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Abstract We deal with a second order image decomposition model to perform
denoising and texture extraction that was previously presented. We look for
the decomposition of an image as the summation of three different order terms.
For highly textured images the model gives a two-scale texture decomposition:
the first order term can be viewed as a macro-texture (larger scale) which
oscillations are not too large and the zero-order term is the micro-texture (very
oscillating) that contains the noise. Here, we perform mathematical analysis of
the model and give qualitative properties of solutions using the dual problem
and inf-convolution formulation.

Keywords Second order total variation - image decomposition - variational
method - inf-convolution

Mathematics Subject Classification (2000) 65D18 - 68U10 - 65K10

1 Introduction

The most famous variational denoising model is the Rudin-Osher-Fatemi [1]
one. This model involves a regularization term that preserves discontinuities,
what a classical Sobolev type -Tychonov regularization method does not. The
observed image to recover is split in two parts : one represents the oscillating
component (noise or texture) and the other one is a smooth part, namely a
function of bounded variation [2-4]. The regularization term involves only this
so-called cartoon component, while the remainder term represents the noise
to be minimized.

A lot of people have investigated such decomposition models based on
variational formulation, considering that an image can be decomposed into
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2 M. Bergounioux

many components, each component describing a particular property of the
image ([5-10] and references therein for example).

In [11,12] we have presented second order models where the (first order)
classical total variation term has been replaced by a second order total vari-
ation term with the appropriate functional framework, namely the space of
functions with bounded hessian introduced in [13] (see also [11,12,14]). The
use of such a model allows to get rid of the staircasing effect that appears with
the ROF model in denoising processes. To achieve this goal K. Bredies and al.
have recently introduced a second order generalized total variation definition
[15-17] which is a nice compromise/mixture between the first and second order
derivatives. Tt is, in some sense, an extension of the inf-convolution (we recall
the definition later) of the first and second order derivatives. The model we
present here is not more efficient than the Total Generalized Variation aproach
for denoising. However, it provides a decomposition of the image at different
scales what the other model does not a priori. This paper is focused on this
decomposition that provides a multiscale description of textured images. Se-
cond order models have also been investigated in the context of segmentation
and inpainting problems with Mumford-Shah types functionals (see [18-20] for
example). The functional framework is the so called General Special Bounded
Variation function space composed of functions whose truncated forms belong
to the classical space of locally special bounded variation functions.

The aim of this paper is to give an existence result without the penalization
term that was added in [11] and to perform a qualitative analysis of the model.
Uniqueness and regularity issues will also be addressed.

More precisely, we assume that an image can be split in three compo-
nents: a smooth (continuous) part v, a cartoon (piecewise constant) part u
and an oscillating part w that should involve noise and/or fine textures. Such
decompositions have already been investigated by Aujol and al. [5,6]. These
authors use the Meyer space of oscillating functions [21] rather than the space
of functions of bounded hessian (we shall present these spaces in the sequel).
The model we deal with, is different: the oscillating part of the image is not
penalized included but a priori in the remainder term w = uqg — v — v, while v
is the smooth (bounded hessian) part and u belongs to the space of functions
of bounded variation: we hope u to be piecewise constant so that its jump
set gives the image contours. This model has been proposed (in an abstract
form) in [22]. However, no focus was made on the first and second order total
variation. For highly textured images, the model provides a two-scale texture
decomposition: u can be viewed as a macro-texture (large scale) whose oscil-
lations are not too large and w is the micro-tezture (much more oscillating)
that contains the noise.

The paper is organized as follows. We first present the functional framework
and perform a quick comparison between the second-order total variation we
use and the one defined by Bredies et al. in [15]. In section 3, we present the
variational model, give existence result and an equivalent formulation with inf-
convolution. This allows to compute the dual problem. Next section is devoted
to giving qualitative properties of the solutions.
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2 Functional Framework for Second Order Variational Analysis
2.1 Spaces BV(Q) and BH(Q?)

In the whole paper, £2 is an open bounded subset of R? (practically d = 2)
smooth enough (with the cone property and Lipschitz for example). More
precisely, if d = 2, {2 may satisfy next assumption

(1)

{2 is a bounded connected open set, strongly Lipschitz such that
012 is the union of finitely many C? curves .

Following [2,3,23] and [12,13], we recall the definitions and main properties
of the spaces of functions of first and second order bounded variation. The
space BV(Q) is the classical Banach space of functions of bounded variation
defined by

BV(Q) := {u € L}Y(Q) : TV(u) < 400},

where TV(u) is the total variation of u

TV (u) := sup {/Q u(z) div €(x) dx : € € CH2,RY), ||€]l0 < 1} , (2

endowed with the norm ||ullgyq) := [lullL: + TV (u).

We say that a sequence (uy,)nen of BV(2) converges to some u € BV(Q) for
the intermediate (or strict) convergence, if u,, strongly converges to u for the
LY(Q) topology and TV (u,) converges to TV (u) (in R) (see [2,3,24]).

The space of functions with bounded hessian has been introduced by Demengel
[13] (where it was denoted BH(Q2)). It is the space of W11(Q) functions such
that TV?(u) < 400, where Wh'(Q) = { w € LY(Q) : Vu € L(Q) }. Here, Vu
stands for the first order derivative of w in the sense of distributions and

TV?(u) := sup {/Q (Vau, div(€))ga : € € C2(2, R |||, < 1} <00, (3)

is the second order total variation of wu.
In the sequel, div(§) = (div(&1),div(&s), . .., div(£s)) and

Vi, & = (1,82, & a) €RY, div(&) = Z &,J

The space BH({2) endowed with the following norm

£ g 2= 1 F o + TV = [ flls + IV Flles + TVZ(f), (4)
where TV? is given by (3), is a Banach space. Note that a function u belongs

to BH(Q) if and only if u € WH1(Q) (Q) fori e {1,...,d}. In

particular: TV?(u) < Z TV ( ) <d TV2( ).

