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Kinetic theory models involving the Fokker–Planck equation can be accurately discretized using a mesh
support (Finite Elements, Finite Differences, Finite Volumes, Spectral Techniques, . . .). However, these
techniques involve a high number of approximation functions. In the finite element framework, widely
used in complex flow simulations, each approximation function has only local support and is related
to a node that defines the associated degree of freedom. In the technique proposed here, a reduced
approximation basis is constructed. The new shape functions have extended support and are defined
in the whole domain in an appropriate manner (the most characteristic functions related to the model
Keywords:
Complex fluids
Kinetic theory

solution). Thus, the number of degrees of freedom involved in the solution of the Fokker–Planck equation
is very significantly reduced. The construction of those new approximation functions is done with an
‘a priori’ approach, which combines a basis reduction (using the Karhunen–Loève decomposition) with
a basis enrichment based on the use of some Krylov subspaces. This paper analyzes the application of
model reduction to the simulation of non-linear kinetic theory models involving complex behaviors, such

mod
elast
as those coming from stability analysis, complex geometries and coupled
reduction approach to the Doi’s classical constitutive equation for visco
polymer.

. Introduction

The purpose of this work is to present a robust and simpli-
ed computational scheme to carry out micro-macro-simulations
f molecular behavior within the kinetic theory framework. This
ramework has been used traditionally for deriving constitutive
quations. However, in many cases the explicit derivation of a
onstitutive equation implies the introduction of some closure
pproximations. The impact of these approximations on the rheo-
ogical response can be significant [24], even if some of them retain
he main features of the kinetic theory model. To avoid the intro-
uction of such approximations, or for checking the validity of the
ifferent closure relations, one can resort, within the kinetic theory
ramework, to a formalism based on the Fokker–Planck equation.

he Fokker–Planck equation describes the spatial and temporal
volution of the configurational distribution function associated
ith the fluid microstructure. The main difficulty related to the

olution of that equation concerns the high-dimensional space in

1

Model reduction
Liquid-crystalline polymers
Numerical modeling

els. We apply our model
icity of liquid-crystalline

which the distribution function is defined. This space typically
includes the physical and conformation coordinates, and time.

Based on the experience gathered in previous works [1,8] it
seems that when diffusion effects can span a large numerical range,
continuous approximations using a fixed or moving mesh are suit-
able numerical approaches. In this case accurate stabilizations are
required for dealing with small diffusion effects. However, as just
pointed out, since the Fokker–Planck equation is defined in a mul-
tidimensional space, additional difficulties appear because of the
high dimensionality. Some attempts for solving the Fokker–Planck
equation using a fixed mesh discretization have been developed
[6,33]. The main difficulties in this approach are related to the high-
dimensional character of the problem. As a consequence of this
high dimensionality, the linear systems obtained after conventional
implicit or semi-implicit space–time discretizations result to be
extremely large for practical inversion. On the other hand, explicit
discretizations, which do not require matrix inversions, tend to suf-
fer from the stability constraint of too small time steps. Another
deterministic particle approach, very close to the smooth particles

hydrodynamics proposed in [4] was analyzed in [1] using smooth
particles. In [1] it was noticed that the numerical effect of smoothing
on the solution can be significant.

Another family of simulation techniques exploits the equiv-
alence between the Fokker–Planck equation and Ito’s stochastic



Fig. 1. Distribution function at times t = 10−3, t = 0.5, t = 1 and t = 2.
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Fig. 2. Four most representative approximation functions.

3



e
F
i
e
f
j
T
m
t
T
S
c
o
t
a
t
d
s
e
o
t
o
d
f
o
f
i
f
f
e

a
t
f
A
c
W
d
s
r
i
i
a
n

F
i

Fig. 4. Evolution of the number of representative functions included in the reduced
approximation basis.
quation. In these techniques, instead of directly solving the
okker–Planck equation, a large number of trajectories (individual
nstances of a stochastic process associated with the Fokker–Planck
quation) are integrated. Relevant moments of the distribution
unction are then calculated by averaging over the ensemble of tra-
ectories. These moments are needed to compute the stress tensor.
he first works on this approach are related to the CONNFFESSIT
ethod [40,30,25] (see also the references therein, in particular

