format among
potential candidates.
Section 3 presents the step-by-step building of a matrix

response surface of wave loading on framed offshore
structures that is based on the energy of the wave
kinematics fields. The main transfer concerns the kine-
matics field on which all the response surfaces are based.
The time evolution of the wave propagation is usually
described by second-order partial differential equations
within more or less simplified boundary and initial
conditions, known as Navier–Stokes equations. Useful
reviews of wave loads acting on offshore structures are
available in a series of articles [2–22] including the effect of



currents or marine growth. The main focus is on
deterministic aspects even if effect of uncertainties in
marine growth modelling for example is available [22]. In
terms of structural reliability analysis, probabilistic model-
ling is mainly based on polynomial response surfaces. This
paper presents a general framework and methodology to
deal with uncertainties in a complete chain for computing
nodal forces. It starts from a formal representation of the
wave kinematics field, following a geometrical viewpoint.
The nth-order Stokes model has the form of a sum of n

vectors, each of them being obtained through suitable
similarity and rotation transformations of the wave
direction vector. The similarity ratios and the rotation
angles are random functions. Their stochastic fluctuations
depend on wave height and wave number. This leads to a
specification of the random nature of the wave kinematics
intensity process. Subjects such as physical meanings,
complexity level in modelling, distributions effects and
computational tractability are carefully addressed in
Section 3.

The response surface based on geometrical description of
wave kinematics is shown to be very tractable for
sensitivity and uncertainty studies. It is a good basis in
order to build the complete response surface of energetic
equivalent nodal forces. Successive mathematical develop-
ments in Section 4 are devoted to this aim.
2. Probabilistic analysis for marine structures design and

reassessment

2.1. Identification of major structural behaviours

Consider an offshore structure buffeted by waves and
also submitted to wind and current loads. Due to the
unsteady and random nature of environmental forces and
the imperfections of structure and materials, the technolo-
gical risk due to a collapse cannot be absolutely eliminated.
This leads to the conclusion that safety must be quantified,
and risk must be evaluated through measures and finally
compared with an advocated risk level. Under these
considerations it is now widely accepted that the probabil-
istic mechanics approach gives an efficient means for
conducting a reliability analysis. Concepts, tools and
software [23] have been developed during the last 20 years
for the evaluation of strength, load variables and reliability
measures.

The mechanical behaviour of structures embraces
usually three major loading types, which are extreme
events, fatigue and dynamic loading. Practically an analysis
of the structural shape and the platform location becomes a
rational guidance to select the dominant loads, which
defined the first design of the structure. In deep water for
example, a tower is suggested to dynamic excitation. With
regard to a process of reassessment for tiny structures
called jacket platforms, which are in fact memory-less and
non-resonant structures, structural response to extreme
2

events and fatigue loading has to be quantified. This paper
focuses on the first case: quasi-static behaviour is then
considered.
2.2. Specific needs for structural reassessment

The safety margins of offshore structures vary from
the design stage and during the service life due to
several parameters evolving during the life of the
structure (marine growth, technical change, etc). The
reassessment of existing platforms is a particular stage
where these factors are to be updated from survey
programmes and measurements of environmental condi-
tions. It allows measuring the relative change in safety
level compared with a predefined requirement. The
collected data contribute to a better knowledge of
structural and environmental properties. One must keep
in mind that the uncertainty is not automatically growing
with time. For example, the marine growth effects can be
affected by the transport and the period of implantation of
the structure, and the corresponding uncertainties are
larger at the design stage than after several years of
structural survey.
2.3. Motivation for the building of a physical response

surfaces

As a consequence, analytical expressions of strength,
load variables and limit state function are to be pro-
posed. Classically, these surrogates to original models are
derived from a regression analysis. There is no hope to
define a general procedure for the selection of an
approximation format among all the possible candidates.
It leads one to state the importance of the RSM [1] as a
basic formal aid tool. It is important to notice that these
derived functions (mainly polynomial expressions) are
generally used as the simplest readily available smoothing
curves, without any appeal to their theoretical properties as
asymptotic approximations to the true response function.
Leira et al. [24] show that even the expectation of the
response can be erroneous using polynomial expansions
with a low degree. Such a ‘‘blind approach’’ is very
questionable [1]. Here an alternative procedure for
constructing response surfaces is suggested, which com-
bines two guidelines, a deterministic approach in which the
successive transfer functions are derived from physical
considerations with the stochastic modelling of the basic
variables. The first deals with the efficiency of the
deterministic models themselves. The second, on the basis
of uncertainty and sensitivity studies, needs to identify
the basic random variables, e.g. those that govern the
variations of physical quantities.
Clearly, the objective is not to improve new deterministic

models but to suggest a rational process of response surface
modelling based on uncertainty and sensitivity studies (see
Section 4).