We give thereafter 1mportant properties of these spaces which proofs can
be found in [2,3,12,13,25] for example.
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Theorem 2.1 (Semi-continuity of total variation )

i. The mapping u — TV (u) is lower semi-continuous (denoted in short lsc)
from BV(Q) endowed with the L1(Q) topology to RT.

ii. The operator TV? is lower semi-continuous from BH(Q) endowed with the
strong topology of WH1(Q) to R.

Theorem 2.2 (Embedding results) Assume d > 2. Then

d
i. BH(Q) — Wh9(Q) with ¢ < T with continuous embedding. Moreover

d
the embedding is compact if q < -1 In particular

BH(Q2) — LYQ), Vq €[1,00[, if d=2.

i, Ifd=2
— BV(Q) C L%(Q) with continuous embedding, and
— BV(Q) C LP(Q) with compact embedding, for every p € [1,2].

iii. If d = 2 and if 2 satisfies assumption (1) then BH(Q)(Q2) C C°() .

So BH(Q) C H'(Q) with continuous embedding and BH(Q2) ¢ WH(Q) with
compact embedding. Let us define the space BV(£2) as the space of functions
of bounded variation that vanish on the boundary 02 of {2. More precisely,
as 2 is bounded and 9f2 is Lipschitz, functions of BV(£2) have a trace of
class L' on 02 [2,3,24], and the trace mapping T : BV(Q) — LY(09Q) is
linear, continuous from BV(£2) equipped with the intermediate convergence
to L1 (9£2) endowed with the strong topology ([3] Theorem 10.2.2 p 386). The
space BV () is then defined as the kernel of T'. It is a Banach space, endowed
with the induced norm:

BVo(Q) :={u € BV(Q) :ujpq =01} .

In addition, if v € BH(Q2) then Vu € BV(Q)" ( as a consequence of the
definitition of BH(?) ) and we may define the normal derivative trace operator
0
v : BH(Q) — LY(0Q) (with v(u) :== Vu-n = a—u) This operator is linear,
n
continuous from BH(2) (equipped with the intermediate convergence, that is

the W strong convergence and the convergence of TV?) to L!(942) endowed
with the strong topology. So, we may define similarly

BH,(Q) := {u € BH() : 9 _ ) on 8(2} .

on
We set also
BVn(Q) := {u € BV(Q): / u(z)dx =0 } ,
0
and
ou .
BHm(Q):z{ueBH(Q): dszz:1,~-~,d} :
o O;
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The Green’s formula gives

IR
dr = — U; NG
2 axi o

where w; is the i*” partial function with respect to the i"" coordinate and
n = (n1,---,nq4) is the outer normal vector. In particular, if v = 0 on 92,
then u € BH,,(02). At last we shall use the following result of [14]:

th th

Lemma 2.1 Let {2 C R"™ be an open Lipschitz bounded set. There exist generic
constants only depending on §2, C1,Cs > 0 such that

VU S BVm(Q) ||u||L1(.Q) S ClTV(U), (5)
Vu € BHo(Q) UBHL(Q)  TV(u) < CoTV?(u) (6)

2.2 Comparison with the Space BGV?

As already mentionned, a different approach of second-order total variation
spaces has been set in [15]. The main difference lies in the choice of test
functions for the weak variational formulation. The authors define the To-
tal Generalized Variation of u as the supremum of the duality product be-
tween u and symmetric tests functions that are bounded together with their
derivative. First, we note that we may define TV?(u) in a equivalent Way as

following: for any & = (£1,&2,...,&) € C2(£2,R¥*?) then div(§;) = Z %ig

O0x;
where & = (&.1,&i2,...,&.q) € RY, for every i. Then, we define as in [15]:
d 2
divZ¢ .= Z 0 gl’] . Denote B := {¢ € C2(2,R"%),[[¢]lc <1}, then
5= 15:@
Vu € WH(92) TV?(u) = sup {/ udivieédr : € € B } . (7)
Q

Indeed, an integration by parts gives: /

wdivié do = — / (Vu, div &)ga d .
2 2

Let be oo = (ap, 1) > 0, we call

TGV?Z (u) :sup{/ uwdiviede : € € B, },
2

where By :={{ €K : &; =& Vi, ], [|€]lo < a0, [|divE]jee < g }. We may
define [15]
BGVZ(Q) = {u e L'(Q) : TGVZ(u) < +o0 }. (8)

Proposition 2.1 Let be a = (ag,a1) > 0. For every function u in WH1(€2)
we get: TGVZ (u) < agTV?(u) . Therefore

Va >0  BH(Q) Cc BGVZ(Q)

with continuous embedding.
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Proof. As B, C apB the first relation is obvious. Moreover if v € BH(2), then
u € WHH(Q) and TGV?Z (u) < 400. In addition

lullpvez = llulls + TGV (u) < [Jullwrs + TV (u) < max(1, ao)|lull s,
which gives the continuity of the embedding mapping. O

Corollary 2.1 For any u € BH(Q), TV*(u) = 0 if and only if u is a polyno-
maal function of order 1.

Proof. For any u € BH(Q), TV*(u) = 0 = TGVZ2(u) = 0. Then we use
Proposition 3.3 of [15]. O

The main difference between the two approaches concerns the functions
regularity. The BGV2 () functions do not necessarily belong to L!(2). In
particular, the indicator function of smooth open sets belongs to BGV?2(£2) and
not to BH(Q). On the other hand, we cannot have Sobolev-type embeddings
for BGVZ(Q).

