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Abstract— This paper addresses an integration of two ad-
vanced vehicle controllers. The first one is developed for coupled
control of longitudinal and lateral vehicle’s motions. It takes
advantage of differential flatness of nonlinear systems and
algebraic identification techniques for denoising and numerical
differentiation. The second one is an LPV/H∞ controller for
suspension system designed to adapt the vehicle vertical dy-
namics to the road profile and achieve performance objectives.
This LPV/H∞ aims, mainly, at improving the roadholding of
the vehicle (by reducing the lateral load transferor and roll
dynamics) or/and passengers comfort depending on the driving
situation. Since the lateral forces acting on the vehicle influence
the vertical ones (see (13)). The LPV/H∞ control uses the lateral
acceleration (controlled by the flatness controller) to schedule
and enhance the vertical dynamic behaviour of the vehicle.

Such an integration is proposed in order to ensure an
advanced vehicle control under critical driving conditions with
different road profiles. This in order to improve the passengers
comfort and the stability and steerability of the vehicle in
different driving situations. The performance of the proposed
strategy is shown through some simulation tests with different
scenarios.

Keywords: LPV/H∞ suspension control, vehicle dynamics
behaviours, flatness nonlinear longitudinal and lateral control,
algebraic identification methods.

I. INTRODUCTION

It is now admitted that the collaboration of several subsys-
tems (active braking, steering, suspension...) is a key towards
safer vehicles. However the studies were mainly separated in
two categories:
• the longitudinal/lateral control (using traction, braking

and steering actuators). For lane keeping, lane keeping,
lane-change maneuvers, obstacle avoidance, a steering
or lateral control is developed [1]–[4], and for stop-and-
go, adaptive cruise control, platooning, a longitudinal
control is designed [5]–[7]. Other coupled vehicle con-
trollers for steering and braking control are developed
in [8], [9].

• the vertical control using suspension systems [10], [11].
However the collaboration of the suspension system together
with the braking or steering ones has only been a little
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considered. Let us mention [12] where a new design of
actuator intervention for trajectory tracking is proposed,
[13] which gives an interesting nonlinear control law using
suspension and braking actuators for commercial cars and
in [14]–[16] where authors have proposed a Linear Paramter
Varying (LPV) control structure that allows to coordinate
several actuators and to improve different vehicle dynam-
ics. This coordination is achieved using smart monitoring
parameters that allow to modify on-line the performances
of the suspension (from soft to hard) systems according to
some critical situations (mainly too high longitudinal slips).
However, such a coupling between the suspension control
and the longitudinal/lateral one still remains a challenging
problem.

This paper deals the global chassis control using a novel
strategy that combines both flatness and LPV/H∞ robust
controllers. The contribution is two-fold:

• for the first time non linear and linear control strategies
are used together for vehicle stability control. This work
takes advantage of the efficiency of the flatness approach
to control the longitudianl/lateral vehicle motion, and of
the H∞ control to handle the car vertical dynamics.

• The collaboration between that two controllers will ge
bandled using a vertical LPV controller scheduled by
the car lateral acceleration.

The first part of the proposed controller is a combined
nonlinear longitudinal and lateral vehicle control. For the
proposed combined control strategy, the flatness property
[17], [18] (see also [19]–[21] for a related approach) and
the algebraic estimation techniques [22], [23] are used.
Based on the adequate choice of the flat outputs, the flatness
proof of a 3DoF two wheels vehicle model is established.
Thereafter, the combined longitudinal and lateral vehicle
control is designed. Moreover, such a control law takes
advantage of the algebraic estimation techniques. This in
order to have an accuracy estimation of the derivatives
and filtering of the reference flat outputs. Such control
strategy is developed in order to cope with coupled driving
maneuvers like obstacle avoidance via steering control and
stop-and-go control via braking or driving wheel torque.

