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Abstract. Conservation laws of the form d;u+ 9, f(z;u) = 0 with space-discontinuous
flux f(z;+) = fi(-)1z<o + fr(-)1z>0 were deeply investigated in the last ten years, with
a particular emphasis in the case where the fluxes are “bell-shaped”. In this paper,
we introduce and exploit the idea of transmission maps for the interface condition at
the discontinuity, leading to the well-posedness for the Cauchy problem with general
shape of f; . The design and the convergence of monotone Finite Volume schemes based
on one-sided approximate Riemann solvers is then assessed. We conclude the paper by
illustrating our approach by several examples coming from real-life applications.
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1. Presentation of the problem

Scalar conservation laws of the form
Oru+ Opf(u;2) =0 (1.1)

with Lipschitz in u, piecewise regular and jump-discontinuous in x flux function
f appear in applications such as sedimentation, two-phase flows in porous media,
road or pedestrian traffic, and others. The equation should be considered subject
to an initial condition and (in the case of a bounded domain) with some boundary
conditions. Due to the finite speed of propagation typical for hyperbolic equations,
and because the influence of boundary conditions is rather well studied (at least in
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the Dirichlet case, see [21]; see [25] and [16,17] for the Neumann case and for more
general boundary conditions), we will focus on the Cauchy initial-value problem.

The case of z-independent or regular (Lipschitz continuous in « also) flux func-
tion f is a classical one; then, the central concept for equation (1.1) are Kruzhkov
entropy inequalities and the associated notion of entropy solution ([57]). In partic-
ular, it is known that typical entropy solutions u are piecewise regular, and jumps
in u obey some admissibility conditions deduced from the weak (distributional)
formulation of equation (1.1) and also from the entropy inequalities.

The discontinuous-flux case we are interested in has been studied for more than
twenty years (see in particular [50,68,4,56,67,2,3,19,20,49,45,14,62,1], see also the
references of paper [14]), and its theory is still not complete although much progress
in understanding the problem has been achieved. A basic goal of a mathematical
theory for equation (1.1) is to formulate an adequate notion of admissible solution
(generally based on some adapted entropy inequalities), and then to prove existence
and uniqueness of solutions subject to an initial condition and (in the case of a
bounded domain) with some boundary conditions. The convergence of numerical
approximation is also often addressed.

Understanding of these problems can easily be reduced to understanding of the
model case considered in most of the mathematical studies of the subject:

fGi2) = fil)laco + fr(-)laso. (1.2)
Here, f;, are z-independent nonlinearities, so that = — f(u; x) experiences a jump
across the hypersurface

Yi={(z,t) e Rx Ry |z =0}
called interface in the sequel.
In what follows, we assume that there exist time-independent real values w, ,.
and % -, such that Uy, < Uy, and such that the piecewise constant functions
w@) =wleco+u,lps0  and  U(2) =UWle<o +Urleso (1.3)

are steady solutions to the problem (1.1) (we refer to [14, Prop.3.20 and §6] to
highlight the role and the importance of this kind of assumptions for the existence
theory). In particular, the Rankine-Hugoniot condition across the interface ¥ for
the solutions u and @ enforces the compatibility conditions

filw) = fr(w,), and  fi(w) = f (@) (1.4)
Moreover, the flux functions f;, are assumed to be Lipschitz continuous on the
intervals U, ., where
Ul = [ﬂl;ﬂlL and UT = [Qrwa’!‘]'

In what follows, we denote by L;, the (smallest) Lipschitz constant for f .
More generally, the flux functions f;, can be assumed time-dependent, which is
needed, e.g., in the hyperbolic Buckley-Leverett model(see, e.g., [7]) or for modeling
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lights in traffic flows (see [41,11]). We refer to [11] for techniques specific for such
time-dependent cases.
The initial datum ug € L*°(R) is assumed to be bounded between u and @, i.e.

u(z) <wug(z) <u(z), fora.e xzeR. (1.5)

In what follows, we will focus on the Cauchy problem (1.1) with fluxes (1.2),(1.4)
and initial datum (1.5).

Due to assumption (1.2), the main delicate point in order to construct a well-
posedness theory for the above Cauchy problem is to fix a notion of admissibility
of jumps in u across the interface ¥ where f(u;-) experiences a jump. Indeed, it
was established in [3] that there may exist infinitely many different, equally mathe-
matically consistent ways to define admissibility of solutions at the interface; then,
it was understood that different solution notions actually correspond to different
physical models. This means in particular that some additional information, not
contained in the nonlinearities f; ,, may be needed in each concrete application in
order to single out the solution relevant for this application.

The method we propose in this paper goes back to the idea introduced in [39]
consisting in solving two scalar conservation laws on half-space coupled by an ad
hoc transmission condition at the interface. With the notation

Q.= {z < 0} and Q, := {z > 0},

we require u|q, , xr, to be the entropy solutions of

Ou+ Op fir(u) =0 in Q, x Ry,
Ul,_y = Uo in €, (1.6)

u‘x:O = Ur on X.

In the problem (1.6), the functions ¢ — 4, (t) € L>*(R4;U;,) are unspecified
for the moment. Recall that the notion of entropy solution to Cauchy-Dirichlet
problems (1.6) first requires that

u(-,0) = ug and the functions u|q, , xr, are Kruzhkov entropy solutions of

(1.7)

conservation laws dyu + 0 f1.»(u) = 0 in domains €, x Ry, respectively.

