N

N

The critical price of the American put near maturity in
the jump diffusion model

Aych Bouselmi, Damien Lamberton

» To cite this version:

Aych Bouselmi, Damien Lamberton. The critical price of the American put near maturity in
the jump diffusion model. SIAM Journal on Financial Mathematics, 2016, 7 (1), pp.236-272.
10.1137/140965910 . hal-00979936v2

HAL Id: hal-00979936
https://hal.science/hal-00979936v2
Submitted on 7 Jul 2016

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00979936v2
https://hal.archives-ouvertes.fr

SIAM J. FINANCIAL MATH. (© 2016 Society for Industrial and Applied Mathematics
Vol. 7, pp. 236-272

The Critical Price of the American Put Near Maturity in the Jump
Diffusion Model*

Aych Bouselmif and Damien Lamberton®

Abstract. We study the behavior of the critical price of an American put option near maturity in the jump
diffusion model when the underlying stock pays dividends at a continuous rate and the limit of the
critical price is smaller than the stock price. In particular, we prove that, unlike the case where the
limit is equal to the strike price, jumps can influence the convergence rate.
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1. Introduction. The behavior of the critical price of the American put near maturity has
been deeply investigated. Its limit was characterized in the Black—Scholes model (see [5, 13]) by

r

b(T) := lim b(t) = min (5

t—T

where r and 0 denote the interest rate and the dividend rate and b(¢) is the critical price at
time t.

This result was generalized to more general exponential Lévy models in [7]. In fact,
denoting d = r — 6 — [(e¥ — 1)"v(dy),! with v the Lévy measure of the underlying Lévy
process, we have

WT)=K if d>0

and
WT)=¢ if d<O0,

where ¢ is the unique solution, in [0, K], of
(1) rK —dx — /(xey — K)tv(dy) = 0.

In the Black—Scholes model, the quantity d reduces to d = r — § and we distinguish,
according as d > 0, d = 0, and d < 0, different behaviors of the critical price near maturity.
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In fact, Barles et al in [1] (see also Lamberton [6]) established, in the case where d > 0 (which
implies b(T) = K), that

® BN e T O]

ft

where the expression f ~y_q g (or f ~4 g) is equivalent to lim;_,, G ; = 1. The cases d < 0
4]

and d = 0 were investigated by Lamberton and by Villeneuve in [1
follows: If d = 0 (which also implies b(T') = K)

and they obtained as

K —b(t)
N0 AT T 0]

If d <0 (b(T) < K), there exists yo € (0,1), which is characterized thanks to an auxiliary
optimal stopping problem, such that

b(TUL(}Z;(t) ~ior Yo/ (T —t).

Note that yo can also be characterized more explicitly as the solution of an equation (see [14]).

The critical price has also been studied in the jump diffusion model. In fact, Pham proved
n [11] that the result (2), obtained in [1, 6], remains exactly the same in the jump diffusion
model, in the case where d > 0 and § = 0. This remains true if § > 0 (see [10]).

The purpose of this paper is to study the convergence rate of the critical price of the
American put, in the jump diffusion model, with d < 0. Considering the results of Pham
n [11], we expect to obtain the same results as the study performed by Lamberton and
Villeneuve in the Black-Scholes model when (d = r —§ < 0 ), meaning that jumps do not
have any influence on the convergence rate. Surprisingly, we obtain the expected result only
for the case d = 0. Indeed, we obtain for d = 0 (see Theorem 5.1)

—bt
N0 AT (T ]

and for d < 0 (see Theorem 4.7)

where yy 5 is a real umber satisfying yx 3 > yo, and depending on v({In(K/b(7T"))}) we can
have yy g > yo. This point will be discussed in more detail in section 4.3.

This study is composed of four sections. In section 1, we recall some useful results on the
American put which will be used throughout this study. In section 2, we give some results
on the regularity of the American put price and the early exercise premium. In section 3, we
investigate the case where the limit of the critical price is far from the singularity K (we refer
to this as the regular case). Indeed, we then have enough regularity to give an expansion of the
American put price near maturity from which the critical price behavior will be deduced. The
method is similar to the one used in [14] and is based on an expansion of the American put
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price along parabolas. However, the possibility that the stock price jumps into a neighborhood
of the exercise price produces a contribution of the local time in the expansion. Section 4 is
devoted to the study of the case d = 0. In this case b(T) = K; hence we no longer have enough
smoothness to obtain an expansion around the limit point (7, b(7)). Then we will study the
behavior of the European critical price b.(t) instead of b(t). Thereafter, we prove that b(t)
and b, (t) have the same behavior.

2. Preliminaries. In the jump diffusion model, under a risk-neutral probability which is
used as a pricing measure, the risky asset price is modeled by (S¢),~, given by

2

Sy = SoeXt with X; = (r — 0)t + 0 B; — %t + Zy — t/(ey — 1v(dy),

where r > 0 is the interest rate, § > 0 the dividend rate, (Bt)t20 a standard Brownian motion,
and (Z¢),>, a compound Poisson process and v its Lévy measure. We then have

dSy = S;- ('yodt + odB; + dZt) with Z; = 20<S§t(6AZ‘9 —1landy=r—0— /(ey —1Dv(dy).

Denote by F the completed natural filtration of the process X, and suppose throughout this
paper that the following assumptions are satisfied:

o >0, v(R) < oo, /eyy(dy) < 00, and d=r—6— / (e — Dv(dy) < 0.
y>0

The price of an American put with maturity 7" > 0 and strike price K > 0 is given, at
t € [0,T], by P(t,S;) with P defined for all (¢,x) € [0,7] x RT by

P(t.z) = sup E(e (™)) with h(y) = (K - y)*,

T€T0, 17—t

where 7o 7 is the set of all F-stopping times taking values in [0,7 — t].
The value function P can also be characterized (see [7]) as the unique continuous and
bounded solution of the variational inequality

P
max {1[1 — P aa—t + AP — ’I"P} =0 (in the sense of distributions)

with the terminal condition P(T,.) = 1. Here, A is the infinitesimal generator of the process
S. The free boundary of this variational inequality is called the exercise boundary, and at
each ¢ € [0, T}, the critical price is given by

b(t) =inf{z > 0| P(t,z) > (K —z)"}.
It was proved in [7] that if d < 0, then

(3) lim b(t) = £ == b(T),
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where ¢ is the unique solution, in [0, K], of 7K = dz + [(xe¥ — K)Tv(dy). Note that if d = 0,
then b(T) =¢ = K.

Finally, recall that the price of a European put with maturity 7" and strike price K is
given, at time t, by

P.(t,x) =E <e_r(T_t) (K —S7—)+ | So = 96) .

The quantity (P — P.) is called the early exercise premium; we then have P(t,z) = P.(t,z) +
e(T — t,x). Setting § = T — t, then the early exercise premium, e(6,z), is characterized for
the American put in the exponential Levy model as follows (see [10]):

0
e(d,x) =E {/ e "
0
X (rK — 0857 — / [P(t+s,57eY) — (K — SyeY)] V(dy)> 1{5§<b(t+8)}ds} .
y>0

Here S* = zeX:. We also define, for all ¢ € (0,T), the European critical price, b.(t), as the
unique solution of
F(t,z) = P(t,x) — (K —z) = 0.

It easy to check that for all ¢ € (0,7, be(t) is well defined, be(t) € (0, K). It is also straight-
forward that P, < P; therefore b(t) < be(t) < K.

3. Regularity estimate for the value function in the jump diffusion model. In this
section, we study the spatial derivatives behavior of P, P, and e(f,z) near (T,b(T)). We
also give a lower bound for the second spatial derivative near (T,b(7T)). These results will be
proved in Appendix A.

Lemma 3.1. Under the model assumption, we have the following

1. For all z € (0,be(t) ANb(T)], we have, as 6(=T —t) goes to 0,

= 2o(v)

X

Oe
— (0
ax( ,.CL')

with o(\/) uniform with respect to x.
2. For all x € (0,b(T) Abe(t)], we have

gi(t,x) +1= <1 + i) o(V6)

with o(v/) uniform with respect to x.
Lemma 3.2. According to the hypotheses of the model, we have, for all b(t) < x < b(T') A
be(t) and for all @ =T —t small enough, the following inequality:
2,2 92p . T +
i L 2(5 - e(e)) (b(T) — z) — AKE <a39 “In <b()>> +o(V0)

b(t)<u<z 2 Ox2 T

with limgyo €(8) = 0,6 = 0 + i, 1o ppryyy €V (), A= v{In(gi)}-
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4. Regular case. We begin this section by introducing an auxiliary optimal stopping
problem which will be needed for deriving the expansion of the American put price near
maturity along a parabolic branch. Once we have this expansion we will be able to derive the
convergence rate of the critical price.

