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This paper aims at investigating the influence of grading on the undrained behavior of
granular materials. Series of undrained triaxial tests were carried out with two different
materials, glass balls and Hostun sand. For each material, samples with different gradings
and similar relative densities were prepared. Experimental results show that the undrained
shear strength decreases when the coefficient of uniformity Cu = d60/d10 increases from 1.1
to 20. The conditions of instability for the selected granular materials were also analyzed,
based on the sign of the second-order work during undrained triaxial loading. The results
demonstrate a significant influence of the grading: increasing the coefficient of uniformity
heightens the potential of static liquefaction and the materials become more unstable.
Furthermore, numerical tests using the three-dimensional discrete element method (DEM)
were conducted on assemblies of spheres. The DEM inter-particle parameters were derived
from the experimental test results on glass balls. The DEM simulations showed similar
behaviors compared to experimental results and confirmed the influence of the grain size
distribution on the stress–strain relationship and instability phenomena.

r é s u m é

Cet article vise à étudier l’influence de l’étalement granulométrique sur le comportement
non drainé des matériaux granulaires. Des séries d’essais triaxiaux non drainés ont été
réalisés sur deux matériaux différents, des billes de verre et du sable Hostun. Pour
chaque matériau, des échantillons de différentes granulométries et de densités relatives
similaires ont été préparés. Les résultats expérimentaux montrent que la résistance
au cisaillement diminue lorsque le coefficient d’uniformité Cu = d60/d10 augmente de
1,1 à 20. Les conditions d’instabilité pour les matériaux granulaires sélectionnés ont
également été analysées, sur la base du signe du travail du second ordre au cours
d’un chargement triaxial non drainé. Les résultats montrent une influence significative
de l’étalement granulométrique : l’augmentation du coefficient d’uniformité accroît le
potentiel de liquéfaction statique et les matériaux deviennent plus instables. En outre,
des essais numériques en utilisant la méthode des éléments discrets en trois dimensions
(DEM) ont été effectués sur des assemblages de sphères. Les paramètres inter-particules
DEM ont été calculés à partir des résultats d’essais expérimentaux sur des billes de verre.
Les simulations DEM ont montré des comportements similaires comparés aux résultats 
expérimentaux et confirment l’influence de l’étalement granulométrique sur la relation 
contrainte–déformation et les phénomènes d’instabilité.
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1. Introduction

Certain mechanical characteristics of granular materials under undrained condition, such as shear strength and instability,
are of great importance in geotechnical engineering. A poor assessment of these factors may lead to catastrophic disasters
such as gross collapses of civil engineering structures under rapid loading. Concerning the undrained shear strength of
granular materials, the affecting factors have been extensively studied [1–9]. However, in most of these studies, the influence
of the grain size distribution was mixed with other factors such as mean grain size, particle shape, etc. Granular materials
with high coefficients of uniformity are not very commonly tested and required further investigations.

In undrained condition, granular materials are known to become unstable even before their stress states reach the
failure state (see, for example, [10–15]). The term instability generally refers to a behavior in which large plastic strains can
be rapidly generated owing to the inability of a soil element to sustain a given even small additional load. It is generally
accepted that the second-order work theory postulated by Hill [16,17] can be used as a stability criterion, the material being
potentially unstable if the sign of the second order work becomes negative at a given mechanical state. If this condition
is reached, it does not always imply that failure would occur, as experimentally demonstrated by Lade and Pradel [18].
The directions of the incremental load as well as the mechanical variables controlling this incremental load are of major
importance. Therefore, Hill’s postulation is only a necessary, but not a sufficient condition for instability [14]. These findings
were established mainly on poorly graded loose granular materials. However, very limited studies have focused on the
influence of the grain size distribution on the instability potential.