Observe that, without loss of generality, one can assume that u €
C(0,+00); L}, (R)) (see, e.g., [34]). This gives pointwise strong sense to the ini-
tial condition in (1.7) and thus in (1.6). Furthermore, in order to write explicitly
the boundary conditions in (1.6), in this introduction let us assume for a moment
that we deal with solutions u € L*°(R x R;) of the local entropy formulations

(1.7) that have strong interface traces®. More precisely, we work with « that admits

@ This is true for any u € L (R x Ry ) solution of (1.7) provided f; , have non-zero derivative
on any nontrivial subinterval of Uj ., see [65]. Without any additional assumption on the fluxes,
this is true for any self-similar solution (which is important because this applies to solutions of
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strong one-sided traces on the interface X:

0 h
w(t) = lim u(z,t)de, wu,(t) = lim u(z,t)de, forae.t>0. (1.8)
h—0 _h h—0 0

It is well known since the work of Bardos, Leroux and Nédélec [21] that the one-
sided boundary condition u; , = @, formally imposed in (1.6) should be understood
“up to a converged boundary layer”. Namely, the boundary conditions in (1.6) are
enforced in the sense of [21], which we express as follows (see [47] for a closely
related approach in the system case). Defining by Gy, : U; x U, — R the Godunov
solvers associated to f ., i.e.,

1 r if a < b7
Gir(a,b) = {mmse[a,m fir(s)  ifas< (1.9)

MmaXse(b,a] fl,r(s) ifa >0,
we require

fi(wi(t)) = Gi(wi(t), @ (), Gr(ar(t),ur(t)) = fr(us(t)) for ae teR;. (1.10)

Now, in order to determine the couple of functions ¢ — (@ (t), 4, (t)) appearing as
the boundary values in (1.6), we impose two transmission conditions across the
interface X:

a) the mass conservativity condition, i.e.,

filw () = fr(ur(t)), for ae. t>0;

b) the additional condition that for a.e. ¢ > 0, the couple (@ (t), @, (t)) belong
to a given, model-dependent subset S of U; x U,..

In this contribution, we focus on the case of a monotone transmission, in which case
B is assumed to be a maximal monotone graph in U; x U,..

Definition 1.1. In the context of assumptions (1.2),(1.4), a mazimal monotone
graph 8 in Uy x U, is called transmission map for (1.1).

We will show that different transmission maps used in b) may lead to different
admissibility notions for the Cauchy problem (1.1),(1.2),(1.4),(1.5), which contains
in particular the different solutions discovered in [3]. Let us stress that in concrete
examples, the transmission map to be used in b) can be determined from some
mesoscale information relevant for the underlying application context (see §4). As an
example, we point out that the vanishing viscosity limits (see [45,13] and references
therein) in the case U; = U, can be obtained with 8 = Id, which was also the
choice of [39]. Notice that due to condition a), we focus on the case of conservative

the Riemann problem).

The simplifying assumption of existence of traces of u can be easily bypassed in the arguments
we develop, keeping in mind that traces of f;,(u) and those of the associated Godunov fluxes
Gy, (u, k) exist (see the arguments in [16,14] that make explicit the result contained in [65]).
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coupling; yet, adaptation to non-conservative coupling is possible (see the example
of § 4.6, which provides a new interpretation of the results of [18]).

We will show that the maximal monotonicity assumption on 8 guarantees that
there exists a unique function ¢ — (@;(t), @,(t)) such that one has

fl(ul) = Gl(ul,ﬂl) = G,«(ﬂ,-,u,«) = f,«(u,-) with (fbl,’fh-) € p (1.11)

pointwise for a.e. t € Ry, where vy, are the traces in the sense (1.8) of a solution u
to the Cauchy-Dirichlet problems (1.6). Observe that condition (1.11) summarizes
both transmission conditions a) and b), as well as the form (1.10) of the boundary
conditions in (1.6).

According to the above analysis, by admissible solution associated with a given
transmission map S we will mean a function u € L>®°(R x Ry) satisfying (1.7),
such that its one-sided traces on the interface ¥ fulfill the transmission condition
(1.11). Let us explain how well-posedness for the above interpretation (1.7),(1.11)
is established. First, we observe that if (1.11) holds, the one-sided traces w;, of u
have to take their values in the set

G(B) = {(ui,ur) € Uy x U, | there exists (u, @) such that (1.11) holds}. (1.12)

Next, we interpret the set G(f) in (1.12) within the framework of the general theory
of L!-dissipative solvers for (1.1),(1.2),(1.5) developed in [14], by establishing that
the solution is admissible in the above sense if and only if it is a G(8)-entropy
solution of (1.1),(1.2),(1.5) in the sense of [14]. This claim follows readily from the
analysis of §2.2 that shows that G(B) is a complete mazimal L*-dissipative germ
in the sense of [14]. Yet our results consist not only in a reduction to the setting
of G(B)-entropy solutions. Indeed, due to the generality of the setting of [14], the
only generic convergent finite volume scheme is the Godunov scheme which makes
appeal to a Godunov solver at the interface; in general, this Godunov solver can
be quite intricate. In §2.2, following [37] we describe the interface Godunov solver
obtained for a given transmission map (. Furthermore, in §3 we show that the
structure (1.6),(1.11) of the particular solutions associated to transmission maps
permits to design and analyze reasonably cheap convergent finite volume schemes
for G(B)-entropy solutions. The key ingredient here is a rather natural discretization
of the B-dependent transmission condition (1.11). In the last section of the paper,
namely §4, we extend the notion of optimal entropy solution introduced in [3] for
bell-shaped fluxes to the case of general fluxes. We finally show how several problems
coming from clarifier-thickener unit modeling, porous media flow modeling, traffic
flow modeling or pedestrian flow modeling enter the transmission map framework
we propose in this paper.

2. L!'-dissipative germs and transmission maps

We briefly recall the main definitions and results given in the work [14] of Karlsen,
Risebro and the first author. Then we establish relations between L!-dissipative
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germs and transmission maps, and analyze the Riemann problem for S-admissible
solution. As a consequence, we infer well-posedness and convergence of the Godunov
numerical scheme for S-admissible solutions of (1.1),(1.2).

2.1. Germs formalism and general well-posedness results

Consider problem (1.1),(1.2) with fluxes f,, defined on the intervals® U, =
[4; ., U1,]. In this setting, the following definitions and results are given in [14].