4.1. An auxiliary optimal stopping problem. Let 3 be a nonnegative number and (Bs)s>0
be a standard Brownian motion with local time at  denoted by L*. We denote by To,1 the
set of all o(B; ; t > 0)-stopping times with values in [0,1]. Consider also a Poisson process
(Ns)s>0, independent of B, with intensity \; we denote by Ty its first jump time and by 76 1
the set of all o ((N¢, By) ; t > 0)-stopping times with values in [0, 1]. We define the functions
vy g as follows:

.
B - _
uas(y) = sup E [eATl{NT=O}/ Ias(y + Bs)ds + §€A71{NT=1} (Lry(B) - LTEJ(B)) ;
7€T0,1 0
where fo(x) = x + ax™. Notice that vy g is a nonnegative function. Moreover, we have the
following.
Lemma 4.1. Define

Yrg8 = —inf{x eR ’ ?))\75($) > 0}.
We have 0 < yr5 < 1+ A3(2+¢€*) and

Yy <—=yrp,  vapy) =0.

We finish this subsection with an inequality, which will be used to derive a lower bound
for the second derivative of P (see the proof of the upper bound in Theorem 4.7).

We define the function C on R by C(z) = 2 — A3 E(B; — )" and we have the following
lemma.

Lemma 4.2. For all x > y) g, we have

C(z) > 0.
These results will be proved in Appendix B.

4.2. American put price expansion. Throughout this section, we assume d < 0, so that
b(T) < K. We then have enough regularity of the American put price to derive an expansion
of P around b(T') along a certain parabolic branch.

Theorem 4.3. Let a be a negative number (a < 0) and let b(T) denote the limit of b(t) when
t goes to T, b(T) = limy_,7 b(t). If d < 0, we have

P(T = 0,6(T)e™?) = (K = y(T)e™?) " + Codur g (£) + o0

(NI

);

where C = ob(T)d, with A = v{ln %}, o=0+ f ~In(K/b(T)) eYv(dy) and vy g(y) as defined
K

b(T)6 "
Remark 1. Notice that if v does not charge In(K/b(T")), meaning that A = 0 and 77 =
o0 a.s., then

in the previous section with 8 =

rs(a) = vo(a) = sup IE(/O (a+Bs)ds>.

7€70,1
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In this case, the American put price will have the same expansion as in the Black—Scholes
model (see [9]).

The proof of Theorem 4.3 will require some estimates for the local time at K of the process
(S¢)t>0, which we denote by (Lf);>0. In fact, the main difference with the approach used in
the Black-Scholes case lies in this analysis of the local time. The process LX can be derived
from the Ito-Tanaka formula (see [12]):

(4) (K —8,)" = (K — So)™ + /O (—14s.<x)Ss(Y0ds + odBy)

£ 30 (K =807 = (K = 5,)%) + 5L
0<s<t

The following proposition provides an expansion of ELE for stopping times 7 with values in
[0, 0] with € close to 0.
Proposition 4.4. We assume b(T) < K. Let a be a fired negative number, a < 0, and
So = b(T)eV?.
e We have lim sup
010
o Ifv{ln(K/b(T))} # 0, then we have, for all F-stopping time T with values in [0, 6],

E(Ly)
93/2

K

. . E(LK)
< 00. Moreover, if V{ln(m} =0, limsup—3&- = 0.
010

93/2

B (LK) = 2KE [((=av8 = o) = (=avB = 0B7,)") 15,y + 0(6%),

where Ty = inf{s > 0; AX, = ln(%)} and o(6%/?) is uniform with respect to T.
For the proof of Proposition 4.4, we will need an elementary estimate for the expectation
of the local time of Brownian motion.
Lemma 4.5. For all real number a and for all t > 0, we have

a2

e 2t
Vor

Proof of Lemma 4.5. The first inequality follows from Jensen’s inequality. For the other
inequality, we have

0<E(a—By)" —a™ <Vt

a/\/t
Bla—B)" = [ a=Vige I
2

a/Vt 2,9 d %
= v Y e
a/_oo ‘ V2T V2T

Then, if a <0,

If a > 0, we can write

2 2

Feo d e 5 e~
Ea—B+—a:—a/ e V)2 4 +Vt < Vi——. [ |

( t) a/\it v 2T V2T T v 2T
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Before proving Proposition 4.4, we state and prove an estimate for E(LL | Sp = z).
Lemma 4.6. There exists a positive constant C' such that for all x > 0 and for all § > 0,
we have

212026

E(L§ | So=12) < Cx (x/éexp (—M> +9> .

Proof of Lemma 4.6. We will use the notation E, for E(. | Sp = ). Taking expectations
in (4) and using the compensation formula (see, for instance, [3]), we have

%Ez (L) = Eu(K — So)* — (K — So)* +Ea [ /09 <V0551{53SK} - / w(s., y)y(dy)) ds] ,

where ¥ (z,y) = (K —ze¥)" — (K —x)*.
We deduce easily from this equality that

1
B (Ly) = Eo(K = Sp)* — (K —2)" +20(6)
with O(f) independent of 2. We have, with the notation Zs = Zg — 0 [(e¥ — 1)v(dy),

02 4
Ex(K _ 59)+ _ (K _ x)+ _ Em(K _ xe(r7677)9+0B9+Z9)+ _ (K _ x)Jr'
We also have

2 ~ 2 ~
E 6(7"757%)94»0’394»29 o eo’Bg — 60'29/2]E 6(7‘7(57%)9+Z9 -1

Therefore

E (K — Sp)t — (K — 2)" = E(K — ze?P0)T — (K — 2)T + 20(#
— X + — X +
=10 (E(KM —B.9> —(Km > >+x0(9).

E.(K — Sp)" — (K —x)T <x0+/0/(27) exp (_(K—x)2> +z20(0). [ |

212020

Hence, using Lemma 4.5 above,

Proof of Proposition 4.4. Let T} be the first jump time of the process Z. We will use the
following decomposition:

LK = Lg/'\Tl + Lg( - ng\Tl = ng\Tl + 1{T1<6'} (Lg - L'ZIS;) .

Estimating IEL{,‘;\Tl. In the stochastic interval [0,7}], the process (S;) matches the
process (S;) defined by
5, Spcl- Lo,
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We deduce (when observing that the process L is continuous) that
K 7 K 7 K
Loty = Loty < Ly

where LX is the local time at K of the process S. Note that
Lsg s 0 .
§L9 = (K —S9)+ — (K — So)+ — ; (—1{35§K})Ss(’70d8 + 0dBs).

As the process (LL) increases only on {S; = K}, we have
I/g = Lg(]‘{ﬂv'](<9}7

where 75 = inf{t > 0;S; > K}. Note that 75 = inf{t > 0; (yo — "72)15 + 0B > In(K/Sp)}, so
that, with our assumptions on Sy, we have P(7x < 0) = 0(6") for all n > 0. By Holder,
ELF < (i <0)' 11§ 1l p>1.
We easily deduce that ELY = o(6") for all n > 0, so that IEL?AT1 = o(0™) for all n > 0.
Estimating E [1{T1<9} (Lg" — qufl)] By the strong Markov property, we have
E [1ir,<0y (L — L7,)] <E[L{z,<0y (L 40 — L7,)]
(5) = E (17, <oy Esn, (L))

where E, is the expectation associated to P, and P, defines the law of S; when Sy = .
Using Lemma 4.6, we deduce

K — Sp)?
(6) E [1{Tl<9} (L£+9 — LIISI)] § CE (1{T1<6}ST1 <\/§exp <_(252g€1€)> + 0)) .
T

At this stage, we notice that P(T} < ) = O(#) and that, conditionally on {7} < 6}, T} is
uniformly distributed on [0, 6].

As Z7, is independent of both 77 and B, we see that, conditionally to {11 < 6}, S7, has
the same law as the random variable (y defined by

Co = K exp {(V — In(K/b(T))) + Vo <a + (’yo -~ J;) VOU + ag\FU> } :

where U, g, and V are independent random variables, U is uniform on [0, 1], ¢ is standard
Gaussian, and V' has the same law as Zp,. Therefore, the estimate (6) can be rewritten as
follows:

(1) E[Lyn<ey (LE 1o — LE)] < CVOP(T1 < O)E (ge (exp (—W) + \/§>>

®) < CVOP(T} < O)E (gg (1 + \/é)) .
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Clearly, with probability one,

= nen (- 5))

and we easily deduce from (8) that E [1{T1<9} (LK Ti+0 L%)] = 0(6%/2). We can now conclude
that E(LK) = O(63/?).