3 A Second-Order Variational Model for Image Decomposition
3.1 Presentation of the Model

We have already presented a slightly similar model in [11] (see more precisely
Remark 4 of [11] where the boundary condition is discussed). Here we provide
an existence result that was expected but only proved in the finite dimensional
case and give a inf-convolution formulation. We now assume that the image
we want to recover ug belongs to L2(£2) and that it can be decomposed as
ug = w + u + v where u, v and w are functions that characterize different
parts. These components belong to different functional spaces: v € BH(Q) is
the (smooth) second order part, u is a BV(Q) component and w € L2(Q)
is the remainder term. We consider the following cost functional defined on
BV(22) x BH(Q):

1
Fanl,0) i= 3 ua = u = vl 2ao) + ATV + 4TVR@),  (9)
where A, u > 0. We are looking for a solution to the optimization problem
inf{ Fx . (u,v) : (u,v) € BV(Q) x BHo(Q) } (Pa,u)

Remark 8.1 We decide to look for the minima of Fy ,, on BV(Q2) x BH(£2) and

not BV(Q) x BH(Q2) to get an existence result. This will cause troubles to set

the dual problem because of the computation of Legendre-Fenchel conjugate

functions. Nevertheless, the constraint v € BHy(2) (that is g—u =0 on 02)
n

is a usual one in image processing and the difficulty will be overcome in the
discrete setting.



Mathematical Analysis of a Inf-Convolution Model for Image Processing 7

We expect v to be the smooth colored part of the image, u to be a
BV(Q)\BH() function which derivative is a measure supported by the con-
tours and w := ug —u—v € L?() is the noise and/or small textures (we shall
detail this point later). Problem (P ,) can be (formally) viewed as a mini-
mization problem where the regularization term is an inf-convolution. Recall
that the inf-convolution has been introduced by J.J. Moreau in [26] (see also
[3] p 324). It is defined as

(f#9)(v) == inf{f(u) + g(v —u) :u eV},
where f,g:V — RU {+oc}. If we set V = L2(Q),

ATV (w), if u € BV(Q)
400, else.

pTV2(v), if v € BHo(Q)
400, else.

Oy\(u) = { and &2 (v) = {

then
(D3#07)(w) = inf {ATV(u) + pTV?(v) : u € BV(Q),v € BHy(Q),u+v=w},

and problem (P ,) may be written as
: 1 2
inf {2ud — @lr2 o) + (@}\#@i)(w) tw € L2(Q)} .
This formulation is to compare to the one by Bredies and al. [15-17]
: 1 2
inf {2|ud — @lr2 ) + TGV (w):w € LQ(Q)} ,

which seems to be more efficient for denoising. However, we are interested in
the decomposition components u and v. First, we give an existence result for
problem (P ,,).

Theorem 3.1 (Existence) Problem (P,) has at least an optimal solution
(u*,v*) in BV(Q2) x BH ().

Proof. We first prove that the auxiliary problem
inf{ Fy .(u,v) : (u,v) € BVn(2) x BHy(Q) } (Pauz)

has an optimal solution. Let (ty, vn)neny € BV (€2) x BHo(2) be a minimizing
sequence, i.e.

lim  Fx (un,vn) =inf{ Fy ,(v) : (u,v) € BV, (Q) x BHo(Q2) } < +o0.

n—-+4oo
Therefore

— TV?(v,) is bounded and with Lemma 2.1, || Vv, ||p: is bounded as well.
— TV(u,,) is bounded. Using once again Lemma 2.1 yields that w,, is bounded
in L!(Q). Therefore the sequence (uy,)nen is bounded in BV(Q).



8 M. Bergounioux

— As u,, + v, is L? -bounded, it is L' -bounded as well so that v, is L!
bounded. As ||Vv, |1 and TV?(v,) are bounded, this means that the se-
quence (vy,)nen is bounded in BH((2).

With the compactness result of Theorem 2.2, this yields that (v,),en strongly
converges (up to a subsequence) in WH1(Q) to v* € BH(Q). In addition, as
the normal derivative operator is continuous (as mentionned before), then
v* € BHo(Q). Similarly (uy,)nen strongly converges (up to a subsequence) in
LY(Q) to u* € BV,(Q). Moreover u,, + v, weakly converges to u* + v* in
L%(Q). With Theorem 2.1 we get

TV (u*) < liminf TV (uy,), TV?(v*) < liminf TV?(v,,).

n——+oo n—-+oo

So, Fxpu(u™,v*) < liminf Fy ,(un, vn) = min(Paue) and (u*,v*) is a solution

n—-+o0o
t0 (Pauz)-
For every (u,v) € BV(R2) x BHo(Q), (u — my,v + m,) € BV, (Q) x BHp(£2)

where m,, = M u is the mean value of u. Moreover
10

Fapu(u,v) = Fapu(u—my,v+my) > Fau(u®,v").
Therefore (u*,v*) is an optimal solution to (Py,). O

Remark 3.2 Uniqueness of the solution is challenging. We shall prove partial
results in section 4.2.

3.2 Optimality Conditions

1
In what follows, we set N (u) := §||u||§ for any u € L2(2) and fix A > 0, p > 0.

From now on, (u,v) denotes any solution (P, ,). It is characterized by
1
12_argmin{2|ud—ﬁ—u||2+@}\(u), u € L(Q) } , (10)
= : o 9 2 2
7 = argmin 2||ud u—ol|* + &, (v), veL*(Q) (11)

where @} and @2, have been defined in section 3.1. We may derive optimality
conditions in a standard way :
Theorem 3.2 (u,v) is a solution to (P ) if and only if

W = ug — U — 0 € 0} (@) N OP, (). (12)

The proof is obvious. The notation (-, -) stands for the duality product between
V' et V and 0f(u) denotes the subdifferential of f at u where f:V — R:

Of(u):=={u* eV :YveV f(v)— f(u)> (u*,0—u) }
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3.3 Inf-Convolution Formulation

We have already noticed that the penalization term in (P ) is an infimal con-
volution term. In addition, (P ,) can be viewed as successive inf-convolution
processes.