Therefore, evaluating the grading influence on undrained behavior of granular materials is the main focus of this study.
For this purpose, two granular materials, Hostun sand and glass balls were selected. For each material, a series of undrained
triaxial tests on samples with different gradings but similar relative densities were carried out. Based on test results, the
influence of the grading on the undrained behavior is discussed. Furthermore, numerical triaxial tests by means of the
three-dimensional discrete elements method (DEM) were carried out on spheres assemblies with different gradings in order
to complement the experimental results.

2. Experimental program

2.1. Tested materials

As discussed above, several factors may influence the undrained behavior of granular materials. Therefore, studying this
topic without separating the affecting factors (grading, mean grain size, particle shape, etc.) would inevitably reduce the
significance of the findings. For example, few studies have analyzed the tested material shapes, while even for the same
material the particle shape is not always the same for different grain sizes [19]. It has been found that increasing the
particle angularity leads to an increase in the void ratios index emax (maximum void ratio) and emin (minimum void ratio)
[20], a decrease in stiffness and an increase in critical state friction angle φcs [21]. It has also been found that the particle
shape effect on the liquefaction susceptibility is significant [22]. Therefore, in order to highlight the grading influence on the
undrained behavior of granular materials, the tested materials should have similar particle shape over the full selected size
range. Along this way, we tried to prepare materials with similar particle shape and same specific gravity for different grain
sizes. The grading curves retained for this study are shown in Fig. 1, where the main grain size d50 is kept almost identical
to 0.9 mm and Cu = d60/d10 varies from 1.1 to 20. For each specimen, the total solid mass for the required void ratio
is calculated. Given the targeted grading curve, the percentage of each range corresponding to a given sieve (for example
0.08–0.1 mm) can be calculated, then the required mass of the grains in all the different ranges are determined and the
specimen is prepared by mixing all these grains with different sizes.

For glass balls, as they are artificially manufactured, particle shapes are very similar from one given size to another,
whereas Hostun sand being a grinded material, the similarity of the particles shape should be analyzed before testing.
Particle shape analyses were performed based on the Scanning Electron Microscope (SEM) observations. The similarities of
Hostun sand grains with different sizes were quantified by the shape parameter β [23]:

β = LM//Lm (1)

where LM and Lm are the major and minor lengths of the minimum circumscribed rectangular (in 2D), respectively. The
particle shape analysis is mainly divided into two processes: the imaging procedure (to obtain the value of β of each
particle) and the mathematical statistical process.

The imaging procedure consists of the following three steps (see Fig. 2): (1) an image of particles was obtained by SEM
imaging; (2) the binaryzation treatment was performed on this image using the built-in box in Matlab; (3) LM and Lm of
the particles were determined by using the open software ImagJ.
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Fig. 1. Grain size distributions for all tested samples.

Fig. 2. Digital image processing: (a) SEM image; (b) binaryzation; (c) boundary extraction.

Fig. 3. Histogram of the particle shape analysis.

The statistical process was performed by using Excel and the results of the particle shape analysis with grain diameters
from 0.08 mm to 2 mm (860 particles) are presented in Fig. 3. It was found that: the shape parameter β varies mainly from
1.0 to 1.4, corresponding to the accumulated frequency range up to 80%. Therefore, the shape of Hostun sand grains in the
selected diameter range can be regarded as similar, which meets the study’s requirement.

The variation of emax and emin measured with the ASTM standard [24,25] versus the grading is given in Fig. 4. As it can
be observed, the relationship between emax or emin and the coefficient of uniformity Cu can be expressed by an exponential
function, emax and emin decreasing with the increase of Cu, down to almost constant values for Cu higher than 10, similar
to the correlations reported by Biarez and Hicher [20].

2.2. Testing program

Twelve conventional triaxial tests under undrained condition were performed on the selected materials. For each mate-
rial, one specimen (100 mm in diameter and 200 mm in height) was prepared for each grading. The compaction method
[9] was used to prepare the specimens in relatively homogeneous condition. In order to prepare a specimen with a desired
3



Fig. 4. Evolution of index void ratios (emax, emin) with the coefficient of uniformity Cu: (a) Hostun sand; (b) glass balls.

