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ABSTRACT

In this paper, a multiple-input hybrid frequency-time do-
main decision feedback equalizer is proposed to deal with
the intersymbol interference in time-varying frequency-
selective channels. To track the time-variation in the chan-
nel, block-based adaptive processing is considered where
the equalizer taps are iteratively updated with a decision
directed mode. In addition, we apply the overlap-and-save
technique at the receiver. This technique makes it possible
to remove the overhead due to the transmission of cyclic-
prefix over each block of data, such as in usual frequency-
domain equalization systems. The use of multiple-input
at the receiver improves the tracking of fast time-varying
channels. The proposed structure is simulated over fast
time-varying and frequency-selective Rayleigh-fading chan-
nel models.

1. INTRODUCTION

In high frequency-selective channels, equalization tech-
niques are necessary at the receiver side to combat the in-
tersymbol interference (ISI) caused by the multipath sig-
nal propagation. Among others, the decision feedback
equalizers (DFE) offer better performance than linear equal-
izers (LE) by taking into account the interference caused
by past decisions [1]. However, the DFE has the incon-
venient of error propagation due to the feedback of erro-
neous decisions in the loop, which mainly occurs at low
signal to noise ratios (SNR). Multiple antennas at the re-
ceiver side allow to improve the equivalent SNR at the
equalizer output.

Frequency-domain equalization (FDE) is an interest-
ing alternative to time-domain equalization (TDE). Based
on block-processing and compared to the TDE, the gain is
twofold: reduce the computational complexity at the re-
ceiver and simplify the equalizer parameters setting. This
complexity reduction is increasingly important as the chan-
nel delay spread is large in terms of symbol duration. The
FDE can be carried out based either on the insertion of
cyclic-prefix intervals to perform a circular convolution
[2, 3] or on the use of overlapping techniques to perform
a linear convolution [4, 5, 6]. For spectral efficiency im-
provement, we use the overlapping techniques in this pa-
per, such as the overlap-and-save (OS), which allows mod-
ifying the processed block size at the receiver unlike the

cyclic prefix based equalization.
The implementation of the DFE on a block-by-block ba-
sis is confronted to a causality problem: to compute the
equalizer output corresponding to a given symbol of the
current block, decisions on other symbols of the same
current block are required but are not yet available. As
a consequence, only the feedforward filter can be imple-
mented on a block-by-block basis whereas the feedback
filter must be implemented on a symbol-by-symbol basis.
Thus, block-based FDE is applied only on the feedforward
filter part. In the state of the art, this is called a hybrid
frequency-time domain DFE [3, 2, 7].
In the other hand, a whole implementation of the two fil-
ters on a block-by-block basis is necessary based on itera-
tive processing [8, 9]. Thus, A full block-based frequency-
domain implementation can be carried out [3, 10]. The
performance is improved with iterations, which requires
higher complexity than the conventional DFE. We do not
consider these iterative solutions in this paper.
Traditionally, the equalizers are designed using the mini-
mum mean square error criterion (MMSE) based on chan-
nel estimation [11, 12] or adaptive processing [13]. When
the channel impulse response (CIR) changes within block
duration, that is the case in long transmissions and time-
varying channels, adaptive processing enables the equal-
izer to track the time-variation in the channel. The equal-
izer taps are iteratively updated with a decision directed
mode. The advantage compared to channel estimation-
based equalization is that the transmission of preambles to
re-estimate the channel whenever it varies is avoided. The
equalizer operates with a data aided mode at the begin-
ning of the transmission where a training sequence is sent
to allow equalizer convergence to the optimal response.

When fast time-variation occurs in the channel, adap-
tive algorithm can not track the channel and the equal-
ization fails. The use of multiple-inputs at the receiver
offers frequency diversity and a substantial performance
gain can be obtained over its single-input counterpart [14,
15]. In addition, this diversity combining gain improves
the equivalent SNR at the equalizer output that reduces
the error propagation phenomenon, occurring at low SNR.

In this paper, assuming no channel state information (CSI)
at the receiver side and using the OS technique, we pro-
pose a multiple-input hybrid frequency-time domain adap-



tive DFE (HD-OS-ADFE) where a common feedback fil-
ter is used for all the inputs. The proposed scheme is sim-
ulated over time-varying Rayleigh-fading channel model.
Results are given in terms of bit error rate (BER) vs. sin-
gle to noise ratio (SNR).