hose concerning the Brownian Configuration Fields extension).
his approach was considered in [46] for treating MBS (Multi Bead
pring) models. A similar technique was proposed in [47] in the
ontext of MBS kinetic theory models, which introduces a change
f variable and uses a Monte-Carlo technique for accounting for
he diffusion term. In these techniques a high number of particles
re introduced in the simulation and a stochastic technique is used
o account for the Brownian effects. A multi-scale approach using
eterministic particles for treating the advection and a different
et of particles for accounting for diffusion effects was consid-
red in [23]. A similar idea was applied to the flow calculations
f short fiber suspensions in [8]. In that work, the discretization of
he advection-dominated Fokker–Planck equation governing fiber
rientation was carried out using a particle technique, where the
iffusion term was modeled using random walks. An important
eature of this approach was that the ensemble size (number
f fibers) required for computing the configurational distribution
unction and its moments, involved in the expression of the stress,
ncreases significantly with the diffusion coefficient. Consequently,
or practical applications the use of the method of particles in the
ramework of a stochastic simulation is restricted to small diffusion
ffects.

The purpose of the present work is to propose an efficient and
ccurate discretization technique able to solve non-linear kinetic
heory models involving complex behaviors, such as those coming
rom stability analysis, complex geometries and coupled models.
n appealing candidate for carrying the just referred analysis con-
erns the kinetic theory description of liquid-crystalline polymers.
e have chosen Doi’s model because it contains all the numerical

ifficulties that we want to address, and because there is an exten-
ive bibliography on the solution of this model. There is no other
eason concerning the election of that model than the pure numer-

cal motivation of using a well-known and established model, even
f other physically more realistic LC models exist [3,36]. Hence, our
im is not to provide new rheological results, but to show that the
ew methodology is of very general applicability, faithfully repro-

ig. 3. Evolution of the coefficients related to the four most representative approx-
mation functions.

Fig. 5. Evolution of the order parameter.

Fig. 6. Evolution of the first component of the second-order orientation tensor.
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ig. 7. Dependence of the instability related to the apparition of a nematic phase
ith the value of the dimensionless interaction potential: (top) U = 7; (middle) U = 8;

bottom) U = 12.

uces results already reported in the literature, and leads to very

ignificant CPU time savings.

The technique considered here allows for a substantial reduc-
ion in the number of degrees of freedom involved in the model
iscretization, leading to major reductions of the computing time,

5

Fig. 8. Orientation evolution in a shear flow for different diffusion coefficients: (up)
Dr = 1/10; (middle) Dr = 1/20; (down) Dr = 1/40.

sometimes of the order of tens of thousands [2]. It operates by

extracting automatically, and in a way completely transparent for
the user, the most relevant information of the unknown solution for
constructing the functional approximation from the information
just extracted. The new shape functions (the most characteristic
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probability of finding, at a certain point X and time t, molecules
Fig. 9. Distribution function at three different times: log rolling phenomena.

unctions related to the model solution) have a large (non-local)

upport, i.e. they are defined in the whole domain, as will be
escribed later. Thus, the number of degrees of freedom involved

n the solution of the Fokker–Planck equation is reduced by several
rders of magnitude. The construction of those new approxima-
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tion functions is done with an ‘a priori’ approach, which combines
a basis reduction technique (using the Karhunen–Loève decompo-
sition) with a basis enrichment based on the use of some Krylov
subspaces [43,44].

The efficiency of reduction methods for linear models involving
homogeneous solutions has been demonstrated in some previ-
ous works [2,7,41,44]. However, several questions remained open
whose clarification is crucial to guarantee general applicability
of the reduction method. These questions concern the ability of
the model reduction technique: (i) to treat non-linear models,
where the capacity of the algorithm to build the optimal reduced
approximation basis has never been checked; (ii) to describe
richer behaviors arising from stability analyses; (iii) to treat mod-
els defined in complex geometries involving non-homogenous
solutions and (iv) to deal with flows in which kinematics and
microstructure evolution are intimately coupled. These four aspects
constitute some original attempts never until now analyzed (nor
published) in the context of model reduction techniques that
could contribute to extend the domain of applicability of model
reduction techniques in computational rheology for treating effi-
ciently and accurately very complex models defined in 3D complex
geometries.

2. Liquid-crystalline polymers: the Doi’s model

The numerical calculation of flows of complex fluids consist-
ing of highly anisotropic particles (be it at the macroscopic level,
e.g. fibers, at the mesoscopic level, e.g. coarse-grained models for
polymeric liquid crystals (LC), or at the microscopic level, e.g. low
molecular mass liquid-crystalline materials) are not entirely devoid
of difficulties. Most of these difficulties stem from the necessity to
capture the rich dynamic fluid behavior, which spans both isotropic
and anisotropic fluid microstructures (nematic, chiral nematic,
smectic, etc.). For example, models describing single particle ori-
entation in a dilute suspension, i.e. in the absence of interparticle
interaction, are not able to describe the behavior of a nematic sus-
pension.

