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Abstract

The paper addresses the filtering of Polarimetry Syn-

thetic Aperture Radar (PolSAR) images. The filtering strat-

egy is based on a regularizing cost function associated with

matrix norms called the Schatten p-norms. These norms

apply on matrix singular values. The proposed approach

is illustrated upon scattering and coherency matrices on

RADARSAT-2 PolSAR images over the Chamonix Mont-

Blanc site. Several p values of Schatten p-norms are sur-

veyed and their capabilities on filtering PolSAR images is

provided in comparison with conventional strategies for fil-

tering PolSAR data.
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1 Introduction

Since the launch of SAR satellites offering full polariza-

tion (ALOS, RADASAT-2 and TERRASAR-X, in L band,

C band and X band respectively), the use of PolSAR im-

agery has been studied extensively in many fields, such as

biomass and forest height estimation, snow cover mapping,

glacier monitoring, damage assessment, etc.

The measurement of polarimetric radar is the complex

scattering matrix, which can be expressed as:

S2 =

[

Shh Shv

Svh Svv

]

(1)

where Shh, Svv are the scattering elements of co-

polarization, and Shv , Svh are the scattering elements of

cross-polarization associated with the wave transmitted and

received on horizontal/vertical and vertical/horizontal plane

respectively.

In monostatic and reciprocal backscattering case, Shv =

Svh, the scattering information can be addressed in a com-

plex vector as:

• Lexicographic scattering vector (k3L):

k3L =
[

Shh

√
2Shv Svv

]T

(2)

or

• Pauli scattering vector (k3P ):

k3P =
1√
2
[Shh + Svv Shh − Svv 2Shv]

T
(3)

where superscript ”T” refers to the matrix transpose.

Polarimetric information can also be presented by a co-

variance matrix (C3) based on k3L or a coherency matrix

(T3) based on k3P as follow:

C3=〈k3L.k∗T3L 〉

=





〈|Shh|2〉
√
2〈ShhS

∗
hv〉 〈ShhS

∗
vv〉√

2〈ShvS
∗
hh〉 2〈|Shv|2〉

√
2〈ShvS

∗
vv〉

〈SvvS
∗
hh〉

√
2〈SvvS

∗
hv〉 〈|Svv|2〉





(4)

and

T3 = 〈k3P .k∗T3P 〉 =
1

2





〈|Shh + Svv|2〉
〈(Shh − Svv)(Shh + Svv)

∗〉
2〈Shv(Shh + Svv)

∗〉
· · ·

· · ·
〈(Shh + Svv)(Shh − Svv)

∗〉 2〈(Shh + Svv)S
∗
hv〉

〈|Shh − Svv|2〉 2〈(Shh − Svv)S
∗
hv〉

2〈Shv(Shh − Svv)
∗〉 4〈|Shv|2〉



 (5)

where superscript ” ∗ ” indicates the complex conjugate,

and 〈· · · 〉 denotes mathematical expectation usually esti-

mated by temporal or spatial averaging.

The intrinsic difficulty on exploiting PolSAR data is the

so-called speckle noise involved in coherent acquisition

systems. Speckle reduction techniques are often required

as a preprocessing step in order to improve the accuracy of

image segmentation, classification, edge extraction... There

are many approaches in speckle filtering for PolSAR data

in literature. Novak and Burl [1] proposed the polarimetric

whitening filter (PWF), which optimally combines the ele-

ments of the scattering matrix and produces a single scalar

intensity image in which speckle is reduced but the polar-

ization information is lost. Lee et al. [2] used the mul-

tiplicative speckle model and minimized the mean square

error to filter the diagonal terms of the covariance matrix,

which are real and represent the channel powers. Lopes and

Sery [3] applied PWF for multilook complex data (MPWF)

related to the texture variation using a product model for



texture and speckle noise. Vasile et al. [4] proposed an

adaptive filter for coherency matrix of polarimetric or in-

terferometric SAR data using intensity information to grow

the adaptive neighborhood. To preserve the dominant scat-

tering mechanism of each pixel, Lee et al. [5] proposed an

approach that includes in the average only the pixels in the

same dominant scattering category.