2. RECEIVER DESIGN

We consider an adaptive DFE for an all-digital single-
carrier receiver in a fast time-varying channel environ-
ment. The DFE is implemented on a hybrid frequency-
time domain block basis. The information data are mapped
onto a QPSK modulator. Each set ofm = log2(M) data is
associated with an M -ary complex symbol dn by a Gray
mapping. The resulting data stream is transmitted through
a multipath channel. Let s(t) be the transmitted signal:

s(t) = ℜe{
+∞∑

n=−∞
dng(t− nT )ej(2πfct+ψ)} (1)

where fc is the carrier frequency, ψ is the carrier phase
uncertainty, 1/T is the symbol rate with T the symbol
duration, {dn} are the QPSK transmitted symbols with
variance σ2

d and g(t) is a pulse-shaping filter.
After demodulation and sampling at the symbol rate,

the received signal is modeled as the output of a single-
input multiple-output (SIMO) discrete-time channel where
each output m, (m = 1, ..., NR), is corrupted by an ad-
ditive, zero-mean, white Gaussian noise (AWGN) w(m)

n

with variance σ2
(m). Note that the noise samples at all out-

puts are assumed to be independent from each other. The
nth sample received by the mth antenna can be written as
follows,

r(m)
n =

L−1∑
l=0

h
(m)
n,l dn−l + w(m)

n (2)

where h(m)
n,l (l = 1, . . . , L) are the L coefficients of the

multipath time-varying channel corresponding to the mth

antenna.

3. HYBRID FREQUENCY-TIME DOMAIN
ADAPTIVE DFE

FDE is an interesting alternative to time-domain equaliza-
tion for single carrier transmission systems. Using fast
Fourier transform (FFT), the FDE is performed over a
block of N samples by multiplying term by term these
N samples by the N coefficients of the equalizer, as de-
picted in Fig. 1. The theoretical performance is equivalent
to that of the TDE. FDE has a lower computational com-
plexity than TDE when channel delay spread is high in
terms of symbol duration.

A hybrid frequency-time domain overlap-and-save adap-
tive decision feedback equalizer (HD-OS-ADFE) is pro-
posed in this paper. The feedforward filter is implemented
in the frequency-domain on a block-by-block basis whereas

Fig. 1. Frequency-domain Equalization principle

Fig. 2. Hybrid frequency-time domain DFE (HD-DFE)

the feedback filter is implemented in the time-domain on
a symbol-by-symbol basis, as depicted in Fig. 2. The
overlap-and-save technique is applied to the block frequency-
domain feedforward part in order to avoid the overhead
resulting from the transmission of cyclic prefix intervals.
We denote NFF the length of the feedforward filter, and
NFB the length of the feedback filter.

We denote F and F−1 the (N +NFF )× (N +NFF )
discrete Fourier transform (DFT) matrix and the inverse
DFT matrix, respectively. The elements of F are defined
as follows,

F (s, q) = e−j2πsq/(N+NFF ) (3)

After conversion to time-domain using F−1, the feed-
forward filter output block is given by the following equa-
tion,

zk = Last N terms of
{
F−1R̆kc̆k

}
(4)

where k is the block index, R̆k is a diagonal matrix
containing the kth frequency-domain overlaped input data
block rk,

R̆k = diag(Frk) (5)

rk is the time-domain overlaped input block contain-
ing the last NFF elements from the previous data block
and the N elements of the current data block, according
to the overlap-and-save principle,

rk = [rkN−NFF
, . . ., rkN−1, rkN , . . ., rkN+N−1]

T (6)

and finally, c̆k is the frequency-domain feedforward
filter vector containing theNFF significant taps augmented
by N zeros according to the overlap-and-save principle,

c̆k = F [ck, 0, ..., 0]
T (7)

ck is the kth time-domain coefficient vector of the
feedforward filter,

ck = [ck,1, .., ck,l, .., ck,NFF
] (8)



After parallel-to-serial conversion, data symbols are
detected and filtered symbol-by-symbol by the feedback
filter in the time-domain to remove the residual a-priori
interference part, as given in (9).

yn = zn −
NFB∑
l=1

bk,ld̂n−l (9)

where bk,l is the lth component of the kth time-domain
feedback filter coefficient vector

bk = [bk,1, .., bk,l, .., bk,NFB ] (10)

Using the minimum mean square error (MMSE) criterion,
the feedforward and feedback filters taps are designed based
on the least mean square (LMS) adaptive algorithm, where
the equalizers taps are iteratively updated. This enables to
track the time-variation in the channel in a decision di-
rected mode. However, a training sequence must be sent
at the beginning of the transmission to allow the equalizer
to converge to the optimal solution.