Moreover, if we assume V{IH(TI;))} =0, we have V —ln(LT) # 0 a.s., so that limy_,o (p #
K a.s. and, by dominated convergence,

. (K —¢)*\\
i (49 exp <_2g3029)> =0

Therefore, using (7), E [1{T1<9} (LZISH_@ - Ljffl)] = 0(#%/?), hence
E (L§< | So = b(T)ea\/?) = 0(6%/2).

Expansion of E (LX), in the case where V{ln(%)} > 0. For the proof of the
second part of the proposition, we assume v{In( )} > 0, and we introduce the processes X

and Z such that

b(T)
Zt:ZAXSI{AXS:IHL} and X:X—Z,

b(T
s<t o

and T} = inf{s > 0, 7 # 0}.
For any stopping time with values in [0, 8], we have

E(LY) =E(Lfn) +E (LT — L)
(LK LT/\T1)+0(03/2)7

where we have used the inequality E (L, AT ) <E (L AT ) and the fact (observed in the first
step of the proof) that E (ng\T )= 0(63/2).
We now observe that since T} < Tl and 7 <0,
K K
0<E <LTA LTAT1> <E <L9AT1>

On the stochastic interval [0, Tl), the process X matches the process X whose Lévy measure

does not charge the point In(K/b(T)). So, we have E(Lg\T ) = E(Lg\T) < E(ﬁg{), where

K is the local time at K of the process S obtained by replacing X with X in the definition
of S. Since the Lévy measure of X does not charge In(K/b(T)), we deduce from the above
discussion that E(LL) = 0(6%/?). Hence

B (LK) =B (LE - L5 ) +o(6*?).

T T/\T
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Going back to (4) and using again the compensation formula, we have

;E(LK LK . ) E((K S ) (K—STAT1)+>

ATy
2| [ (Sigsen - [ w(sman) s
AT

with ¥(z,y) = (K —xe¥)" — (K — z)*. Note that
0
<E (1{Tl<9}/0 j(SS)dS>

' [ A ( 09sl(s, <k} = /‘I’(Ss,y)V(dy)> ds]

With j(z) = |W’0’Z + [ |¥(z,y)|v(dy). Since the function ¥ is bounded, we easily derive
Lz, <0y fo Ss)ds) = O(6?), so that

4@: (LE - L5 L) =B ((K = S)* = (K = 8,,3)%) +0(6%)
_E {1{:@«} ((K St — (K — ST1)+)] +O(6?).

We now argue that up to O(6?), we have at most one jump before §. More precisely, let
(Nt)t>0 be the counting process of the jumps of Z, so that

Np = Z Lag, 20y = Z Liaz,+0}-

0<s<0 s<6

We have P(Ny > 2) = O(6?), so that
E [1@1«} ((K ~ 8 - (K — 5T1)+)]
=B Lz, cmyery (K = S = (K = 85)") | +0(6%).
On {Tl < 1, Ny < 1}, we have, for Ty <s<,
Sy = o = §yeXe | IB(T) = K etV Ke = [goavO+nstoB.
where u = vy — %2 Therefore

%E (LE =LK ) = KB [1g, oy (1= erVPrumboBopt 1 WVO+uTitoBy, )|+ o)
= KE K( aV0 — ur — oB,) T —(—aV — uTy — O'BT1)+> 1{T1<T}] +0(6?)
= KE|((~avV - 0B)" — (=aV0 — 0B )" ) 15, | +0(6%).

The last two equalities follow from P(7} < 7) = O(6), |(1—e” + )l < %, and the fact
that E(B,;)?<60. W
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Proof of Theorem 4.3. First of all, we recall our notation X; = X; — Zi, Sy = S’t/ezt, and
T) the first jump time 77 = inf{t > 0|Z; # 0}, and from now on we consider Sy as a function

of §. More precisely, we denote by S§ = b(T)e‘“/a = ev0FaV0 with q < 0 and 29 = In(b(T)).
We deduce from (4) and the compensation formula that for all stopping times 7 € g g,

E[e (K - S;)*] — (K — So)*

—E [/OT (e_rsl{Ss<K} (-TK + 085 + Ss /(ey = 1)V(d?/)>

+€_TS/ [(K — Sse")t — (K = S,)7] y(dy)) ds} + %E (/OT e_TSdL§>
(9) =I%7)+ J(7),
where, with the notation ¥(z,y) = (K —ze¥)t — (K — 2)7,

T9(r) = E [ /O ’ <er51{SS<K} (—rK 468, + S, / (e¥ — 1)V(dy)>
bers / \Il(Ss,y)zx(dy)> ds}

J(r) = %E (/0 e—TSde) :

Note that since 7 < 6, E (f; (1 — e™"*)dLE) < r6E(L)), so that using Proposition 4.4,

and

JUr) = %E (LX) +0(6'+2)
10) = KE | ((~av8 = 0B,)* = (=aV0 — 0B1,)" ) L,y | +0(63).

Estimating Z®. First of all, note that we have
E [/ <er51{SS>K} / ‘(K - Ssey)+— (K — Ss)ﬂ V(dy)) ds]
0
0
< KV(R)/ P{Ss > K}ds
0
0
< Ku(R) / P{S, > K, T\ > 0} + P{S, > K, T} < 6}ds
0
0
< Kv(R) (/ P{Ss > K}ds + 0P{T} < 0}> = 0(6%).
0
Here, we have used the fact that with the notation 7x = inf{t > 0;S; > K}, P(S, > K) =

P(7x < s) < P(7x < 0) = o(0™) for all n > 0, as observed in the proof of Proposition 4.4.
We can now write

T9(r) = E [/0 T (—rK 68, + / (Sy(e¥ — 1) + (S, ) u(dy)) ds] +0(6?)

=E </€_rsl{ss§K} <—7“K +0Ss + /(Ssey - K)+V(dy)> ds) +0(6?),
0
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where the last equality follows from

Liz<k} (x(ey —-1)+ [(K — xey)+ — (K — :1:)+]) = (ze¥ — K)+1{z§K}-

We can also omit e~"* in the expression as an error of the order of O(6?). Then we obtain,

for all stopping times 7 with values in [0, 6],

T(r) =E ( /0 f{SSSK} (—TK + 68, + / (Sye¥ — K)*y(dy)) ds) +0(6%).

We denote
h(z) =—rK + de* + /(exey — K)Tv(dy)

and recall that Sy = SgeXt = b(T)e“‘/§+Xt = b(T)eXg\/é = erot i’ , where X! = y+ X; . We
thus have

[SI[9Y)

(11) I7) = </ [0 Xy <in }h(xo+a\f+X )ds> +o(02).

(1)

Now, we will try to express the quantity (/) under a more appropriate form. The first step is
to neglect the contribution of the finite variation part of the process X. Notice that

ameph@)] < KGvid) and - (a) —h)| <16 = ] (4 [ envian)).
Moreover, for all (z,y) € R?, we have

‘1{x<ln(K)}h( )_ 1{y<ln( )}h(y)|

= |(h( ) Lizvy<in(i)y + P(2) L ip<in(k)<yt — PY) Ly<in(i)<a} ]

< 4o |€ —e \ Lavy<in(iyy + A1 (Lm0 <y) + Ln()<a}) »
where 4y = K(r vV |d|) and Ag = § + [eYv(du). Let ky = ln(%) > 0 and recall that
Xt — O'Bt = (’)/0 — %Q)t + Zt; then

‘1{xo+a\/§+)?s§1nK}h($0 +aV + X,) — 1{x0+a\/§+035§1nK}h(‘T0 +aV + o By)

< A ewo+a\/§+Xs _ e$o+a\/§+aBs

L% voB,<ky—avay T A1, —avicon,) T L —avi<g.})

2
< Agh(T)e?Bs |el0=F )5t 2

1‘ + A1(Wpy<oByy + 1{1<;b<)~(s})7

where the last inequality is due to a < 0 and €™ = b(T").
Note that for all s € [0, 6],

k2
]P)(k'b < O'BS) <\[ < Bl> < C\/ée_Tgf’.
g
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Moreover, for # small enough, we have % < kp— (v — %2)3, so that

by — (0 — %)s

~ k:2
P(ky < X) <P ( < Bl> +P(Ty < 0) < CVoe 5% + AB

oV
and
E (e"BS e<70_§)5+25 — 1’) < e§5 6(7"—5—%2)5 _ 1’ + e%ﬂ@ ‘ezs—s Je@=1v(dy) _ 1| < Dg.
Hence,

0
/() E (‘1{$0+a\/§+)}'s§1nk-}h($0 + a\/é"i‘ Xs)

)ds = 0(6?).