3. Building a response surface for describing wave loading

3.1. Guidelines and key points of the response surface

methodology

RSM has been largely developed during the last decade,
and response function models, including non-linear ones,
are now available, especially for the specific needs of
structural reliability analysis [25–28] and stochastic pro-
blems such as crack propagation [29]. This methodology
is basically a formal representation based on geome-
trical ideas: surface building in the probabilistic space. It
leads to investigation of the properties of a physical process
versus a system approach. This means that the required
response (e.g. mechanical behaviour) is considered as the
output of a system, which varies in response to the
changing levels of several input variables (stimuli) called
basic variables (see Fig. 1). The system must be modelled
by some mathematical function of the random variables Xi

involved in the system and characterized by statistical
information yi (moments, free or parametric distribu-
tion functions). For reliability analyses, the investigated
response is either strength, load variables or limit state
function. The surrogates to original models are classically
analytical functions (mainly polynomial expression) whose
parameters are estimated from experimental results
[26,27,30]. The building criteria must be developed
according to the specific reliability analysis. Three major
criteria, which may conflict, have been proved to be
relevant [31]:
�
 Physical meanings: The selection of the set of stimuli and
of the approximation function is expected to be mean-
ingful in the sense that it is based as far as possible on
some understanding of the underlying mechanism of the
physical process.

�
 Distribution effects: The output distributions change

according to the various assumptions selected to
describe the statistical properties of the stimuli variables
Xi and to fit the function f. The selection should reflect
how the whole distribution is well transferred through
the response surface (the so-called distribution effects)
especially for non-linear transfer such as the transfer of
the energy of the wave kinematics field. It is proposed
here to ensure the main distribution effects by the
additional fitting of the partial derivatives of f relatively
to X, i.e. the Jacobean matrix.

�
 Goodness-of-fit measure: Let us consider a response

function and its robustness in an attempt to perform
inference analysis. The first concern is the selection of
Basic variables 
Xi

Response
Y =  f (Xi / θi) 

Transfer response 
function  f 

Fig. 1. System modelling using response surfaces.
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the basic variables Xi and specially the ranking of them.
The usual metrics termed sensitivity and uncertainty
importance measures are less efficient. According to the
fitting demonstrated in the previous subsection, the
metrics of Sobolev space [32] can be suggested to
introduce some mean least-squares error on the partial
derivatives as a measure of the goodness of fit. That
largely conditions the safety domain topology and its
probability measure. This approach questions the choice
of a polynomial response surface of low order, so
suitable for the computational implementation [1].

�
 Computational tractability: Clearly the complexity re-

duction and computational tractability are incentive
requirements for engineering purposes. It is observed
that increasing use and development of electronic
computers and algorithms offer important potentials
in this area. However, an increase of the complexity level
in stochastic modelling does not necessarily ensure more
realistic results and is always a time-consuming option
when computing.

Alternatively to the regression techniques and according
to these different criteria, this paper suggests a procedure
for building response surfaces, which combine the stochas-
tic modelling of the basic variables with a deterministic
approach in which the successive transfer functions are
derived from physical considerations. This self-consistent
approach based on sensitivity and uncertainty studies
enables ranking of the input variables and to well
disseminate the associated statistical assumptions. It gives
arguments for the ability of the selected models to be used
for inference purposes. The illustration presented below
concerns the transfer of the energy of the wave kinematics
fields for the calculation of wave loading on a steel framed
offshore structure called a jacket structure.

3.2. Building the response surface of energetic equivalent

nodal loads

3.2.1. Kinematics of wave loading

Considering a steel framed structure submitted to wave
and current, the source of the resulting environmental
loading resides in several factors such as the group effect of
piles, welding and building conditions, and soil–structure
interaction. The focus here is on the kinematics of water
particles near the wet structural component. For the
reassessment process of non-resonant structures, it is
noticed that fatigue and quasi-static structural behaviour
are of primary concern. For structures showing this
behaviour, the environmental loading is considered
through its static effects and based on the wave kinematics.
There is no hope to define a general procedure to select the
corresponding model and the associated response func-
tion among all the candidates available. The choice of
format and complexity level must be well argued in the
sense of its consistence versus the global approach of the
problem (probabilistic and mechanical modelling for



reliability analysis). For the presented study, according
to the specific response surface criteria presented above,
several targets that may be in conflict are taken into
consideration:
�
 The model is required to be meaningful in the sense that
it is based as much as possible on some understanding of
the underlying mechanism (physical major considera-
tions of the wave–structure interaction): wave–current
interaction around the beam (vortex shedding) espe-
cially in the presence of mixed marine growth (soft and
hard).

�
 One must justify its consistence as a link into the

complete transfer between the previous one (wave
kinematics) and the next one (computing of energetic
equivalent nodal forces). To this issue a model based on
energetic consideration is well adapted.

�
 Its complexity level is wished to describe the phenomena

without a reasonable number of numerical computa-
tions (computational tractability).

�
 It should be used for inference purposes and suitable for

the environmental conditions updating from inspections
reports (marine growth evolution).
L

xb

xb

yb

zb

Ob

D

Fig. 3. Local coordinates ðO; x!b; y!b; z!bÞ.
It must be added that the validation of the final format
of the response function to the issue of its practice in
reliability analysis must be argued on the basis of
uncertainty and sensitivity studies.

