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STABILITY THEOREMS FOR GAGLIARDO-NIRENBERG-SOBOLEV
INEQUALITIES:
A REDUCTION PRINCIPLE TO THE RADIAL CASE

B. RUFFINI

ABSTRACT. In this paper we investigate the quantitative stability for Gagliardo-Nirenberg-
Sobolev inequalities. The main result is a reduction theorem, which states that, to solve the
problem of the stability for Gagliardo-Nirenberg-Sobolev inequalities, one can consider only the
class of radial decreasing functions.

1. INTRODUCTION

1.1. Background. The sharp Gagliardo-Nirenberg-Sobolev inequality (briefly: GNS) in R",
with n > 2, takes the form, for a suitable constant G = G(n,p, s,q) > 0,

0 —0
Gllullg < IVullpllullg (1.1)
where the parameters s, ¢, p satisfy
l<p<mn,
np
1<s<qg<p, = d
<s<q<p =g, (12)
0 1-4

1
s q
In (1.1), and in what follows in this paper, the symbol ||u||, denotes the L"-norm of a function

fullp = [t = [ fur
Rn

while if the set of integration is a proper subset £ of R", we use the notation || - || (g). Analo-

uw on R™

gously, to lighten the notations, we shall omit the set of integration when an integral is defined
on the whole R". The function u is taken in DP*(R"™), that is the closure of CZ°(R"™) under
the norm ||u||pr.s = [|Vul, + ||ul|s, anyhow we can always suppose, in this paper, to deal with
regular functions, so that the gradient Vu of a function u is well defined.

Inequality (1.1) belongs to the class of the celebrated Sobolev inequalities, which are a
fundamental tool in several applications in the Calculus of Variation, and it can be derived
by combining the interpolation inequality between the L®, L? and LP" norms on R™ with the
classical Sobolev inequality

S(n,p)lullpr < IVullp. (1.3)
Here S(n,p) is the optimal Sobolev constant, namely
\Y
S(n.p) = inf{w C ueWhEn)\ {0}}, (1.4
p*
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being W1P(R™) the Sobolev space of functions which are, together with their weak gradient, in
LP(R™) (see [9]). Explicit formulas for S(n,p) and minimizers in (1.4) are known since the work
of Aubin [1] and Talenti [15]. We stress that the same result is not available for the optimal
constants and functions in (1.1) with the exception of the one-parameter family of exponents

pis—1)=qp—1) ifgs>p plg—1)=s(p—1) ifq,s <p, (1.5)

see [8, 5]. What can be said in full generality, is that optimal functions in (1.1) exist and, ac-
cording to the Pdlya-Szeg6 inequality (see for instance [2]), are non-negative, radially symmetric
functions with decreasing profile (see [2, 14]). Furthermore, they are unique up to translations,
rescaling and multiplication by (non-zero) constants. In this paper we deal with the problem of
getting a quantitative stability version of inequality (1.1). To state rigorously this problem, we
introduce the (GNS) deficit §(u) of a function u € DP*(R") as

IVullpllull s~
S(u) = —=L—2— — 1, (1.6)
Gllullg
and notice that inequality (1.1) reads, in terms of d(u), as
o(u) > 0. (1.7)

Then, for a quantitative version of the GNS inequality, we mean an improvement of inequality

(1.7) of the form
d(u) > rodist(u, M)*°, (1.8)

where kg, o are positive constants not depending on u and dist(-, M) indicates an appropriate
distance from M, the set of the optimizers for (1.1). The concept of distance we shall adopt is
the following

lu — vl

Au) = inf {W : v is optimal for (1.1), |jv|lqy = Hqu} (1.9)
Ullg

and we will call it asymmetry of u. Results in this direction have been recently obtained with
some ad-hoc techniques valid for special classes of parameters among those in (1.2), see [6]
and [3]. In particular, the parameters considered in [6] are contained in those introduced in
(1.5) (although the authors focus, because of their later applications, just on the particular case
p = 2,qg = 6,s = 4), and the knowledge of minimizers is exploited in a crucial way. In [3],
the authors address a class of parameters, p = s = 2,¢ > 2, for which the minimizers are not
explicitly known and they follow a strategy developed by Bianchi and Egnell in [4], which heavily
relies on the Hilbertian structure corresponding to p = 2 and seems complicate to generalize.
Thus the above techniques seem adaptable to prove the stability for the GNS inequalities only
for a particular class of parameters. In this paper, thanks to a general symmetrization technique
introduced by Cianchi, Fusco, Maggi and Pratelli in [7], we are able to prove a reduction principle
which is valid for the whole class of parameters (1.2). Namely we reduce the problem to that of
showing the stability just for radial symmetric functions, reducing the complexity of the task in
its generality from a n—dimensional to a 1—dimensional problem. Although this does not solves
completely the problem, it offers a more simple way to attack it.

1.2. Main result and plan of the paper. Consider the class of parameters (1.2). The main
result we shall prove is the following
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Main Theorem. Consider the functionals §(-) and A(-) defined in (1.6) and (1.9) respectively.
Suppose that there exist two positive constants kg and ag such that the stability inequality

d(u) > koA(u)* (1.10)

holds for any radial non-increasing function uw € DPS(R™). Then there exist two positive con-
stants k1 and aq such that the inequality

O(u) > kA ()™ (1.11)
holds true for any function in DP5(R™).

A first result we shall use, in the direction of proving the Main Theorem, is a sort of continuity
at 0 of the asymmetry A with respect to the deficit §. Namely we prove, in Corollary 2.4 of Section
2, that given a sequence of functions (uyp,)p, such that d(up) converges to 0 as h goes to infinity,
then A(up) converges to 0 as well. This result is accomplished by means of the compactness
Theorem 2.1, where we prove that a sequence of functions whose deficits are infinitesimal, up
to be (suitably) rescaled and translated, is compact in LZ(R™). After Corollary 2.4 is settled,
we pass to the proof of the Main Theorem. Its proof is given in Section 3 and Section 4,
each of them devoted to obtain a simplification of the class of functions we deal with. More
precisely we make use of a further reduction step, aimed to prove that if the stability inequality
(1.10) holds true for radial decreasing functions, it also holds for n-symmetric functions, that is
functions which are symmetric with respect to n orthogonal hyperplanes. Namely we prove, in
Section 3, that if there exist positive constants kg and g such that for any radial decreasing
function u € DP*(R") inequality (1.10) holds true, then there exist positive constants x; and
oy depending on n,p,q and s such that for any n-symmetric function u € DP*5(R"™) we have

d(u) > kiA(u)r. (1.12)
Eventually, in Section 4, we prove that to get the stability for GNS inequality, it is not restrictive
to consider only n-symmetric functions. To do this, we show the existence of two positive

constants kg and g such that for every non-negative function v € DP*(R™) there exists an
n-symmetric function # such that the following reduction inequalities hold true

AMu) < ko(u)*?, d(u) < Kod(u)*?. (1.13)
It is then easy to see that combining (1.12) with the reduction inequalities (1.13) we get the

claim of the Main Theorem.