~ LgraviioB,<m K}h(xO +av0 +oB,)

Thanks to this estimation, (11) becomes

a _ ’ a,f 3
(12) I%r)=E (/Ol{fg’eﬂnzfm}h(mo + & )ds) +0(02),
where
¢ = a4V + o B,.

We will now use an expansion of h around zy. When h is differentiable at xy, we have
h(zo +y) = h(zo) + yh'(x0) + o(y). As we will see, when v{In(K/b(T))} >, there is a jump
in the derivative that modifies the expansion.

The function h is convex; therefore it has right-hand and left-hand derivatives everywhere.
Particularly, we have, for z < In(K),

h’g(x) =e" (6 + /eyl{y>1n(K)_x}1/(dy)>
and
b (x) = e” (6 + /eyl{yZIH(K)x}V(dy)> .
Hence, we can write
Wy(ao)( — o) — hly(o) (& — x0)~ < h(x) — h(xo) < ha)(x — zo)* — hiyx)(x — o),
and hence
h(z) — ((xo) + Ky(ao)(x — zo)* — hi(ao)(x — 20)")

B (@) — Hyao)) (= o)™ + (1) (o) — Wy(@)) (2 — 20)”
g

<
<(
= (h (x Vo) — hél(a:/\a;g)) |z — xo].
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Thanks to the equation characterizing b(T) when d < 0, we have h(zg) = h(In(b(T)) = 0. We
thus obtain, by setting AR/ (xo) = hy(zo) — hy (o),

h(zo + &) = A (z0)a™ + hiy(wo)z + |z] R(x),
where R(m) — -0 0, and
0< R(z) < (hiy(zo + zt) — hiy(zo — 7))
<L(l+em),

with L a positive constant. We can then write

{§§9<1 } (xO +§g79)

- (Ah’(mo)(fg’e) + hy (o) “9) (1—1{53’%1 bm})

0 p 0
g’ R( ?’ )I{E?’QSIH K

(13) + Sy

We claim that

3
(14) / 07| BUEM ) gy, e (s = o(0)
and
3
(15) / ‘Ah/ (20) (62°)F + hiy(w0)€5 | 1 a0y, b(T)}dS = 0(02).

Indeed, for (14), we have, by setting s = uf and using the fact that fgf has the same
distribution as V&2,

0
D[ ¢ca,l
‘E </o RIE M gzo b(T)}d8>‘
3 a,l a,l
= 2 / |:‘£ }R fg {\/§€Z,1<lnb<I(T>}:| du

As |R(z)| < L(e* 4+ 1) and |R(x)| — 40 0, we have by dominated convergence

i ([ e Avoesh] ae) =o.

This proves (14). For (15), we have, for some positive constant C,

a,f
s

0
B [ |An o) €) " + By en)ét?] Lo
0 b(T)

0 s
< C\/é/o E |:(’CL|+O'\/;’Bl‘> 1{a+a\/s/7931>\}§lnb(};>}:| ds
3 1 K
< CO24\/E B2 [P Bi > —In—r
< (02 (lal + [Bi]) \/ {a-l-a 1>\/§ nb(T)}

=0

a,f
s




250 AYCH BOUSELMI AND DAMIEN LAMBERTON

Going back to (13), we deduce from (14) and (15)

T T + i
T%(r) = K (2p)E /0 €105 4 AW (0)E /O (627 as +o(6%),

(16) = b(T)gE (/T<a\/§ + O'BS) + A8 (a\/é + O‘Bs> +ds> + 0(9%)

0
with § = & + f k_ev(dy), = Rl ) = v{ln ;% 5Ty } and we recall that hy(zo) = b(T )6
b(T)

and Al (zg) = Kv{ln b(T)} so that A3 = 5% (g;xoo))'

h!
Going back to (9) and using (10) and (1 ), we obtain

E (e (K - 8,)") = (K — So)" +E (b(T)&/OT (a\/é + 0B, + \3(aVl + aBS)+) ds>
KL ((a\/é +oB)t — (aVl + UBT1)+) +o(6%/?)
with 0(6%/?) uniform with respect to 7. Hence
P(T — 0,b(T)e™?) = (K — b(T)e™?)* + ob(T)5v s0(a/o) + o(6%/2),

where ) g ¢ is defined by

urp0(y) = sup E </OT Pro(yVO + Bo)ds + Bl ((yx/é + BT - (yVh+ BT1)+>>

7€70,0

with f,(z) = 2 + azt. Recall that 8 = K/(b(T)d). To simplify the expression of Ux 8,0, We
notice first that if we set BY = Bg;/v/0, we can write

V8,0 = \/éTsel}r?G E </o Frs(y + BYg)ds + Blig <y ((y + B )T —(y+ BT /) >>

/0
0 sup E (9/0 Frs(y + BOds + Blyz, (<y+Bf/9) —(y+ B, ) ))

7€70,0

We also notice that 7 € Tpg if and only if 7/0 € 76‘?1, where 76(?1 is the set of the stopping
times of the filtration (Fy;)¢>0, with values in [0, 1], so that

a0 =V0 sup E (9/0 Pa(y+ BYds + Bz o ((y + BT - (y+ BT1/9)+)> :

7'6759’1

Note that vy g9(y) does not change if we replace 76(?1 by 76,1 the set of the stopping times of
the natural filtration of the couple (BY, Ng;), where N is defined by

Ny = Z LA z=in(K /b(T))}-
0<s<t
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The process (Ngg)tz() is a Poisson process with intensity A, where A = v{In(K/b(T"))}. Under
the probability P, defined by

dp pN1e=A0-1)

dP

the process (By, Nt)ogtgl has the same law as (BY, Ngt)ogtgl. Observe that (QNie_’\t(G_l))tzo
is a martingale. Hence,

Oso(y) = V0 sup E [HNle‘W‘” <0 / Pro(y + Bo)ds + Bl oy
7€T0,1 0

< (w+B) =+ By)"))]

~ (60— T B _ _
— QTSGI;—E)lE |:9NT€ A (9 1) <0/0 f)\ﬁ(y‘{‘Bs)dS‘i— 51{T1<T} (LTy(B) — LTEJ(B)>>:| 9

where L™Y(B) denotes the local time of B at —y. We have for 7 € Ty 1,

. [Qme_me—n (9 / Py + Bs)ds>] — 0 {1 gy O ( / Py + Bs)d8>] +ORr
o 0

and if 0 <1

1
el < 08 15,2000 ([ ot+ Bolas )| = 000)

Hence,

E [0]\776_)‘7(9_1) (0 /0 ey + Bs)dsﬂ = 0E [1{1@:0}6” ( /0 oty + Bs>d8>} +0(6%).

Besides,
E [0V e 00, (£79(B) - L(B))| = E [0 O 0 (L79(B) - LV(B))]
- [e)"rl et} (L;y(B) - L;ly(B))] +O(6?).
We then have
Ox5.0(y) = 0°%v5 5(y) + 0(6%/?)

with

T i 6 T — —
oY) = Tsel;_g’lE [e/\ 1{NT=0}/0 fras(y + Bs)ds + 5‘9 Lim =y (LTy(B) - Lﬁy(B)) -

Finally, we obtain

N|w

P(T — 0,6(T)e™?) — (K — b(T)e™?) = 03 (ob(T)5)vn 5 ("’) to(63). ®m

g
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4.3. Convergence rate of the critical price. Thanks to the expansion given in Theo-
rem 4.3, we are now able to state the first main result of this paper.

Theorem 4.7. Under the hypothesis of the model and d < 0, we have as follows.

If v{ln %} =0, then we have

g T 00
ST ob(T) T =1

with yo = —sup{z € R ; vo(x) = sup,¢7,, E(fy (x + Bs)ds) = 0}.
If v{ln %} > 0, we then have

lim

t=T gb(T)\/(T — 1)
with yy g as defined in Lemma 4.1, with
/\:V{IHK},,B: KA and 5:54—/ efv(dy).
b(T) b(T)d y>In(K/b(T))

Proof of Theorem 4.7.
According to Theorem 4.3, we have for all a < 0,

P(T = 0,b(T)e™Y?) = (K = b(T)e™Y?)* + ooy 5 (£) +0(6%),

o
Lower bound for b(T') — b(t). Specifically, we have for all a > —oy) 3, where y, g is
defined by Lemma 4.1,
a
V)8 (g) > 0,

we thus obtain for  close to 0,

P(t,b(T)e™?) > (K — b(T)e™V?),

and then
In(b(T)) + av > In(b(t)),
hence
bT) -t
b(t)V0 '

Noting that since r > 0 we have b(T') > 0, and by making ¢ tend to T, then a to —oyy g, we

obtain o(T) — (1)
T) — b(t

. - .