To set up a computational model, equivalent concen-
trated forces applied at the nodes of the structure must
replace the loads exerted by the waves. Schematically,
successive transfers are described in Fig. 2. From the
criteria exposed above, it is necessary to select a physical
model of the force per unit span being based on energetic
consideration. The so-called Morison equations are well
adapted to this issue [33]. Their expression, translated in
local coordinates, indicates that the force per unit span can
be separated into drag (Eq. (1)) and inertial (Eq. (2))
Basic variables of waves  
(H,T, Hs , Tz ...) 

Basic variables (screen effect of 
marine growth θmg and flow 
model uncertain parameters Cx,
C’x , CD, CM )

Wave
 modellin

Data collection 
Stochastic 
modelling

Environmental 
 parameters 

Kinematics field 

Distributed l

Fig. 2. Successive response surface modelling
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components (Fig. 3):

f DðMÞ ¼
1

2
rymgD

pCX 0 0

0 CD 0

0 0 CD

2
64

3
75~V ðMÞjj~V ðMÞjj, (1)

f IðMÞ ¼
1

4
ry2mgD2

C0X 0 0

0 CM 0

0 0 CM

2
64

3
75~GðMÞ, (2)

where r is the water density, D is the cylinder diameter,
~V ðMÞ and ~GðMÞ are, respectively, the instantaneous flow
velocity and the acceleration at point M, and CX, CD, C0X,
CM are hydrodynamic coefficients (respectively two drag
and two inertia coefficients) for modelling the fluid–struc-
ture interaction. They are introduced as model uncertainty
variables; ymg acts as a multiplier for taking into account
the uncertainties of ‘‘marine growth’’ effects through a
random increase of the beam element diameter (screen
effect).
These equations generally predict the main trends in

measured data quite well, once appropriate joint distribu-
tion for hydrodynamic coefficients and for ymg is provided.
The first one depends on sea-state parameters and the
second one varies with marine growth nature [22]. Never-
theless, they are not able to translate all the complexity of
wet structural
 node

g

Fluid - structure 
interaction modelling

Structural element 
modelling oads  

Concentrated nodal forces

for concentrated nodal forces assessment.



the fluid–structure interaction with enough accuracy (i.e.
high frequency content of the flow, gross vortex shedding
effects, etc.).

Keeping in mind these shortcomings as a source of
response problems, they are relevant in introducing non-
linear effects and their complexity is consistent with respect
to the large uncertainty in marine growth or fluid
interaction modelling caused by the lack of investigations.
This matrix expression leads to the proposal of a specific
geometrical formalism for kinematics field modelling.

3.2.2. Stochastic modelling and kinematics field formalism

To compute the hydrodynamic forces on the structural
components, there is a need to provide the kinematics field
of fluid particles based on sea conditions. The specific
interest of Eqs. (1) and (2) resides in the separation of two
terms, linear and non-linear, and of the matrix format. This
geometrical format can be very useful to perform physical
analysis on transfer quality. The work on the kinematics
field format has been based on this consideration. More-
over, its stochastic formalism should make the study of its
trajectories easy to ensure the physical understanding of
the transfer of its energy.

Physical time scales of wave actions are taken into
account with practical efficiency, by identifying sea states
as stationary components of a piecewise second-order
stationary ergodic and differentiable in mean square
random process [34]. As an extension of generalized
harmonic analysis, the stochastic process theory is con-
sidering functions indexed by space/time parameters and
with values in a so-called complete probability space [34].
One way of describing a stochastic process is to specify the
n-dimensional joint probability law whatever the value of
n. Another means is to give an explicit formula for the
value of the process at each index point in terms of a family
of random variables whose probability law is known (e.g.
trajectories). The last option is chosen to describe wave-by-
wave actions on jacket platforms which are basically
memory-less and non-resonant structures, especially be-
cause of their tractability for use in a probabilistic
mechanics push-over analysis with computer programs
based on finite elements.

To this extent a formal geometrical representation of the
wave kinematics is developed with special emphasis on
Stokes waves. This model describes waves with a rigid
progressive wave profile without the small-amplitude
assumption, and the fluid motion is irrotational with open
orbits. It depends, as for all usual wave velocity models, on
the random variables H and T. This couple of basic
variables is sufficient in the sense of the physical meanings

criteria: it can be considered as summarized information on
wave energy, which is consistent with the physical under-
standing of the Morison equations. For the study of the
quasi-static structural behaviour, only extreme sea states
(storms) are considered here and, in this case, these
variables represent the extreme wave height and the
conditioned period.
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Let (O, OU
��!

, OZ
�!

, OV
�!

) be a canonical repair in the
Euclidean space R3. The origin O is taken at the mean sea

level, the axis OZ
�!

is vertical and upward, and OU
��!

is the
wave directional axis. The following set of time and
dimensionless in space indices is considered:

t; x ¼ U=l; z ¼ Z=d þ l, (3)

where l is the width of the structure (diameter of a cylinder
containing the platform) and d is water depth.
The small-amplitude plane harmonic progressive waves

known as Airy waves are the simplest of all solutions to the
wave problem. They are derived from a velocity potential,
also called orthogonal stream function. The associated

velocity vector ~V airy takes the classical form (see Eq. (4)) in

the wave plane (OU
��!

