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THERMOELASTICITY OF NON-SIMPLE ORIENTED
MATERIALS

Czest AW WOZNIAK
University of Warsaw, Institute of Mathematics, Warsaw,
{Communicated by W. Nowacki)

Abstract—Non-simple elastic materials are materials in which the internal energy depends not only on the
first but also on higher deformation gradients [1-4]. Particles of oriented materials have more than three
degrees of freedom, which is equivalent to the introduction in the theory of continuous media of fields of
directors [3, 5, 6] or multipolar displacements [6-8]. In the present paper, equations are derived of thermo-
elasticity of oriented non-simple hyper-elastic materials. The notion of a non-simple material is generalized
to thermal problems, making the specific free energy depend not only on the temperature and the deforma-
tion gradients but also on the temperature gradients. The notion of oriented material is generalized to
thermal problems by introducing, independently of the additional degrees of freedom, additional fields
describing the temperature distribution.

1. INTRODUCTION
Notation

THE material macro- and micro-co-ordinates are denoted by X* and X* respectively,
and the spatial macro- and micro-co-ordinates are denoted by x’ and %' respectively. The
indices a, B, ... and i, j, . . . take the values 1, 2, 3. The indices denoted by Gothic letters
w, b can, in the entire paper, be interpreted in two ways: 1° as dead indices n, b=1L 11, I1I,
1V, ... which is equivalent to the determination of the additional (internal) degrees of
freedom by means of directors [3, 5], or 2° as material indices taking values of the sequence
oy, OxOtyrs GO0, - - -» Which is equivalent to the determination of the additional degrees of
freedom by means of multipolar displacements [6-8). The indices ®, P, . . . take the values
of the sequences @y, Q@+« Pr-- - Pas W YW+« ¥r-. . ¥as ... . We employ the
notation (...) ,=a(...)/0X% (...),=8(...)/ox"

The continuum under consideration is composed of particles X with material macro-co-
ordinates X* (macro-medium). The spatial macro-co-ordinates of the particle X are denoted
by x*. Each particle X is assumed, at the same time, as the origin of the so-called system of
spatial ‘micro-co-ordinates’ Xfx, It is assumed that the parametric planes X{x,=const.
always coincide with the parametric planes x'=const. that is, each micro-system %ix, per-
forms a translation motion together with the particle X (spatial co-ordinate systems are
Cartesian systems).

In order to distinguish the inner structure of a particle of the continuum (the micro-
structure of the continuum [9-11]) to each particle X is attached at a moment < in the cor-
responding space of spatial co-ordinates %{xy—a micro-medium b (X) bounded by the surface
d6(X). Such a micro-medium is treated as a configuration at a time t of an independent
continuum composed of material points X with material micro-co-ordinates X*. It is
assumed that these micro-media are hyper-elastic and that the thermodynamic process at
every point X of each of micro-medium b.(X) is a locally reversible process.



All the properties of the macro-medium of particles X will be deduced from the struc-
tural properties of the micro-medium associated with each particle X and from the way in
which these micro-media are interconnected. The densities per unit mass W(x', 1) and the

densities W,,(x*, 7) per unit area of a surface with normal n will be described in the macro-
medium by means of the mean values

i &*.].:. i ] i = ‘?(;)(xia Xma; T)

Y(x, 1) : btqt(x , X%, 7)db,, Y a(x', 1) AP d@gb)y, (1.1)
in which P(x', X 1) and ¥3(x’, X%, 1) are the densities of analogous fields in 5,(X) or on
b (X). The function AP(n, #f) is characterized by the way of interconnexion between cle-
ments of the continuum; n is a unit vector normal to the section of the body and fi—a
vector normal to 0b(X). For bodies with lattice structure the form of the function AP(n, &)
is given in [12].

The motion of the material point X belonging to the micro-medium b,(X) will be
determined by the equation

Z=x(X", 1)+ x4X% DEXD+x, o(X% DENX) +xE o(XC, DEUXY, (1.2)

in which x'(X?, 1) is the motion of the particle X (the motion of the spatial micro-co-

ordinates system Xi,) and z'—x' is the position of the material point X in the system iy, of
spatial micro-co-ordinates.

The temperature @ at the time  and at any material point X belonging to the micro-
medium b (X) will be determined by the equation

O=0(X", 1)+0,(X% (XY +8,o(X% WUXY+0, (X7, XD, (L3
in which 6(X¥%, 1) is the ‘mean’ temperature of the micro-medium.