The two main directions for speckle filtering Pol-

SAR data are either the selection of adaptive win-

dows/neighborhoods or the choice of the estimator such as

complex multi-looking (ML), locally linear minimum mean

square error (LLMMSE), etc. In [6], authors introduced an

original cost function based on lp norms for multivariate

data filtering. In this paper, we address the extension of this

cost function when considering the Schatten representation

of multi-channel complex PolSAR matrices. We investigate

several PolSAR data characterizations issued from standard

PolSAR matrix decompositions (ex: S2, C3, T3,etc.). We

consider a PolSAR image I, where each pixel is character-

ized by a matrix. This considered matrix is still corrupted

by speckle noise. Therefore we wish to replace this matrix

by a matrix M which minimises a cost function defined as

the norm of the difference between matrix M and the ob-

served PolSAR matrices (error norm). There exist many

matrix norms. Among these norms, we consider the Schat-

ten p-norms which relates to the sum of the singular values

of the difference matrix in our regularization cost function.

The filtering strategy then consists in selecting the best ma-

trix M that minimizes the above cost function from neigh-

borhood consideration.

2 Schatten p-norm based filtering

Let us consider the following quantity:

‖x‖p =

(

n
∑

i=1

|xi|p
)

1

p

. (6)

This quantity defines the standard ℓp

• (a) norm when p > 1,

• (b) quasi-norm when 0 < p < 1 and

• (c) pseudo-norm when p = 0.

For the sake of simplicity, we will use the terminology

"norm" for the general case p > 0.

Since PolSAR data are matrix based images, we consider

matrix norms which makes possible compact representation

of the information contained in a given matrix. The follow-

ing section provides these norms.

2.1 Schatten p-norms

Let A be an m × n matrix with the singular value de-

composition (SVD) A = UΣV ∗, where U and V are, re-

spectively, an m×m and an n× n real or complex unitary

matrix, and Σ is an m×n diagonal matrix with non-negative

real numbers on the diagonal. The Schatten norm of order

p of A is the ℓp norm of the vector of singular values of A.

This norm is:

‖A‖p =





min(m,n)
∑

k=1

σ
p
k (A)





1

p

(7)

where σk is the kth singular value of A (that is the (k, k)
entry of Σ) [7].

In the rest of the paper, we will focus on 3 particular ma-

trix norms among the family of Schatten p-norms:

• The Schatten 1-norm which is also known as the nu-

clear (or trace) norm.

• The Frobenius norm corresponding to the Schatten 2-

norm.

• The Schatten 0.5-norm.

It is worth noticing that the singular values of a matrix

are known to have a parsimony property: most energy of the

matrix is concentrated on the largest singular values. In this

respect, the filtering strategy discussed below is expected to

be more robust than when using a standard entrywise matrix

norm.

2.2 Regularization with boxcar neighbor-
hoods and the least Schatten p error
norms

Let Ih,ℓ be the element located at the (h, l) pixel of image

I and

I[h, ℓ, r] = {Ih+i,l+j}−r6i6r,−r6j6r (8)

be the central pixel of a (2r+1)×(2r+1) analysis window.

This window determines the boxcar neighborhood of Ih,ℓ
concerned by the local optimization.

The cost function fp (M, I[h, ℓ, r]) is defined by

fp (M, I[h, ℓ, r])=
r
∑

i=−r
j=−r

[

Q
∑

k=1

σ
p
k (Ih+i,l+j−M)

]

1

p

(9)

where Q = min(m,n).
This function represents the Schatten p error norms of es-

timating I[h, ℓ, r] by a constant value M. In practice, we

apply the above pixelwise cost function on pixel neighbor-

hoods and seek for the matrix Îh,ℓ that minimizes the sum

of pixelwise cost functions, the pixel under consideration

pertaining to the pixel neighborhood I[h, ℓ, r]. The matrix

Îh,ℓ is denoted by following:

Îh,ℓ = argM∈I[h,ℓ,r] min fp(M, I[h, ℓ, r]) (10)

The image Î is the filtered image of the optimal values that

minimize estimation errors.