Definition 2.1. A subset G of U; x U, is called L'-dissipative germ (L'D germ,
for short) if for all (ui,u,) € G there holds fi(wi)) = fr(u,), and moreover, for all
(Ul, u7‘)7 (Ul7v7') E g

QI(ulavl) - QT(UT;UT) > 07 (21)

where

QI,T(U; ﬁ) = Sign(u - K) (fl,r(u) - fl,r("@))'
The following particular properties of germs are of interest.

o An L'D germ is called maximal, if it is not a strict subset of some other L'D
germ.

e An L'D germ G is called definite, if there exists a unique mazimal L'D germ G
such that G is a subset of G.

o An L'D germ G is called complete, if for every Riemann data
up(x) = wleco + urlyso with u € Uy, u, € U,
there exists a self-similar (i.e., §-dependent) solution u such that

a) Ulg, vz, U8 a Kruzhkov entropy solution of Opu + Oy fi(u) = 0 with u(x,0) =
up, ¢ <0,

b) Ulg, wz, 05 a Kruzhkov entropy solution of O+ Oy fr(u) = 0 with u(x,0) =
U, x>0,

¢) the one-sided traces lim,_,o- u(z,t) =: yyu, imy,_,g+ u(z,t) =: y,u of u at
the interface {x = 0} verify (viu,yru) € G.

Finally, given an L'D germ G, one defines its dual germ G* by setting
G* = { (v, vp) € Uy x Uy | filvr) = fr(vy) and Y(ug,uy) € G, (2.1) holds}.
Another useful notion, that we do not put forward here because it is less funda-

mental, is the notion of closed germ (see [14]) used in Proposition 3.6 in § 3.2.

PTt was supposed in [14] that U; = Uy; yet the generalization to the case of different domains of
definition of f; ;. is immediate, bearing in mind that some compatibility conditions of the kind
(1.4) are mandatory to develop an existence theory.
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The following relations between the above properties of L' D germs are relevant
for the subsequent analysis.

Proposition 2.2. The unique mazimal extension of a definite L'D germ G is its
dual germ G*. In particular, an L'D germ is mazimal if and only if it coincides
with its dual.

Proposition 2.3. A complete L'D germ is mazimal.

Given a definite L' D germ one defines G-entropy solutions and infers uniqueness
of the so defined solution; furthermore, given a complete L' D germ one obtains well-
posedness results and justifies convergence of the Godunov finite volume scheme.

Definition 2.4. Let G be a definite L' D germ. A function u € C(Ry; L, (R)) such
that u|QlX]R+ takes values in U; and u|Q7,X]R+ takes values in U, is called G-entropy
solution of equation (1.1),(1.2) with initial datum (1.5) if u(-,0) = ug, the Kruzhkov
entropy inequalities are satisfied away from the interface:

Vi €Uy, Otlu(z,t) — K|+ 0pqr(u(z,t),k) <0 inD'(, xRy), (2.2)

and the following adapted entropy inequalities are satisfied

for all (ki kr) € G, setting k(x) = Kilz<o + Krlyso, there holds
Orlu(z,t) — k(z)| + Opq(u(x,t), k(z);z) <0 in D'(R xRy), (2.3)

with the notation q(-, ;) = q (-, ) 1a<o + ¢ (-, ") 1o>0-
Let us recall the main results of the theory [14] on which our analysis will rely.

Theorem 2.5. Under the assumptions of this section, given a definite L'D germ G
there exists at most one G-entropy solution to the Cauchy problem (1.1),(1.2),(1.5)
for every initial datum. Furthermore, if G is a complete L'D germ, there exists a
unique solution to every Cauchy problem and this solution can be obtained as the
limit of approximations obtained by the time-explicit Godunov finite volume scheme
under some appropriate CFL condition.

For the details of the latter statement (description of the scheme, etc.) we refer
to [14, §6], but also to §3 of the present paper.

Actually, the uniqueness proof in [14] does not rely on Definition 2.4 but on an
equivalent definition of solution that makes appeal to strong boundary traces of
suitably defined singular mappings. In the sequel, we will only need the following
implication, contained in [14], which concerns solutions such that u itself possesses
strong boundary traces.

Proposition 2.6. Let G be a definite L'D germ, and let u € L= (R x R ) be such
that u <u <w a.e. in R xRy, and such that
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1. the restriction Ula, . xzy of u to Q. x Ry is a Kruzhkov entropy solution,
e. (2.2) holds;
1. u admits strong one-sided traces u;, € L°(Ry;U;,) on the interface ¥
such that (ui(t), ur(t)) € G* for a.e. t > 0;

then u is the unique G-entropy solution.

In the above proposition, G* is maximal due to the definiteness assumption of G;
as a matter of fact, G- and G*-entropy solutions coincide. Let us stress that the main
interest of the notion of definite L' D germ (in which case G C G*) as compared to
the notion of maximal L'D germ (in which case G = G*) is to enforce the smallest
possible number of constraints in (2.3). We refer to [28] and [14, §4.8] for one striking
example where G can be chosen to be a singleton. Yet, in the present contribution
we will not address the interesting question of finding the smallest definite subset
of G(B) given in (1.12). We only prove that G(f3) is a complete maximal L'D germ,
and we put forward a slightly smaller subset G°(3) of “reachable states” that is a
definite L'D germ (see Proposition 3.6, cf. [14,13] for a particular example).

2.2. Transmission maps yield mazximal L'-dissipative germs...

We start by providing a convenient parametrization of a transmission map 3. Denote
p =y +u, and p := U +u,. Given 8 C [u;, W] X [u,,U,] a maximal monotone
graph, the application

RS
@, i) = T, i) = @ + .

is a one-to-one mapping. The inverse of II provides nondecreasing 1-Lipschitz con-
tinuous parametrizations of the coordinates of the elements of the graph 5:

{al,r Hp. Pl = [, T

2.4
pr al,'r‘(p) ( )

with (%(p), @r(p)) € B for all p € [p,p] (i.e., I = (4, ', @, 1)).

In the next lemma, we define the interface numerical flux associated with the
interface transmission condition (1.11). In Proposition 2.9 we will prove that this is
exactly the Godunov flux for G()-entropy Riemann solver for (1.1),(1.2).