2. PRINCIPLE OF CONSERVATION OF ENERGY
The principle of conservation of energy for the region B bounded by a surface P is
assumed in the familiar form

J‘ (é+ I%}p(isz‘ (W(n) + k(a))’d?%‘ [ (W+b}ﬂd3 s (2. I)
B 3 s

in which ¢ is the density of internal energy, x—that of kinetic energy, w——density of work of
body forces, h—density of heat surces, wg,,—density of work of surface tractions, hg,y—flux
of heat through the surface Pinto B. In agreement with (1.1) we have (b=bX}, 0b=0b,(X)):

1 aw 1y . 1 ks a

g=-—| Epdb, ps-j‘ pdb, xa-«f 2%, p5db ;
pb_{b b b pb A k

w=Ll 3,48, h:-_—-.._l...J‘ hisdb ;
bl pbJ,

sk s »
vom[ dn, o= eaen; @)

5!9“3‘? {ﬂ, n} g;,A.P (!l, ﬁ}

where j, §, f*, & are mass density, internal energy density per unit mass, the body force and
the supply of energy per unit mass created by distributed energy sources in the micro-
medium b,(X), respectively. The density of the surface tractions and the flux of heat through



the surface 8b into the micro-medium are denoted by pf,, and A,, respectively. Let us
substitute in (2.2) the right-hand components of the expression (1.2). Then, the principle of
conservation of energy (2.1) assumes the form

,L épdB= j , (xPbay + XnPimy + X, oPy+ Fan, 0Dy + Himy)dP

+ J‘ T+ Fo /™ 4 X, @ 4 F, 0/ + h)pd B, 2.3)
B

in which
FrfHE + 3" + 5 op® + 25 0™,

Fresf™—(Z*p"+ k3p"™ + 500"+ 5, 00™™)
]‘Ok=f¢k_,(£kp0+ x:pb/°+ x!cwpo‘l’_l_x-g' Tp@/B'!") ,
fn@k =fn0k__ (xkpu0+5c-:pn‘h/b+ )-C-ftwpmb/‘l’_i_ xﬁ, vpnolb‘l‘) , (24)

with the notation

P e o [ P
= j _Plo_g@py, = f T gap), p(..,sf Tt o),
&b &b

AP(n, ii) s AP(n, &) AP(n, )
p?‘fgf P gapy;  gr=t( b e
" Jo AP, B) pbJs pbJs
ftbkE__l_ fkéq’ﬁdb, n@k..z..ul__ j'k{n@ﬁdb ; p“E»}— ﬁnﬁdb’
pbJy pbJ, pbJ,
r» M~ ™
pOE—l— foﬁdb, pmb,._:__!_ f“mﬁdb, p"bE-L f"fbﬁdb,
pb.J b pbu b pb.) b
po= L[ evevsap, pes L enmbosqn e, @.5)
pbjs pbJy

The quantities defined by the equations (2.5) are surface tractions and hyper-tractions, body
forces and body hyper-forces and densities of mass distribution in the non-simple oriented
body.

Making use of the invariance conditions of the internal energy under a rigid motion of
the deformed body, we obtain, after some simple transformations, the equations of motion

pli+7*=0,
(P ]+ P+ P o), ot PP+ T el 4 TN =0, (2.6)

and the boundary conditions
P?n) - Pn‘”: =0,
(Pl — P"™ )%+ (D~ P13k 0+ (DL~ P "Ny, 0 + heuy— Ky =0,  (2.7)



where p™ is the stress tensor, p™, p'®, p™® are the hyper-stress tensors. Making use of

(2.7) the principle of conservation of energy, (2.3) can be reduced to the form

P = (U™ K Pk 4T o (P14 PR 4T,
(X%, P 4 f‘nak)x’m o (pORXE . prnadk fnaok)‘;’:‘;
(P "V + B+ B, (2.8)
in which
pradk fedk=0, priedk fr®k =0 for ®=¢,0;... P, 2.9

should be assumed. The equations (2.3)-(2.9) are field equations of the non-simple oriented
body.

3. PRODUCTION OF ENTROPY

In agreement with the model of micro-medium b (X) (see, for example, theIntroduction),
the differential equation of the entropy in the micro-medium has the familiar form

954— “P@m G.1)

where # is the specific entropy, h is the supply of energy per unit mass created by distributed
energy sources in the micro-medium and /'’ is the flux of heat in the micro-medium. On
substituting in (3.1) the right-hand side of the equations (1.3) and integrating over the region
b (X) of the micro-medium, we obtain

pOi =k ;+ph— p(B." + 0, 2% +0,, =2A4"%), 3.2
where
= j~db~~ h'nd(ob), nsij‘ fipdb,
pb b
~ vy = 1 2> nZ 1 o E
mE- Al pdb, N =—| fiC7pdb, nE=—| f{"pdb. (3.3)
pbiy pbJ, pbJ,

Equation (3.2) is a differential equation for the specific entropy # in a non-simple oriented
body. On dividing (3.2) by # and integrating over the region B bounded by the surface P, we
obtain, after some simple transformations