The second part of the proposed strategy consists on
the LPV/H∞ suspension controller, which uses the lateral
acceleration as a varying parameter to achieved the desired
performance. Indeed, since the lateral dynamics act on the
vertical ones through the lateral acceleration that influences
directly the load transfer and roll dynamics of the vehi-
cle see [24]. The vehicle stability can be clearly deduced



from the evolution of the lateral acceleration, since when
the lateral acceleration increases the vehicle is less stable
and vice versa. Moreover, the proposed LPV/H∞ control
strategy uses this information to schedule the work of the
suspension systems, i.e, set them to be "hard" to emphasises
the roadholding, passengers safety and the stability of the
vehicle in dangerous driving situations, or set them to be
"soft" to enhance vehicle passengers comfort and compensate
road irregularities shocks.

The paper is organized as follows. Section II is devoted
to present the design method of the LPV/H∞ suspension and
flat nonlinear longitudinal/lateral controllers. In Section IV,
the performance of the proposed control strategy are shown
through simulation results. Finally, conclusions and future
works are stated in Section IV.

II. FLAT NONLINEAR LONGITUDINAL/LATERAL AND
LPV/H∞ SUSPENSION CONTROLLERS

In this section, design methods of two advanced vehicle
controllers and their integration are given. The differential
flatness and the LPV/H∞ approaches are used to deal with
this implementation as follow:
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Fig. 1. Gloabal chassis control integration strategy.

Indeed, the non linear flatness controller given in this
strategy allows to enhance vehicle stability by improving
longitudinal and especially lateral dynamics. In a smart
way, the LPV/H∞ uses the correlation between the lateral
and vertical effort applied to the vehicle by scheduling the
work of the suspension systems to archived the desired
performance objectives.

A. Longitudinal and lateral based-flatness nonlinear control
design

In the sequel, a 3DoF single-track nonlinear vehicle
model and a nonlinear flat vehicle control are presented.
The coupled flat control is designed according to the
flatness property of the 3DoF-NLTWVM and the algebraic
estimation techniques. Moreover, some simulation tests are
conducted using a second nonlinear four wheels vehicle
model1 as complet vehicle simulator.

Paper notation:

TABLE I
SOME NOTATIONS

Symbol Variable name

Vx, Vy longitudinal and lateral speeds [km.h]
ax, ay longitudinal and lateral accelerations [m/s2]
ψ , ψ̇ yaw angle [rad] and yaw rate [rad/s]
ωi wheel angular speed of the wheel i [rad/s]
Tω wheel torque [Nm]
Tm wheel traction torque [Nm]
Tb wheel braking torque [Nm]
Tb f front wheel braking torque [Nm]
Tbr rear wheel braking torques [Nm]
δ wheel steer angle [deg]
C f , Cr front and rear cornering stiffnesses [N.rad−1]
F(x,y)i longitudinal and lateral forces in the vehicle coordinate [N]
F(x,y) longitudinal and lateral forces in the wheel coordinate [N]
Mz yaw moment [Nm]
R tire radius [m]
L f , Lr distances from the CoG to the front and rear axles [m]
Iz yaw moment of inertia [Kg.m−2]
Ir wheel moment of inertia [kgm2]
αi tire slip angle [rad]
g acceleration due to gravity [m/s2]
m vehicle mass [kg]
mus f j four wheels mass (front and rear are different) [kg]
t f , tr front, rear axle [m]
ki stiffness coefficients
Fszi j vertical forces [N]

z̈s chassis acceleration [m/s2]
z̈s four wheels acceleration [m/s2]
θ̈ roll dynamics
φ̈ pitch dynamics

1) 3DoF Nonlinear Two Wheels Vehicle Control Model:

The 3DoF single-track nonlinear model provides a suffi-
cient approximation of the longitudinal and lateral dynamics.
The 3DoF which composed such a model are: longitudinal,
lateral and yaw motions2. The nonlinear equations governing
this model are:

1The second model is composed of ten degrees-of-freedom which are:
three rotational motions (roll φ , pitch θ and yaw φ ), three translational
motions (longitudinal Vx, lateral Vy and vertical Vz) and dynamical models of
four wheels. In this model, the forces are computed with coupled nonlinear
tire model of Pacejka [25] to simulate the realistic behavior of vehicle. In
fact, this model takes into account the coupling of vertical, longitudinal and
lateral motions. See [20] for more details on this model.