Lemma 3.1 The functionals N#®} and ./\/’#@i are convex and continuous
from L2(Q) to L2(9).

Proof. In the sequel we set & = &} or @i indifferently. As @ and N are convex
so is N'#® (see [27] for example). Let be u € L?(9):

o)) =t { = ol + #(0) v € L@ | < Gl + 20) = Jlul}

As (N#®)(0) = 0 this gives the N#& continuity at 0 and its boundedness
in a neighborhood of 0. As it is convex, it is continuous on its whole domain
L2(Q)(see [28] for example). O

Note that problem (10) is equivalent to the fact that @ realizes the infimum
in the definition of N#®} (ug — v) and (11) means that v realizes the infimum
in N#®2 (ug — ). In fact, problem (P ) can be written as successive inf-
convolution processes. More precisely we have:

Theorem 3.3 Let (u,v) € BV(Q2) x BHo(Q) be a solution to (Px,,). Then
= N(uqg — i — 0) + Py (i) + D7, ()
= (N#)))(uq — ) + P},(0) = (N#2},)) (uq — @) + 5 (a)
= (BA#NHP)) (ua) = (LL#NH#P))) (ua).
where m := inf(Py ).

Proof. Let (u,v) € BV(2) x BHo(£2) be a solution to (P ).
Then, for every (u, v) € BV(Q2) x BH(Q), we get

m = N(ug—1i—10)+ (@) + D>, (0) < N(ug—u—v)+&, (1) + P, (v) . (13)
This gives, for every v € BH((2)

m < 6iLr%f(Q)/\/(ud —u—v)+ () + @i(v) = (N#D}) (ug — v) + (Pi(v)

so that
RS nt (VAP (g v) + B(0) < (FANHB) ()

vEBH, ()
Similarly
m < (DA#HNH#P,)) (ua) -
Conversely, we get for every (u,v) € BV(Q2) x BHy(Q2) by definition of inf-
convolution:
(PLANHD))) (ua) < (N#PY) (ug—0)+&,(v) < N (ua—v—u)+&; (u)+P; (v)

so that (P2 #(N#®)))(ua) < .
We finally obtain m = (DX#N#P,))(ug) = (PrH#N#P)))(ua). O
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3.4 Computing the Legendre-Fenchel Conjugate Functions

We are going to write the dual problem of (P, ,) and need to compute the
conjugate functions of @3, @7 and f : u — f(ug + u). We recall that, if
f:V = RU{+o0o}, the Legendre-Fenchel conjugate f* is defined on V' as

Vu* eV’ fr(u*) = sup(u*,u) — f(u) .
ueV

We obviously have (Af)*(u*) = )\f*(%), for every A > 0 and u* € V' and the
following useful result as well [3]:

Proposition 3.1 Let V be a normed space and f : V — RU {400} a closed
and convez, proper function. then

u* €0f(u) <= uedf (u) < flu)+ fF(u") = (u",u,
where (-,-) denotes the duality V' —V product.

Lemma 3.2 Let be f : L2(Q) — RU{+oc} and f such that f(u) = f(uq+u).
Then the Legendre-Fenchel conjugate function of f writes

Vut € LX(Q) () () = 1w — (0 ua)e
where (-,-), denotes the L?(§2) inner product.

Proof. Let be u* € L2(€2). We have

(N (W)= sup (wu*)s— flua+u)= sup (w—ugu*)s— f(w)

uw€L2(Q) weL2(0)
= sup (w,u")s — f(w)— (ug,u™)2 = f*(u*) — (u*,uq)2.
wel?(Q)

O
In the sequel 1o denotes the indicator function of a set C' :

0, ifueC
400, else.

lo(u) = {

Lemma 3.3 The conjugate function of ®} is (P})* = Al,c,, where Ky is the
L2-closure of

Ki:={¢{=divp : peClR), ol <1}. (14)

The conjugate function of @2 is (P2)* = plux, , where Ky O cl(Ky) and
cl(Ky) is the L2-closure of

K; = {¢ = div?: ¢ € CH(Q,R™), [l <1} (15)
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Proof. Tt is known that the conjugate TV* of TV is the indicator function of
K1 (see [23,29] for example). As &} = ATV (or +oo outside BV (£2)), then

(@3)* (u*) = ATV* (u)\) This gives the result.

The second result is not exactly the same, since @i is equal to uTV? on
BH((£2) and +oo outside (and in particular on BH(2)\BH((£2)). Therefore
the conjugate of 452 is not the same as the conjugate of pTV?. We know
that the conjugate function of TV? is 1ok, (see [12]); as @? is positively

homogeneous (u = 1), it is the indicator function of a closed subset Ko of
L2(Q). Moreover

Lic,(v*) = (87)*(v*) = sup (v*,v) — TV?(v)
veEBHg
< sup (v*,v) — TVz(u) = 1k, (V7).
veEBH

This implies that cl(Ks3) C Ky but we cannot prove the converse inclusion that
would provide a result similar to the first order case. We end the proof with
the same argument as in the BV case. O
Eventually it is easy to see that N* = N.

3.5 Dual Problem to (Py,,)

In the present subsection, we shall use convex duality tools that we recall
thereafter (see [3] for example).

Theorem 3.4 ([3] p. 366) Let V be a Banach space, f,g:V — RU {+o0}
lower semi-continuous convez functions and A a linear continuous operator

from V to V. Assume there ezists u, € dom g, and that f is continuous at
Au,. Then

inf (F(Au) + g(w)) = max (—f*(u") — g"(~A"u")).