, OZ
�!

):

~V ð1Þ ¼ ~Vairy ¼
H

2

ffiffiffi
g

d

r
coshðkdzÞ

coshðkdÞ

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kd

tanhðkdÞ

s
cosðklx� ctÞ

tanhðkdzÞ sinðklx� ctÞ

" #
, ð4Þ

where H is the wave height, k is the wave number deduced
from the random period T by the dispersion equation, o is
the pulsation and ct ¼ ot�c (c: phase angle). The
variables k and o are linked together by the one-to-one
dispersion equation relation (o2

¼ gk tanh(kd)).
The velocity vector being in the wave plane, it can be

written in the geometrical form,

~Vairy ¼H O; lð1Þ
� �

o< OV
�!

; að1Þ
� �

OU
��!

, (5)

tanðað1ÞÞ ¼
h~Vairy;OZ

�!
i

h~Vairy;OU
��!
i

¼ tanhðkdzÞ tanðklx� ctÞ, (6)

lð1Þ ¼ jj~V airyjj ¼
H

2

ffiffiffi
g

d

r
coshðkdzÞ

coshðkdÞ

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kd

tanhðkdÞ

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

sin2ðklx� ctÞ

cosh2ðkdzÞ

s
, ð7Þ

where HðO; lð1ÞÞ denotes the similarity with centre O and

ratio l(1) and < OV
�!

; að1Þ
� �

denotes the rotation of OV
�!

-axis

and with angle a(1).
The similarity ratio l(1) and the rotation angle a(1) are

random functions indexed by (x, z, t). The fluctuations of
their trajectories depend on the couple of random variables
(H, k). Angle a(1) is analytically independent of variable H.
The range and statistics of k are well adapted to

approximate the vector W
�!
¼ <ðOV

�!
; að1ÞÞOU

��!
by the

normalized first-order Taylor expansion W
�!ð1Þ

around
the mean wave number k̄. This point will be discussed in
more detail in a following paper. Introducing inside Eq. (5)

the approximation W
�!ð1Þ

instead of W
�!

, the velocity field
corresponding to the Airy model has the following



response curve,

V
!

airy � V
!ð1Þ

airy ¼ að1Þ A
!
þ bð1Þ B

!
, (8)

where A
!

and B
!

are deterministic orthonormal vectors
defined by

A
!
¼ < OV

�!
; að1Þ

� �
OU
��!

and B
!
¼ < OV

�!
;p=2

� �
A
!

(9)

and the coefficients a(1) and b(1) are random functions,

að1Þ ¼
lð1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ m2

ð1Þ

q ; bð1Þ ¼ mð1Það1Þ; mð1Þ ¼ ðk � k̄Þ a0ð1Þ , (10)

where a01 denotes the partial derivative of a(1) versus k, at

k ¼ k̄.
The random variable m(1) is zero mean and with narrow

support. It follows that b(1) is small compared with a(1).

Consequently, A
!

represents the main axis for the velocity

vector. The component following B
!

leads one to consider
the fluctuations of the velocity vector to be inside a narrow

sector around A
!

. The nth-order potential being the sum of
a set of n potentials, the response surface of each term i is
obtained by a similar transformation.

V
!

ith ¼ aðiÞ A
!

i þ bðiÞ B
!

i, (11)

where A
!

i and B
!

i are two deterministic orthogonal vectors

in the wave plane. After projection of these vectors on A
!

and B
!

, the response surface of the nth-order wave velocity
is deduced (Eq. (12)):

V
!

nth ¼ aðnÞ A
!
þ bðnÞ B

!
. (12)

The multipliers a(n), b(n) are analytical random functions.
They are expressed as functions of the wave height and of
the wave period. Thus their stochastic fluctuations are
governed by the randomness of these basic variables. The
expression of the acceleration has a similar formal
representation. It is deduced from the differentiation in
time of (12). Consequently, it is a linear combination of the
same vectors within introduction of two coefficients c(n)
and d(n) (see Eq. (14)). This geometrical format enables the
introduction of (see Section 4) a stochastic structure
following space/time indices. As an example, wave kine-
matics amplitudes are profile functions (stochastic varia-
tions with depth) mainly.

The complexity level is discussed when order n is selected
in the random functions a(n) and b(n). Eq. (12) makes this
analysis easier since each term of order n can be expressed
as an additional perturbation of the previous order (n�1).
This item is illustrated in Section 4.3.