2. CONTINUITY OF A WITH RESPECT TO 6 VIA A COMPACTNESS THEOREM
We devote this section to the proof of the following theorem.

Theorem 2.1. Let (up)p be a sequence in DP*(R™) such that 6(up) converges to 0 as h — oo.
Then there exist (Ap)n C (0, +00) and (xp), C R™ such that the rescaled sequence
wp () = Ty, up(r — xp) = )\Z/quh()\h(x — 1)) (2.1)
satisfies:
(i) 0(wn) = 6(un);  Awn) = Aup);
(i) Jfwnlly = unlly for b e N;
(iii) there exist constants Cy,Cy > 0, depending only on n,p,q, s, such that

1 1
?0 < vath < Cy, a < HwhHs < Cy;
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(iv) wp, = w  strongly in LY(R™) as h — oo with w € DP*(R™).

In what follows we will always implicitly suppose that the parameters n,p,s,q and 6 satisfy
conditions (1.2). We begin our analysis considering the following functionals

Gl = IValplult?. Fw) = [19up+ [ 1af 22)
defined for u € DP*(R™). Given m > 0 we define the functions
$(m) =inf{G(u) : [Jullf =m},  @(m) =nf{F(u) : [Jul|f =m}. (2.3)

Lemma 2.2. There exists ng = no(n,p,q,s) > 0 with the following property. For any u €
DP#(R™) there exists X > 0 such that, if Ty(u) = N"9u(\z), then

np + ps —ns
F(mu) = noG(u)* where k=q ——— < 2.4
() = mG(w) g Er (2.4
Proof. For u € DP*(R™) we have
_ —n+p+ 2L
Il = llulld,  llmaul = A" ulls and  [[Voullh = A7 | Vullf; (2.5)

hence
F(myu) = N*A+ X'B = f())
where A = |Vu|b, B = |[u||$, a = —n + p+ np/q and b = —n + ns/q. The function f attains

its minimum at ) .
= (0P8
mn a A

f()‘m) =1 <A9/p>qy (B(l_g)/s) qu

np+ps—ns
np+pg—ns’

with the value

where 19 = no(n,p, s,q) and v = that is the claim of the lemma. O

Lemma 2.3. There exists « = a(n,p,q,s) € (0,1) such that
w(m) =mp(1) for all m > 0.
In particular ¢ is strictly super-additive in (0,1).
Proof. Let u € DP*(R™) be such that ||[ul|d = m. Let v = u/m"9 and set T\v(x) = A"/ (\x).
p—s

Setting A = mrrtra—ns we get, after some calculation analogous to those in Lemma 2.2,

F(ryv) =m “F(u)

np+ps—ns
np+pqg—mns’

up|lg = m and as above v, = uy/m*/4, we obtain
[[unlg d as ab /m!/a btai

where a = If we now consider a minimizing sequence (up)p for ¢(m) such that

e(m) = lim F(up) =m* lim F(r\vp) > m%p(1).
h—ro0 h—ro0

The opposite inequality can be proved with an analogous argument considering a minimizing
sequence (vp,);, for (1), and setting wuy, = m!'/9vy,. O

We pass now to the proof of Theorem 2.1.

Proof of Theorem 2.1. Let ¢ be the function defined in (2.3). We recall the Lions’s Concentration-
Compactness Theorem (see [11] or [13, Theorem 4.3 and Theorem 4.8]): given a non-negative
sequence (pp,);, in L' (R™) with fixed L! norm, say 1, there is a subsequence (py, ), which satisfies
one of the following properties:
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(1) (concentration) there exists a sequence (yx) C R™ such that for every ¢ > 0 there exists
R € (0,00) such that fBR(yk) pn, >1—¢  forevery k € N;

(2) (vanishing) limy oo SUP,cgn fBR(y) pn, =0 for 0< R <oc;

(3) (dichotomy) there exist a € (0,1) and two sequences R, — +oo and (yp)n, C R™ such
that fBth (un,) P = @ and fRn\BQth (un) e = 1—a.

Let up € DP*(R™) be such that 6(up) — 0. We can suppose that |lupll, = 1. Consider
wp(z — xp) = Ta,up(z — xp) where A\, > 0 is defined, for every h, as in Lemma 2.2. Thanks
to formulas (2.5), each function wy, satisfies statements (i) and (iz) of the theorem. Moreover,
Lemma 2.2 provides us two positive constants 79 and k such that F(wy) = 1n9G(up)¥. Since
§(wp)+1 = G(wy,)/G, and §(wy,) tends to 0, it follows that the sequence F(wy,) — G* = ¢(1) as h
tends to oo, where ¢ is defined in (2.3). In particular the sequence (wy, ), must satisfy statement
(7i1) of the theorem. In order to prove point (i), we apply the Concentration-Compactness
Theorem to the sequence (|wy|?), aiming to exclude cases (2) and (3).

If the sequence vanishes, by Holder inequality we would get vanishing also for the sequence
(|wn|*)n, since s < ¢. It is not difficult to see that these conditions, together to the equibound-
edness of (wp)p in DP*(R™), guarantee that wy, — 0 strongly in L? as h — oo (see for istance
[12] Lemma I.1). Since ||wp|lq = |lunlly = 1, we would get a contradiction. So we can exclude
case (2).

The dichotomy case is more complicate and requires a longer analysis. Suppose to have
dichotomy for the sequence (Jwp|?)n. Then there exist o € (0,1) and a sequence of positive
numbers Rj;, — oo as h — oo such that

/ |wp|? = o /
B, B¢

onl? = 1 — @ / wpl? = 0.
2Ry, Bar, \Br,,

Let f € CL(B(0,2);[0,1]) such that f = 1 on B(0,1) and consider fy(x) = f(z/Ry) €
CH(B(0,2R},);[0,1]). Choose also f such that |V f,| < C/R), for some C > 0. Then we have

F(wh):/’vwh‘p‘f‘/‘wh‘s
= [ 1WGar s [ pgwor s [ v

BSg, Bar), \Br,

wf i / 0 / o,
~ [9tnr+ | |V[h<1 ~ fywnll?

. /B . IV wnl? = [V fuon) = [V[(1 = fi)eon]l?]