T =1 = 7Y
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Upper bound for b(T') — —b(t). Let’s consider a < —oyy g. We thus have vy g(%) =0
and consequently,

P(t,b(T)e™?) — (K — b(T)e™v?) = ¢(9)

with g(8) = o(02).
In addition, we have for all b(t) < z < K,

T 2
Pita) = P(E0) ~ (o b G 0.000) = [ (000 G

since -z “P (¢, du ) is a positive measure on |0, +oo[. As the smooth fit is satisfied, %1; (t,b(t)) =
1( []),wehaveforallb()<a:<K,

T 82
P(t.o) ~ (K —2) = [ (u=b(t)5 5 (t.du),
b(t)
Then, for b(t) < x = b(T)e‘“/g, we have according to Lemma 3.2,

E ] ZQ 7t 2409 <<1 = V%)~ ABVOoE (By + Z>+) +o(V0)
2o (5 298 (143)') o)

Hence

Plt.a) = (K — ) 2 [(o — b0) PUDIS G2V +0(v) )

where C(z) = 2 — ABE(B; — z)*. Due to Lemma 4.2 and to the continuity of C(x), we have,
for =% close enough to yy g, C(—%) > 0. Moreover,

P(t,b(T)e™?) — (K = b(T)e™?) = g(8) = o(0?).

Therefore, for § small enough, there exists a positive constant A such that

(a7 (BT — b)) < Ab(@)?ﬁﬂ = o(6).
(B(T)e™? —b(1)* = o(V0),
and then, for # small enough,
b(T) — b(t)
b(T)VO
Finally, by making a tend to —oyy g, we obtain

D=8 o0 m

< —a+o(1).

lim sup
t1 b(T)WT —t
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5. Limit case. In this part, we consider the limit case where d = r—5—fy>0(ey—1)1/(dy) =
0. We then have the next theorem. B
Theorem 5.1. According to the model hypothesis, if d = 0, then we have

, K —b(t) -
2 KT = DT = 0] V2.

The method for proving Theorem 5.1 consists (as in the Black—Scholes case) of analyzing
the behavior of the European critical price b(t) introduced in section 1. Afterward we prove
that the behavior of the critical price b(t) is similar by controling the difference b(t) — be(t).

Let us denote K
hl(m) — po

oV
where p =~ —%zr—&—f(ey—l)y(dy)—”;. B

Proposition 5.1. Under the model hypothesis, if d = 0, then we have

(i) a(0) ~/2In(g),

N K—be(t) _

(i) limgo - [01n(0)| V2.

Proof of Proposition 5.1. Since b(t) < be(t) < K and b(t) — K, we clearly have

a(f) =

VOa(0) —g_y0 0.

We will first prove that a(f) —¢_,o +00 or, equivalently,

K —be(t)
We have
N
(19) K —be(t) = e ™E {(K - be(t)exe) ] .
Therefore

K=belt) _ o [(K=be®) ) 1=\
8 C EK v 0 ﬂ)]

_ _ ooViBi+uo+2Z\ T
:e—”E[<KT@Q)+bAﬂ1 ¢ ) ].

Vo Vo
Now, if we notice that w# —>§i0 —oBj, we have by the Fatou lemma
— bo(t K — be(t *
lim inf 7() >R (lim inf 7() - UKB1>
90 Vo -0 Vo
_ . +
= lim inf M +E <0K31 — lim inf Kbe(t)) ] ,
60 Vo 90 Vo
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which is equivalent to

E NG <

. -+
(gm _ hmmfffbem ] <0
0—0

This gives (18), which yields the wanted result.
(i) We now rewrite (19) to obtain

K —be(t) =e K —b.(t)e™% + ¢ K [(be(t)effe - K) +] ,

and therefore

(20) e TR I:(BXG — eln(beK(ﬂ)>+} = blé) (1- e_re) - (1- 6_59).

We will give an expansion for each side of the equation. For the left-hand side of the equation,

we have
€7T0E I:(eXG _ eln( b:((t) )) +:|

_ o r0+Op+oa(OVO [( o8By 4+ Zg—oa(8)/E 1)+]
|

_ o—r0+Op+oa(O)Vog (Upe? — 1)+] ’

where Uy = eoVIB1—0a(OV0  Gince the process Z; is independent of Uy, we can write

E |(Upe” —1)" U]
= (Up—1)" +E [/0 ds/ (Ugezsﬂf —1) " — (Upe? — 1)*) u(dy)|U9]
=(Uy—1)7 / ds/ (Uge? — 1)* — (Up — 1)") v(dy) + UpO(6?),

where O(6?) is deterministic. Indeed,

’E [/00 ds/ ((Useve? —1)" = (Upe? — 1)) U(dy)]Ug}

0
< Ug/eyy(du)/ E ’eZS - 1‘ ds = UpO(6?).
0

Taking the expectation, we thus obtain
[ U9629 — 1 ]

=E[Up—1)"] + 0/ [(Upe? — 1)*] v(dy) — v(R)OE [(Uy — 1)*] + O(6?).



256 AYCH BOUSELMI AND DAMIEN LAMBERTON

Since a(f) — oo, we have like in [6]
E [(Ug— 1)*] ~ oVOE (B — a(0))t = o(V),

then
E [(Ugeza - 1)*} =E[(Up—1)"] + Q/E [(Upe? — 1)*] v(dy) + 0(6%).
We recall that Uy = e“ﬂBl*”a(e)‘/é, then
E [(Uge? —1)"] — (eyﬂm(e)‘/é - 1)+

< Vo OVOR | oVOBL _ 1‘ = eYO(V).

Hence,

B [0 ~1)]
=E[(Uyg—1)"] +06 / <ey—w(9>ﬂ —~ 1)+ v(dy) + O(0

—E[Uy—1)*] +0 / (ey—m“’)ﬁ - 1) v(dy)

y>0

3
2

)

9 (ey—www - 1) v(dy) + 0(63).
0<y<oa(0)Vo

Since (1 — e~ %) < z, we then have

—9—00

< {0 <y < oa(0)VO} c(0)V0,

(ev=eOV0 _ 1)y (dy)

/(o,m(e)\/é) -

=o(a(0)62)
3
2

and noticing that 02 = o(a(6)0

E (UgeZO— 1) E (Up—1 —i—G/ — D) (dy) — a(&)@g(f/fzy(dy) + 0(04(9)9%).

), we obtain

The left-hand side of (20) becomes
c +
e—rGE |:(€X9 . eln(b:ft))> ] _ e—r9+0u+aa(9)\/§E |:(U96Z9 . 1)+}

e—rG—l—@;H—Uoc(G)xfE [(U _ 1)4-]

( +oa(f o(a(@)\/é)) <9/(ey — 1) v(dy) —a(9)92a/y e’v(dy) +o(a(0)92)>

>0

_ e—r0+9u+aa(0)\/§E [(Ue . 1)+] + 9/(€y _ 1)+V(dy) _ I/(R+)0'Oé(9)6% + o(a(@)eg).
(21)
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Besides, the right-hand side of (20)

bj((t (=) = (1= ) = IR 4 O(0?)
= (r — 8)0 + raf2a(6) + o(62a(6))
(22) = </(ey - 1)+u(dy)) 0 +roa(0)02 + o(62a(0)).

Thanks to (21) and (22), (20) becomes

et o NI (U~ 1)4] = 0 (r + 1(RY)) a(6)6% + o(63a(6)).

Hence,
E[(Uy—1)"] ~0o(r+v(R")) a(@)@g.

As explained above, thanks to Proposition 2.1 in [14], we have

NG
E[(Up — 1)"] ~ oVOE(B; — ()" ~ 7 a7
V2ma?(f)e 2
Thus, we have
1
(23) ™ (T + V(R+)) Oa(6),
V2ma?(0)e 2
hence
1
(24) a(f) ~4/2In (0)
(ii) Since %\7%) ~ «(0), we obtain

K0 oo ()

To compare the behaviors of b(t) and b.(t), we have to control the difference between
them.