Each symbol error is evaluated as a difference between
the equalizer output and the corresponding decision as fol-
lows,

en = yn − d̂(yn) (11)

where d̂(yn) is the decision taken from yn. The block
error vector is defined as,

ek = [ekN , ekN+1, ..., ekN+N−1]
T (12)

and the corresponding frequency-domain error block
ĕk is given as follows,

ĕk = Fek (13)

Both feedforward and feedback filters are updated on
a block-by-block basis according to the hypothesis of slow
time-varying channel within the block duration. In other
words, the filters taps are kept fixed during the block inter-
val and are updated at the next block iteration. The update
equations are given as follows,

c̆k+1 = c̆k − µcFGF−1R̆H
k ĕk (14)

for the feedforward filter, where G is an (N + NFF ) ×
(N +NFF ) time-domain constraint matrix also allowing,
according to the overlap-and-save principle, to discard and
insert elements when performing FFT operations,

G =

(
INFF

0N
0N 0NFF

)
, (15)

and
bk+1 = bk + µbD

H
k ek (16)

for the feedback filter. µc and µb are the adaptation step
sizes of the feedforward filter and the feedback filter, re-
spectively.

Fig. 3. Multiple-input hybrid frequency-time domain
adaptive DFE

4. MULTIPLE-INPUT HD-OS-ADFE

A multiple input HD-OS-ADFE is proposed using NR re-
ceive antennas. A common time-domain feedback filter is
applied for all the inputs as depicted in Fig. 3.

The update equation of each feedforward filter vector
taps for the mth input is given as follows,

c̆
(m)
k+1 = c̆

(m)
k − µ(m)

c FGF−1R̆H(m)

k ĕk (17)

µ
(m)
c is the adaptation step-size parameter for the mth in-

put.
In each feedforward filter, an element-wise multipli-

cation between the input data block and the filter taps is
carried out. The NR resulting blocks at the feedforward
filters outputs are combined in the frequency-domain and
the resulting block is returned in the time domain as fol-
lows,

z̆
(m)
k = R̆

(m)
k c̆

(m)
k (18)

zk = Last N terms of

{
F−1

NR∑
m=1

z̆
(m)
k

}
(19)

A feedback filter is then applied as defined in section
III. The multiple-input structure is simulated over time-
varying Rayleigh-fading channel model. Results are pre-
sented in section V.

5. SIMULATION RESULTS

In highly frequency-selective and time-varying wireless
channels, the transmitted signal experiences significant power
fluctuations due to the fading caused by the multipath prop-
agation and Doppler effect. One such well known channel
model is the Rayleigh fading. Simulation over this model
is of great interest in wireless communications. To gener-
ate this fading process, we use the statistical Jakes model
in which the theoretical Doppler spectrum of the Rayleigh
fading channel can be approximated accurately as a sum
of randomly generated sinusoids [16]. Continuous data
transmission is carried out over a continuous fast time-
varying channel.



Table 1. Table of transmission parameters
Carrier-frequency fc = 2 GHz
Modulation QPSK
Bandwidth Bw = 10 MHz
Relative speed between the
transmitter and the receiver
in the case of Fig. 4 v = 3 km/h
Maximum frequency Doppler
for Fig. 4 fdmax = 5.55 Hz
Relative speed between the
transmitter and the receiver
in the case of Fig. 5 v = 30 km/h
Maximum frequency Doppler
for Fig. 5 fdmax = 55.55 Hz
Block length 64
Feedforward filter length 64
Feedback filter length 2
Training sequence 400 blocks

The performance are given in terms of bit error rate (BER)
as a function of the signal to noise ratio Eb/N0, where
Eb is the average energy per data bit and N0 is the one-
sided noise power spectral density. The HD-OS-ADFE
is simulated over the Rayleigh-EQ3 time-varying channel
model that contains three paths with equal average power.
We include the theoretical matched filter bound (MFB) of
Rayleigh-E3 channel model. We also include the theoreti-
cal binary error probability for an additive white Gaussian
noise (AWGN) channel as a reference. The transmission
simulations parameters are given in table 1. The time-
variation is generated by Doppler effect and is character-
ized by the product of the Doppler band Bd = 2fdmax by
the symbol duration T .