Moreover, if u is a solution to the primal problem and u* is a solution to the
dual one, then

u* € df(Au) and — A*u* € dg(a) ,
where Of (u) stands for the subdifferential of f at u.
Theorem 3.5 ([3] p. 328) Let V' be a Banach space and f,g : V — RU{+o0}
proper functions. Then (f#g)* = f* + g*. In addition if f and g satisfy the
assumptions of Theorem 3.4, then (f + g)* = f*#g*.
Now we may compute the dual problem to (P, ,) and get the following:

Theorem 3.6 The dual problem to (Py,,) writes
. 1 X
1nf{2ud—w||§ :wE)JClﬁung}. (P5 )

The unique solution w* is the L2-projection of uq on the closed and convex set
AC1 N ks,
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Proof. Solving problem (P ) is equivalent to solving

—~—

Lnf (NH#O) (g — ) + B () = inf | (NA92)(Au) + 2 (w)

where (N#®2)(w) = (N#P,)(uq + w) and Au = —u.
It is clear that A* = A. Moreover, &} is lsc with respect to the L'~ topology

P

and L?- topology since 2 is bounded. As N#®%, N#d2, A and &3 fulfill

Iz o
assumptions of Theorem 3.4, the dual problem of (P, ;) writes

o {2 (w) - (@)"(w) s w € L2(@)}. (P5,)
Using Lemma 3.2 and Theorem 3.5, it is easy to see that
(NHB) (1) = —(uay w)s + NHG) () = —(ua, w)s + N* (w) + (B2)" (w)
= —(ug, w)z + N(w) + (2" (w) .
Therefore, (P5 ,) writes

wgiaiiiﬂ)(udawh = N(w) = (3)"(w) = (2,)" (w) ,

= = min = (ua,w)z + Nw) + (@5)" () + (8)"(w) -

Finally, (P5 ,) is equivalent to
.1 2
min §||ud—w||2 cw e MG Npkyp.

The dual problem has obviously a unique solution w* which is the L2-projection
of ug on the closed and convex set Ay N pkCs. O

In the sequel we denote ITx the L2-projection on a closed and convex set K.
Next, we have a relation between the solutions to (P,,) and the (unique)
solution of the dual problem.

Theorem 3.7 1. Let w* be the (unique) solution to the dual problem (P5 ).
namely w* = Iz, npic, (ua). Then, there exists (u,v) € BV(Q) x BHo(2) an
optimal solution to (Py,,) such that

w* =ug— -0 and w* € OD7(v) N 0P} ().
2. Conversely, if (4,v) € BV(Q2) x BHo(Q) is any solution to (Py,,), then

W=uq—uU—0=Ic,nukc, (uq) - (16)
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Proof. Let (u

,0) be a solution to (Py ). A direct consequence of Theorem 3.4
is w* € 003 ()

and w* € (Q)(A@_@L)(—ﬂ) A simple calculus shows that
ONH2)(—1) = ON#07) (s — ),

so that
w* € 8@5}\(11) N 8(/\/’#Q5i)(ud — ).

As (N#P2) (ug — u) = N(ug — 4 — 0) + P}, (0)
= argmin {;HU + 1 — ugl]? —|—€Pi(v) NS LQ(Q)} ,

then ug — 0 — @ € OP%(0); so, the inf-convolution is exact and we get, [27]

ONH#D ) (ug—1) = ] ON(ua—1u—v) NP, (v).

vEL2(Q)

As ON(ug — i — v) = {uqg — @ — v}, there exists v € L%(Q2) such that
w* =ug —u— v € dPL(v) . So,

w* € 897 (v) N oDy () ,

with o = ug — @ — w*. This proves that (@,?) is a solution to (Py ) as well:
we use Theorem 3.2 with w = w* to conclude.

Let us prove the converse property: let (@,7) € BV(£2) x BHo(€2) be a solution
to (Px,.) and @ = ug — % — . Theorem 3.2 gives w € P} (a) N OP?(v), that is

€ )(@))"(w) and v € A(F2)*(w) .

With the previous computations, we get & € ALk, (W) and ¥ € ALk, (W).
Therefore

Yw € MKy N pkCy (@,w—w) <0 and (v,w —w) <O0.
Adding the above inequalities gives
Yw € A1 N pksy (40, w—w) = (ug — w,w —w) <0.
This is equivalent to (16). O

Corollary 3.1 If (u,v) is a solution to (Px,), then w = @+ v is unique.
In particular, there is a unique solution to (Px,) such that @ = 0 almost
everywhere.

Remark 3.3 We cannot permute the roles of @} and @, in the previous proof

because @i is not lower semi-continuous with respect to the L2-topology. In-

deed L2(€) is not embedded in W1(Q).
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4 Solution Properties (d < 2)
4.1 Structure of the Solutions

Recall [5,21] that the Meyer space G(£2) is defined as
G(Q):={f € L?(Q):3p = (1, p2) EL®(Q,R?), f = div p and ¢-n = 0 on 9N},
where n is the outer normal vector to 92. This space is endowed with a norm
denoted by || - ||¢ and defined as

Iflle = inf{[l\/¢T + @3l : f=divp,o-n=00n00}.
We shall need the

Lemma 4.1 ( [21] or [5], Lemma 2.1) For every v € BV(Q) and g € G(Q)
then

<TV(u) llglle-

/Q u(z) g(x) dx

We may now precise the structure of a generic solution.

Theorem 4.1 Let (a,v) € BV(Q) x BHo(Q2) be a solution to problem (Ph,.)
(for fized X and ) and set @ = ug — @ — v. Then,
i w=ug—u—70veGN)
ii. If d =2 and §2 satisfies assumption (1), v is continuous on 2.
. If d = 2, 2 satisfies assumption (1) and ug € BV(Q2) NL>(R), then the
jump set of @ is included in the jump set of ug.