+ [ [t +10 = ]

w0 [l = gl — (= Tt
Bog,, \Br,,
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Since f; takes values in [0, 1], the last integral is non-negative. Neglecting this quantity and

rearranging the terms, we get
F(wp) = F(fawn) + F((1 = fp)wn) — e(h)

o Fronl®) + (11— fr)wnll2) — e(h), (26)

>
>

where

= [ [P 910 el = [T

We claim that the error e(h) is estimated from above by a quantity which converges to 0 as
h — oo. Indeed

=[P+ 910 = )l = (]
= / 1 fnVwn + w0V fulP + (1 = fn)Vaop, — wp ¥ fu]? — |th|p}
Bor, \Br,, -
</ (1faVen +wn V] + 10 = f1)Vwn = wnVfal) = [Vunl?]
Bor, \Br,, -

(2.7)
r p
S/ <|th| +2|wh||th|) — |th|p}
Bary \Br,, -

< / eCy|Vunl? + Co|V fi P uon P
Bogr, \Br,, -

< eCypsup / Vanl? + C. I filPleon .
heN

Bag,;, \Br,,
where the first inequality is due to the super additivity of the map t — ¢ on Ry, the second to
the triangle inequality and the third one is the Young inequality of (suitable) parameters € > 0
and C.. We need to estimate the quantity

o) = | 1 falwn .
Bor,;, \Br,,

If p > s then interpolating the LP norm of the wy,’s between the L*® norm and the LP" norm and
recalling that |V fy,| < C/Ry, we get

(O .
[ Pl < ol 200
Bog,, \Br,, h

Since we already know that wy, satisfies statement (i7i) of the theorem, we get that g(h) — 0 as
h — oco. If s > p we divide g(h) into two terms:

IV fulPlwnl? + / I fulPlunl? = g (h) + ga(h).

g(h) = /
(B2r), \Br;, ) {wn 21} (B2r;, \Br,, )" {wp, <1}

Since g > p we have

<< junl < &
gi1(h) < —/ wp|? < =5
sz Bor, \Br,, Rﬁ

and so g1(h) — 0 as h — co. Moreover, by Holder inequality of parameter p*/p, we get

*

o p/p )
) <5 ([ wnl” ) 1(Bor, \ B )|
h \" (Bz2r;, \Br, ) {wp<1}
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where
*

o

S P

Since p* > ¢, we obtain

p/p
g2(h) < (wp(2" = 1))PmCP (/ \Wh!q>
(B2r;, \BR,;, ) {wnr<1}

where w,, is the measure of the unit ball of R". So also go converges to 0 as h — oo. Thus,
passing to the limit in (2.7), first in h — oo and then in ¢ — 0 we obtain that €(h) can be
estimated from above by an infinitesimal quantity. Since ||wy, f5||2 and [[(1 — fr)wp||d converge
respectively to A and 1 — A\, we can conclude thanks to Lemma 2.3 that

p(1) = e(A) + ¢(1 = A) > ¢(1)

*

obtaining a contradiction.

So we can exclude also the dichotomy phenomenon. Since wy, is equibounded in LI(R"™), we can
consider its weak-L? limit w. This is also a strong limit in LY. Indeed by concentration, up to
translations and since ¢ > 1, we have

1—e< lim |wp|? = / lw|? < / lw|? < liminf/ lwp|? = 1.
h—o0 Br Br h—o0

This concludes the proof of the theorem. O

Corollary 2.4. Consider a sequence (up)p C DP*(R™) such that §(up) — oo as h — 0. Then
also AM(up) — 0 for h — co.

Proof. As a consequence of Theorem 2.1, up to pass to a subsequence and to consider a rescaling
of the form Tyup(z) = A/%u(Ax), we can suppose that u, — u strongly in LI(R™). Since the
map u +— A(u) is strongly continuous in LI(R™), A(uyp) converges to A(u). Furthermore, by the
semicontinuity of the deficit (with respect to the Li-convergence), 6(u) = 0. Hence u is optimal
for (1.1) and A(u) = 0. O

3. REDUCTION TO n-SYMMETRIC FUNCTIONS

In this section we prove that inequality (1.12) holds true for n-symmetric functions (recall
that a function is k-symmetric in R", n > k, if it is symmetric with respect to k& mutually
orthogonal hyperplanes). We begin with a brief overview of the strategy we want to adopt.
Given a function u € DP*(R™), the natural radial symmetric function to look at is its spherical
rearrangement u* (see [10, Chapter 3]). Suppose that inequality (1.10) holds true for radial
symmetric decreasing functions (and so for u*). Then by the triangle inequality we get

M)V < Jlu = [l + M)V < u— u|g + rg 8 (w) 0/,

In the direction of the proof of (1.12), we notice that by the Pdlya-Szego inequality (see for

instance [2]) we have that d(u*) < 6(u). But it is not clear if we can estimate the L7 distance

between u and u* in terms of §(u). Indeed this turns out to be true only if a function is already

n-symmetric. We shall show, in Lemma 3.1, that §(u) estimates from above the Pélya-Szegd

deficit, defined as

_ IVully = Ve
V]l

dps(u) ; (3.1)
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and then, in Lemma 3.2, we prove an estimate of the LP" distance between u and u* in terms
of the L? distance between |Vu| and |Vu*|.

Lemma 3.1. There exist two positive constants oy and Cqy such that for every u € DP*(R"™)
such that ||ullq = 1, with 6(u) < o, up to the rescaling (2.1), we have

Sps(u) < Co(u)'/? (3.2)
where 0 € (0,1) is the parameter introduced in (1.2).

Proof. By Theorem 2.1, up to rescaling it, we can suppose that u satisfies properties (i) — (i)
n (2.1). If we choose 6(u) < 1/G, we obtain:

G < [Vullpllalli < [Vullplulls™ <1+ G. (3.3)

Then,

G(u) = (IVull) — [9u ) full =" + Go(u) "
> Cit (IVully - 9 ) + Goa(u)

where we used the fact that |jul|, = 1 (statement (ii)) and |lulls > C; ' (statement (iii)). By
(3.3) there exists a positive constant ¢ such that,

0 * 0 * 0
I9ul? — 1901 = (19l ~ 1901,)’
Now the conclusion follows from (3.4) and (3.1), with C' = ¢!/, O

To obtain the desired estimate of the LP distance between u and u* we shall use the following
result, whose proof can be found in [7, Theorem 3].

Lemma 3.2. Letn >2, 1 <p<n and z = max{p,2}. Then there exists a positive constant C
such that

z—1

[u=wr <c< / rmp) ( / rw*rp) z ( [var- [ rw*rp)i (3.5)

holds for every non-negative u € W1IP(R™) which is symmetric with respect to the coordinate
hyperplanes.