In Fig. 4, we show the performance of the HD-OS-
ADFE in slow-time-varying Rayleigh-fading channel model
with BdT = 0.7 10−4. We also compare the performance
of the HD-OS-ADFE to a block-based frequency-domain
overlap-and-save adaptive linear equalizer (FD-OS-ALE),
which contains only a feedforward filter optimized adap-
tively on a block-by-block basis, in the frequency-domain,
as given in equation (14). The two equalizers can not track
the channel variation below an Eb/N0 value of about 6
dB in a decision directed mode. Both equalizers require a
minimumEb/N0 value to achieve the decrease of the BER
as a function of Eb/N0. This value is equal to 6 dB in the
case of the FD-OS-ALE while it is equal to 7 dB in the
case of the HD-OS-ADFE, due to the error propagation
phenomenon that occurs at low SNR values. Beyond 7
dB, the HD-OS-ADFE outperforms the FD-OS-ALE and
performs around 2 dB close to the lower theoretical MFB
of the Rayleigh-EQ3 channel model. The FD-OS-ALE
needs an Eb/N0 equal to 10.5 dB to achieve a BER of
about 10−2 with a gap of 2 dB compared to the HD-OS-
ADFE. This difference increases with the SNR.

In Fig. 5, we consider multiple antennas at the receiver
and assume a Rayleigh-EQ3 channel for each transmit-
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Fig. 4. Bit error rate vs. Eb/N0 in Rayleigh-EQ3 chan-
nel model using one receive antenna, number of transmit-
ted blocks: 1.8 105, training period: 400 blocks, BdT =
0.7 10−4

antenna receive-antenna pair. We include the theoretical
MFB of the Rayleigh-EQ6 channel model (i.e. 6 paths of
equal average powers) using 2 inputs and the theoretical
MFB of the Rayleigh-EQ9 channel model (i.e. 9 paths of
equal average powers) using 3 inputs as references for the
2-input HD-OS-ADFE and the 3-input HD-OS-ADFE, re-
spectively. We consider BdT = 0.7 10−3, which yields
a faster time-variation compared to Fig. 4. Consequently,
the single-input HD-OS-ADFE can not track the channel
and the equalization fails. When using additional receive
antennas, the proposed equalizer, based on adaptive pro-
cessing, is able to track the time-variation in the channel.
The performance is improved as the number of receive an-
tennas increases.

0 2 4 6 8 10 12 14 16 18
10

−4

10
−3

10
−2

10
−1

10
0

E
b
/N

0

B
it 

er
ro

r 
ra

te

 

 

AWGN (N
R
=3)

MFB Rayleigh−EQ9 (N
R
=3)

MFB Rayleigh−EQ6 (N
R
=2)

MFB Rayleigh−EQ3 (N
R
=1)

HD−OS−ADFE (N
R
=3)

HD−OS−ADFE (N
R
=2)

HD−OS−ADFE (N
R
=1)

Fig. 5. Bit error rate vs. Eb/N0 in Rayleigh-EQ3 chan-
nel model using multiple receive antennas, number of
transmitted blocks: 4.2 104, training period: 400 blocks,
BdT = 0.7 10−3



6. CONCLUSION

In this paper, a multiple-input hybrid frequency-time do-
main DFE is proposed to deal with the ISI in time-varying
frequency-selective channels. A block-based adaptive pro-
cessing is used to track the time-variation in the channel.
The frequency-domain implementation of the feedforward
filter on a block basis reduces the computational com-
plexity of the receiver compared to the time-domain DFE.
When the time-variation increases in the channel, adaptive
processing can not track the channel and the equalization
fails. As shown through simulations, the increase in the
number of receive antenna improves the performance and
allows the adaptive proposed equalizer to efficiently track
relatively-fast time-variations in the channel.
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