2see table I for notations.



ẋ = f (x, t)+g(x)u+g1u1u2 +g2u2
2 (1)
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and u = [u1 u2]

T

where the longitudinal movement is controlled via the
wheel torque u1 = Tω = Tm−Tb and the lateral movement
is controlled via the steering angle u2 = δ . The second order
terms u1u2 and u2

2 are neglected because their magnitude is
small. For more explanations about this model, we refer the
readers to [19], [20].

2) Coupled longitudinal/lateral vehicle control based on
flatness property:

For our design problem, we consider the following out-
puts: {

y1 =Vx

y2 = L f mVy− Izψ̇
(2)

For the flatness proof of (1) with the outputs (2), the fol-
lowing flatness property [17], [18], [26], [27] is considered:

Property 1: Consider the system

ẋ = f (x,u) (3)

where x = (x, · · · ,xn) ∈ Rn and u = (u, · · · ,um) ∈ Rm. It is
said to be differentially flat (see [17], [18], [26], [27]) if and
only if there exists a vector-valued function h such that

y = h(x,u, u̇, · · · ,u(r)) (4)

where y = (y, · · · ,ym) ∈ Rm, r ∈ N; the components of x =
(x, · · · ,xn) and u = (u, · · · ,um) may be expressed as

x = A(y, ẏ, · · · ,y(rx)), rx ∈ N (5)

u = B(y, ẏ, · · · ,y(ru)), ru ∈ N (6)

then, the output (4) is called a flat output.
Proof 1: The objective is to show the flatness of model (1)

with outputs (2) according to the flatness property 1. Then,
after some algebraic manipulations we obtain:

x =


y1

1
L f m

(
y2− IzL f my1 ẏ2+IzCr(L f +Lr)y2

Cr(L f +Lr)(Iz−LrL f m)+(L f my1)2

)
−
(

L f my1 ẏ2+Cr(L f +Lr)y2
Cr(L f +Lr)(Iz−LrL f m)+(L f my1)2

)
 (7)

and

u = ∆
−1(y1,y2, ẏ2)

([
ẏ1
ÿ2

]
−Φ(y1,y2, ẏ2)

)
(8)

The terms ∆11, ∆12, ∆21, ∆22, Φ1 and Φ2 of the matrices
∆ and Φ are detailed in [19], [20]. Finally, the system (1) is
flat system with outputs (2), then, the outputs (2) are called
flat outputs.

Then, it is interesting to control y1 and y2 via the control
signals u1 = Tω and u2 = δ . So, in order to track the desired
output yre f

1 and yre f
2 , set[

ẏ1
ÿ2

]
=

[
ẏre f

1 +K1
1 ey1 +K2

1
∫

ey1dt

ÿre f
2 +K1

2 ėy2 +K2
2 ey2 +K3

2
∫

ey2dt

]
(9)

where, ey1 = yre f
1 −y1 and ey2 = yre f

2 −y2. The choice of the
gain parameters K1

1 , K2
1 , K1

2 , K2
2 and K3

2 is straightforward.
3) Algebraic nonlinear estimation:

The filtering and the derivatives of the reference flat
outputs are needed to construct the control law (9). However,
the derivation of noisy reference flat outputs becomes a very
difficult operation. Such an operation is achieved thanks to
the recent advances in [22], [23], which yield efficient real-
time filters. For our study, the following formulae may be
used to estimate the 1st order derivative of y:

ˆ̇y(t) =− 3!
h3

∫ t

t−h
(2h(t− τ)−h)y(τ)dτ (10)

and the filtering of y is estimated using:

ŷ(t) =
2!
h2

∫ t

t−h
(3(t− τ)−h)y(τ)dτ (11)

Note that the sliding time window [t−h, t] may be quite
short.