We are now able to proceed with the proof of (1.12) when u belongs to the class of n-
symmetric functions.

Theorem 3.3. Suppose that there exist positive constants kg and g such that for any radial de-
creasing function u € DP*(R™) inequality (1.10) holds true. Then, there exist positive constants
k1 and ay depending on n,p,q and s such that for any n-symmetric function uw € DP*(R™) we
have

d(u) > ki A(u)*t. (3.6)

Proof. Since A\(u) < 2971 if § > 0 and §(u) > min{d, 1/G}, then we have A(u) < (2971/5)d(u)
and so (1.12) holds true with k1 = 297!1/§ and a; = 1. Hence we may assume that d(u) <
min{d, 1/G} for a suitably small §. Moreover, by Theorem 2.1 we can suppose |lul, = 1 and
llulls € [1/Co,Cp] where Cy > 1 is a constant not depending on u. Keeping in mind these
remarks, we divide the proof into two steps:
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Step 1: We assume that v > 0. In this case we have, by an interpolation inequality, Lemma 3.2,
and Theorem 2.1,

(1-0)q/s bq/p*
furess(focer) ™ (e
Gq(z 1) Oq

< OByt </ ) </|u|p> </|Vu*|1’> CE </|Vu|p /|Vu |p>p*_z
<C(n,p,q,s) </ |VulP — / |Vu*|1’>
(3.7)

where C'(n,p,q,s) and 7 are suitable positive constants depending on n, p, s and ¢. Notice that
we used the boundedness of the LP norm of Vu and of the L® norm of u guaranteed by Theorem
2.1 (up to choose ¢ small enough). Moreover we exploited Lemma 3.2 and thus the assumption
that u > 0. If we suppose §(u) < § < G, again by Theorem 2.1 we get

G < Co| Vur|lf) < Col|[Vull) = CsG(5(u) +1) < C5G(1 + @),
for suitable positive constants C5 and C'5. Hence there exists Cy > 0 such that
[Vaullp = [[Vu*[f < Ca(IVullp — [[Va*|p).

By the triangle inequality, estimates (3.2) and (3.7), the Pélya-Szegd inequality and the assump-
tion on radial functions that we have as hypothesis, we can find constants C5, Cg and C7 not
depending on u such that

Mu)® < 2071 (A (W) + [lu — w*[|7)

5(u)™ + ( / VP — / yvu*ypﬂ

< G [3(u)* +6(u)/]] < Cra(u,

< Cs

where £ = min{ag,v/6}.
Step 2: u changes sign. In this case consider the positive and the negative part of wu:

ut = uX{u>0) and u~ = —uXy,<o) (Where xa denotes the characteristic function of the set A).
By Lemma 2.2 we are provided of a positive constant A such that

HOG(U)K = F(T)\u).
Moreover we have that

F(ryu®) > inf F(r,u®) = noG(u®)".
B
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where F' and G are defined in (2.2). So we get
K K 0 1-6\F 1 P s
G"(0(u) +1)" = (IVullp[lul3™)" = ol W AAE R et
1 + —|p + —|s
= p” IVrau™ + Vru™ [P+ |mu™ + mau |
0

1
= n—(/]VTAuﬂp—i—/WTAu\p—i-/\T)\uﬂs—i-/\T)\u\s)
0

(IvaF gt 157" + (Ivu [l [17)"

> G [t + | = 6 [t I + 1]

v

The last equality is due to the fact that m\u™ and 7\u~ have disjoint supports while in the last
inequality we exploited the GNS inequality. Let us set [(u*)? =t and [(u™)? =1—t. We can
suppose t € (0,1), since u changes sign. Then the previous formula is equivalent to

F(8) = (159 4 (1 — )" " 1 < 5(u).

The function f is symmetric in [0, 1], vanishes at 0 and 1 and since k < ¢ (by Lemma 2.2) is
concave. Thus there exists a > 0 such that

£(t) > %min{t, 11,

min { / (u™)e, / (u—)q} < ad(u). (3.8)

Suppose that the minimum in (3.8) is achieved by [(u7)? (being analogous the other case).
Since 6(|u|) = d(u), we can conclude, thanks to the triangle inequality and to (3.8), that

so that

1/q
Aw) e < A(Jul) + </ lu — |u||‘1> < CR(0(w)*9 + 6(u)'/7) < k16(u)*/

where o = min{¢, 1} and Cs a positive constant not depending on u. The last inequality holds
for 6(u) < 1. So (3.6) holds with oy = a/q. O

4. REDUCTION INEQUALITIES

The goal of this section is to prove the reduction inequalities (1.13). Namely we shall prove
the following result.

Theorem 4.1. Assume the hypotheses of Theorem 3.3. Then there exist two positive constants
ko and agy such that for every non-negative function uw € DP*(R™) there exists an n-symmetric
function u such that the following reduction inequalities hold true

Au) < moXN@)°2,  5(a@) < rad(u)o2. (4.1)

The proof is accomplished arguing similarly to the Sobolev case considered in [7], although
some technical modifications are needed. We begin recalling that if v is an optimal function for
(1.1), then any other optimal function is of the form

Va,be (%) = av(b(z — x0)),
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where a and b are non-null constants and zg € R"™. We define the relative asymmetry of a
function on an affine subspace S of R™ as

— Va b,z ||g

I
AulS) =
(u‘ ) (a,b,x0)€R2XS{ ||qu

v optimal for (1.1), [[vap.zolly = Hqu}.

The next Lemma shows that the infimum in the definition of the relative asymmetry is achieved.

Lemma 4.2. Let u € DP*(R™) and S an affine space contained in R™. Then the infimum in
the definition of \(u) and A(u|S) are achieved.