3.2.3. Distributed loads and energetic equivalent nodal loads

The geometrical format of the kinematics field response
surface is well adapted to the matrix expression of the
Morison equations. The response surface of the distributed
loads on a wet beam is then calculated with an increase of
6

the number and nature of basic variables only, from 2
(H and T) to 7 (H, T, four hydrodynamic coefficients and
the marine growth multiplier). The expression of response
surface of drag (1) and inertial (2) components in local
coordinates is deduced in Eqs. (13) and (14),

f DðMÞ ¼
1

2
rDymg

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2
ðnÞ þ b2

ðnÞ

q
� pCX

Y
b
þ CD

Y
b
?

h i
aðnÞ A
!
þ bðnÞ B

!� �
, ð13Þ

f IðMÞ ¼
1

2
prD2y2mg

� C0X

Y
b
þ CM

Y
b
?

h i
cðnÞ A
!
þ dðnÞ B

!� �
, ð14Þ

where
Q

b denotes the orthogonal projection on the beam
element and

Q
b ? the projection on the orthogonal plane

to the beam element.
Such a response surface enables the introduction of

uncertainty in modelling versus CD and CM, and also
marine growth effects through an increase of the beam
element diameter (ymg). Let B ¼ (NP) be a beam element.
The nodal forces GNP at node N (within resultant TNP and
moment MNP) and GPN at node P equilibrate the beam
element B submitted to the hydrodynamic distributed
forces (fD+fI). By means of applying a beam finite element
model, and using the kinematics energy theorem to
translate the beam equilibrium, the following equation is
obtained:Z
S

U
!
ðM ; tÞ � f ðMÞdM ¼ ðUN;GNPÞ þ ðUP;GPNÞ, (15)

where U denotes the displacement field and ( , ) the product
or co-moment of two operators.
Applying Newton’s law to a homogeneous and isotropic

beam element, and assuming a linear elastic behaviour
under static loadings, a finite element modelling of the
displacement field is deduced. Using a quadrature formulae
by cutting the beam element B into nb subdivisions
(Qi Qi+1) where Q1 ¼ N and Qnb

¼ P, then the set of
Eqs. (13)–(15) leads to an explicit response surface for the
nodal forces at node N, GNP. The components of the nodal
forces are the resultant TNP (16) and the momentum MNP

(17). TNP and MNP are ‘‘the summation’’ in terms of finite
element analysis along the beam of the distributed loading
acting on this beam. The resultant has the form

TNP ¼
l

2
rDymg

Xnb
i¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2
ðnÞ þ b2

ðnÞ

q� �
ðiÞ

� pCXc
ðiÞ
11

Y
b
þ CDc

ðiÞ
22

Y
b
?

h i
aðnÞ A
!
þ bðnÞ B

!� �
ðiÞ

þ
l

2
prD2y2mg

Xnb
i¼0

C0Xc
ðiÞ
11

Y
b
þ CMc

ðiÞ
11

Y
b
?

h i
� 5 cðnÞ A

!
þ d ðnÞ B

!� �
ðiÞ
; ð16Þ

where c
ðiÞ
11 and c

ðiÞ
22 are the diagonal terms of influence

structural matrices deduced by integrating the classical



shape functions of beam finite element theory, and (i)
means the value of the expression at the point Qi.

The momentum is given by

MNP ¼
l2

2
rDymg

Xnb
i¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2
ðnÞ þ b2

ðnÞ

q� �
ðiÞ

� ½CDc0
ðiÞLb� aðnÞ A

!
þ bðnÞ B

!� �
ðiÞ

þ
l2

2
prD2ymg

Xn

i¼0

½CMc0
ðiÞLb�

� cðnÞ A
!
þ dðnÞ B

!� �
ðiÞ
, ð17Þ

where Lb is the anti-symmetric operator with axis
supported by the beam element.

It is demonstrated that the transfer function from
distributed forces to concentrated nodal forces keeps the

linear dependence on deterministic vectors A
!

and B
!

.
Within the value of nb this response surface introduces a
second level of complexity to be discussed (see Section 4).
The set of nodal forces GN at node N is then obtained as a
summation of the elementary forces due to all elements
connected to N,

GN ¼
X
ðPNÞ

GNP þ GN
O. (18)

This matrix response function depends on a set of seven
basic variables (H, T, CD, CM, CX, C0X, ymg) that are quite
different in nature:
�
 the couple (H, T) represents the intrinsic randomness of
the wave process and includes the energetic loading of
the sea;

�
 the hydrodynamic coefficients CD, CM, CX, C0X resume

the physics of the wave–structure interaction and must
be seen as variables of modelling uncertainty;

�
 ymg is a variable that represents the lack of knowledge

on the increase of beam diameter caused by marine
growth.
Moreover, this response function enables discussion of
the complexity level to be introduced in modelling through
the kinematics field model (Stokes order n), the energetic
equivalence theorem (number of beam subdivisions nb) and
the Morison equations. This last point is treated in a
number of works, which suggests linearization of the drag
component by using Bolotin’s [35] or Caughey’s [36]
procedures. The polynomial expansion is then obtained
by minimizing the variance of the residuals. Note that,
practically, only the matrix used actually for the computa-
tion of loading on framed structures has to be changed
when considering this model. The finite element modelling
of the structure provides a solution expressed as a function
of basic variables. Reliability analysis can be considered as
a post-treatment of this solution.
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The next section describes, with illustrative supports, the
uncertainty and sensitivity studies needed to ensure the
shape (complexity level) and the robustness of the response
surface (distribution effects, goodness-of-fit measure).