Finally, the block diagram of Figure 2 summarize all parts
of the flat nonlinear vehicle control.
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z̈s = −

(
Fsz f +Fszr +Fdz

)
/m

z̈usi j =
(
Fszi j −Ftzi j

)
/musi j

θ̈ =
(
(Fszrl −Fszrr)tr +(Fsz f l −Fsz f r)t f +mhv̇y

)
/Ix

φ̈ =
(
Fsz f l f −Fszr lr−mhv̇x)/Iy

(12)

B. LPV/H∞ suspension control design

1) Control-structure model: The LPV/H∞ suspension
control is synthesized on a 7 DOF vehicle model, see
(12). It includes several vertical dynamics as the chassis
acceleration z̈s, the four wheels accelerations z̈usi j , the roll
bounce acceleration θ̈ and the pitch acceleration φ̈ . For
the control design purposes, linear models are assumed for
the stiffness ki j and damping ci j in the suspension force
computation.

Scheduling parameters:

A smart way for the two vehicle dynamics controllers
integration is achieved thanks to the scheduling parameter
ρa used for the LPV/H∞ suspension control design as in
Fig. 1. Indeed, the lateral and the vertical dynamics of the
vehicle are correlated through lateral and vertical forces as
follow, see [28]:

Fiy(βi) = Sign(βi)Fizµ(βi) (13)

where Fiy : is the lateral tire force, βi : is the sideslip angle,
Fiz: is the vertical force and µ(βi: is the road friction.

Furthermore, this relation can be seen also in the vehicle
load transfers and roll dynamics that depend on the lateral
acceleration ay (notice that Fy = msayα , where α: is a
constant coefficient) as follow, see [24] and [29]:

∆Fz = (Fz f l +Fzrl −Fz f r −Fzrr)

= (m f l +mrl−m f r−mrr)g−2S1θ

−2S2aym/l
(14)

where S1 =
k f
t f
+ kr

tr
, S2 =

l f h
t f

+ lrh
tr

. It is clear that the load
transfers generated by the vehicle bounce are largely influ-
enced by the dynamics of the lateral acceleration, especially
since the roll motion is also directly linked to ay as follow
(see [28] and [30]):

θ =
zde f f l

−zde f f r+zde frl
−zde frr

t f
− mayh

kt
(15)

where zde fi j : is the suspension deflections (i: left or rear, j:
left or right), kt : is the stiffness.

The varying parameter used in this strategy is then based
on the lateral acceleration. The performance adaptation in-
duced in the weighing are scheduled thanks to the parameter
ρa ∈ [0 1], defined as follow:

ρa = | ay
aymax
| (16)

2) LPV/H∞ controller design: The suspension control
with performance adaptation (see [31]) is presented. The fol-
lowing H∞ control scheme is considered, including parameter
varying weighting functions.
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where Wzs = 1−ρa
s2+2ξ11Ω11s+Ω11

2

s2+2ξ12Ω12s+Ω12
2 is shaped in order to

reduce the bounce amplification of the suspended mass (zs)
between [0,12]Hz.
Wθ = (ρa)

s2+2ξ21Ω21s+Ω21
2

s2+2ξ22Ω22s+Ω22
2 attenuates the roll bounce ampli-

fication in low frequencies.
Wu = 3.10−2 shapes the control signal.

Remark 2.1: The parameters of these weighting functions
are obtained using genetic algorithm optimization as in [32].

According to Fig. 3, the following parameter dependent
suspension generalized plant (Σgv(ρa)) is obtained:

Σgv(ρa) :=

 ξ̇ = A(ρa)ξ +B1w̃+B2u
z̃ =C1(ρa)ξ +D11w̃+D12u
y =C2ξ +D21w̃+D22u

(17)

where ξ = [χvert χw]
T ; z̃ = [z1 z2 z3]

T ; w̃ =
[zri j Fdx,y,z Mdx,y]

T ; y = zde fi j ; u = uH∞

i j ; and χw are
the vertical weighting functions states.
The proposed LPV/H∞ robust controller is synthesized
by using LMIs solution for polytopic systems; the varying
parameter ρa is considered bounded: ρa ∈ [0,1].