Proof. Since the two cases are analogous, we show a proof just for the asymmetry. We can
suppose without loss of generality that |lul|, = 1. Let us start observing that A(u) < 2. Indeed,
if v is a competitor in the definition of A(u), then, up to translate the center of symmetry of v,
we can suppose that u and v do not have disjoint supports. Then

) S/|v—u|q:/{U>U}(u—v)q+/{v>u}(v—u)q</uq+/vq:2. (4.2)

Let now vy, (z) = apv(by(x—zp)) be a sequence of functions such that ||vp|l, = 1 and ||[u—vp||d —
A(u) as h — oo. We want to show that, up to subsequences, (ap, by, z) — (a,b,79) C R? x R"
as h — oco. We have that

q
a

1= [ 1ot =a [ lotona—a)l = bz/\w o (4.3)
h h

that is aj = bj!. Since v € LY(R") there exists a function p(e) converging to 0 as ¢ — 0 such
that for each z € R" we have

[owlr<ee. [ iz (4.4)
B(z,e) B(071/€)

Set now b_ = liminf;_, by, and by = limsupy,_,.. bp. We claim that b_ > 0 and that by < oc.
Suppose b_ = 0; then, recalling that vy is a radial function, we have

Lo [ =g [y
B(0,1/¢) B(zp,1/¢) B(0,by /¢)

—[
B(0,bp,/¢)

and the last quantity, up to pass to a subsequence, converges to 0 as h — oo. Thus we can

(4.5)

suppose that, for a fixed ¢ and for h big enough, we have

/ lop|? < e. (4.6)
B(0,1/¢)

So, thanks to (4.6) and (4.4) we have

|m—vﬂ$=/ m—ww+/’ = v
B(0,1/¢) B(0,1/¢)°

)

1/q 1/q|?
> (/ |mﬁ —(/ mw)
B(0,1/¢) B(0,1/¢)
1/q 1/q
(/ mm) —(/ wﬂ
B(0,1/2)¢ B(0,1/¢)¢

> [(1 = ple)) V1 = M1 [(1 = €)1 — p(e) e

q
+
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Passing to the limit in » — oo and then in € — 0 we obtain that A(u) > 2, that is a contradiction.
Suppose now that by = co. Then

/ |op |2 :/ allo(by(x — zp))|?dx = a%/ |v(bp)|dx
B(xp,e)° B(xp,e)° B(0,e)¢
_a,

_ % fo(2)|9dz = / o]
by JB(0,e)e B(0,bpe)e

and arguing as before we can suppose that fB(xh o) |up|? < e for h big enough. By (4.4) we get
fu—wly= [ u-wpr [ ju—u
B(zp,e) B(zp,e)°

1/q 1/q|4
( / w) - ( / |u|q)
B(xp ) B(zp,e)
1/q 1/q|4
" ( / |u|q> - ( / |vh|q>
B({L’h,E)C B(xhve)c

>(1=¢)—ple)+(L—ple) —¢

and we get, as above, a contradiction. Suppose now that (xp) is not bounded and extract a
subsequence (not relabelled) such that |xj| — oco. Then given N > 0, if h is big enough we
would get fB(xh ) lul|? < 1/N. If we choose N such that fB(xh ) |vp| > € for all h € N, we

(4.7)

Y

obtain
fu—wlg> [ wls [ juul
B(xth) B(xth)c
1/q 1/q|q
2\ ) (e
B($h7N) B(xth)
1/q 1/q|q
L ) =
B($h7N)C B($h7N)
1 q 1 1/q a
> _\Wa _ _ _ 1/a
> [(1 £) Nl/q] + (1 N) £ ] .
and again we get a contradiction. O

Clearly the asymmetry of a function estimates from below its relative asymmetry. But if we
consider a n-symmetric function, also the opposite estimate is true, as shown in next lemma.

Lemma 4.3. Let u € DP*(R"™) k-symmetric with respect to k orthogonal hyperplanes and let S
be the intersection of such hyperplanes. Then

AulS) < 39\ (u).
Proof. Suppose as usual that ||u|, = 1. Let vgp, a minimum for A(u). We consider now the
orthogonal projection xg of z on S and y the symmetric point of xg with respect to S. Notice

that since u is symmetric with respect to S, also v,y is a minimum for A(u). Moreover, since
the minima of the asymmetry are radial symmetric functions with decreasing profile, we have

[Vape = Vapasllg < NVapz = Vabyllg-
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This observation and the triangle inequality imply that
M) < u = vapaglly < llu=vapally + [vabe = vapaslly
= M) + [vape = vapasle < ANW)YD + [vape = vabyl
<MWY+ [[vape = ull + v = vapylly = 3A(u)
and the conclusion follows. O

The next result shows that the n-symmetry condition in the previous lemma can in some sense
be relaxed.

Lemma 4.4. Consider a function u € LYR™), uw > 0, H an hyperplane of R™ and H™ and H~
the half spaces having H as boundary. Suppose that

1
2
H+ H- H

AulH) < CoA(u)'/*, (4.8)
with a constant Cy depending only on q and n. Moreover, if Ty denotes the reflection with
respect to H of R™, it holds

then

/|u oTy —ul? < COHUHZ)\(u)l/q. (4.9)

Proof. Suppose without loss of generality that ||ull, = 1 and let vg = vq b 5, @ minimum for \(u)
centred at zg. Suppose moreover that xo € H™, being the other case analogous, and let Z the
projection of xg on H and ¥ = vy z. Then

AulH) < /|u—ﬂ|q < 2‘1_1<)\(u) +/|v0 _@|q>. (4.10)

Consider the translated half spaces K+ = H¥ 4 (xq—z). Since 29 € H™ it follows that K+ C H™

and H~ C K. We have that
1
—:/ vgz/ uq:/ X
2 K=* H*E H*
[ two=elr= [ o-elr< [ ol
- K+ o+

/|v0 — gl < 2/ oo — 7. (4.11)
H+

Since vy > v on KT we get that |vg — 0|7 < v — v7 on K. Then

1
/ |v0—17|q§/ vg—/ z_}q:——/ vl
K+ K+ K+ 2 Jn- (4.12)

< C(llulzagrry = leollzaga-) ) < Cllu = wolly = CA@)Y7,

for a suitable positive constant C'. Moreover

/ lvg — 0|7 < 2‘1_1/ (v§ 4+ v9) = 2q/ vl
HH\K+ HA\K+ HH\K+

o)== L]

and

hence
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and reasoning as in (4.12) we obtain

/I{+\K+ lv—o]7 < CA(uw)/9. (4.13)

Inequality (4.8) is then a consequence of (4.10), (4.11), (4.12), and (4.13). We are left to show
inequality (4.9). Let @ be the optimal function in the definition of A(u|H). Then

/ ‘uoTH—u]q§2q_1</ ]uoTH—ﬁ‘q—l—/ ]u—ﬁ‘q)
H+ H* H*

_ g1 / Ju— @) = 297 A (u| H) < CoA(u)V/9.
O

Before passing to the proof of Theorem 4.1 we need another technical lemma which, roughly
speaking, states that if two optimal functions for the GNS inequality are near in LY norm, then
their L? distance on the whole R™ can be estimated from above by their LY distance on just a
quarter of R™. Its proof is quite technical but it is essentially based on a Taylor expansion.