Y " 2 ng
ApdB— f’ﬁdB — .}iﬁ‘dP-{- 0"+ 0, zp” + 00, st dB
B B 6 P 0 B o

Wo, L[ K o®
- =2=db (4B, 3.4
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where

- 1 };ﬁ - h'#
B Pregp+ | “Bd é‘b)],
" p‘rﬂ. 2 f o
1 ok B
"= —{"db+ J —{ d(ab)]’
# EU; e » @
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The volume integrals in (3.5) depend on the distribution of the entropy sources 5i/@ in the
micro-medium §,(X). The surface integrals in (3.5) depend on the flux of entropy h'A,/©
through the surface db(X) into the micro-medium. The right-hand member of (3.4), which
can also be represented in the form

i n__ am 2 __p= WE_ e
Hh_g_g O =) 0, i) B %=1 )]dB (3.6)
B

6 0 0 0

is the entropy increase due to the heat flow in the region B of the body. In agreement with
the principle which states that in adiabatic process the global entropy cannot decrease, the
expression (3.6) is always non-negative. Hence the conclusion

f8; 6, 05 O
hi=pi-l, = 2B "nE 3.7
(83 0 0 G) @7

constituting the law of heat flow in the non-simple oriented body. The right-hand member
of (3.4) being non-negative, we have also

ipdB— [ Moap_ { Wnigp, [ 0" +0,a8" 400ty
B s 0 p 0 B 6

The above inequality may be called the Clausius~-Duhem inequality for the non-simple
oriented body.

4. FREE ENERGY
The free energy of the non-simple oriented body is defined by

e=e—0n—0."~0 0*—0, ™. “.1)

On eliminating from (4.1), (2.8) and (3.2) the internal energy density ¢ and the divergence
k' ,, we obtain

p@p=(p"*X' i+ Pf?‘ +1%9%y, o+ P PX G+ P %, o
F (DX 4 P T X, o+ (X %+ P T ) X a0

+ (P AT ™Yo — 0O — py" 8, — o110, g — p1"%0, & . 4.2



The form of (4.2) suggests that the equation of state is of the form
O=0(Xr 25 Xre05 Xkmar Ximaos ¥ 83 O €25 0, 9. 4.3)
The mechanical parameters of state must appear in the following combinations [3]
Cop=x", vk, ps Capw”xk,a Xk, 805
Dzn=xk,axlm’ Dcxnﬁ"w’xk,a Xin, p> Danﬂ®=xk,m X, po (4.9)
and therefore
¢=0Cyp; Copo; Dani Dups Dape; 85 005 815 042 4.3
Making use of (4.2), (4.3) and (4.4) we ﬁnally obtain the following equations of state

tys | ek | Tk 5(? <y 00 Jp
X+ P+ =p( LA x* +o Xt + ,
Y i acm e DA el

3Cyp

pMkazl_*_p,laIOk_,_f‘aOk 647 x 5
BCM,.

lnkX(z +plmlk+ qu__p aq’

(’)DMl
Intkau + plnafbk + j‘na@k_ 022 o ﬂk
aDﬂsz
p!“k-*— nk_p 6@ k {’4.6}
E}D‘m
and
dp n 0(1? = dg ng do
e = e e | e g 4.7
"=T% "TTa L

The equations (4.6) [similarly to (4.2)] have been derived with the notation of (2.9).

5. HEAT CONDUCTION

The equation of the heat conduction will be obtained by substituting the right-hand
members of equations {4.7) in (3.2) and making use of the law of heat flow (3.7). Let us
denote by g, the mechanical parameters of state taken in some order

3K=C¢BQ Crzﬁm D ans D anfs Damﬁ@ (Sj)
and by 8,, the ‘thermal’ parameters taken also in some order
6M = 65 Bm 9, 1 gn, - (5~2)