Proof. (i) This is a direct consequence of Theorem 3.7. Indeed W € AK;.
Therefore, there exists a sequence p,, € CL(£2,R?) with ||¢n]|c < 1 such that
wy, = AMiv(p,) L2-converges to w. As ||¢n|lec < 1, on may extract a weak-star
subsequence that converges to ¢ in L>°(Q2). Therefore, ¢ € L>°(Q) and g.n =0

on 0f2. So, we get :

Vu € D(02) (Wn, )2 = A/ divp,u = —A/ on Vu — —A/ ¢Vu.
2 02 0]

As (wp,u)p2 — (W, u) 2 this gives
(w,u) = =X {p, Vu) = A{divp,u),

in the distributional sense. Therefore, w = div(A@). Moreover, @ -n = 0 on
012 since ¢,, has compact support. This proves that w € G({2).

(i) Assumption (1) implies that ¥ € BH(2) is continuous (Theorem 2.2, (iii)).
(iii) With (ii), the jump discontinuity set of u4 is the same as the one of ug— .
Moreover % is a solution to

min {;Hud — 0 —ul|> + ATV (u) :u € BV(Q)} .

Therefore, following [30],Theorem 3.3, we get the result. O
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Remark 4.1 e The point (i) means that @ is an oscillating function: this is con-
sistent with the fact that we expect @ to be the noise and/or micro-textures.
e The continuity of o still holds if d > 2. Assumptions on {2 are slightly dif-
ferent (see [13,25]).

e Any variational model

1
min {2||ud —u— U”ig(n) + ATV(u) +&(v) : w € BV(Q),v € V},

would satisfy the result of iii) (with a functional @ such that a solution (, o)
exists), if V contains C°({2) (which is the case if ¥V = BH({2)). Indeed, the
result of [30] applies as soon as @ is the solution of a TV- type problem.

e Since v € Wh1(Q) N L>(Q)), if we assume ug € SBV(Q) NL>(Q) then
uqg + 0 € SBV(Q). Here SBV(2) is the space of special bounded variation
functions [3,4]. Of course, the jump set of @ is included in the jump set of ug,
but we cannot prove that the non absolutely continuous part of the derivative
of @ is concentrated on its jump set. So, we cannot prove that @ belongs to
SBV(Q) though the numerical simulations of [31] allow to think it is the case
(@ is piecewise constant).

Corollary 4.1 Let (u,v) € BV(Q) x BHo(2) be a solution to problem (Py ;)

(for fixzed A and ) and set w = uq —u — v. Then / w(z)dz = 0.
Q

Proof. This is a direct consequence of Proposition 2.1 of [5] that gives

G(Q):{g€L2(Q):/Qg(x)dx:0}

and that w € G(2). O

The previous theorem holds if ug € BV(2). This is not the case if uq is
noisy, for example. In the case where uy ¢ BV(2), we have the following results
due to W. Ring [32]. We first consider the 1D case where {2 =]a, b[. Following
Proposition 4 of [32], if we assume that

YU open subset of ]a, b[ with positive Lebesgue measure (H1)

ug does not coincide on U with some function u € BV(Ja, b]),

then ug—7 satisfies (H;) and we get D,@ = 0 where D,u denotes the absolutely
continuous part of the measure Du. Let I" be the support of the singular part
of Da. Therefore, @ is piecewise constant on |a, b[\I.

We have also a similar result for the 2D-case. Assume that

VU open subset of 2, ugy, is not equal to a BV(£2) function, (H2)

then uy — v satisfies (Ha) as well (since v € Wh1(Q)). Following Proposition 6

of [32], there is no open subset w of {2 on which both components a—U_J =1,2

3
have constant, non-zero sign.
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4.2 Uniqueness

The functional F) , is convex but not strictly convex, because of the degen-
erating direction u + v = 0. It is obvious that, if (u*,v*) is a solution, then
(u* + ¢, v* — ¢) (where c is constant), is a solution as well. Let us call

C(2) :={(u,v) e BV(Q) x BHp(Q) : Ice€c Ru=cand v =—ca.eon 2 }.

The question of uniqueness reduces to uniqueness up to C(Q2) functions. In
other words, if (u1,v1) and (ug,v2) are two optimal solutions of (P, ,) can
we show that us = u; + ¢ and v9 = v1 — ¢ where ¢ is a constant function? It
is still an open problem for the 2D case. This point has been discussed more
precisely in [31]. Nevertheless, we may give partial results:

Proposition 4.1 Assume (u1,v1) and (ug,vs) are two optimal solutions of
(Pu). Then, there exists ¢ € BV(Q2) N BHy(2) such that ug = u; — ¢ and
v = V1 + .

Proof. Set u = us —u1(€ BV(Q)) and v = v — v1(€ BHp(R)).

As ug—uy —v1 = ug—ug —ve (this is the unique solution of the dual problem),
then u 4+ v = 0. This yields that u = —v € BV(Q) N BHp(2) and we get the
result. O

Lemma 4.2 The only solutions (a,v) to (Px,) that satisfy u +v = 0 are
functions of C(Q).

Proof. If we assume that @ + 0 = 0, then @ € BHy(2) on one hand and
@?(v) = &*(—u) = P*(u) on the other hand. As Fy ,(@,v) < Fy u(u,v), for
every (u,v) € BV(Q) x BHo(Q2) this yields

\|udHiz(mHATV(aquTV?(m < |lug —u— UH%Q(Q)+2)\TV(U)+2/,LTV2(U) )
Taking u = v = 0 gives
lallfz (o) + 2XTV (@) + 20TV (@) < udllfz o)-

So we get ATV (@) + pTV? (@) = 0. This implies that TV (@) = 0, so that @ is
a constant function. O

Theorem 4.2 Let (A, 1) be nonnegative real numbers such that A > ||luqlla
and p > O\, where Cy is the constant of Lemma 2.1. Then the C(Q) functions
are the only solutions to (P ).