Lemma 4.5. Let u be an optimal function for the GNS inequality of parameters s,q,p centred
in 0 with ||ull, = 1, and set uq.(x) = ™/ %u(a(x — 2)) (for simplicity, uy, = u,). Consider
two orthogonal half spaces H and K containing the origin on their boundaries. There exist two
constants K = K(n,s,q,p) >0 and p << 1 such that if

[ = sl < 5.
then
/ ‘u)wmo - uu,y()’q > K/ ’uk,:vo - uuvyo‘q' (4-14)
HNK

Proof. Up to a rotation we can consider H = {e; = 0} and K = {es = 0}. So that Q :=
HnNK ={e; >0,e2 > 0}. Let us define

Ty ={z:1/k < |Vu(z)| < M} M:nﬂng|Vu(x)|.

Since u is a radial function we have that each T}, is a radial set composed of a countable union
of centred annuli, i.e. there exists a non-decreasing sequence of positive numbers (7 ;); such
that
Ty = U (Brk,j+1 \Brw)
JEN
where B, is the ball centred at the origin of radius r. Let now I, = {j € N: 7y j11 —rp; > 1/k}
and set
Se=J (Broyir \ Bry,)-
JEly
We consider, for z € R™, the biggest centred annulus contained in Sy N (Sg + 2):
E(k,z) = {1‘ €SN (Sk + Z) : 3Bm C 5. N (Sk + Z)} .
Notice, that 3(k, z1) = X(k, z2) whenever |z1| = |22| so we may define X(k,r) = X(k, 2) if |z]| = r.

Clearly e Sk = R™. Moreover, since |Vu| is continuous, we have that

U 2(k,2) = S (4.15)

|z|>0



STABILITY THEOREMS FOR GNS INEQUALITIES 15

Indeed, if z € Sk, there exists r = r(x) > 0 such that |Vu|(y) > 1/k for every y € B(z,r(z)),
that is B(x,r(x)) € Sg. Thus it is sufficient to choose |z| < dist(x,dSk) and we get that
OBy € Sk N (Sk + 2), i.e x € X(k,2). Bearing these definitions in mind, we pass to prove
inequality (4.14). Up to a change of variables we can consider just the case A =1+1> 1, u = 1.
For any Borel set A we have:

[ = o)~ e = o)t = [ |01+ D+ 90 0) — ula)
A A+yo

_ /A+ (10 [u(z) + (Vu(e), 1o+ (1 + 1) (o — 20))] — u(z) + R@)|

= / (Vu(), ke + (14 1)(go — z0)) + ~UVu(), ke + (14 1)(yo — 20)) + —lu(z) + R(x)|"
A+yo q q

= [, |wuo (o =a0) + 1|l Vat)] + Putw)] + A

q
- / By oa(x) + R(z)|?
A+yo

(4.16)
where the last inequality is due to the radial symmetry of Vu and the error term R(zx) is given

by

[V2u(z)|

R(z) = (1+1)/ [ =

(x@z)(lz+ (1+1)(yo — xo))z] = O0(®)+O(Jlx+ (1+1)(yo — o) |*).
Notice that there exists p; such that for every x € S

IR@)] < 51Be401(2)] (417)

if |xo| + |yo| + 1 < p1, since R is an infinitesimal of higher order than F, , ;. We aim now to
find p such that, for |zo| + |yo| + ! < p, the following chain of inequalities holds true:

/ ’Emo,yo,l + R‘q <a / ‘Emo,yol + R|? < 02/

Sik,yo g,y NQ

Bz ot + Rl < ¢ / By ot + R
Q

(4.18)
for suitable constants c¢1, co and k. This would immediately imply inequality (4.14). We begin
remarking that

k—00

lim/ |E$07y0,l+R|q:/|Em,y07z+R|q
Sk

so there exists k such that for k > k we have

1
|Ex07y0,l + R|q > 5 / |Ex0,yo7l + R|q-
Sk

Moreover, in view of (4.15) we get, for any |yp| < p small enough,

1
/ |Ex07y0,l + R|q > 5/ |E9307y0,l + R|q-
Z(k‘,yo) Sk

So the first inequality in (4.18) holds with ¢; = 1/4. Since the last inequality in (4.18) is
trivial, we are left to prove the central one. Suppose by contradiction that there is a sequence
(Th, Yn,lp) = 0 € R® x R™ x R as h — oo such that (4.18) does not hold. Reasoning as before
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we get

/ l“h,yhlh + R‘q < (3/2)q/ ’E:Bmyh,lh‘q
7yh E(k;vyh)
<

(3/2)" / [ <m,yh - xh> T (|2 Vu(@)] + (n/g)u(z))? »

< (3/2)" / Ml V@) ()
< (3/2)7 /2 IR
yYh

where we set vy, =y, — xp and

cp = lim sup max) |z||Vu(z)| + ﬁu(x) > 0.
q

h—o0 z kvyh

So there exist two constants kg, k1 such that

/ |E$h,yh,lh + R|q < k‘o/ |k‘1l + |Uh||q. (4,20)
B(k,yn) S(kyyn

On the other hand we have
1
/ |Exhvyhvlh + R|q = 2_q/ |E$hvyh7lh|q
(k,yn)NQ S(kyn)NQ

: [Vu(z)] < > [on] + (|| [Vu(@)] + (n/q)u(z))

T
We have now three possible situations: |v,| << I, I << |vp| or I, =~ |v,| as h — oo. In the
first case we have, thanks to (4.20), that

/ |E$hyyhylh +R|? < k2/ l;]L
Z(kvyh) Z(kvyh)

for a suitable ko. Moreover it is easy to find positive constants k3 and k4 not depending on [,

T q

S(k,yn) 2| [vp]

and vy, such that

/ ‘Emmyh,lh +R|" > kS/ lz > k4/ lz.
E(k;vyh)mQ Z(kvyh)mQ Z(kvyh)

So in this case (4.18) holds with ¢y = ﬁ—icl (or, in other terms, we get a contradiction). The
second case, l, << |v,| can be solved with the same argument, with the only observation
that, for the estimate from above, we must further restrict the set of integration to the set (for
instance) U = {z € Q : [(x/|z],vo/|vo])| > 1/10}. We are left to study the case where |vy| = .
If liminfy, |vp|/l, > ¢ > 0, we have that

/ ‘Erh,yhlh + R‘q - l;]l/
S(k,yn) S(k,yn)

Let us define V = {x € Q : |(z/|z|,vn/|vn])| < a} where a is a constant (depending on ¢) that
will be fixed later. We have

/ |E$hvyhylh + R|q = / |E$h7yh,lh + R|q
S (k,yn)NQ S(k,yn)NV

l q
> Holq/ c — M«
S(k,yp)NV ||

|vh|
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Choosing « small enough, since I, /|v| >> 0, we can find constants k; and k2 not depending on

l;, and vy, such that
q
/ |Exh7yhvlh + R|T > "ﬁlq/ > /@lq/

so again (4.18) holds with c¢o = ko/c; (thus again a contradiction). If liminfy Iy, /|vy| > ¢ > 0,
we can conclude applying an analogous argument. O

In
—+ M
O *

We pass now to prove Theorem 4.1. For the sake of clearness we divide its proof into two
parts. We first prove a proposition which provides us a method to pass from a generic function
in DP*(R™) to an (n — 1)-symmetric function which satisfies the reduction inequalities (4.1).
Then we shall see how to obtain the last required symmetry.