Successful treatment of collective flow-orientation phenom-
ena appearing at high concentrations require that interparticle
interaction be considered, either explicitly, like in micro-
scopic LC models or in a mean-field sense. Notable exam-
ples of mean field approaches to anisotropic particle inter-
action described in the kinetic theory framework are the
model initially proposed by Hess in 1976 as mentioned by
Doi and Edwards in [12], or the physically more realis-
tic LC models proposed by Marrucci and coworkers [36–39]
and of Beris and Edwards [3,13–15]. In spite of the com-
plexities associated with the constitutive equations result-
ing from solving the kinetic theory, major advances have
been made in the coupled solution of the hydrodynamic
field equations and the LC constitutive equation as well as
in the evolution of LC structure in given velocity fields
[9–11,17–22,26,35,42,45,48,49].

Different closure approximations have been proposed for alle-
viating its numerical simulation operating in the macroscopic scale
[5,16,28], but in this work we focus on the direct solution of the
Fokker–Planck equation associated with Doi’s model, that we intro-
duce in the following.

In order to describe the fluid microstructure we firstly define
the unit vector u describing the orientation of the liquid crystal
(LC) molecule axis. Now, the distribution function which gives the
aligned in the direction u is represented by � (X,u,t). The dynam-
ics of the evolution of this distribution function is induced by (i)
hydrodynamic effects, (ii) Brownian effects and (iii) LC–molecule
interaction described by a nematic potential. The corresponding
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Fig. 10. Distribution function at thr

okker–Planck equation related to Doi’s model writes:

∂�

∂t
= − ∂

∂u
[(grad vu− ((u⊗ u) : grad v) u� )]

+ ∂

∂u
Dr

[
∂�

∂u
+� ∂

∂u

(
V(u)
kbT

)]
(1)

here ∂ /∂t represents the material derivative and therefore
t incorporates all the spatial gradients encountered in non-

omogeneous suspensions, kb is Boltzmann’s constant, Dr the
iffusion coefficient describing the Brownian effects, T the abso-

ute temperature, v the fluid velocity field and ∂/∂u the gradient
perator defined on the unit sphere where the distribution func-
ion � (X,u,t) is defined. A frequently used form for the nematic

7

ferent times: wagging phenomena.

potential is:

V(u) = −3
2
UkbT(u⊗ u) : S (2)

where U is a dimensionless interaction potential and the second-
order traceless orientation tensor S is defined by:

S = 〈u⊗ u〉 − I
3

(3)
where the averaging 〈〉 is defined on the unit sphere by:

〈u⊗ u〉 =
∫

(u⊗ u)� (t,u)du (4)
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ig. 11. Steady-state solution for a Poiseuille flow by coupling the flow kinematics
nd the microstructure state: (a) U = 0; (b) U = 2 and (c) U = 4.

calar order parameter can be associated with the second-order
ensor S giving the intensity of the orientation, according to:

=
√

3
2

S : S (5)
. Discretization

A natural discretization of this problem defined on the unit sur-
ace is based on the use of the spherical polar and azimuthal angles

8

(ϕ, �):

u =
(

cos(ϕ) · sin(�)
sin(ϕ) · sin(�)

con(�)

)
(6)

where both angular coordinates are defined in: ϕ,� ∈ [0,2�[×[0,�].
However singularities are encountered at the ends of the � defi-
nition interval, because of the term ((Dr/ sin2 �)(∂2� /∂ϕ2)) in the
polar expression of the Fokker–Planck equation. Thus, we prefer to
work in Cartesian coordinates, where the surface of the unit sphere
is approximated by a set of planar triangular facets. The nodal coor-
dinates of the vertices of these triangles are given by:

ui =
(
xi
yi
zi

)
(7)

which satisfy:√
x2
i
+ y2

i
+ z2

i
= 1 (8)

and where the natural periodicity is implicitly verified.
From now on, by the sake of simplicity, we consider homoge-

neous strain rates (complex flows will be addressed later), and
then no discretization in physical space is required. Thus, the
Fokker–Planck equation can be rewritten in the following form that
only involves the conformation (orientation) coordinates and time:

∂�

∂t
+ E0(u)� + ET1(u)

∂�

∂u
− Dr ∂

2�

∂u2
+H0(u, S)� +HT1(u, S)

∂�

∂u
= 0

(9)

where the two scalar functions E0(u), H0(u,S) as well as the two
vector fields E1(u), H1(u,S) can be easily deduced from Eq. (1). We
denote by ˝ the domain in the conformation space where Eq. (9)
is defined, namely the two-dimensional manifold spanned by the
unit orientation vector u, i.e. the surface of the unit sphere. First,
the problem is formulated in the Finite Element framework using a
weighting function � *:∫

˝

� ∗
∂�

∂t
du+

∫
˝

� ∗E0(u)�du+
∫
˝

� ∗ET1(u)
∂�

∂u
du

−
∫
˝

� ∗Dr
∂2�

∂u2
du+

∫
˝

� ∗H0(u,S)�du+
∫
˝

� ∗HT1(u,S)
∂�

∂u
du = 0

(10)

The computational domain˝ is partitioned into a collection of
non-overlapping finite elements (triangular facets covering the sur-
face of the unit sphere). A linear and continuous interpolation of the
distribution function is then built in each triangle, form which we
can write:

�e(u) =
3∑
i=1

Ni(u)�ei (11)

and

�e
∗
(u) =

3∑
Ni(u)�e

∗
i (12)
i=1

where�e
i

and�e
∗
i

are the values at node i of� and� * respectively,
and Ni(u) is the associated shape function which takes a unit value
at the node i vanishing at the other nodal positions.
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Due to the advection-diffusion character of that equation, an
ig. 12. Start-up flow in the driven cavity flow problem. Flow streamlines for: (a)
= 4, t* = 0.75; (g) U = 4, t* = 1.5; (h) U = 4, t* = 5.5.

Integrating Eq. (10) by parts and taking into account that the
onfiguration space for u is unbounded, it results:

∫
� ∗
∂�

∂t
du+

∫
� ∗E0(u)�du+

∫
� ∗ET1(u)

∂�

∂u
du
� ˝ ˝

+
∫
˝

(
∂� ∗

∂u

)T
Dr
∂�

∂u
du+

∫
˝

� ∗H0(u, S)�du

9

t* = 0.25; (b) U = 0, t* = 0.75; (c) U = 0, t* = 1.5; (d) U = 0, t* = 5.5; (e) U = 4, t* = 0.25; (f)

+
∫
˝

� ∗HT1(u, S)
∂�

∂u
du = 0 (13)
appropriate stabilization of the Finite Element scheme is needed
to avoid numerical instabilities induced by the convection term.
Stabilization is achieved by a usual upwinding formulation, which
modifies the weighting functions related to the advection term �̄ ∗
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Fig. 13. Start-up flow in the driven cavity flow problem. Orientation of the d

s described later. The stabilized variational formulation results
n:∫
˝

� ∗
∂�

∂t
du+

∫
˝

� ∗E0(u)�du+
∫
˝

�̄ ∗ET1(u)
∂�

∂u
du

+
∫
˝

(
∂� ∗

∂u

)T
Dr
∂�

∂u
du+

∫
˝

� ∗H0(u, S)�du

+
∫
˝

�̄ ∗HT1(u, S)
∂�

∂u
du = 0 (14)

here in each element

¯ e
•
(u) =

3∑
i=1

N̄i(u)�e
•
i (15)

ith

¯ i(u) = Ni(u)+ ˇh
2
∂Ni(u)
∂u

(16)

here h is the characteristic element size and ˇ is the upwinding
arameter given by

= coth(Pe)− 1
Pe

(17)

here the Peclet number Pe is given by

e = max (||E1(u)||, ||H1(u,S)||)h
2D

(18)

r

In order to construct E0(u) and H0(u,S) the differential opera-
ors must be projected on the plane tangent to the unit sphere. The
equired gradient projection is as follows: if we consider a triangu-
ar facet defined by its three vertices: (x1,y1,z1), (x2,y2,z2), (x3,y3,z3)

10
r for: (a) U = 0, t* = 0.25; (b) U = 4, t* = 0.25; (c) U = 0, t* = 5.5; (d) U = 4, t* = 5.5.

reference coordinates (	, 
) can be defined using an isoparametric
geometrical interpolation:

x =
3∑
i=1

Ni(	, 
)xi

y =
3∑
i=1

Ni(	, 
)yi

z =
3∑
i=1

Ni(	, 
)zi

(19)