Lemma 2.7. For all (u;,u,) € Uy x Uy, there exists p € [p,p] such that
Gi(ur, w(p)) = Gr(ir(p), ur).
While p is not necessarily unique, the corresponding interface flux map Gg(uy, u,)
Gp : (w,ur) = Gi(w, w(p)) = Gr(r(p), ur) (2.5)
is uniquely defined. Moreover, Gg is Lipschitz continuous w.r.t. v, and u,, and

0< 6ulG5(ul,u,-) < L, —L, < 6urGg(ul,u,«) <0. (2.6)
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Observe that our notation is slightly abusive: namely, G; , depend only on fi ,,
respectively, while Gg depends on /5 but also on f; and f;.
Proof. Define the functions ¥y, : [p,p] — R by
Vi(p) = Gi(w, w(p)) and  W.(p) = Gr(tr(p),ur),  Vp € [p,Pl,

then in view of the monotonicity and of the Lipschitz continuity of G, and p —
Uy,r(p), one has

— L <V(p) <0, 0< ¥ (p) < Ly, for a.e. p € [p, Pl. (2.7)
Using once again the monotonicity of G, ., one obtains that
Ui(p) > fir(w,) = ¥ (p), (2.8)
and
i(P) < fir(Uir) < (D). (2.9)

Therefore, the existence of p € [p,p] such that ¥;(p) = ¥,(p) follows from (2.8)-
(2.9), from the monotonicity (2.7) of ¥;, and from the intermediate value theorem.
Moreover, if there exists p > p such that ¥;(p) = ¥,.(p), then due to their mono-
tonicity, both ¥; and ¥, are constant on [p, p|, ensuring the uniqueness of the value
Gga(uy, uy) defined by (2.5).

Let us now show that (2.6) holds. Let @; € U; be such that 4; > u;, and let p,p
be given by

p=min{ 7| Gu(u, () = G (ir (7). ) },
) = Gr(ur(m), ur) }.

Since Gi(ty, u(p)) > Gi(ui, w(p)) = Gr(tr(p), ur), then thanks to the monotonicity
properties of G;, and m — @ (), we deduce that p > p. As a consequence,

GB(UhUT) = Gr(a'r'(p); u'r‘) < G7‘(ar(ﬁ)7ur) = Gﬁ(alvur)a
ensuring that 9, Gg(ui, ur) > 0. Moreover, Gy is L;-Lipschitz continuous w.r.t. its
first variable, yielding
Gp(tu, ur) — G, ur) =Gi(lu, w(p)) — Gi(w, w(p))
<G, w(p)) — Gi(ur, w(p)) < Ly — ug).

This ensures that 0,,Gg(ui, ur) < L;. Proving that —L, < 9, Gg(uj,ur) < 0 is
similar. |

I\ G
ﬁzmin{ﬂ'|Gl(’&l,’ﬁl(ﬂ' G

It is worth remarking that the set G(8) C U; x U,, defined by (1.12), can be
rewritten under the form

G(8) = {(w,ur) | filw) = fr(ur) = Gp(ur, ur)}- (2.10)
Now, we examine G(3) in the light of Definition 2.1.
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Proposition 2.8. Consider equation (1.1) with fluzes (1.2),(1.4) and a transmis-
sion map B. The set G(B) is an L'-dissipative germ in the sense of Definition 2.1.

Proof. Given (u;,u,) € G(B), equality fi(u;) = fr(u,) holds by the definition of
G(B). Further, let (u;, u,) and (v, v,) be two elements of G(5); let us show that (2.1)
holds. First of all, notice that

qi(u,v) — gr(ur,vp) =0 if (wg — v)(ur — vp) >0,

so that we only have to consider the case (u; — v;)(ur — vy) < 0. Thanks to the
symmetry of ¢; , w.r.t. u;, and v;,, we can assume without loss of generality that
u; < vy and u, > v,. Thanks to (2.10) and to the monotonicity of G stated in (2.6),
we obtain that

fl,r(ul,r) = GB(UI;UT) S Gﬂ(vlavr) = fl,r(vl,r)~
Therefore, inequality (2.1) holds. O

Further, let us recall that the value of the Godunov numerical flux with argu-
ments u; and u,. for a hyperbolic conservation law is defined as the value of the flux
at £ = 0 in the solution of the Riemann problem with endpoints u; and wu,..

Proposition 2.9.

(i) The L'-dissipative germ G(B) is complete; in particular, it is maximal.

(i) The application Gg : Uy x U, — R defined in (2.5) of Lemma 2.7 is the
Godunov numerical fluz at the interface corresponding to the G(3)-entropy
Riemann solver.

Proof. Let (uj,u,) € U; x U,, then thanks to Lemma 2.7, there exists (4, 4,) €
such that

Gg(ul,u,«) = Gl(ul,fbl) = G,-(d,«,u,«). (2.11)

Fix these values 4, and define v € L*>(Q; , x Ry ) as the solution of (1.6) with the
Riemann datum ug = w;lz<0 + urlgso (in the sense of [21]), and denote by vy, its
one-sided traces of {x = 0} (which exist and which are constant w.r.t. ¢, since v is
self-similar). We claim that

(v, vp) € G(B). (2.12)

Indeed, v;, are characterized by

min{s | fi(s) < fi(w),Yw € [u, @]} if w < @y,
v = (2.13)
max{s | fi(s) = fi(w), Vw € [, w]} if & < w,

min{s | fr(s) < fr(w),Yw € [tr, ur]}  if Gr < up,
v = (2.14)
max{s | fr(s) > fr(w),Yw € [uy, @]}  if up < .