Proof. Let us assume that A > |Jugl|¢ and p > Co\, where Cy is the constant
of Lemma 2.1. Lemma 4.1 gives

V(u,v) € BV(Q) x BH() |(ug, u+v),| < ATV(u+v),
since ug € L2(£2) and BHy(Q) € BV(£2). Then
|(ua, u +v)y| < ATV(u) + ATV (v).
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Lemma 2.1 gives a constant Co (only depending on §2) such that
Vv € BHo()  TV(v) < C,TV3(v),
so that for every pair (u,v) € BV(Q2) x BHp(2)
(g, u +v)y| < ATV(u) + CoATV?(v) < ATV (u) + TV (v).  (17)

Finally, we get for every (u,v) € BV(Q) x BHy(Q)

1 1 1
3 lluall? =5 llua = w=vl* = Sllu+vl*+ (ua, u + v),

1
§§||ud —u— vH2 +ATV(u) +,uTV2(v).

This means that Fy ,(0,0) < Fx .(u,v) : so (0,0) is a solution to (P, ). Let
(@,7) € BV(Q2) x BHo(Q2) be another solution to Py ,. With Proposition 4.1,
we get 4+ 0 = 0 and Lemma 4.2 gives (4,7) € C(R2). O

Remark 4.2 The previous theorem tells that if % and A are large enough then

the set of solutions is C(2). In addition, if we impose (for example) that
u € G(2) (that is u has a null mean value), then the unique solution is (0, 0)
since C(Q2) N (G(2) x BHy(2)) = {(0,0)}.

Eventually, we have a uniqueness result for the 1D case:

Theorem 4.3 Assume n = 1, 2 =|a,b] and that ug satisfies assumption
(H1). Then, for every X > 0,4 > 0 problem (Py,,) has a unique solution up
to a C(Q) function.

More precisely, if (u1,v1) and (ug,ve) are two optimal solutions of (Px,,,) then
@ = ug —uy = vy — V1 IS a constant function. In particular, problem (P )
has a unique solution (u*,v*) such that u* has a null mean value.

Proof. Let (uy,v1) and (u2, v2) be two optimal solutions of (Py ). With Propo-
sition 4.1, there exists ¢ € BV(Q) N BH(Q) such that ¢ = us —u; = vs — vy.
If ug satisfies (Hq), then ug — vy, @ = 1,2 obviousy satisfies this assumption as
well. As u;,7 = 1,2 is solution to the first order Rudin-Osher-Fatemi problem

1
u; = argmin{2||ud — v —u* + D3 (u) s u € LA(Q) } ,i=1,2.

(see [1]), then uy, us and ¢ are piecewise constant on f2.
In addition ¢ = vy —v; € BH(Q) € WH(€). This implies that ¢ is continuous
and proves it is constant. 0O



18 M. Bergounioux

5 Perspectives

The presented model seems promising for texture extraction and/or texture
analysis. However, there are still many open problems. The uniqueness of
solutions (up to a constant function) is a crucial issue (with respect to the
numerical computation. We have observed in [31] that solutions are unique up
to a constant : this constant depends on the initialization process. However,
we only have partial theoretical results as shown in the previous section.

The second important (open) question concerns the regularity/ behavior of
the solution. More precisely, we infer that the BV-part u is piecewise constant
if the parameters A and p are large enough. So, we would like to prove that
u € SBV(Q)\Wh1(Q). To achieve this goal, we have to describe carefully
the derivative Du of u, especially the singular part. We conjecture that the
contours are completely described by this singular part. More precisely, we

N
would like to prove that u = Zuixgﬂ where
i=1
N
— §2;,i=1,--- N are open subsets of {2 such that U c($2;) = c(02),
i=1
— x4 is the characteristic function of the set A : ya(x) =1ifx € A, 0 else.
— u; € WhH(€),i = 1,--- , N, and if possible u; is a constant function for
every 1.
N
In this case, we would have U 012; as the contour set. Once again, we have
i=1

given partial results that deserve to be completed, especially in the 2D case.

The last important issue is to perform a sensitivity analysis of the solution
structure with respect to parameters A and p. The question has been studied
in [31] from a numerical point of view, with many examples. The questions
that arise are

o the quantification of the ratio % (see Theorem 4.2),

e the proof of the properties that has been observed numerically. More pre-
cisely:
— in the case where the data is noiseless or not too much textured, the
decomposition given by A < u and the initialization ug = vg = 0, gives
a cartoon part which is piecewise constant. In this case, the remainder
L? term is the texture and/or noise.
— in the case where the image is highly textured, the model provides
a two-scale decomposition. The TV-part represents the macro-texture
and the L2 part the micro-texture and/or noise. The scaling is tuned

A
via the ratio p = —. We have to make this point precise.

I
— the proof that the decomposition is always the same for any pu >> A,
once A has been chosen.
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— the estimates of suitable parameters with respect to the original image
properties (as the G-norm, L2-norm etc.)
e the behavior of ||wl||zz, TV(u), TV?(v), with respect to A and p.

6 Conclusions

This model is well adapted to texture extraction and analysis. We have proved
existence and partial uniqueness results using inf-convolution tools and convex
duality. The decomposition we obtain can be used as a preprocessing tool.
Indeed, each part can be separately studied to get different informations for
the original image.

e The L2-part is the oscillating part (it belongs to the Meyer space). It mod-
els gaussian noise if the image is noisy and/or involves micro-textures.
Removing this part from the original image gives a denoising method that
preserves contours, without any staircasing effect (no additional false con-
tours). Moreover, one can focus on this part to precisely analyze its struc-
ture (random or not) to separate noise from texture.

e The BV-part represents the cartoon part : even if it is not piecewise con-
stant, the jump set gives the contours of the image. We may use classical
segmentation methods to deal with this component.

e The BH- part is continuous (at least for d < 2). It gives the image dynamic.
It is useful to get rid of lightning perturbations, for example.