We denote by e1 and e2 two vectors defined in the plane con-
taining the triangle, which can be expressed as:

e1 =

⎛
⎜⎜⎜⎜⎜⎝

∂x

∂	

∂y

∂	

∂z

∂	

⎞
⎟⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

∂

∑3
i=1Nixi
∂	

∂

∑3
i=1Niyi
∂	

∂

∑3
i=1Nizi
∂	

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

e1 =

⎛
⎜⎜⎜⎜⎜⎝

∂x

∂


∂y

∂


∂z

⎞
⎟⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

∂

∑3
i=1Nixi
∂


∂

∑3
i=1Niyi
∂
∑3

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(20)
∂
 ∂ i=1Nizi
∂


Now, the relation between the gradient in the Cartesian coordi-
nates and the one expressed on the manifold tangent to the unit
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ig. 14. Streamlines related to the flow of Newtonian fluid at very low Reynolds
umber in the 4:1 contraction.

phere is given by [31]:

∂� e

∂x
∂� e

∂y

∂� e

∂z

⎞
⎟⎟⎟⎟⎠ = ( e1 e2 )

(
eT1e1 eT1e2

eT2e1 eT2e2

)−1

⎛
⎜⎝
∂�e

∂	

∂�e

∂


⎞
⎟⎠ (21)

here

e =
3∑
i=1

Ni(	, 
)�ei (22)

nd the matrix

eT1e1 eT1e2

eT2e1 eT2e2

)

ontains the elements of the metric tensor g corresponding to a
iven triangular facet. Note that the required properties of differen-
iability, symmetry, non-singularity and positive-definiteness are
atisfied by construction in Cartesian coordinates.

As it is usual in the FEM framework, after numerical integration
nd assembling of element contributions the following non-linear
ystem is obtained:

�̇ + (G+H(�))� = 0 (23)

here � refers to the vector containing the nodal values of the
istribution function.

The non-linearity follows from the dependence of the nematic
otential on the average of the distribution function itself on the
nit sphere. When one uses an explicit time discretization tech-
ique, the non-linear system can be linearized by considering the
ematic potential calculated at the previous time step.

. Model reduction

In this section we summarize the reduction technique widely
escribed in [2] that will be applied to the discrete problem result-

ng from the discretization of the Fokker–Planck equation that
overns the evolution of the configuration distribution. We describe
n this section the main ideas of the adaptation strategy that we are
sing. However, in order to be efficient from a computational point
f view, the numerical algorithm that we are using is somewhat
ore complex. Interested readers are addressed to [2,41] and [44]

or a fully detailed description.
We start by assuming that � can be expressed from the initial

ondition according to �(t) = �(t = 0)× �(t) = B�(t), where the basis
ransformation matrix B has only a column and vector � reduces
o a scalar. Now, we compute S iterations of the evolution problem

sing the reduced model derived from Eq. (23):

TMB	̇ + BT
(

G+H(B	)
)

B	 = 0 (24)

ithout changing the approximation basis. In Eq. (24) the size of the
atrix that must be inverted to update vector � coincides with the

11
number of approximation functions defining matrix B. After these
S iterations the residual R is evaluated:

R =MB�̇+
(

G+H(B	)
)

B	 (25)

If the norm of the residual is small enough, ||R||< ε, with � a
threshold value small enough, we can continue for other S iterations
using the same reduced approximation basis B. On the contrary,
if the residual norm is too large, ||R|| ≥ ε, we need to enrich the
approximation basis and compute again the last S iterations. This
enrichment is built using some Krylov’s subspaces related to the
residual. The enrichment when only the first Krylov’s subspace is
considered reads: B← (B,R).

One could expect that the enrichment process is increasing
continuously the size of the reduced approximation basis, but in
fact after reaching the convergence a Karhunen–Loève decompo-
sition is performed on the whole past time interval in order to
extract the significant information and to define an orthogonal
reduced approximation basis allowing to stabilize and keep mod-
erate the size of the discrete reduced model (see [2] for more
details).

5. Results

5.1. LCP in an elongational flow

We first present calculation results for an elongational flow
whose kinematics is defined by grad v = diag(1, −0.5, −0.5), the ini-
tial orientational distribution being isotropic: (u,t = 0) = 1/4�. The
dimensionless interaction potential is set to U = 7.5 and the isotropic
diffusion coefficient to Dr = 0.25. A mesh of 2560 nodes on the unit
sphere was used. This size of the mesh is also the size of the lin-
ear system that must be solved at each iteration when using a
semi-implicit finite element technique, in contrast with the only six
characteristic functions that are needed to represent the whole evo-
lution of the distribution function when using the present method
as described later.