(a)

(b)

Figure 1: Chamonix Mont-Blanc test-site. (a) Optical im-

age warped to a DEM (b) RADARSAT2 descending image

on 06/22/2009 (Pauli basis, R:HH-VV, G:2HV, B:HH+VV)

3 Experimental results

The proposed approach is illustrated on a RADARSAT-

2 ascending, quad-pol SAR image acquired on 12/24/2009.

It covers a high mountain area over Chamonix Mont-Blanc

which includes Alpine glaciers as Argentière and Mer de

Glace - Leschaux. The test image is the sub-image over

Argentière glacier. The study area is a heterogeneous area

with mountainous terrain, which are mainly glacier, snow,

rock mixture and some villages located sparsely. The con-

sidered matrices are scattering matrix (S2) formed from the

HH, HV and VV channels and the coherency matrix (T3)

formed from the Pauli basis.

3.1 The effect of p values to Schatten p-norm
based filter

The norms which have been introduced in Section 2, pro-

vide vector spaces and their linear operators with measures

of size, length and distance. They thus are widely applica-

ble beside customary methods that we often use.

As the case of lp norm, the Schatten p-norm based filter

also depends on p values. In this section, we apply the pro-

posed filter to the matrix S2 and T3 with p = 0.5; p = 1
and p = 2 using a sliding window of 3x3 pixels. The results

obtained over the Argentière glacier image are illustrated in

Fig. 6 and Fig. 7 with zoom on textured and homogeneous

areas in Fig. 2; 3 for S2 matrix and Fig. 4; 5 for T3 matrix.

The results in Fig. 4d; 5d and 7d show that p = 0.5 is

not an appropriate value for this filter when applied on T3

matrix.

Fig. 2b,c and Fig. 4b,c indicate that in the case p > 1,

the structure information is preserved quite well with sharp

(a) Origin (b) p = 2

(c) p = 1 (d) p = 0.5

Figure 2: Zoom of filtering scattering matrix S2 using dif-

ferent values of p on structure area.

(a) Origin (b) p = 2 (c) p = 1 (d) p = 0.5

Figure 3: Zoom of filtering scattering matrix S2 using dif-

ferent values of p on homogeneous area.

(a) Origin (b) p = 2

(c) p = 1 (d) p = 0.5

Figure 4: Zoom of filtering coherency matrix T3 using dif-

ferent values of p on structure area.

(a) Origin (b) p = 2 (c) p = 1 (d) p = 0.5

Figure 5: Zoom of filtering coherency matrix T3 using dif-

ferent values of p on homogeneous area.



(a) Origin (b) p = 2 (c) p = 1 (d) p = 0.5

Figure 6: Filtering scattering matrix S2 using different values of p.

(a) Origin (b) p = 2 (c) p = 1 (d) p = 0.5

Figure 7: Filtering coherency matrix T3 using different values of p.



(a) Origin (b) wz = 3x3 (c) wz = 5x5

Figure 8: Filtering scattering matrix S2 using different window size.

(a) (b) (c)

Figure 9: Filtering scattering matrix S2 with the fusion of several ”p” results. (a) Original S2 image; (b) and (c) are the

filtered images with the fusion between original image, filtered images p = 0.5; p = 1; p = 2 with window size = 3x3 pixels

and 5x5 pixels, respectively



(a) (b) (c)

Figure 10: Comparision of filtering coherency matrix T3 between Schatten p-norm based filter and IDAN filter. (a)

Original T3 image; (b) IDAN filtered image; (c) Schatten p-norm based filtered image with the fusion between original

image, filtered images p = 0.5; p = 1; p = 2 with window size = 3x3 pixels

edges. On Fig. 3b,c and Fig. 5b,c, homogeneous area is

smoother. The filtered image is smoother but not blurred

while the speckle is significantly reduced.