July 4, 2014 15:13 WSPC/INSTRUCTION FILE AC-NBS-Preprint Vers2

Interface conditions for discontinuous-flux conservation laws 11

The solution v of (1.6) satisfies the maximum principle on €, x R, ensuring
that v, € I(uy, ), where I(a,b) = [min(a,b), max(a, b)]. The Bardos-LeRoux-
Nédélec condition [21] for v, then writes

fitv) = Gi(vr, @), fr(vr) = Gr(tr, vy). (2.15)

On the other hand, it follows from (2.13)—(2.14) and from the definition of Godunov
fluxes Gy that

Gi(ui, ) = fi(vy)) and  fr(vr) = Gr (U, uy). (2.16)

In conclusion, it follows from (2.11), and (2.15),(2.16) that

Gp(u,ur) = fir(vr) = Gi(v, ) = Gr(ty, vr),

which ensures (2.12). Now, the claims (i) and (ii) follow.

(i) Because the states u;, € U, in the Riemann problem are arbitrary, prop-
erty (2.12) of traces of the solution to the Riemann problem means in particular
that the germ G(8) is complete in the sense of Definition 2.1. Therefore, G(f) is
maximal thanks to Proposition 2.3.

(ii) As a consequence, it follows from Proposition 2.6 that v is the unique G(5)-
entropy solution to the Riemann problem (1.1),(1.2) with initial datum wug :=
uly<o + Urlyso. Because the flux fi,(v;) across {x = 0} is given by Gg(u, u,),
this means that (2.5) is the precise expression of the Godunov numerical flux for
the Riemann problem set up at the interface. O

The interest of Proposition 2.9 is two-fold. First, after parametrizing § in a
monotone way (for example as suggested in (2.4)), the formula (2.5) provides an
expression of Gg depending on the one-sided Godunov solvers G ,. Extension of
this idea will provide a generic construction for monotone schemes (developed in §3)
for approximating the G(3)-entropy solution to the problem. On the other hand,
together with Theorem 2.5, it ensures the existence and the uniqueness of the G(3)-
entropy solution to the Cauchy problem (1.1),(1.2),(1.5) as stressed in the following
statement.

Corollary 2.10. Consider equation (1.1) with fluzes (1.2),(1.4) and a transmission
map B. There exists a unique G(B)-entropy solution to the problem (1.1),(1.2),(1.5)
in the sense of Definition 2.J.

Remark 2.11. According to Proposition 2.6, whenever strong boundary traces
uy, in the sense (1.8) of a G(B)-entropy solution of (1.1),(1.2),(1.5) exist (this is
the case, e.g., under the non-linearity assumption on f; ), the unique G(3)-entropy
solution of Corollary 2.10 is also the unique solution in the sense of local Kruzhkov
entropy inequalities away from the interface, see (1.7), and the interface transmission
condition encoded by the transmission map 3, see (1.11).
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Thus, we have reduced the study of well-posedness for admissible solutions orig-
inating from the transmission map approach to general results on L!-dissipative
solvers for conservation laws...

2.3. ...but some mazximal L'D germs do not result from a
transmission map

Indeed, we now present an explicit counter-example. In order to build an L!-
dissipative germ that does not correspond to any transmission map (3, we utilize
the notion of connection initially introduced by Adimurthi et al. [3] (see also [28])
in the case where f; , are bell-shaped.

Definition 2.12. A couple (¢, ¢,) € Up x U, is said to be
e ¢ strict connection if

Gile, &) = fila) © o = ¢,

~ ~ (2.17)
GT(CTacT) - fr(cr) & Cr = Cr;

filar) = fr(er), and {
e ¢ connection if, for all € > 0, there exists a strict connection (cf,ci) such
that
lev — i + |er — e < e

We denote by € C Uy x U, the set of all the strict connections, and by € C U; x U,
the set of all the connections.

It is worth noticing that if f;, belong to C' (U, ,;R), a sufficient condition for
(ci, ¢r) to be a strict connection is that

file) = fr(er),  fila) <0, and  fi(er) > 0. (2.18)

Therefore, in the particular case of bell-shaped fluxes (cf. §2.4), our definition co-
incides with the one introduced by Adimurthi et al. [3] and exploited by Biirger et
al. [28].

Let us state the following lemma, that claims that all the connections that are
in the germ G(3) belong to the graph 3 itself.

Lemma 2.13. Let (¢, ¢,) € €NG(S), then (¢, cr) € .
Proof. Let (¢, ¢.) € €N G(B). Since (¢, ¢r) € G(B), there exists (¢, ¢é.) € 8 such
that
Gi(a, @) = fila) = firler) = Gr(E cr).
Since (¢, ¢,) € €, one has
Gi(c, &) = fila) ©a=4¢, Gr(&r,cr) = frler) & ¢r = &,

ensuring that (¢, ¢.) = (¢, ¢) € B. O
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In view of Lemma 2.13, we propose to build a maximal L'D germ G* such that
¢NG* contains two elements (¢, ¢,.) and (¢, ¢,.) with ¢; < ¢ and ¢, > ¢&.. Then, since
no monotone graph 8 can contain both (¢, ¢,) and (¢, ¢,), the germ G* can not
correspond to any maximal monotone graph 5. Further, as a consequence of Zorn’s
Lemma, any germ G admits a (non necessarily unique) maximal extension; hence
we can restrict our study to the building of a germ G containing two connections
(c1,¢r) and (&, &) such that ¢; < ¢ and ¢, > é,.

In the counter-example we present now, v; ,, = 0, %, = 27, and

fiw) = —sin(u),  fr(u) = +sin(u).
Set ¢; € (0,7/2), ¢ = 2w — ¢y, ¢ = ¢, and & = ¢, then both (¢, ¢,) and (&, é.) be-
long to € since the sufficient condition (2.18) holds for each of the couples. Moreover,
property
QI(CI; él) > QT(CT; ér)a

is easily checked, so that G := {(c;,¢;), (¢, ¢-)} is an LD germ. This provides the
required counterexample: no L'D germ of the form G(3) can contain G.