4. Uncertainty and sensitivity analysis

The response surface presented in the previous sections is
built around the transfer of the energy of the wave
kinematics fields due to Morison equations. It leads to
the discussion of uncertainty modelling in the model of
kinematics field of water particles and the sensitivity of the
transfer of its energy to complexity level. To this issue, this
section points out several key points in more detail:
�
 uncertainty study for the stochastic kinematics fields
modelling,

�
 complexity level in the Stokes model,

�
 complexity level in the structural beam element model

and

�
 sensitivity studies for computed forces.

Finally, the robustness of the proposed surface response
is shown within an illustration by comparison of distribu-
tion tails transfer obtained with the common polynomial
formalism and the proposed physical function. The model
presented in Section 3 is mainly based on a geometrical
sight. Thus, it is well adapted for a linear algebra
programming such as in Matlab (Matrix Laboratory). It
is an interactive system of which the elementary data
element is a matrix that does not require any dimensioning.
Stochastic modelling and sensitivity analysis are conse-
quently tractable at lower computational costs. Simulation
analysis and corresponding post-processing graphics can
be made in an easy-to-use environment.
The flowchart of the successive programs that is

developed to perform uncertainty and sensitivity studies
is presented in Fig. 4. These several steps allow control of
the response.

4.1. Description of variables and sampling techniques

The stochastic nature of wave loading and sensitivity
analysis is studied within an illustration using data
modelling from the North Sea. Waves were measured by
a radar distance meter on the QP structure, a four-legged
jacket located between the Shetland Islands and Norway in
nearly 100m depth. The modelling of extreme values
deduced from these measurements is detailed in [37,38]: it is
based on properties of Gaussian time-variant processes
with assumptions of narrow-band, zero-mean, ergodicity
and stationarity. It has been shown that the probability
density function of extreme values can be deduced knowing
the significant wave height and the duration of stationarity.
Tests for validation are available in [37]. As shown in
Section 3 and from the dispersion equation, the couple of
random variables (H, T) is obviously sufficient to compute
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Fig. 4. Flowchart of the successive Matlab programs.

Table 1

Extreme sea-state parameters

Hs: significant wave height: Gumbel distribution: exp(�exp�(x�u)/a)
(ex: 100 years period: u ¼ 15.5m; a ¼ 1.2)

Tstat: sea state duration

Exponential distribution with expectation 3 h

E(Tz|Hs) ¼ f (Hs) (ex: f (Hs) ¼ sqrt(8 Hs+21))

H given (Hs, Tstat): Gumbel distribution: exp(�exp�(x�u)/a)
u ¼ Hs sqrt(r/2), a ¼ Hs/2 sqrt(2r), r ¼ log(Tstat/f (Hs))

(ex: 100 years; Hs ¼ 15.5m; Tstat ¼ 3 h; u ¼ 28.5; a ¼ 1.9)

T given H: normal or lognormal distributed

E(T|H) ¼ f (H), (ex: f (Hs) ¼ sqrt(6H+39)
the wave velocity. Table 1 presents the probabilistic
modelling of extreme waves deduced from modelling of
North Sea conditions in the Frigg Field. Table 2 presents
the main statistics for the basic variables.

Using these North Sea data, the Latin hypercube
sampling [39] and calibration tests for the point estimate
method have been performed to generate preliminary
samples from the joint probability distribution for (H, T)
of the sea state [40]. This sampling technique provides
a full coverage of the range of each input variable, but
it remains questionable how far the selected samples are
8



Table 2

Hypothesis for basic variables sampling

Basic variables Distribution type Conditioning C.O.V Truncature

Ext. wave height, H Gumbel Given (Hs, Tstat, y) 8% [m�2 s; m+5 s]
Ext. wave period, T Lognormal Given H 10% [m�k s; m+k s]

k ¼ 3

Hydr. coefficient, Normal vector Given H Around 35% [m�p s; m+p s]
CD CM
representative of the whole underlying distribution. After
tests on the sample, the optimum size for this multivariate
problem is around 2000. The conditioning is a key point
for reliability purposes as well as the truncature presented
in the last column of Table 2 because the distribution
functions are defined on infinite supports and some
physically representative samples are required. On the
basis of the analysis of statistics of outputs (variance,
kurtosis, skewness), tests have been performed to define
the physically suitable truncature. These results can be
found in [40].
Fig. 5. Probability density function of l(1) (O, z, 0).
4.2. Uncertainty study for the stochastic kinematics field

modelling

The flowchart presented in Fig. 2 enables a step-by-step
system analysis for uncertainty and complexity studies to
be performed. The basis of the transfer is concerned first:
the stochastic nature of the kinematics field. The work
focuses on velocities and deduced drag forces. The
stochastic modelling is first analysed considering the first
order of the Stokes model presented in (4). The intensity of

the velocity vector V
!