3.2 The effect of window size to Schatten p-
norm based filter

Another parameter which can impact to the efficiency of

the filter is the size of analysis window. There are a number

of studies about this issue in literature. In this paper, we

survey the filtering strategies with window size of 3x3 and

5x5 pixels.

(a) Origin (b) wz = 3x3 (c) wz = 5x5

Figure 11: Zoom of filtering scattering matrix S2 using dif-

ferent window size.

On the S2 matrix, the results of this filter with the window

size = 5x5 pixels looks like a kind of segmentation with the

patch effect, but the thin structure information is lost. With

the window size = 3x3 pixels, the filter operates better. To

compare the operation of the filter on S2 and T3, it works

better on S2.

3.3 The fusion of different Schatten p-norms
based filtered images with respect to p

values

On the complex test-site, the filtering results should pre-

serve structures after speckle removal. The proposed fil-

ter concerns a test-site involving both non-smooth structure

and smooth areas. A given Schatten p-norm can have desir-

able properties or limitations depending on the area we fo-

cused on. Thus, in order to be more adaptive to the specific

site, we consider combining the results of different Schatten

p-norms and the original image. The fusion simply consists

the sum of the intensities used to obtain the color images.

Fig 9, 10, 12, 13, 14 and 15, indicate that the fusion strategy

leads a better performance of filtering that the structure fea-

tures of the original image are preserved and the speckle is

also removed significantly. A visual comparison with IDAN

filter [4] in Fig. 10, 14 and 15 show that the fusion of the

Schatten p-norm based filtered images seems to be more

speckle removed, clearer with more small preserved details

than IDAN filtered image.

4 Conclusions and perspectives

The original method presented in this paper provided sev-

eral early results which have demonstrated its potential in

filtering PolSAR data.

• This filter can operate with many kind of data format

of PolSAR data.



(a) (b) (c)

Figure 12: Zoom of filtering scattering matrix S2 with the

fusion of several ”p” results on structure area. (a) Original

S2 image; (b) and (c) are the filtered images with the fusion

between original image, filtered images p = 0.5; p = 1; p =

2 with window size = 3x3 and 5x5 pixels, respectively

(a) (b) (c)

Figure 13: Zoom of filtering scattering matrix S2 with the

fusion of several ”p” results on homogeneous area. (a)

Original S2 image; (b) and (c) are the filtered images with

the fusion between original image, filtered images p = 0.5;

p = 1; p = 2 with window size = 3x3 and 5x5 pixels, respec-

tively

(a) (b) (c)

Figure 14: Zoom of comparision of filtering coherency ma-

trix T3 between Schatten p-norm based filter and IDAN fil-

ter on structure area. (a) Original T3 image; (b) IDAN fil-

tered image; (c) Schatten p-norm based filtered image with

the fusion between original image, filtered images p = 0.5;

p = 1; p = 2 with window size = 3x3 pixels

(a) (b) (c)

Figure 15: Zoom of comparision of filtering coherency ma-

trix T3 between Schatten p-norm based filter and IDAN fil-

ter on homogeneous area. (a) Original T3 image; (b) IDAN

filtered image; (c) Schatten p-norm based filtered image

with the fusion between original image, filtered images p

= 0.5; p = 1; p = 2 with window size = 3x3 pixels

• Choosing different values of p brings us different

strategies that are optimal in the Schatten p error norm

sense for filtering PolSAR data.

• If we choose an appropriate p value, we can take the

advantage of Schatten p-norms (mentioned in Sec-

tion 2.1) to increase sparsity.

The further works to develop this method may concern:

• implementing performance assessment for filtered im-

ages

• looking for initial transform to exploit sparsity

• studying fusion strategies to reach a better perfor-

mance

• applying the proposed method in different decomposi-

tion/coding to exploit polarization information of Pol-

SAR data.
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