2.4. The case of bell-shaped fluxes

In this section, we assume in addition to assumptions (1.2),(1.4) that the fluxes f; ,
are bell-shaped, in the sense that there exist oy, € U, such that

fir(s)(o1r —s) >0 forae selU,. (2.19)

In particular, s — f; -(s) admit a unique maximum at s = oy,. In the bell-shaped
case, the set € of the connections introduced in Definition 2.12 reduces to a portion
of a strictly decreasing graph in U; x U,, and (2.18) becomes the necessary and
sufficient condition for (¢, ¢,) to be a strict connection. We refer to [7] or [8] for
graphical illustrations of the set € (called U is these works).

In the bell-shaped case, it is possible to classify all definite L' D germs. Indeed,
it is shown in [14, §4.8] that

every maximal LD germ contains one and only one connection (¢, ¢,.)

— 2.20
i.e., a singleton {(c;,c.)} is a definite L'D germ < (c;,¢,) € €. (2.20)

In our preceding work [7], we also underlined the interest of the parametrization of

the set € of connections (¢, ¢,.) by the fluz limitation level F in the interval
Ir := | max{f1(0), fi-(1)}, min{n}]ax fl,rrlljaxfr} ,
1 r

in the spirit of the idea introduced in [41]. Indeed, given F' € I, there exists a
unique (c;,¢,) € € such that fi,(c;,.) = F. Moreover, if G is a definite L'D germ
that contains (c;, c,.) € €, one easily checks that

fl7,«(ul7,«) < F = fm(cl’,«) € Ir for all (ul,u,«) € g*. (2.21)
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In this case, the flux limitation constraint “lim,_,q f(u(t, z);2) < F” is fulfilled for
every G-entropy solution u of (1.1),(1.2) (see [7], cf. [41,11] for details).

To sum up, in the preceding works three equivalent points of view for admissi-
bility of solutions to (1.1),(1.2) in the bell-shaped case (2.19) were put forward:

1. Fix a definite L!-dissipative germ G. Consider G-entropy solutions of [14].
2. Fix a connection (¢, ¢,) € €. Use the definitions of [3] and [28].
3. Fix a constraint level F' € I in (2.21). Proceed as in [11] (see also [7]).

In this paper, we advocate for a yet another approach to (1.1),(1.2), which is equiv-
alent to 1.—3. in the bell-shaped case:

4. Fix a transmission map (. Consider solutions admissible in the sense of
local Kruzhkov entropy conditions (1.7) and the interface transmission con-
dition (1.11).

Indeed, since € reduces to a portion of a decreasing graph in U; x U, its intersection
with any given maximal monotone graph § contains at most one singleton (¢, ¢,.).
The following alternative holds.

e If SNE = {(c1,¢r)} # 0, then it is evident that (¢, ¢,) € G(8). Due to (2.20),
this identifies the L' D germ G(3) with the unique maximal extension {(c;, ¢,.)}* of
the LD germ {(c;,¢,)}. In this case the G(3)-entropy solution coincides with the
{(c1, ¢;) }-entropy solution introduced in [3] and [28].

o If NE = ), then reproducing the analysis performed in [8, §1.3] permits to prove
that the unique non-strict connection (¢*", c2Pt) € €\ € belongs to G(8). According
to (2.20), {(c/®",c2Pt)} is a definite germ, therefore G(B8) = {(c?pt,cgpt)}* and,
following the terminology introduced in [3], the G(8)-entropy solution coincides

with the so-called optimal entropy solution.

Remark 2.14. The transmission map approach 4. developed in this paper leads,
as for the approaches 1-3, to a complete description of the set of the L!-dissipative
germs in the bell-shaped case. We demonstrate in this paper that it can be applied
directly for the general non-bell-shaped case, while the approach by connections 2.
becomes quite technical in the non-bell-shaped case (we refer in particular to the
PhD thesis of S. Mishra [61], where this problem has been studied thoroughly).
In the sequel, we will also extend the notion of optimal entropy solution to the
non-bell-shaped case.

3. Design and study of numerical scheme

While the convergence study of numerical schemes performed in [14] for general
L!-dissipative germs was restricted to abstract Godunov schemes, we will take ad-
vantage of the particular structure of the germs generated via a transmission map
for designing convergent numerical schemes based on any monotone approximate
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Riemann solvers associated to f;,. This approach was suggested by the authors
in [9] (see also [6]) in the framework of multiphase flows in porous media.

3.1. Building monotone finite volume schemes

Definition 3.1. A monotone approrimate Riemann solver associated to a L-
Lipschitz continuous nonlinearity f : [u,u] — R consists in an application F :
[u,u)? — R such that

a) F is counsistent w.r.t. f: F(u,u) = f(u), Yu € [u,Tl.
b) F is monotone and Lipschitz continuous w.r.t. its two variables, namely, there
exists M > 0 such that
0 < 0.F(a,b) < M, —~M < OpF(a,b) <0  for a.e. (a,b) € [u,1]?.

While the exact Riemann (or Godunov) solver

minger, S ifa<b
G(a,b): €[ ,b]f( )
maXse(b,al f(S) ifa>0b

is a particular monotone approximate Riemann solver, numerous other examples
are encountered in practice, such as

e the Lax-Friedrichs solver Frr (under the CFL condition ﬁ—; < %)

Fur(a,b) = M n ;‘—L(a —b):

e the Rusanov solver Frys:

Fustont) = 10210 Le=b),

2 b
e the Engquist-Osher solver Fgo:

b
Fro(a, b) = M _ %/ 1F/(s)|ds.

Let us also mention two important application-based monotone finite volume
schemes:

e the so-called phase-by-phase upstream scheme studied in [66,23] for approx-
imating immiscible incompressible flows in porous media;

e the so-called Hilliges-Weidlich scheme [54] for approximating the car density
prescribed by first-order LWR models [60,64].