Proposition 5.2. According to the model hypothesis, if d = 0, then there exists C > 0 such

that be(t) — b(t)
0< =L _ 2 <.
- VT -t

Before proving Proposition 5.2, we need to prove the nondecreasing of b.(t) near maturity,
which is the purpose of this following lemma

Lemma 5.2. The critical European put price, be(t), is differentiable on (0,T) and for t
close to T, we have

bL(t) > 0.
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Proof of Lemma 5.2. We recall that F' is the function defined by F'(¢,z) = P.(t,x)— (K —x),
and F'is C! on (0,T) x (0, K) and satisfies %—i(t, x) = %(t,x) +1 > 0. Due to its definition,
be(t) satisfies the following equation: Pe.(t,b.(t)) — (K — be(t)) = 0. Then, thanks to the
implicit function theorem, b.(t) is differentiable on (0,7") and

() = DGR be(t) Gt be(t)
(t,be(t)) + 17

Pe
ox

which means that op
—bé(t)afte(t, be(t)) > 0.

We will study the sign of %(t, be(t)) instead of that of b.(t).

The European put price satisfies the following equation:

OP.
S tb(®)

02, ()2 92D, OP.

= et be(t) ~ T2 TP 1) — (= )0 2 1, 0e)
- [ [P0 - Rt u0) = 003 = D5 E 00| vt
0.2 2 92
= (= ) — T S ) — (o=l = 1 vtan) 0.0 e o)
d=0

_ / Pt b0)ldy) + V(RO be()

- [ pnoen - o) - s - 5 E )| v

Since P,(t,.) is a nonnegative convex function, we have fy>0 [Pe(t,be(t)e?)] v(dy) > 0 and

[ _|pbten - ey - v - 05E o) vian > o
y<0
so that
0.2 . 2 92 2
O 1,bel0) < (4 w(®) (K = 0el) = Z20 LT 1),

Thanks to Proposition 5.1, we have an expansion for (K — b.(t)). Now, let’s have a look at
the estimate of %(t, be(t)) near T. We have

—E(t,x) = —_e (TR [eXT—t l{K—gge}_{T—t>0}]

ln(%)
— _efr(Tft) / eupXT_t (u)du,

—00
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where px denotes the density of X and X; = w(t) + 0By + Z;. Then, we have
%P,

K K
__—r(T—t B
52 (t,z) = e );2 Px,._, <ln (:1; ))

o K K
2 e (T t) ﬁpH(T_t)‘f'o’BTft <1H <x>> P(Tl > 0)

K —1 (In(K/z)—po )2
oK () pry > 0),

=e
20270
Then,
OP, 9 OK o002
St be(t)) < (r+v(RT)) (K —be(t)) —e™" e” 2 P(Ty > 0).
TE(0) < (o) (K =) = 7S Te "8 R(T) > 0)
We can easily check that K — b.(t) ~ o Kv0a(0) = o(a®(0)v0), and we recall the equiva-
lency (23)

V2r 2(10) gy ~ (r+v(RT)) 6a(0),

2

which yields

g 0K a(0)? e a22(0) oK 3
o T me— 2 P(Ty > 0) ~ UKQ\/% ~ (r+v(R")) (0)V0.

Then, we have, for § small enough
or,

K
o (L he(t) < =T (r+v(RY) P (0)VE + 0(a* (B)VE) < 0,
which proves that b.(t) is a nondecreasing function for ¢ close to T'. [ |
We are now in a position to prove Proposition 5.2.

Proof of Proposition 5.2. An expansion of P(t,z) around (¢,b(t)) gives

P(t,z) — P(t,b(t)) — (z — b(t))alD ’

O°P
—(t,b(t)) = —b(t)==(t,d
e (000 = [ (b))
and thanks to the smooth fit which is satisfied at b(¢), we obtain

(x — b(t))2 . 0’P
— —r) > =7 -— )
P(t,z) — (K —x) 5 b(t)1£l£<z 3 (t,u)

First, we are going to give, as in Lemma 3.2, a lower bound for infys)<y,<p,(

u’a? 9%P
0“5 gz (w).
The variational inequality gives, for u € (b(t), K),
oL 1)
2 9zz "
>rP(t,u) — (r — 5)ua—P(t,u) —/ P(t,ue’) — P(t,u) — u(e¥ — 1)8—P(t, u) v (dy)
Ox ox

oP

>r(K —u) —G" —0— /(ey — 1)1/(dy)> u— (t,u) —/P(t,uey) — P(t,u)v(dy)
y>0 oz y>0

_ /y<0(p(t7 ue¥) — (K —u) — u(e¥ — 1)?95(t,u)>u(dy).
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Since P(t,.) is nonincreasing and d = 0, we obtain

u202 2
2?9;(75, u) > (K —u) - / <O(P(t, ue¥) — (K —u) — u(e’ — 1)861;(757 u))'/(d?/)

Y

= r(K—u)—| P(t, ue?)—(K — ue?)v(dy) — u (‘Z};(z&, w) + 1) (/yu - ey)l/(dy)> .

y<0 <0

Thanks to the convexity of P, g—i(t,u) is nondecreasing and %(t, u) > —1. We then have,
forallt < T,

it LEOL s Kb (1) P(E b (D)) (K — bu(t)eV)w(dy)
b(t)<u<be(ty 2 Ox2 T ‘ y<o ‘ g’

bo(t) (‘31;(15, be(t)) + 1) < /y (1- ey)y(dy)>

2 P(K—be(t)~] Pa(t,be()e?)~(K = be()e)w(dy) + o(v8).

We obtained the last inequality, using the estimate of e(#, x) = O(6) and %—I;(t, z)+1=0(V0)
(see Lemma 3.1). Since y < 0, we also have P.(t,be(t)e?)—(K — be(t)e¥) < 0, thus
u?c? 9P

- PP e |
Huhe(t) 2 0 (t,u) = (K —be(t)) + o(V/0)

Besides, for # small enough, we have v < K — b,(t), and then we obtain

_ 2
Plt,be(0) = (1 = 0.(0) = PR )1+ o)

Furthermore,
P(t,be(t)) — (K = be(t)) = e(0,be(t))

6
o —rs _sabe(t) be () (1o qbe(t) Ly
_E{/Oe <7"K oS, g_/F;(Oths,SS e) (K Soete )u(dy))l{Sge(t><b(t+s)}ds}

’ +
—rs _ be(t) be(t) .y
<E {/0 e <rK 05, /y>0 (5'5 e K) u(dy)> 1{Sg5(t)<b(t+s)}d5}.

Since 0 =1 — fy>0(ey — 1)v(dy), we have

0< (TK —0x — / (ze¥ — K)+ V(dy)> 1{$<b(t+s)}
y>0

IN

<r(K ) /y @ =) ae =) u(dy)> Lper)

< (7’ + I/(]RJF)) (K — )",
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thus,
e(0,be(t)) < (r+ v(R))E {/09 e (K - S§e<t>)+ ds}
= (r+v(R")) /06 P.(T — s,b.(t))ds

= (r+v(R")) /9 P.(t + u, be(t))du.
0

And as we saw in Lemma 5.2, near T, b.(t) is nondecreasing, then b.(t) < b.(t + u). Due to
the nondecreasing of P,(t,z) — (K — z) on z, we thus have

Pult +u,be(t) < K —be(t).
In conclusion, we have

e(0,be(t)) < (r + V(R+)) O(K — be(t))
and

_ 2
e(0,bu(t) = PO IR a1+ 001).

We conclude that there exists a positive constant C such that

be(t) - b(t) S C.