Some snapshots taken during the simulation calculation are rep-
resented in Fig. 1 both on the unit sphere and using a spherical
coordinates representation. The solution at time t = 2 is already
very close to the steady-state solution. Here, only 6 functions
are required to represent accurately the evolution of the solution,
instead the 2560 degrees of freedom necessary in a standard finite
element formulation. These six functions are computed and intro-
duced into the approximation basis when their contribution is
needed using the adaptive procedure described in the previous sec-
tion. Thus, the adaptive construction of the reduced approximation
basis takes place in a fully automatic and transparent manner. Fig. 2
shows the four most significant functions defined by a colored con-
tour map on the unit sphere. The evolution of the weights associated
with these four most representative functions is depicted in Fig. 3.
Fig. 4 represents the number of approximation functions used in
the problem discretization at the instant when an enrichment of the
reduced approximation basis takes place. The evolution of the order
parameter is shown in Fig. 5 in agreement with the analytical result
that predicts a steady order parameter of 0.86. Fig. 6 illustrates the
evolution of the first component of the second-order orientation
tensor. This component is the most relevant of the orientation ten-
sor because it indicates the intensity of the fiber alignment along
the elongation axis.

5.2. Appearance of a nematic phase
The second numerical example emphasizes the ability of the
reduced technique just proposed to describe the appearance of
the nematic phase, which marks the onset of the instability of
the isotropic orientational distribution. This phenomenon has been
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nalyzed, for example, in [34]. In this numerical test we have
rescribed a very small shear rate (O(10−7) s−1), a constant dif-

usion coefficient Dr = 0.25, and a series of increasing values of
he dimensionless interaction potential U. For small enough val-
es of U the suspension remains isotropic. As the critical value is
eached a nematic phase appears. Fig. 7 confirms this expected
esult, and proves that the characteristic time related to the

12
ponents; (b–e) fourth most significant approximation functions; (f) approximation
r of approximation functions.

appearance of the nematic phase increases as the value of U
decreases.
5.3. LCP in a simple shear flow

In order to carry out a quantitative comparison of the results
obtained with the present method (using reduced approximation



F nt com
f umbe

b
a
e
a
e
l
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ases) with those reported in [29] we prescribe a unit shear rate,

dimensionless interaction potential U = 10.67 and three differ-

nt diffusion coefficients: Dr = 1/10, 1/20 and 1/40. We consider
gain an isotropic initial orientation distribution. Fig. 8 shows the
xpected oscillatory response, without reaching a steady state (at
east in a reasonable integration time). Furthermore, it can be

13
ponents; (b–e) fourth most significant approximation functions; (f) approximation
r of approximation functions.

observed that the oscillation amplitude decreases as the diffusion

coefficient increases. The value of the oscillation period is in com-
plete agreement with the one reported in [29]. Besides classical
solutions presented in [29], the Fokker–Planck equation further
exhibits irregular or chaotic orbits, and a rich non-equilibrium
phase diagram [27].
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.4. Stability analysis

We analyze in the present section the ability of the reduced
asis approximation to capture rich microstructure evolutions, as
ncountered in 3D shear flows, and reported in [29]. We con-
ider again an interaction potential U = 10.67, a diffusion coefficient
r = 1 and a flow kinematic given by: (u, v,w) = (0,0, �̇x). Now,
e consider two points in the stability diagram reported in Fig.
of [29], the first one given by an orientation director angle of
45◦ and a shear rate �̇ = 8 and the second one by the same ori-
ntation of the director but a higher shear rate �̇ = 25. From the
umerical solution we confirm that in the first case the distribu-
ion evolves towards a log rolling state (see Fig. 9) whereas in the
econd case the solution exhibits the expected wagging phenomena
see Fig. 10).