1 equals l1. It is a stochastic process
indexed by x, z and t. Abscissa x is the dimensionless
abscissa along the wave direction; it takes the value 0 at the
beginning of the structure along the wave direction and
the value 1 at the end of the structure. Index z is the
dimensionless profile index; it takes the value 0 at the
bottom of the sea, the value 1 at the mean sea level and
more in the wave area up to the mean sea level. In the
considered site, values of z up to 0.8 refer to the splash
zone. Index t is the time index; for illustrations t ¼ 0 (e.g.
initial time) is assumed and the wave crest is on the first pile
of the structure. Considering first the stochastic process l1
(x, z, t) for the position at x ¼ 0, a process l1

(1), indexed by
z only whose probability density is given in Fig. 5 for the
set (0.2; 0.4; 0.6; 0.8; 1.0; 1.1) of values for z, is defined.
From (7), an expression of the wave intensity module as a
product of the previous process (the profile lð1Þ1 ) and a
deterministic function obtained for the expectation of the
mean wave period T (see Eq. (19)) is deduced. This
function is D1.

lð1Þðx; z; tÞ ¼ D1ðx; z; tÞl
ð1Þ
ð1ÞðzÞ, (19)
9

where

D1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

sin2ðklx� ctÞ

cosh2ðk dzÞ

s
.

The variation of the deterministic scalar function D1

(x, z, 0) is plotted in Fig. 6 upon x for three values of z. It
explains some expansions around the mean wave number.
So using this linear relationship, it is quite easy to achieve
the stochastic variation of the velocity intensity module
l(1). It is interesting to validate this result through a
comparative study of the stochastic fluctuations for the
Airy wave intensity module using simulation. Fig. 7
enables comparison of the density of the wave intensity
module obtained from the previous linear relationship
(Eq. (14)) and from a complete simulation. They are
plotted in the plane (x, z) for the same set of z values
(0.2; 0.8; 1.0) selected for Fig. 6. There is no discrepancy
in the splash area (z40.8) where the forces are significant.
The distribution is further tightened near the bottom, but



the approximation remains quite good because of the low
level of forces at this depth. Suppose now t 6¼0; the
assertions remain true once D1 (x, z, 0) is extended to
D1 (x, z, t).
Fig. 6. Deterministic scalar function Dð1Þ (x, z, 0).

Fig. 7. Discrepancy analysis of densities f

Fig. 8. Statistics of l(1) (x, z, t) and
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4.3. Complexity level in the Stokes model

Eq. (12) generalizes the formal modelling for the nth
Stokes model. To keep the physical meaning of the wave
kinematics modelling and to reduce the computational
costs (see Section 3.1), there is a need to discuss the
complexity level to introduce in the stochastic model. First
consider the role of the second order into the Stokes model.
Following the guidelines of the previous section, the
stochastic velocity intensity is governed by profile func-
tions. Thus, Fig. 8 presents variations of statistics for the
intensity of the first and second order upon z, respectively
l(1) and l(2). The profile at the mean value, at the median
and at plus/minus one and two times the standard
deviation around the mean are plotted. Statistics of l(2)
are decreasing so quickly with depth that the discrepancy
between the second and the first order is quite negligible.
Around the mean sea level, the statistics of l(2) are larger
but they remain at a small percentage of the l(1) ones. This
example is obviously site specific but it shows that the
or the stochastic process l(1) (x, z, t).

l(2) (x, z, t) as profile functions.



increase of the complexity level in stochastic modelling has
to be viewed with care. It is a time-consuming option when
computing, and which does not give necessarily more
realistic results.
4.4. Complexity level in the Morison equation

approximation

Section 3.2.3 presents the opportunity to linearize the
drag component of the Morison equation. This procedure
is usual [26]. Table 3 gives the results for both approxima-
tion models: Caughey’s procedure and the proposed
response surface. In this example, the main basic variables
are the wave height H and the wave period T. The
normalized variance of the residuals is practically the same
whatever the model. The discrepancy between the partial
derivatives is larger. This explains why the statistics of high
order are better transferred through the physical response
surface than under a polynomial expansion. It is also
noticed that the proposed metrics provide a more robust
measure of the goodness of fit for constructing response
surfaces.
Table 3

Normalized error variances ( ~f denotes the approximation, f the true response

Approximation format Var ~f � f
� 	

=Var½f � Var

Response surface (Eq. (4)) 13% 24%

Polyn. expansion [12] 11% 55%
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Following the flowchart described in Fig. 2, distributions
of concentrated nodal force intensity are computed for the
North Sea site. The intensity of the resultant TBA at node B
of hydrodynamic loading acting on the beam A–B is
considered (see Fig. 12). Under the linearization assump-
tion, the distribution is tightened and becomes symmetrical
(see Fig. 9). In this case, it leads to conservative results by
comparison with the physical model. This confirms the
distribution effects as a key point in response surface
modelling.
4.5. Complexity level in structural modelling

Eqs. (16) and (17) give the quadrature formula used to
compute the equivalent nodal forces. Then, the question of
the optimization of the number nb of beam subdivisions
must be answered. Consider a vertical beam at the position
x ¼ 0 with diameter 1.2m, length 20m and the median
section at the mean sea level. The profile of drag forces,
i.e. those calculated from the flow velocity, is presented in
Fig. 10 for two numbers of subdivisions, 2 and 10. The
corresponding densities of probability for the equivalent
)

qð ~f � f Þ=qH
� 	

=Var½qf =qH� Var qð ~f � f Þ=qT
� 	

=Var qf =qT
� 	

3%

26%

[m
]