Then, the equation of the heat conduction is obtained in the following form

2
08,08,
where
2
M= i

A
30000y



The equations of motion (2.6), the equations of state (4.6) and the equation of the heat
conduction (5.3) with the law (3.7) constitute the fundamental set of equations of thermo-
elasticity of a non-simple oriented body. In agreement with the remarks made in the
Introduction, the quantities x% can be interpreted either as multipolar Green-Rivlin displace-
ments (then w=uoy, ooy, %oy, - - - ) or as Toupin directors (then n, b are dead indices
taking the values I, II, III, . . . ) which shows the equivalence of the two approaches. The
same applies to the quantities 0,, which can be interpreted either as scalar fields 6y, fy,. . .
or tensor fields 8, 0, - -
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Résumé—Les matériaux élastiques, non-simples, sont des matériaux dans lesquels Pénergie interne dépend
de gradients de déformation, non seulement du premier ordre, mais aussi d’un ordre plus élevé [1-4]. Les
particules de matériaux orientés possédent plus de trois degrés de liberté, ce qui entraine 'introduction,
dans la théorie des milieux continus, de champs de direction [3, 5, 6] ou de déplacements multi-polaires
[6-8]. Dans la présente étude, on a établi les équations de thermoélasticité pour des matériaux hyper-
élastiques, orientés, non-simples. La notion de matériau non-simple a été étendue aux problémes thermiques
en précisant que I’énergie specifique libre ne dépend pas seulement de la température et des gradients de
déformation, mais aussi des gradients de température. La notion de matériau orienté est étendue aux
problémes thermiques en introduisant, indépendemment des degrés de liberté additionnels, des champs
additionnels relatifs & la distribution de la température.

Zusammenfassung-—Nichteinfache, elastische Stoffe sind Stoffe, deren innere Energie nicht nur von den
ersten, sondern auch von den hoheren Deformationsgradienten abhingt [1-4]). Die Partikel orientierter
Stoffe besitzen mehr als drei Freiheitsgrade, und dies bedeutet, dass in die Theorie der kontinuierlichen
Medien Direktorenfelder [3, 5, 6] oder multipolare Versetzungen [6-8] eingefithrt werden miissen. In
der vorliegenden Arbeit werden fiir orientierte, nichteinfache, hyperelastische Stoffe thermoelastische
Gleichungen abgeleitet, Das Konzept eines nichteinfachen Stoffes wird auf thermische Probleme verall-
gemeinert und die spezifische freie Energie nicht nur von der Temperatur und den Deformationsgradienten,
sondern auch von den Temperaturgradienten abhdngig gemacht. Das Konzept eines orientierten Stoffes
wird dadurch auf thermische Probleme verallgemeinert, indem, ganz unabhingig von den zusitzlichen
Freiheitsgraden, weitere Felder eingefilhrt werden, welche die Temperaturverteilung beschreiben.

Sommario—I materiali elastici non semplici sono dei materiali in cui 'energia interna dipende dalla prima
curva di deformazione, si, ma anche da quelle piu alte [1-4]. Le particelle di materiali orientati hanno
piti di tre gradi di libertd, il che equivale all’introduzione nella teoria di mezzi continui di campi di direttrici
[3, 5, 6] o spostamenti multipolari [6-8]. In questa monografia si derivano equazioni di termoelasticita
di materiali iperelastici non semplici orientati. La nozione di un materiale non semplice & generalizzata
in problemi termici, facendo dipendere P'energia libera specifica non solo dalle curve della temperatura
¢ della deformazione ma anche dalle curve di temperatura. La nozione del materiale orientato &
generalizzata in problemi termici introducendo, indipendentemente dal grado addizionale di liberta, campi
aggiuntivi che descrivono la distribuzione o ripartizione della temperatura.



AGcrpaxT—HenpocTsle ynpyrise MaTepHaNbl 3T0 MAaTEPHAIBI, B KOTOPHIX BHYTPEHHAA JHEPrHsA 3aBHCHT
He TOMBKO OT MEPBOPA3pALHEIX, HO H OT Gonee BHICOKMX rpamuenton medopmammit [1-4]. Yacrwmst
OPHEHTHPOBAHHEIX MaTepHANOB 00nazaror Oojee YeM Tpems CTCHEHAMH CBOOOHEBI, YTO DAaBHO3HAYHO
BBCACHHIO B TEODHIO NOJEH CIVIOMIHBIX Cpej ykasarenell Hampamnemus (mmpexropos) [3, 5, 6] mim
MHOTONIOJIPHBIX nepememenit [6-8]. B macrosmiedf craThe BHBEHCHB! YPABHEHHA HO TEPMOYOPYFOCTH
OpHEHTHPOBAHHEIX, HEIPOCTHIX, CREPXYTIPYTHX MaTepranos. ITonsTie HempocToro Martepuana o6obmeHo
Ha TepMAYECKAE TPOGIeMEL, BBOAA 3aBUCHMOCTD YAEIIFHOM CBOOOIHOM YHEPTHE HE TONBKO OT TEMIEPaTyphl
H rpangeHToB nedopmMaudM, HO Takke OT IpANMEHTOB Temmeparyphl. IloHsATHE OpHEHTHPOBAHHOTO
MaTepHEaNa 0606IIeHo Ha TepMHYECKHE NPOGIEMEL ITyTEM BBEIEHUs, HE3ABHCHMO OT JOO2BOYHBIX CTeneHEH
cBo6OANI, Takke HO0aBOYHLIX noJiel, 0T06paxaromiHX pacupefeieHne TEMIEPaTyDp.