References

1. L.I. Rudin, S. Osher, and E. Fatemi. Nonlinear total variation based noise removal
algorithms. Physica D, 60:259-268, 1992.

2. L. Ambrosio, N. Fusco, and D. Pallara. Functions of bounded variation and free dis-
continuity problems. Oxford Mathematical Monographs. The Clarendon Press Oxford
University Press, New York, 2000.

3. H. Attouch, G. Buttazzo, and G. Michaille. Variational analysis in Sobolev and BV
spaces, volume 6 of MPS/SIAM Series on Optimization. Society for Industrial and
Applied Mathematics (SIAM), Philadelphia, PA, 2006. Applications to PDEs and op-
timization.

4. L.C. Evans and R. Gariepy. Measure theory and fine properties of functions. CRC
Press, 1992.

5. G. Aubert and J.-F. Aujol. Modeling very oscillating signals. Application to image
processing. Appl. Math. Optim., 51(2):163-182, 2005.

6. J.-F. Aujol, G. Aubert, L. Blanc-Féraud, and A. Chambolle. Image decomposition into a
bounded variation component and an oscillating component. J. Math. Imaging Vision,
22(1):71-88, 2005.

7. S. Osher, A. Sole, and Vese L. Image decomposition and restoration using total variation
minimization and the ! norm. SIAM Journal on Multiscale Modeling and Simulation,
1-3(349-370), 2003.

8. S. Osher and L. Vese. Modeling textures with total variation minimization and oscil-
lating patterns in image processing. Journal of Scientific Computing, 19(1-3):553-572,
2003.

9. S. Osher and L. Vese. Image denoising and decomposition with total variation mini-
mization and oscillatory functions. special issue on mathematics and image analysis. J.
Math. Imaging Vision,, 20(1-2):7-18, 2004.



20

M. Bergounioux

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

W. Yin, D. Goldfarb, and S. Osher. A comparison of three total variation based texture
extraction models. J. Vis. Commun. Image, 18:240-252, 2007.

M. Bergounioux and L. Piffet. A second-order model for image denoising. Set-Valued
and Variational Analysis, 18(3-4):277-306, 2010.

M. Bergounioux and L. Piffet. A full second order variational model for multiscale
texture analysis. Computational Optimization and Applications, 54:215-237, 2013.

F. Demengel. Fonctions & hessien borné. Annales de l'institut Fourier, 34(2):155-190,
1984.

M. Bergounioux. On Poincaré-wirtinger inequalities in BV - spaces. Control & Cyber-
netics, 4(40):921-929, 2011.

K. Bredies, K. Kunisch, and T. Pock. Total generalized variation. SIAM J. Imaging
Sci., 3(3):492-526, 2010.

K. Bredies, K. Kunisch, and T. Valkonen. Properties of I'-tgv?: the one-dimensional
case. J. Math. Anal. Appl., 398(1):438-454, 2013.

K. Bredies and M Holler. Regularization of linear inverse problems with total generalized
variation. Journal of Inverse and Ill-posed Problems, 68, 2014.

L. Ambrosio, L. Faina, and R. March. Variational approximation of a second order
free discontinuity problem in computer vision. SIAM J. Math. Anal., 32(6):1171-1197,
2001.

M. Carriero, A. Leaci, and F. Tomarelli. Uniform density estimates for the blake &
zisserman functional. Discrete and Continuous Dynamical Systems, 31(4):1129-1150,
2011.

M. Carriero, A. Leaci, and F. Tomarelli. Free gradient disconitnuity and image inpaint-
ing. J. Math. Sciences, 181(6):805-819, 2012.

Y. Meyer. Oscillating Patterns in Image Processing and Nonlinear Evolution Equations,
volume 22 of University Lecture Series. AMS, 2001.

A. Chambolle and P.-L. Lions. Image recovery via total variation minimization and
related problems. Numer. Math., 76:167-188, 1997.

G. Aubert and P. Kornprobst. Mathematical Problems in Image Processing, Partial
Differential Equations and the Calculus of Variations, volume 147 of Applied Mathe-
matical Sciences. Springer Verlag, 2006.

W.P. Ziemer. Weakly Differentiable Functions - Sobolev Space and Functions of
Bounded Variation. Springer, 1980.

M. Carriero, A. Leaci, and F. Tomarelli. Special bounded hessian and elatsic-plastic
plate. Rend. Ac. Naz delle Scienze, XVI(13):223-258, 1992.

J.-J. Moreau. Inf-convolution des fonctions numériques sur un espace vectoriel. Comptes
Rendus de 1Académie des Sciences de Paris,, 256:50475049, 1963.

J.-B. Hiriart-Urruty and R.R. Phelps. Subdifferential calculus using e -subdifferentials.
Journal of Functional Analysis, 118:150-166, 1993.

I Ekeland and R. Temam. Convex Analysis and Variational problems. SIAM Classic
in Applied Mathematics, 28, 1999.

A. Chambolle. An algorithm for total variation minimization and applications. Journal
of Mathematical Imaging and Vision, 20:89-97, 2004.

V. Caselles, A. Chambolle, and M. Novaga. The discontinuity set of solutions of the tv
denoising problem and some extensions. SIAM Multiscale Model. Simul., 6(3):879-894,
2007.

M. Bergounioux. Inf-convolution model : numerical experiment. Technical report,
hal.archives-ouvertes.fr/hal-01002958v2, 2014.

W. Ring. Structural properties of solutions of total variation regularization problems.
ESAIM, Math Modelling and Numerical Analysis, 34:799 —840, 2000.