Given a couple of monotone approximate Riemann solvers Fj , we can define as
in (2.5), the corresponding interface flux map Fp : U; x U, — R. Indeed, we have
the following lemma whose proof is the same as the one of Lemma 2.7, the Godunov
solvers G, being replaced by Fj ;.
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Lemma 3.2. Given monotone approzimate Riemann solvers Fy , associated to f r,
as in Definition (3.1), for all (u;, u,) € UyxU,, there exists a unique value Fg(uy, u,)
satisfying

Fg(ug,ur) == Fy(uy, @) = Fp(tp,ur)  for some (i, 4,) € B. (3.1)

Moreover, the so defined map Fg : Uy x U, — R s Lipschitz continuous, and for
a.e. (uy,u.) € Uy X U, one has

OgaulFﬁ(ulaur)SMl; *Mrgau,.FB(ulaur)SO;
M being the best Lipschitz constants of Fy . respectively.

Let us now describe the scheme. For the ease of reading, we restrict our attention
to the case of uniform discretization of R x R, described by a space step Az > 0
and a time step At > 0. We denote by {z; = jAz | j € Z} the set of the edges
(that are just breakpoints since we are in 1D), so that the interface is located at
the edge xg. For all j € Z, we initialize the scheme by setting, e.g.,

= s [ wds  viez (32)
u; = — uo(x)dz, j € L. 3.2
i+1/2 T A .

Then, the quantities (uyill /2) jez are deduced from (u}, , ,)jez by the explicit finite
volume scheme

un o —un
+1/2 +1/2
At At - Az + Fj+1(“?+1/2a u?+3/2) — F} (u?71/27“?+1/2) =0, (3.3)
where
F‘(a b) _ Flﬂ«(a, b) if WS Qlﬂ«, (3 4)
T Fs(a,b)  if j=0. '

The discrete solution uy, is then defined almost everywhere by

up(z,t) = “?Ll/z if (z,t) € (zj,2j41) X (RAE, (n + 1)At]. (3.5)

The scheme (3.3) can be rewritten
u?jﬁl/z = Hj+1/2(“?+1/27u?71/27u?+3/2)7 Vj € Z,¥n €N,

where the map H /o is nondecreasing w.r.t. each of its arguments under the CFL
condition

Az

At ——M—
~ 2max(M,;, M)’

(3.6)

thanks to the monotonicity and the Lipschitz continuity of F; , (cf. Definition 3.1)
and of Fp (cf. Lemma 3.2).
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3.2. Ezxactly preserved and reachable steady states

We will say that the scheme (3.3) based on solvers Fj, preserves eractly a state
(K1, r) € G(B) if the discrete function

k ifx <0,
Iih(x) = ]zg; I€j+1/21(1j’1j+1)(x) = {,‘@T i 2 S 07 (3.7)
is a steady solution to the scheme (3.3). As it appears in the expression (2.10) of
G(B), the Godunov scheme for G(5)-entropy solutions of (1.1),(1.2) (whose interface
flux is precisely Gg, according to Proposition 2.9(ii)) preserves exactly the whole
maximal L' D germ G (/). The exact preservation property is the main ingredient in
the proof of convergence of this scheme to the G(3)-entropy solution of (1.1),(1.2)
(see Theorem 2.5 and [14]). This property is lost when considering general monotone
solvers of the form (3.4). Nevertheless, whatever be the choice of Fj ,, a particular
subset G*(B) of G(B) is preserved exactly by the approximated interface Riemann
solver Fg. Indeed, we have

Lemma 3.3. Denote by G*(8) = { (k1, k) € B | filki) = fr(kr) }, then
Fﬁ(nlv’%“) :flﬂ“(”lﬂ“)a v(mla’iT) ng(ﬂ)

As a consequence of Lemma 3.3 and of the consistency of the numerical fluxes
Fy. in Q. given (s, %) € G°(83), the discrete function (3.7) is an obvious steady
solution to the scheme (3.3). Notice that, in particular, strict connections in the
sense of Definition 2.12 that belong to the germ G(/3) also belong to the set G*(3) of
exactly preserved states. Also observe that the extremal states (u;,w,) and (u,@,)
belong to G°(3).

Proof of Lemma 3.3. Let (x, k,) € G°(8), then since (i, k) € 3, one has
Fﬂ(nla nr) = E(’il; ’il) = Fr(nra K’T) = fl,r(’il,r)

thanks to the consistency of Fj, with fi . O

Unfortunately, the knowledge of the family G°(3) of exactly preserved states is
not sufficient to guarantee the convergence of the scheme. Therefore, we have to
pay more attention to more complicated steady solutions of (3.3). To this end, we
introduce (following [31]) the set of the so-called reachable steady states. The name
“reachable” stems from the fact, proved in Lemmas 3.7, 3.8 below, that these states
can be obtained as limits of nontrivial numerical profiles solving the scheme (3.3),
whatever be the choice of solvers Fj ,.

Definition 3.4. An element (k;, k) € U, X U, is said to be a reachable state if
fi(k) = fr(ky) and if there exists (Ri, k) € B such that

{fl(m) < fils), Vse€ (ki, ki) if ki <Ry,

~ ) ~ (3.8)
filk) > fi(s), Vs €k, k) if k1 > Ry,
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and

{fr(’ir) > fT(S)7 Vs € (”ra’%r] Zf Er < Kp, (39)

fr(’ir) < fT(S)7 Vs € [’%T;’ir) Zf Kp 2> Kp.
We denote by G°(8) the subset of U; x U, containing all the reachable states.

Observe that exactly preserved states are reachable, more precisely, we have

Lemma 3.5. One has G°*(8) C G°(8) C G(B).

Proof. First remark that G°(3) C G°(j3) since one can choose &, = k., 50 that
the conditions in (3.8)—(3.9) are trivially satisfied. Now, let (i, k,) € G°(B), and
let (R, %r) € B such that (3.8)—(3.9) hold, then, in view of the definition (1.9) of
the one-sided Godunov solvers, one has

fl(’il) :Gl(nl;’%l)a fr(’ir) :GT(’%MKT)'
Since fi(ki) = fr(kr), we obtain that (k;, %) belongs to G(5). O

The germ G°(8) has three important properties that we now prove. Firstly, this
is a definite germ.