77 |

Appendix A. Proofs of lemmas.
Proof of Lemma 3.1. According to the early exercise premium formula, we have

P(t,x) = P.(t,x) + e(T — t,x)

and

0
e(d,x) =E {/0 e Pt + s, xS;)l{xS;<b(t+s)}ds}

with
B(t,z) = 1K — 63 — / (Pt we") — (K — we¥)) v(dy).
y>0
Notice that ® is a continuous function and ||®/ || < + fy>0 eYv(dy).
(1) It is obvious that 0 < e(f,z) < OrK = O(0), since 0 < ®(t, 2)Licppys)y < 7K.
(2) For all random variable X, we denote by px its density, and we thus have for all fixed
s €10,0],

1 1 _ (otus—u)?
P, (@) = Ppsmon, *p-2,(0) = Sz [ 7w pog (u)du
1
25 < Ccte—.
(25) 0"
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We can state

(%
gi(e,l‘) =E {/0 eirssslq);(t + s,xS;)l{xS§<b(t+s)}ds}
O ®(t+5,b(t +5)) T

26 — : ¢ (In| ——
@ e s (e () )
Then, we have

e o —rsqlg’

83:(0 z)| < |E ; Sle! (t 4 5,25} )L {zS1<b(t+s)}1d8

o o)
b(T) +/O <I>(t+s,xb(t+s ( (b >)

—26
x
According to inequality (25), we also have

/09 @(t+s,;(t+s))st <ln (b(tf—s))) s

/9 <I>(t+s,b(t+s))d8‘
0 /s
/1 (t + Ou, b(t + Ou))
0 Viou

te 1
<O s [Bubw)] [ Tdu

z t<u<t+0

< || lloo

< Cte

Cte
T

6

du’

Cte
< Vo sup | ®(u,b(u |/ —du

x T—egugT

However, thanks to the continuity of b(u) and of ®(¢, z), we have limg_,y sup  |®(u,b(u))| =
T—6<u<T

|®(T,b(T))| = 0. Therefore, we conclude that |25(6,z)| = Lo(V0)
(3) In view of the above estimate for de/dz, in order to establish the second part of the
lemma, it suffices to prove that, for z € (0,b.(t) A b(T)],

0P, (1,
Oz
and, due to the convexity of P, it suffices to prove (27) for x = b(T') A be(t).

We have
8P€ —rf X
0< <1 o (t,:p)) =1-e¢ E(exel{ngn%})

<1-E (exel{)ggdn%}) +0(V0)

0-+o B,
—1-E (e“ + 91{M9+030<m§}) +o(V0),

(27) ) = o(V),
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where the last equality is due to the fact that the probability that a jump occurs before @ is
0(0).
If b(T) = K, then be(t) Ab(T) = b.(t) and we have, using the notation of section 4,

1-E <6M0+UBG 1{u9+039<1nb§,5>}> =1—-FE (e“Be 1{B€<w;a(6,)}> + o(V0)
= P(By > V6a(0)) — E (0BoL 5, < uceyy ) +0(V0).
Since «(#) o 00, we have
E (0B015,< ao)y ) = 7VOE (Bil{p,<at0))) = 0o(V0),
and using (23) and (24), we also have

[ 2

P(B; > a(f)) <

We now assume b(7T") < K. In this case, we observe that with the notation z; = b(T") Ab(t)

0+o0B, _ ov0B

=1-—¢702p (B1 < W - J\/é) + 0(0)

:IP’<B1 > W —U\/§> + 0(0).

If we prove that limsupyp 7y < K, we will have P(B; > W —0V0) = o(") for all
n > 0 and the proof of the lemma will be completed. We have assumed b(T") < K. Therefore,
we want to prove that lim supp be(T') < K. In fact, we will show that

(28) limsup b.(T") < b(T).
‘T

Indeed, from the definition of b.(t), we have (see (20)), using Jensen’s inequality,
. +
K(1—e™) — b (t)(1 — e~%) = ¢ ™E (be(t)eXe - K)
+
>e "R (be(t)eWeJrZ(’ - K)
+
> e "E I:l{NQZI (be(t)e’yoe—i_ZTl - K) ]

=eP(Ny=1)E [(be(t)eW”ZTl - K) +] ,
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where (N¢)¢>0 is the counting process of the jumps of Z. Dividing by 6, we easily conclude
that any limit & of b.(t) as t — T satisfies

oK =062 [ (6~ K) u(dy).

Hence & < b(T), which proves (28). [ ]
Proof of Lemma 3.2. Let be = € (b(t),b(T)); then the variational inequality gives, for
almost u € (b(t), x),

w22 9P oP
Tﬁ(t’ u) > rP(t,u) — (r — 5)u%(t,u)

_/ (P(t,uey) — P(t,u) —u(e¥ — 1)?)];@7“)) v(dy).

Notice that P(t,u) > K — u; thus

u?o? 82]3(
2 Oz

(29) —u (gi(t,u) + 1> <(r _5)— / (e — 1)1/(dy)>

And thanks to Lemma 3.1, we also have, for all b(0) < u <z < b.(t) A b(T),

tbu) >r(K—u)+(r—0)u

g—];(t,u) +1=0(\V0),

independently of u; therefore,

u?o? 92P

(30) S ) > 1K — u - / (P(t,ue?) — (K — ue¥)) v(dy) + o(VF).

As the right-hand side of equality (30) is nonincreasing in u, we obtain

) wt CCPPy s ks ~ [Pty — (5~ 2 wtay) + oY)
b(t)lgugx 5 gz w2 x , € ze¥))v(dy) + o )

Notice that
/P(t,xey)y(dy) = P.(t,ze’) + (0, ze")

E(K — zeVeX)Tu(dy) + o(V0)

E (K — ze(1 4 0By))" v(dy) + o(V0)

E (K — ze¥) — ze¥oBy) " v(dy) + o(V0).

Il
—— —



CRITICAL PRICE BEHAVIOR IN JUMP DIFFUSION MODEL 265

We now consider the integral [ P(t,ze¥)v(dy) over the sets {y < 1n(LT)} {ln(LT) <y},
and {y = ln(b(T))} Then, on the set {y < ln( )} we have

/ P(t,ze¥)v(dy) = / E (K — ze¥) — ze¥oBy) " v(dy) + o(V0)
{y<ln(b<T)} {

y<1n(@}

= / (K — ze’)P(xeYoBy < (K — ze))v(dy)
{y<ln(%}

- /{ " }xeyaE (Bo' revory<(ac—sev)) ¥(dy) + o V)
y<In(77

b(T)

< —ze¥ — Byl _ .

y<ln( 8

K

For all y < In(5 517 )»

), we have e — 1> W%e*y — 1 > 0; therefore

=]

0<-E (311{31<01¢§(§ey—1)}> =E (Bll{Blngg(fey—l)J

By the dominated convergence we obtain

32 P(t,ze¥)v(dy) < K — ze¥)v(d o(V9).
(32) /{M(K} (t, 2e")u(dy) < /{y<w}< Ju(dy) + o(V)

b(T)
On the set {y > ln(LT)} we have K < b(T')e?, and therefore
/ P(t,ze?)v(dy) = / E((K — ze¥) — zeYoBy) " v(dy) + o(V)
{ {y>In(5(5}
< /{y>ln( E [(b(T)ey —ze¥ — xeyo\/éB1> 1{meyo\/§Bl<(K—mey)}] v(dy) + o(V0)

(Key - 1)) v(dy)
{y>ln(%} o\

_\/éflf/ . eYoE (Bll{B1<1(Ke_y1)}) V(dy) + O(\/é)
{5} vl

—
m‘d
~

N
&
AN

Q‘H

S

Notice that for all y > ln(%) we have %\/5 (Bev—1) < ﬁ(%e*y — 1) — —oo; thus
K 1 K
(5o 1 (Kev 1)) <p(mre 2 (£ )
oV o6 \b(t)
— 0,
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and

E <|Bl|1{31<c,;§<’:ev1>}) =E <’Bl|1{31< ey 1)})

— 0.
6—0

Therefore, by dominated convergence, we obtain

K
eVP | By < < e ¥ -1 )) dy) — 0
/{Mbg;)} (2«5 o W)
and
—\/éz/ . Yok (Bll{xeya\/éBK(K—xey)}) v(dy) = o(\/é).
{y>In(5055}

Consequently, if we denote by €( f{y>ln W eVP(B; < %ﬁ(%e—y —1))v(dy), we obtain
(33) P(t,ze¥)v(dy) < (b(T) — x)e(0) + o(V0),

{y>In(55}
with €(0) P 0.

Finally, on the set {y = ln(LT)} we have

/ P(t,ze)v(dy) = / E (K — ze¥) — ze¥oBy) " v(dy) + o(V0)
{In(5{5)} {In(55)}

K
b(T)

_ /{ L et tdy) + /{ ln(b?;:)@ga <aBg - (e v 1)>+y
bt e e fn (i ) o (o= (57 1))
< Jualfy oo s s (5 ) e (o (5))

We have thus proved that

/ P(t,ze?)u(dy) < {ng(b(;ﬁey)y(dy) + Kv {m <sz)> } E <O—Be —In (b(xT) >>+

+ (b(T) — z) €(8) 4+ o(V/0).