Table 1
Initial void ratios and relative densities for selected materials.

Grading Hostun sand Glass balls

e0 Dr e0 Dr

Cu = 1.1 0.764 42.9% 0.660 43.1%
Cu = 1.4 0.753 42.1% 0.635 42.4%
Cu = 2.5 0.698 42.3% 0.539 41.4%
Cu = 5.0 0.670 42.2% 0.443 42.3%
Cu = 10 0.612 41.3% 0.393 41.9%
Cu = 20 0.585 41.4% 0.317 42.4%

relative density Dr = (emax − e)/(emax − emin) = 42%, each specimen was prepared by first estimating its dry weight. After
the specimen was formed, the specimen cap was placed, then a vacuum of 10–20 kPa was applied and the mould was
dismantled. The sample was then saturated until Skempton’s B parameter became higher than 0.97, and then isotropically
consolidated at a constant effective stress before undrained compression.

The initial void ratios and relative densities corresponding to the end of the isotropic loading phase are listed in Table 1
for each specimen. Note that the initial void ratio e0 was measured using the conventional method (measuring specimen
height, diameter, mass, and specific gravity), which has 5–10% difference with the values obtained by using the water
content method [26].

All undrained triaxial tests were carried out at a constant strain rate of 0.15%/min, which is slow enough to allow pore
pressure changes to equalize throughout the sample. No anti-fretting device was used in the testing. As the end restraint,
membrane penetration, sample size effects, etc. could not be ignored in conventional triaxial testing, it is widely accepted
that the test data for axial strains higher than 20% are not reliable; thus in this study all the tests were conducted only up
to an axial strain of 20%.

2.3. Test results and analyses

(i) Hostun sand
Fig. 5 shows the results of undrained triaxial tests on samples of Hostun sand under the effective confining stress of

100 kPa with Cu varying from 1.1 to 20. From Fig. 5(a), the increase of the coefficient of uniformity Cu induces a decrease
of the deviatoric stress throughout the entire loading. This decrease may result from the role of the small size particles
in increasing the contractiveness of the sample for a given relative density, which leads to an increase of the excess pore
pressure and consequently to a decrease of the undrained strength. Indeed, DEM simulations have shown that external
loads are transferred through the granular structure by force chains. In mono disperse granular materials, the collapse
and reconstitution of the force chains during continuous loading do not lead to significant reorganization of the structure,
whereas for poly disperse material, the reorganization among particles of different sizes is more pronounced, leading to
higher contractancy of initially loose packing.

Fig. 5(b) shows that the material exhibits more contractive behavior with higher Cu values, leading to a higher increase
of the pore pressure (decrease of the mean effective stress) during the first stage of the triaxial loading. This pore pressure
increase can be sufficiently high to lead to a so-called static liquefaction of the specimen. This is the case for the high Cu
values. This decrease in the deviatoric stress is only temporary and stops when the characteristic state (or phase transfor-
mation state) is reached. Then, in the second phase of the loading the pore pressure decreases continuously and the stress
path follows all the way up the characteristic line until the critical state is eventually reached.
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Fig. 5. Undrained stress–strain responses of Hostun sand specimens with different gradings: (a) deviatoric stress versus axial strain; (b) deviatoric stress
versus mean effective stress.

(ii) Glass balls
Similar trend was also found in undrained triaxial tests on glass balls, see Fig. 6. For glass balls, under a low initial

confining stress (for example p′
0 = 100 kPa), the stick-slip phenomenon is very pronounced, and the noising data has a

prominent influence on the data analysis. Because increasing the confining stress can reduce the stick-slip phenomenon, all
the glass balls samples were loaded under a relatively high confining stress p′

0 = 400 kPa.
(iii) Undrained shear strength
We define the deviatoric stress corresponding to an axial strain of 20% (q20%) to be the undrained shear strength qs.