.5. Coupling microstructure and flow kinematics

We address in the present section a first coupling between the
ow kinematics and the microstructure evolution. For this pur-
ose we consider two flow problems: first the steady solution of
Poiseuille flow involving a liquid crystal; second, the start-up of

he flow confined in a driven cavity. In both cases we must solve the
okker–Planck Eq. (1) and the momentum equation that neglecting
nertia terms can be written as:

∇p+ 2
s∇D = ∇�p (26)

here p is the pressure field, 
s the solvent viscosity, D the strain
ate tensor (symmetric component of the gradient of velocity ten-
or) and �p the polymer contribution to the stress. Eq. (26) must be
olved under the incompressibility restriction:

· v = 0 (27)

nd after specifying the expression of the polymer contribution to
he stress �p. In the next simulations we are assuming �p given by:

p = �p
B
+ �pVE

⎧⎪⎪⎨
⎪⎪⎩
− vkBT

2

∫
S(0.1)

(
(u⊗ u)− I

3

)
∇u ·
(
∇u

)
du

− vkBT
2

∫
S(0.1)

(
(u⊗ u)− I

3

)
∇u ·
(
∇u

(
V

kBT

))
du

(28)

here �u denotes the gradient differential operator in the confor-
ation space u, that was refereed by ∂/∂u in Section 2, I is the unit

ensor, v represents the number of molecules by unit of volume, KB

s the Boltzmann’s constant and T is the temperature.
Before solving the system (26)–(28) we proceed to write these

quations in a dimensionless form, taking 1/Dr as characteristic
ime, the channel width L as characteristic length and vkBT as char-
cteristic pressure, and by applying the following relations (where
he dimensionless variables are marked with asterisks):

t∗ = t · Dr
x∗ = x

L

grad v∗ = grad v
Dr

�∗ = �
vkBT

p∗ = p

vkBT


∗s =

s · Dr
vk T

(29)
B

We have solved the dimensionless model equations for 3 dif-
erent dimensionless interaction potentials (U = 0, U = 2 and U = 4)
n the nematic potential defined by Eq. (2). In the first test, the
ne concerning the steady solution of the Poiseuille flow, we fixed
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the gradient of pressure dp*/dx* =−1 and the dimensionless vis-
cosity 
* = 0.1. The flow equations (dimensionless form of Eqs.
(26)–(28)) were discretized by using a mixed stable finite ele-
ment discretization. On the other hand, the steady solution of
the Fokker–Planck equation was computed on each streamline by
integrating it on the conformational space (the orientation dis-
tribution does not evolve in the flow direction). The coupling
between both solvers was accomplished within a fixed point
strategy. In these simulations we look directly for the steady
Poiseuille solution starting from a parabolic velocity profile and
an isotropic microstructure state. Fig. 11 depicts the initial veloc-
ity profile (black curve) and the one obtained after convergence
(red curve) that was reached in few iterations. We can notice
that for low values of the interaction potential, Fig. 11(a), the
diffusion effects are dominant, leading to a microstructure distri-
bution whose director (also illustrated in this figure at different
points) remains everywhere misaligned with respect to the flow
direction. However, the misalignment magnitude decreases as the
domain walls are approached because at those regions the shear
rate that tends to align the molecules in the flow direction increases
significantly. Due to this misalignment the final steady velocity
profile shows a plateau in the neighborhood of the flow symme-
try axis. When the interaction potential increases, the alignment
is facilitated and consequently the molecules tends to align in
the flow direction, as can be observed by comparing the direc-
tors depicted in Fig. 11(a) and (c). The increase in interaction
potential also causes the velocity profile to approach the parabolic
one.

Now we considered a more complex flow: the start-up flow of
a LCP confined in a square driven cavity whose lateral walls have
a length L. The upper wall moves from the left to the right, with a
horizontal velocity profile defined by a fourth-order polynomial:

v(x, y = L)T =
(

16vmaxx
2(L − x)2,0

)
(30)

The maximum velocity on the upper wall, vmax is fixed in order
to have a unit Weissenberg number, that is: We = vmax/L = 1. The
flow equations (dimensionless form of Eqs. (26)–(28)) were dis-
cretized by using a mixed stable finite element discretization. On
the other hand, the transient Fokker–Planck equation was inte-
grated by using the method of characteristics along several flow
trajectories, from an isotropic orientation distribution assumed at
the initial time, using the adaptive reduced approximation basis and
the algorithm previously described. We must notice that because
the Fokker–Planck equation does not involve diffusion terms in the
physical coordinates, its integration does not require the prescrip-
tion of boundary condition for the orientation distribution on the
cavity walls. The coupling between both solvers was accomplished
within a fixed point strategy. Fig. 12 compares the streamlines at
four different times t* = 0.25, t* = 0.75, t* = 1.5 and t* = 5.5 for the two
interaction potentials (U = 0 and U = 4). There is a significant impact
of the interaction potential on the flow kinematics, in particular
on the position of the stagnation point of the recirculation. Fig. 13
depicts de director field at t* = 0.25 and t* = 5.5 for both interaction
potentials.