= / (I{{ — ze¥)v(dy) +/ E (zeYo By — (K — ze¥)) " v(dy) + o(V0)
{In(555)} {In(55))
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Going back to inequality (31), we obtain

/P(t,xey) — (K — ze?)v(dy)

[ g oo ) (D))

+ (b(T) — z) e(8) + o(V0).
Finally, since 7K = 6b(T) + [(b(t)e¥ — K)Tv(y), we have

u?c? 9%2P

b(t)lguga: 2 Ox? (

S(b(T) — @(5 + /{ iy + e(a)> _Kv {m bg)} E <aBg “n (bf)» o).

K
v{ln(7+v)} A
We note a = #% and 6 =+ f{y>ln( K )y eYv(dy); we then have for all u and all =

such that b(t) <u <z < b(T)

t,u)

. u?c? 9%2P
it 2L
b(t)<u<z 2 0x?

> b(T)d ((b(f()T) —aFE (aBg —In <b(mT)>> > — (b(T) —z)e(d) + 0o(V6). m

t,u)

Remark 2. The expression infy)<y<q #?;T};(t, u) is justified thanks to the smoothness

of P in the continuation region which can be proved thanks to PDE arguments (see, for
instance [2]). Nevertheless, we will only need this lower bound of the second derivative in the
distribution sense (‘?;TI;(L‘, du)).

Appendix B. A study of v) g.
Lemma 4.1.  There ezists yx 3 € (0, (1 4+ AB(2+ €)) such that such that

Yy < —uyrng, urp(y) =0,
yrp = —inf{z € R | vy g(z) > 0}.
Proof of Lemma 4.1. We have

org(y) = sup (Lo(7) + Ii(7))
7'67'(),1

with .
I(](T) = E <€>\71{NT:0} /0 f)\ﬁ(y + Bs)d8>
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and
I(r) = BE (6”1{]@7:1} ((y +B)" - (y+ Bﬁ)*)) :

We will study Io(7) and I;(7). First of all, we note that the process (M});>o defined by
MY = Ml (K=o} is a nonnegative martingale with M) = 1. Under the probability PY with

density M on J, it is straightforward to check that (B):>¢ remains an F-Brownian motion.
We have, if y <0,
IQ(’T) = EO </ f)\,g(y + Bs)ds>
0

=E° (yT—i—/ Bsds—i—/\B/ (y+B5)+ds>
0 0

< yE° (1) + (1 + AB)E </0 Bjds>
< yE° (1) + (A6 + 1)E (/T E° (Bf | F) ds> :

0
Notice that, for 7 € To 1,

. 1
RO </0 E? (B;-i_ ’ ‘FS) ds) =E (/0 1{T>S}EO (B:_ | ‘7:5) ds)

= /0 R (Lir>sy B (BS | 7o) ds

=E° (7B}

< E° (TQEBQ> <E(r),
where we used 0 < 7 < 1 for the last inequality. We then have

Io(7) < (y+ A8+ 1)E° (7).
For the study of I1(7), let us introduce the martingale (M}!)o<¢<1 defined by

M!=E <€A1{N1:1} | J—"t)

Loy BV = Ny = 1)+ 1,y P(N; = Ny = 0)
At N
- 1{Nt:0})‘(1 —t)e" + 1{Nt:1}6

Under the probability P! with density M}/ on F, it is straightforward to check that
(Bt)o<t<1 remains an F-Brownian motion. We have for y < 0
I (1) = A\GE! ((y +B)" — (y+ BT1AT)+>
< ABE' ((y + B-)")
S ASE! (Brlip.>-y))
< ABE' (BZ/Iyl) = ABE" (1) /y]
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Using the two upper bound of Iy(7) and I;(7), we obtain

uag(y) < sup ((y + A8+ 1DE(7) + &El (T)>
7€70,1 ’y‘
B

= sup E <(y + A6+ 1)7MO(1) + TMI(T))
7€T0,1 |y|
p

_ ATq o R o AT R AT
= TSG%?IE ((y T+ DT g oy + ’y|7' (1{NT:0})‘(1 T)e + 1y e >)

< suplE(f@zﬁﬂ)>
7€T0,1

with

1
F(t,2) = Loyt <y 148 (1 + m)) ST TR T)

Notice that
sup E (f(T, NT)) = sup E (f(T, NT)) ,

T€T0,1 7€70,1(N)

where 7671(]\7 ) denotes the set of the stopping times of the natural completed filtration of the
process (N¢)e>0, with values in [0, 1].
Then, if 7 € 7,1 (N), there exists, thanks to Lemma B.1, ¢y € [0, 1] such that

TN Tl =t N\ Tl.
We then have
A A
E <T€ Tl{NT:0}> = E (Te T].{/j—a1>7_}>
= toe)\tOP(Tl > 7')

and

E (r" o) <E (7" nn)

_ ATy
=E (Te Tl{T1St0}>
< P(T) < tg)

= M1 — e M) < Aetty.
We deduce that
~ 2 A
sup E <f(T,N7—)) < sup (to <y+ 1 +)\ﬁ( te )>> .

T€Ton (N) 0<to<1 |yl
The right-hand side of this equation will be equal to 0 if

B2+eY)
|yl

— )

y+1+A
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and particularly, if y < — (1 + AB(2+ e)‘)), then

—Urg = — (1 +AB(2+ €A)> :

To prove —yx g < 0, we consider y = 0. Since for all stopping time 7,

E <e”1{mzo} /0 N3y + By) s + 6 Ly (0 BT = (v + BT1)+>> =0

we have

)
014(0) = sup B [ Buds = uo(0),
7€70,1 0

and it is proved in [14] or [4, Proposition 2.2.4], v9(0) > 0. W
Lemma B.1. Let N = (N¢)i>0 @ homogeneous Poisson process with intensity A and Ty its
first jump time. If T is a stopping time of the natural completed filtration of N such that
T <Ti a.s., then T =17 a.s., or there exists tg > 0, such that T =ty AT} a.s.
Proof. We denote by F = (F;)>0 the natural completed filtration of N. First of all, notice
that for all ¢ > 0 and A € F3,
P(A| N, =0) € {0,1}.

Indeed, the A having this property form a sub g-algebra of F; which contains the events of
the form {Ns =n}, with 0 < s <t and n € N.
Now, let 7 be a F-stopping time. We have for all t > 0, P(t > ¢ | N; = 0) € {0,1}. We set

I={te[0,+o0[ | P(T >t| N, =0) =0}.
Notice that ¢ € I if and only if P(7 > ¢,77 >t) =0, or
telP(rATy <t)=1.

If 7 <Ty as. and if P(7 < T1) > 0, there exists s > 0 (rational number) such that P(7 <
s,s <T1) >0, hence P(1 < s| Ny =0) >0, and P(7 > s | Ny = 0) = 0. We deduce that [ is
nonempty and we can write

I = [ty, +oo[, with tg =inf{t >0 |P(r >t | N, =0) = 0}.

We then have 7 AT} < g a.s., hence 7 < tg AT1. Moreover, for s < ty, we have P(7 > s | Ny =
0)=1and P(7 <s| Ns=0)=0, hence P(7 <s,s < T1) = 0. Therefore, P(t <ty AT1) =0
and consequently T = tg AT} a.s. |

LEMMA 4.2. For all x > yy g, we have

C(x) > 0.

Proof. We have vy g(—yx 3) = 0; considering the stopping time 7 = 1, we obtain

1
E [ekl{]vlzo}/o Fas(Bs = yap)ds + BeM g _py ((31 —yng) " = (By, — y/\,ﬁ)+>] <0.
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However, we have, using the independence between N and B ,

1 1
E [ekl{ﬁlo} /O fra(By - yw)ds] = PNy = 0) (—yw  AE /O (B, - yx,ﬁ)erS)
1
(34) = —UYxp + )\,BE/ (BS — y>\,5)+ds.
0
On the other hand, we have

E 85,0y (B = map)* = (Bg, — )™
= B P(Ny = 1) [E(Bl —yp)  —E <(BT1 — ) 1N = 1)}

— B\ [E(Bl _ ym)+ —E ((BT1 - yk,ﬁ)+|T1 < 1)} :

Noticing that A3 = AS and that conditionally to {Tl < 1}, T, is uniformly distributed on
[0, 1], we obtain

E [BeAl{leu ((31 — ) — (B, — Z/A,ﬂ)+>]
(35) =B [E(Bl — ) —E (/Ol(Bs - yx,ﬂ)+d8>] .
Combining (34) and (35), we have
—yas + ABE(B1 —yap)T = —Cl(yrpg) <0.

To conclude the proof, we use the strict increasing of C', and hence for all z > ¥, g, we have

C(x) > C(yrp) > 0. [ |
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