For glass balls (Fig. 6(a)), it is found that all the samples reached an almost stable state at strain level around 20%. For
Hostun sand (Fig. 5(a)), the deviatoric stress is still increasing until the end of the loading and therefore its value for an
axial strain equal to 20% cannot be considered as the maximum undrained strength. Nevertheless, for the sake of examining
the influence of Cu on the undrained shear strength, we plotted the evolution of q20% with Cu for both materials as shown
in Fig. 7. The undrained shear strength qs decreases as the coefficient of uniformity Cu increases. This result implies that
when a higher Cu is induced by grain breakage for instance, the undrained shear strength of soil decreases.

(iv) Phase transformation state
As shown in Figs. 5 and 6, when granular materials are sheared under undrained condition, they often exhibit the

so-called phase transformation state [27] or characteristic state [28], corresponding to the transition between contractive
and dilative behavior. For both materials, it was found that the grading affects significantly the value of the deviatoric stress
at the phase transformation state qpt, as shown in Fig. 8: with the increase of Cu, qpt decreases. An exponential function
was used to fit this relation which agrees with the fact that, when Cu becomes higher than 10, qpt tends to become stable.

(v) Undrained instability
In order to investigate the instability criterion in undrained condition, the second-order work was calculated for each test.

According to Hill [17], stability is guaranteed if the second-order work is strictly positive. Otherwise, whenever it vanishes or
becomes negative, there is a potential for material instability. The second-order work for conventional axisymmetric triaxial
tests can be expressed as:

d2 w = dp′ dεv + dq dεd (2)

Under undrained triaxial condition, the volumetric strain increment dεv = 0 and the deviatoric strain increment
dεd = dεa, εa being the axial strain. The second-order work expression is reduced to d2 w = dq dεa. Since the axial strain
5



Fig. 6. Undrained stress–strain responses of glass balls specimens with different gradings: (a) deviatoric stress versus axial strain; (b) deviatoric stress versus
mean effective stress.

Fig. 7. Relationship between shear strength and coefficient of uniformity: (a) Hostun sand; (b) glass balls.

continuously increases in the conventional undrained triaxial tests, the second-order work becomes non-positive if and only
if dq � 0 (i.e., decrease in q).

As shown in Fig. 9, with the increase of the coefficient of uniformity Cu, negative values of the second-order work appear
earlier in terms of strain amplitudes. For samples with higher Cu (Cu = 2.5, 5.0, 10, 20), the second-order work becomes
negative after the first peak of the deviatoric stress, whereas for samples with lower Cu (Cu = 1.1, 1.4) the second-order
work remains always positive. These results show that a broader grading enhances the potential of static liquefaction.

3. Numerical tests on idealized granular materials

In order to further verify the experimental findings, numerical tests were carried out by DEM simulations. Although, in
recent years, DEM has been used to simulate the grading effect of granular materials [29,30], complementary studies are
still needed.
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Fig. 8. Relationship between phase transformation state deviatoric stress and coefficient of uniformity: (a) Hostun sand; (b) glass ball.

Fig. 9. Evolution of second-order work in undrained testing: (a) Hostun sand; (b) glass balls.

In experimental soil mechanics, the determination of the minimum and maximum void ratios is important, and relative
density is often used as a unifying measure for comparing the mechanical responses of various granular materials. Many
experimental methods have been developed to measure emax and emin for granular materials, but there has been little
exploration of techniques for generating numerical (e.g. DEM) samples at maximum and minimum void ratios [31]. Muir
Wood and Maeda [29] generated 2D samples at a void ratio equal to emax by setting the friction angle between disks to be
45◦ during the initial compression, whereas setting the friction angle to be 0◦ to generate samples at emin. However, emax
and emin generated by such numerical methods do not have much in common with the values measured in the laboratory
by a normalized method [24,25]. Therefore, the calculated relative densities of the numerical samples would not reflect the
real soil state. In this study, in order to fix the relative density of samples with different gradings and highlight the grading
effect on the undrained shear strength and instability of granular materials, an indirect method to produce 3D DEM samples
at the same relative density as the tested glass balls was used.