[kN / m] 
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nodal forces at the node placed at depth 10m up to the
mean sea level are plotted in Fig. 11. Distributions are very
similar especially in the zone of reliability interest, i.e. the
distribution tails. For this site, a subdivision of 2 is
therefore recommended.
4.6. Sensitivity studies for computed forces

Sensitivity studies are recommended for analysing
problems in which large uncertainties occur and where
Table 4

Sensitivity analysis on nodal forces (m, mean value; n, coefficient of variation)

All random A

ex

Node 1 m (kN) 458.5 45

n 26.5% 2

Node 2 m (kN) 118 11

n 33.5% 2

Fig. 11. Densities of nodal forces at depth 10m for 2 and 10 subdivisions.
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the transfer functions are non-linear. It allows ranking of
the variables and to select those with a major contribution
to the response fluctuations. This question is discussed with
two techniques:
i.
ll d

cep

9.5

6.5

5.5

6.5
The Monte-Carlo analysis starts from a pseudo-sam-
pling approach to represent the system inputs.
ii.
 The differential analysis is very useful when explicit
formulations are provided such as those proposed by the
RSM.

The output considered here is the resultant of equivalent
nodal forces at two nodes, each placed at the connection of
five beams (see Fig. 12). Inputs (environmental conditions)
have been described previously in Tables 1 and 2 and the
structural characteristics are presented in Fig. 12. Statistics
(mean and coefficient of variations) obtained with the first
technique (i) are presented in Table 4. This technique leads of
course to a bias in mean estimation. The main contributors
are obtained among the basic variables to the response by the
corresponding contribution to the output statistical disper-
sion. The main variables are clearly the wave height H and
the drag coefficient CD. It is noticed that the wave period acts
upon when the water depth index increases.
The second technique (ii) can be used for ranking the

basic variables and for evaluating their respective con-
tribution to the total response variance V(f) of the response
function f under investigation. The second-order Taylor
expansion is in the form

f ðX Þ ¼ f ðX 0Þ þ
X6
j¼1

qf ðX 0Þ

qX j


 �
ðX j � X j0Þ

þ
1

2

X6
j¼1

X6
k¼1

q2f ðX 0Þ

qX jqX k


 �
ðX j � X j0ÞðX k � X k0Þ ð20Þ

and the variance is deduced:

V ðf Þ ¼
Xn

j¼1

qf ðX 0Þ

qX j


 �2
V ðX jÞ

þ
X6
j¼1

qf ðX 0Þ

qX j


 �
q2f ðX 0Þ

qX 2
j

" #
m3ðX jÞ

þ ½covariance terms�, ð21Þ

where n is the number of basic random variables, m3 is the
skewness and X0 is the vector of the mean values of
eterminist.

t H and CD

All random except H

and CD

All determinist.

except T

459 458

% 6% 6%

116.5 116.5

% 13.5% 13.5%



Table 5

Influence ratios into the total response variance

Node no. H CD T Total

1 35% 61% 3% 99%

2 27% 40% 32% 99%
variables Xj. Considering the first order of Taylor expan-
sion, the influence ratio is simply defined by formula (22), if
the covariance terms can be neglected:

ti ¼
qf ðX 0Þ

qX j


 �2
V ðX jÞ

V ðf Þ
. (22)

Table 5 presents influence ratios (e.g. the contribution of
each variable to the total output variance). This confirms
the results previously obtained. It gives more precisely a
quantitative measure of the relative importance for each
variable.

The results obtained through both techniques (Monte-
Carlo simulations and differential analysis) are comple-
mentary and give a robust aid tool for variable ranking and
strategy for uncertainty analysis. It appears that the
modelling of variables H and CD (probability density
function, correlation, conditioning, etc.) is, for this site, of
utmost importance.
5. Conclusion

The response surface methodology (RSM) has been
developed considering mainly physical models with specific
emphasis on environmental loading application. This
conceptual toll has to be managed, keeping in mind its
implicit consequences. In fact, results of structural relia-
bility are very dependent on the basic modelling assump-
tions. Taking into account a set of guidelines for the
building criteria, it enables a rational use of this
methodology.

To illustrate these criteria, a matrix response surface of
equivalent nodal forces due to wave loading on framed
tubular structures is presented. It is built around the
transfer of energy of wave kinematics. Its original
geometrical format is shown to be versatile for verifying
the dominant building criteria of response surfaces. More-
over, the stochastic structure of the kinematics field is
specified following space/time indices to be considered.
Further studies are actually developed on this basis:
�
 response surface of wave–current interaction,

�
 loading on cracked structures,

�
 effect of the marine-growth profile and evolution for

time-variant reliability and

�
 wind loading on framed structures.

Finally, RSM is an efficient procedure to perform
subsequent uncertainty and sensitivity studies once models
13
with physical parameters are available. It leads one to
emphasize the role of complexity level and polynomial
expansion to reduce the cost of computation time. It is
suitable when performing computation in a wider context
of structural reliability once new methods of computing
(stochastic chaos) are introduced too.
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