To summarize, when the driving situation is dangerous,
the vehicle stability is weak and lateral acceleration
increases: ρa → 1 , the roll motion caused is penalized to
reduce the load transfer bounce as in Fig. 3 to enhance
roadholding, stability and safety of the vehicle.

In normal driving situations, the lateral acceleration is low
and ρa → 0. In this case, the LPV/H∞ suspension control
focuses on improving passengers comfort by reducing the
chassis displacement and accelerations.

III. SIMULATION RESULTS

Fig. 4, 5 and 6 present the simulation results obtained with
the flat nonlinear control strategy. A line change maneuver
is used to perform this test. This results confirm the ability
of this control law to follow a given trajectory. In fact, Fig. 5
shows the performance results of the flat controller to track
the desired flat outputs y1 and y2. Moreover, the abilities
of this control law to provide coupled and realistic control
maneuvers in terms of steering angle and braking torque are
presented in Fig. 4.

Other results on the stability of the sideslip motion of the
vehicle are presented in Fig. 6. In fact, the controlled vehicle
model operates inside of the stability region, however, the
uncontrolled model operates outside the stability region.
These results confirm the ability of the proposed flat control
law to keep the controlled vehicle model more stable.
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The scenario is used to emphasize the integration strategy
between the flat non linear longitudinal/lateral dynamics
control and the LPV/H∞ vertical dynamic control: the
vehicle is considered running at 90km/h in straight line on
wet road (µ = 0.5, where µ is a coefficient representing the
adherence to the road). The driver performs a line change
manoeuvre between t = 0.5s and t = 2s. First, a 5cm bump
occurs on the left wheels (from t = 0.5s to t = 1s) then
another one between t = 3s and t = 4s. Also, lateral winds
are considered generating an undesirable yaw moment (from
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t = 2s to t = 2.5s).
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Fig. 7 and Fig. 8 show the lateral acceleration of the
vehicle and the scheduling parameter used by the LPV/H∞,
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respectively, while performing the proposed scenario. It can
be seen that the lateral acceleration rises when performing
the line change maneuver (lateral dynamics strongly
excited), at the same time the considered varying parameter
ρa value increases to achieved properly the performance
scheduling task.
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The chassis displacement (representing passengers com-
fort) and roll bounce motion of the vehicle (representing

the vehicle roadholding) are given by Fig. 9 and Fig. 10.
Indeed, when the driver performs the line change and faces
the first bump, the driving situation is dangerous and the
lateral acceleration increases (as in Fig. 7), ρa → 1 (as
shown in Fig. 8) to tune the suspension control. In this
case, the LPV/H∞ suspension control penalizes more the roll
dynamics to reduce the load transfer and improve the vehicle
safety and handling (see II-B.2). Also, it can be seen in Fig.
9 that after the line change, when the vehicle encounters
the bump in a straight road, the driving situation is normal,
ρa → 0 and the suspension control focuses on improving
passengers comfort by reducing the chassis displacement zs.

IV. CONCLUSIONS AND FUTURE WORK

This paper has presented a novel integration strategy
of non linear and robust vehicle control approaches: the
lateral/longitudinal flatness control and the LPV/H∞ vertical
dynamics control. An innovative coordination method
between the two strategies has been introduced ensuring
a good communication between the considered controllers
that aims at improving several vehicle dynamics. Simulation
results emphasize the success of this collaborative strategy
for enhancing the longitudinal, lateral and vertical dynamics
and have shown the efficiency of the proposed approach. The
authors stress that using the LPV coordination framework
allows to simplify the implementation procedure.
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