3.1. Index void ratios of DEM samples

We need heavy computation time in DEM simulations to analyze emax and emin of a given granular material, especially
for materials with high values of Cu.

The factors affecting emax and emin have been extensively studied by Biarez and Hicher [20], Cubrinovski and Ishihara
[32], and Cho et al. [21]. The affecting factors could be summarized as follows: grading, particle shape (angularity, roundness,
etc.), mineral composition, specific gravity.

Therefore, it can be assumed that the index void ratios emax and emin obtained experimentally on glass balls samples
will be the same for DEM samples made of spheres with the same particle shape and the same inter-particle properties as
the tested glass balls, and having the same grading. Then, what is needed is to find the inter-particle properties of the DEM
spheres which will give similar stress–strain properties as the glass balls samples at the same void ratio and same grading.

3.2. Specimen creation and parameters determination based on glass balls

The DEM numerical analyses were performed using PFC3D software. The contact law for particle interaction is a simple
combination of linear springs and limiting friction. A specimen made of spheres was first generated with a specified number
7



Fig. 10. Representative volume element for DEM simulation (walls are not shown).

of particles within a cubic container without overlap before applying a radius expansion to the spheres up to a specified
value in order to obtain the predetermined void ratio of the specimen.

The boundaries of the samples were defined by “wall” elements (walls are not shown in Fig. 10), through which displace-
ment rates can be imposed upon the specimen by controlling the movement of the walls. The required numbers of spheres
for a given grading were placed randomly in the container enclosed by six walls. The spheres were then expanded to their
final size and the system was run to equilibrium until the ratio of the maximum unbalance force to the mean contact force
became smaller than a set tolerance value (e.g., 10−3). A damping ratio of 0.628 [33] was used in this study to accelerate
the equilibrium process. In this study, the tests were simulated under zero gravity condition.

The samples were loaded by moving the six walls inwards and brought to an initial isotropic stress. The top and bottom
walls are loading platens and the four lateral walls provide confinement. A stress-controlled mode was used through a
servo-control mechanism by adjusting the boundary wall movements. The stress was estimated from the summation of all
contact forces acting on a parallel pair of walls, divided by the current function area of the walls. All the stress components
were determined.

For the undrained test, after isotropic compression, the specimen was compressed in the vertical direction in a strain-
controlled mode by specifying a strain rate of 0.03/s of the top and bottom walls, whereas the volume of the sample was
kept constant by specifying the strain-rate of the lateral walls. For drained test, after isotropic compression, the specimen
was compressed in the vertical direction in a strain-controlled mode by specifying a strain rate of 0.03/s of the top and bot-
tom walls. The horizontal stress was maintained constant by continuously adjusting the width and length of the assembly
as the vertical compression proceeded.

In order to calibrate the DEM model, two experimental results were used: one drained and one undrained triaxial tests
under a confining pressure of 400 kPa on samples of glass balls with Cu = 1.1. The DEM simulations were performed under
the same loading condition and the same initial void ratio (see Table 2). The inter-particle parameters friction coefficient
μ = 0.453, normal contact stiffness kn = 3.0 × 107 N/m and tangential contact stiffness ks = 1.0 × 107 N/m were obtained
by fitting the stress–strain curves by minimizing the overall distance between the DEM fitting curves and the experimental
curves, shown in Fig. 11. No shear band detected for all simulation at large shear strains. Note that due to some factors (soft
or rigid boundary, sample preparation, etc.), there are still small differences between the results of DEM simulation and the
experiment data for the undrained triaxial test but with a same set of parameters DEM simulations can have a good catch
of the evolution trend of the mechanical behavior of the studied materials.