5.6. The 4:1 contraction

As the in the driven cavity flow problem, for computing the
steady-state solution in a 4:1 contraction we couple the flow
kinematics and the Fokker–Planck equation solvers by using a

fixed point strategy. Thus, the flow kinematics is searched from
the microstructure computed at the previous iteration (or at the
previous time step in transient simulations), and from this solu-
tion the fluid microstructure can be updated, and so on. As the
solution of the flow kinematics does not present particular dif-
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culties, we will focus on the solution of the microstructure
volution.

Obviously in the scenario considered in this section that involves
on-homogeneous conformational distributions, the spatial gradi-

15
ponents; (b–e) fourth most significant approximation functions; (f) approximation
r of approximation functions.
ent involved in the material derivative of the Fokker–Planck Eq.
(1) must be incorporated by considering an appropriate discretiza-
tion technique accounting for its advective character. The advection
character in the physical coordinates implies that the solution at a
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of thousands, can be achieved. Comparisons with previous pub-
ig. 18. Evolution of the order parameter along the three streamlines starting at
oints: (a) (0, −0.1); (b) (0, −0.5) and (c) (0, −0.9).

ertain point of the physical domain only depends on the upstream

olution along the associated trajectory. Thus, the Fokker–Planck
quation can be easily integrated along an arbitrary number of
treamlines. Now, from the solution of the distribution function
long those streamlines, the solution can be defined everywhere

16
Fig. 19. Steady-state flow streamlines computed after convergence of the coupled
model.

using an appropriate interpolation. The integration by the method
of characteristics allows the direct use of the reduction strategy
previously described.

First, we assume a flow kinematics coming from the solution
of the Stokes equations (the inertia term is always neglected in
our simulations). Fully developed flow conditions are imposed
on the inlet and outlet boundaries. Fig. 14 depicts some stream-
lines, where only a half of the computational domain is considered
due to the flow symmetry. Now, assuming a 3D isotropic orien-
tation distribution on the inflow boundary, Figs. 15–17 depict the
evolution of the components of the gradient of velocity tensor
along the streamlines starting at points (0, −0.1), (0, −0.5) and (0,
−0.9) respectively, the fourth most significant approximation func-
tions, the evolution of the weight of each one of these functions
along the streamlines, the final distribution (just at the intersection
between the considered streamline and the outflow boundary) and
the evolution of the number of functions involved in the reduced
approximation. In all cases Dr = 0.23 and U = 7.21. Fig. 18 compares
the evolution of the order parameter along these three stream-
lines.

From the computed solution of the Fokker–Planck equation
along numerous streamlines, the extra-stress tensor can be com-
puted on these streamlines, and from that, extended to any point
in the domain by using an appropriate interpolation. Now, the
flow kinematics can be recomputed, and then the microstructure
updated. The iteration process continues until reaching conver-
gence.

In is well known that short fibers suspensions, even at very low
fiber concentrations, exhibit significant non-Newtonian behaviors
that is the case of the 4:1 contraction here considered results in the
appearance of a noticeable recirculating flow located in the contrac-
tion corner and whose size increases with the fiber concentration
[32]. Thus, one could expect a similar behavior in the case of a LCP
flow in the 4:1 contraction. To elucidate this question we computed
different streamline of the steady-state flow obtained after the con-
vergence of the fixed point iteration algorithm. These streamlines
are depicted in Fig. 19 from which we can notice the existence of
the expected recirculating flow, invalidating any attempt of com-
puting the microstructure by using the Stokes velocity field (fully
decoupled technique).

6. Conclusion

The model reduction strategy described in this paper has been
successfully applied for treating non-linear kinetic theory models
involving complex behaviors, as the ones arising from stability anal-
ysis, complex geometries and coupled models. While significantly
reducing in the number of approximation functions involved in the
simulation – and consequently the computational effort – the com-
puted solutions in flows involving elongation or shear, remain very
accurate. Major CPU time savings, ranging from thousands to tens
lished simulations show that the present method is also able to
efficiently and accurately predict the isotropic-nematic transition,
complex flow simulation as well as complex microstructure evolu-
tions implying richer out-of-plane orientations.
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