Proposition 4.6. There ezists a positive constant C' such that for every function uw € DP*(R™)
there is an (n — 1)-symmetric function @ such that

Mu) < ON (@), §(a) <2 15(u). (4.21)

Proof. As usual, by the homogeneity of the deficit and the asymmetry, we can consider ||ull; = 1.
Moreover we can suppose that §(u) < & for an arbitrary small 6. Indeed, if §(u) > 6, let v be a
radial (and so n-symmetric!) function such that 0 < §(v) < 2"~1§. Then
24 - -
Mu) <21 = mA(v) <CAw),  6(v) <2716 <27 15(u).
v

Consider, for k = 1...n, the n hyperplanes orthogonal to the coordinate axis such that

/ uq:/ it
0t ; 2

where H l;t are the two half spaces in which R" is divided by Hj. Denoting by T} the reflection
with respect to Hy, we define

wt (z) = u(z) if x€ HF
R w(Ty(z) if ze H

(4.22)
N u(x) if xe H
g () = { u(Ty(x)) if e H}
By construction uf are symmetric with respect to Hx. We observe now that
o J )+ ) p_ JIVu P+ [V P
u® = , [VulP = )
2 2
and since t — t1/? and t — tY/* are concave functions, we have that
- — - —
up ||s + |lu Vu + ||[Vu

2 ’ 2
By the definition of 6(u) and since (z,y) — 2%y'~% is concave on R? and strictly increasing in
r and y, we get that

—i\? o\ 10
GS(u) > <||Vu;i_”p + ||V, Hp) <HU2—H3 + [Juy, ||s> G

2 2

G G
> 55(11:) + 55(11/?),
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and so
S(up) + 0(uy)

o(u) > 5

In particular for every k =1,...,n
max{d(u; ), 0(u; )} < 26(u).

Let v; and v, be the functions which minimize )\(uf]Hk) Then, by triangle inequality and
Lemma 4.3 we have

A(u)§/|u—vg|q:/ |u;r—v,j|q—|—/ |u,;—v;r|q
H H

k k

+ —
§y1<w%ww;M%ww+/|ﬁ_%v>

k

< 207234 (A(u;) + AMuy ) + / |er — vk|q> .
-

k

We claim that if d(u) is small enough, then for any couple of indexes 1 <1i < j < n, for ky =i
or k1 = j the following inequality holds:

/H \v,;—v,;\qg(}'(/lﬁ \u,jl—v,:rl\q—i—/H |, —v,;]q) (4.24)

k1 k1 k1

Let us show how this brings to the conclusion: by (4.23) and (4.24) we would have
AMu) < Cmax{)\(ugl), AMug, )b max{&(u;rl),é(ul;)} < 26(u).

Thus we would obtain that u;rl or u, , say u;rl, is a 1-symmetric function with L9 norm equal
to 1. We can now iterate this procedure exploiting two hyperplanes between the (n — 1) we left,
obtaining a 2-symmetric function which satisfies the reductions inequalities (4.21) (with u,i'l in
place of u). We can continue such a construction until we have just one hyperplane left. But
then we would have an (n — 1)-symmetric function which satisfies inequalities (4.21) that is the
claim of the proposition. Thus we are only left to prove (4.24). We divide the proof of it into
two further steps:

Step 1 There exists a positive constant Cy such that for all 1 <i < j <mn, o, 7 € {+,-} it

holds
/|v;7 —vil? < CO/ vy — ]| (4.25)
HZNHT

Step 2 (4.25) implies (4.24).
To verify (4.25) we notice that thanks to Lemma 4.5 the inequality is verified if we are able to

find two positive constants p and C such that:
() J@7)? = [(])? =1
(ii) H{ ed HJ are two orthogonal half spaces which contains on their boundary the center
of symmetry of vy e v7;
(if) []of - o7]7 < p.
We need to check (i) — (iii). Clearly (i) and (ii) are true by construction. So we are left to
verify (iii). We have

[0 = vjllg < llvf = ufllg + [luf — ullg + llu = ujlly + [luf —vfllg- (4.26)
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Thanks to Lemma 4.4
1
/!u;’ —ulf =3 / wo Ty — ul? < CA(u)'/4. (4.27)

Moreover
/ o = uf|* < 207 (AulHy) + [lu = uf ) < CAw)/1, (4.28)

The same estimate holds as well for the third and the fourth addend on the right hand side of
(4.26). Putting together (4.27) and (4.28) we obtain the claim of (#i7) and this conclude the
proof of Step 1. Let us prove now Step 2. Suppose, to fix the ideas, that ¢ = 1 and j = 2. For
k=12 we set
e = 0 X + 95
where x4 denotes the characteristic function of the set A. Thanks to (4.25),
1
/‘hl ~haff 2 /HmegJr el = /HfrmHg+ o= c / o =g I

With a similar argument, using H; N H, instead of H;" N Hy we get

1 _
/|h1—h2|q2 5/|v1 — v |9

/|va —o77< 2‘10/ |hy — ha|?. (4.29)

Hence

Similarly we can see that
/|v2+ —vy |7< 2‘10/ |hy — ha|%. (4.30)

Furthermore we have

/|h1—h2|q§2q1</|h1—u|q—i—/|h2—u|q>
—ort{(f bt o [ o -
H H

1 1

+/ WJ—@W+/1M5—uﬂq
H H

2 2

(4.31)
< 2% max /lﬁ—ﬂw+/|m—m%
HY Hy
|t =i [y -
Hy Hy
=2 / v —u:]q—i—/ lv, —uy |7 ).
H Hy,
putting together (4.29), (4.30) and (4.31) we obtain the claim of Step 2. O

We stress that we can not symmetrize directly our function once again. A formal argument
which shows a problem that may occur is the following: consider a function v such that §(v) =
A(v) = 0 and construct a function u as follows:

u(@) = 0(2) Xz, 20 (@) + 2" 90(20)X (2, <0) (2).
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It follows that u is (n — 1)-symmetric in Hy = {z; = 0} for k # 1. if we try to symmetrize such
function with respect to H; we would obtain uy (z) = 2/%(v(2z)) and u_(z) = v(z). Clearly
none of them satisfy the first inequality in (4.1). However we are going to see that a more refined
kind of symmetrization can bypass this problem.