3.3. Numerical tests

Three other samples with three different gradings (Cu = 1.4, 2.5 and 5.0, d50 = 0.9 mm) identical to the ones used in
the experimental tests were simulated with the same set of micro parameters (μ, kn, ks). The details of the numerical tests,
including the grading, the sample sizes, the confinement stress p′

0, the void ratios corresponding to p′
0 (close to the void

ratios of the glass balls assemblies in experimental testing) and the type of loading drained triaxial compression test (CIDC)
and undrained triaxial compression test (CIUC), are listed in Table 2.

3.4. Analyses of numerical tests

Fig. 12 shows the undrained stress–strain response of samples with different gradings but the same initial void ratio
as the corresponding glass balls assemblies. The initial relative density (Dr ≈ 42%) of numerical samples can be regarded
as same as samples of glass balls. By comparing Fig. 6 and Fig. 12, one can see that the DEM simulations show similar
phenomena as the experiments on glass balls. The undrained shear strength decreases as Cu increases.
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Fig. 11. DEM simulation for glass balls (Cu = 1.1): (a) undrained deviatoric stress versus axial strain; (b) undrained deviatoric stress versus mean effective
stress; (c) drained deviatoric stress versus volume strain versus axial strain.

Table 2
Details of numerical tests.

Test (No.) Cu Sample size/mm3 Number of particles p′
0/kPa e0 Type of loading

1 1.1 12 × 12 × 12 2429 400 0.691 CIDC
2 1.1 12 × 12 × 12 2429 400 0.660 CIUC
3 1.4 20 × 20 × 20 10 364 400 0.635 CIUC
4 2.5 16 × 16 × 16 18 122 400 0.539 CIUC
5 5.0 10 × 10 × 10 16 417 400 0.443 CIUC

Fig. 12. Undrained stress–strain responses of DEM specimens with different gradings: (a) deviatoric stress versus axial strain; (b) deviatoric stress versus
mean effective stress.

In Fig. 13(a) and (b), the undrained shear strength and the phase transformation deviatoric stress are plotted versus the
coefficient of uniformity. A trend similar to the one obtained for the glass balls (Figs. 7(b) and 8(b)) is derived. Fig. 13(c)
shows the evolution of the second-order work with the axial strain; for samples with high Cu (Cu = 2.5, 5.0) the second-
order work is negative at a strain level of 1–3%, whereas for samples with low Cu (Cu = 1.1, 1.4) the second-order work is
always positive. These DEM findings agree well with the experiment results. Therefore, the proposed numerical method can
be used to reproduce quantitatively the mechanical behavior of granular material.

4. Conclusions

Series of undrained triaxial tests on different materials (Hostun sand, glass balls, and idealized sphere packing by DEM)
were carried out, for each material on samples with different gradings but similar relative density, in order to investigate
the grading effect on the undrained behavior of granular materials. Based on the test results, conclusions can be made as
followed.

For samples with the same relative density, the undrained shear strength and the phase transformation deviatoric stress
gradually decrease with the increasing coefficient of uniformity Cu, and tend to stabilize for Cu higher than 10. The rela-
tionship between the undrained shear strength or the phase transformation deviatoric stress and Cu could be expressed by
using an exponential function.
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Fig. 13. (a) Undrained shear strength versus the coefficient of uniformity; (b) phase transformation stress versus the coefficient of uniformity; (c) second-
order work versus coefficient of uniformity.

Based on the analyses of the sign of the second-order work, the undrained instability of all selected granular materials
was analyzed, demonstrating a significant influence of the grading: increasing the coefficient of uniformity enhances the
static liquefaction potential.

Factors which could affect the index void ratios (emax and emin) were summarized and inter-particle parameters of DEM
samples were derived from two triaxial tests on glass balls with Cu = 1.1 by curve fitting. DEM simulations on assemblies
of spheres with different grain size distributions revealed similar phenomena concerning the grading influence on the
undrained shear strength and the condition of instability compared to experimental results.
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