Proof of Theorem 4.1. Assume as usual that ||u||, = 1. We can assume, thanks to Proposition
4.6, that u is an (n — 1)-symmetric function and that §(u) < § with § arbitrarily small. Up to
a rotation and a translation, we can consider u to be symmetric with respect to the coordinate
axes {xy = 0} for k = 2,...,n and such that

/ ul = 1 = / ul.
{zr>0} 2 {x,<0}

Let u® be the two symmetrizations of v with respect to the hyperplane {z1 = 0}, constructed
as in Proposition 4.6 . We have that max{§(u™),d(u")} < 2§(u). So, if min{\(u™), A(u")} >
CoA(u), we would be done. Thus we can suppose that

max{A(u"), \(u")} < eA(u) (4.32)

for some constant € to be chosen. Consider Q = {|z1| < z2}, QT = Q@ N {z; > 0} and
Q~ = QN{x; <0} and define a function @ as follows:

u(z) it ze@
a(z) = { u(Riz) if z € Ri(Q)
W(Rox) if x € Ry(QU Ri(Q))

where Ry and Ry are the reflections with respect to {z; = x2} and {z7 = —xz2} respectively.
The function @ satisfies all the symmetries of u with the exception of the one related to the
hyperplane {z5 = 0}, but by construction it is symmetric also with respect to {x1 = £x2}. So
it is n-symmetric. It remains to show that « satisfies the reduction inequalities (4.1). Let us
start with the one which concerns the asymmetry. To this aim we denote by ¢, v and v~ the
functions which achieve the minimum of A(@|{0}), AM(u™[{0}) and A(u~|{0}) respectively. Since
[ 49 < 4, we get that

snaa) > Maop) = L = o [

> [t =alre [ o
Qt Q-

1
= [ =0+ [ =0 > o [ et -]
o+ Q+ 2¢—1 o+

The first inequality in (4.1) is then true if we can estimate A(u) in terms of fQJr lut —u~]9. To
this aim we observe that

_ 1 _
lut —u™ || ey = §HU+ —u”[|La)
1 _ _ _
= §H(U+ —07) = (" —u") = (uT —07) L (4.33)

1 _ _ _
> 2|0 = vl = Iw* = ¥l = Iu™ = v ll1aa) |-
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Moreover

/ lut — v < /\ujE —oE|7 = MuE{0}) < 39\ (uF) < 39\ (u) (4.34)
Q

where we exploited Lemma 4.3 and Lemma 4.4 and the fact that 4 are n-symmetric functions.
Thanks to (4.33) and (4.34) we obtain

_ 1 _ 34 1/q
Jut = oy 2 5 {10 =7 e 2 @) ]

where C(¢) is a suitable positive constant. Furthermore, always thanks to (4.34) we have

1
/\u—vﬂq— /\v u+\q+§/]v+—ulq
<55A( )+ 27 2( 39A(u /]v oy \Q)

/ ot — o7 > 2% [)\(u) —e%q)\(u) —63q)\(u)] > %A(u) (4.35)

where last inequality is justified if we choose € small enough. Summarizing we obtained

and so

[ — u” || Lagg+) = Cor(w) 7,

where Cj is a suitable positive constant not depending on u. Let us consider now the second
inequality in (4.1), that is the one concerning the deficit. Notice that we do not know if |||, = 1.
Nevertheless we have

o) = (1/8)/%) = Ikt la@ey = 0¥ paige| < et = 0¥ llzage.

and, since |s9 — t4| < C1|s — t| for a suitable constant C if s and ¢ are in [0, 1], we get

1
[t 5| < Callat = 7l = Coxutlfop)
Q

(4.36)
< 30\ ()1 < 31905t/ < 2048(u)/1,

where we used Lemma 4.3, the fact that u is n-symmetric and that §(ut) < 2§(u) and where C,
C3 and Cy are positive constants. Analogous estimates hold on Q~,on U = {x1 > 0,22 > 0}\Q
and on U™ = {z1 < 0,292 > 0} \ Q. Then, by the triangle inequality we get

‘ /ﬁq - 1( < C8(u)*/e (4.37)
for a suitable @ > 0. Let us recall the definition of the functionals F' and G given in (2.2):

G(u) = [Vul2llull'°,  F(u) = / VP + / Jul?. (4.38)

By Lemma 2.2 we know that there exist two positive constants x and 79 such that for every u
there exists A > 0 such that F(m\u) = 170G (u)"® where myu(z) = N/9u(\z). Furthermore such \
minimizes the function p — F(7,u) in RT. So we get

1 » 1 s
GHlall3(1 + 6(a))" = G(a)" < <% [19maf+ N [ il ) (4.39)
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for all A > 0. Then

i(/‘VT)\ﬁ
Mo

_ 4

Mo
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p+/hﬂﬁ>:~§</ anp+/ |2
Yl QTUQ~ QTUQ~

([ (7ol slol)= [ (9o o))

)

(4.40)

Choosing A > 0 such that F(Thu) = noG(u)", since u is symmetric with respect to {x9 = 0}, we

get
[, (P s o) =
{x2>0}

<

SF(ra)
Gy = B (5(u) + 1) (a.41)
7”5“(1+(%5@Q%

where the last inequality is true for §(u) small enough. Let us consider now the function

Tau(x)
T)\U(le')
v(S1z)
v(Sax)

v(x)

reUt

xr € RiUT

xz € {r1 <0,29 >0}
x € {x2 <0}

where S; : R" — R™ denotes the symmetrization map with respect to {x; = 0}. We have

Gl s ) =5 f 4+ 1)

8

_ @G(U)H > 7708G

1
> — min F(7,v)

8 per+
K/q
.wm</ m) (4.42)
U+

noG"

()"

1 1
> 8 (S = Cd(u)) 1 = oG (5 — Crow)®),

for suitable constants Cg and C7 and for §(u) small enough. Notice that in the last inequality
we made use of (4.36). An analogous estimate can be obtained on U~. By (4.39), (4.40), (4.41)

and (4.42) we get

noG"

KI5 ]F Ani
Grlallj+ o(@)" < |

(1+(%5@o)—2nmgﬂ<é<—c»5@o>ﬁ]

(4.43)

:Gﬂ1+0@mw]

for a suitable Cs > 0 and where « is the minumum between 1 and 5. By (4.43) and thanks to

(4.37) we conclude that

o(a) <

1+ Cgé(u)a
—1- Cg(S(u)a

— 1< Cow)®

that is true again for §(u) small enough. The conclusion follows setting ko = C.
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