Proposition 3.6. The subset G°(3) of G(B) is a definite L!-dissipative germ, and
G(B) is the unique maximal L*-dissipative germ containing G°(B).

Proof. To prove this proposition, we can make appeal to the notion of closed germ
developed in [14]. By the closure of an L'D germ G we understand the smallest
closed germ containing G.

Let (ki, kr) € G(5), then there exists (&, &) € S such that

fl,'r‘(fil,r) = Gl(5l7 "%l) = G'r‘("%m K‘T‘)' (310)
Setting

o _ {max{s € o fusl | fir(s) = furlrun)} i mur SRir )

Ky, . ~ . -
" min{s € (R, ki) | fir(s) = frr(kie)} i ke > R,

it follows from the definition (1.9) of G;, and the Definition 3.4 of G°(5) that
(k7,k?) € G°(B) and that

Gi(ki, 67) = frr(bie) = frr(6],) = Gr(k7, kir). (3.12)

From (3.12), we see that the states x; and x{ (respectively, k, and k2) can be
connected by a zero-speed Kruzhkov-admissible shock of the conservation law d,u+
Oz fi(u) = 0 (resp., of yu+ 0, fr(u) = 0), which means exactly that (k;, ,) belongs
to the closure of G°(8). Further, it is proved in [14] that every maximal extension of
a germ contains its closure; thus, every maximal extension of G°(8) contains G(f).
But since we know that G() is maximal itself, this means that G(8) it the unique
maximal extension of G°(3); in other words, G°(j3) is a definite L' D germ. O
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Secondly, for (u,u,) € G°(B) the states u; (at —o0) and u, (at +00) can be
connected by numerical profiles of the finite volume scheme we consider in this
section, as explained in the following lemma:

Lemma 3.7. Let (ki kr) € G°(B), and let (K1, Ryr) € B such that (3.8)~(3.9) hold,
then there exists (Iij+1/2)jez such that

i) the function k, = ZjezﬁjH/Ql(xj,le) is a steady solution to the
scheme (3.3), more precisely, there holds

filke) = Fi(kj—1/2, Kjq12) = Fi(k_1)2,R1), Vi <O, (3.13)
fr(’ir) = Fr(’ij—l/Q; ’ij+1/2) = E(I%T; 51/2)7 V] > 0;

i1) the sequences (Kji1/2)j>0 and (kj_1/2)j<o are monotone and

Proof. Let us focus on what occurs in €2,., the situation in €2; being similar. In the
case where . = k., then one can choose k;y1/2 = K, for all j > 0. Assume now
that &, # k., say R, > K, for the sake of being definite. Then due to (3.9), due to
the consistency and to the monotonicity of F)., one has

Fr(’%ra’%r) < fr(’ir) < Fr(’%r; ’ir)'

Therefore, since F). is continuous w.r.t. its second argument, there exists x1/p €
[r, ) such that Fy.(Fy, k1/2) = fr(kr). If K19 = K, (this is the case if F. = G,),
then one can choose ;41,2 = k. for all j > 0.

Assume that for j > 0, we have built {x;/2,...,k;41/2} such that
Kr > K1/2 > "> Kj_1/2 > Kjy1/2 > K,
and
fr(kr) = Fr(Rp, k172) = Fr(Kig1/2, Kigs/2), Vied{0,...,5—1}

Using again (3.9) as well as the properties of F,., one gets that

fr(Kip1y2) = Fr(Kjr1/2, Kjr1y2) > fr(kr) = Fro(Kjp12, k),

ensuring the existence of #;13/5 € [k, &) such that Fy.(kj11/2, kj13/2) = fr(kr). If
Kj43/2 = Kr, then one can choose K, 3/o = K, for all i > j.

It follows from the above construction (that can be carried out in a similar way
if R, < K, ) that the sequence (Kj+1/2)j>0
Fr, so that it converges towards some ¢, € [min{s, &}, max{x,, & }] as j — oo.
Passing to the limit j — oo in (3.13) yields f,(4,) = F.(¢r,£.) = fr(kr), and thus
l, = K, in view of (3.9). O

is monotone and bounded between x, and

And finally, the profiles constructed in Lemma 3.7 are convergent:
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Lemma 3.8. Let (ki, k) € G°(B), let (Kj11/2)jez be as in Lemma 5.7, and let
Kn = ZjeZ Kjt1/21(a;,2;40), then

Kh — Kilgco + Krlyso  in LIIOC(R) as Az — 0.

Proof. Let € > 0, then since £;11/o — 1,r as j — £00, there exists jo(e) > 0 such
that

l7] > jo(e) == |Kjp1/2 — kel <eand [k_j_1)9 — K| < e

Let (Az,),~; be a sequence of space steps tending to 0 as n — oo, and let x €
R\ U,,>; AznZ, then there exists ng(x, €) such that

n > ngo(x,e) = |z| > jo(e)Axy,,

yielding |kp(x) — Kilz<o() — Krlaso(x)| < €. Hence we get the almost everywhere
convergence of kp towards K;lz<o + Kr1lgso. Since u < Kk <, the convergence in

L{ (R) follows from the dominated convergence theorem. ]

3.3. Monotonicity estimates and compactness

The monotonicity of Hj;/, under the CFL condition (3.6) has important conse-
quences. In particular, let vy € L*(R) with u < vp < @ a.e. in R be such that
up — vo € LY(R), let

lap=ns [ wlade  Viez (314)
v = — vo(x)de, i€, 3.14
Jit1/2 7 Ag -

n+1
and let (Uj+1/2)jez,n2

U?:II/Q = Hjﬂ/g(v;ﬁrl/g,v;ll/g, U?JFS/Q), Vj € Z,Vn € N, (3.15)

be given by the scheme
0

then it follows from classical arguments (see e.g. [43,44]) that for all n > 0, one has
+ n n £ £
Doy =0l ) FAT < (U gy — 0 ) AR < /R(uo —vg)Edz. (3.16)
JEL JEL

Lemma 3.9. Let ug € L®(R) with u < ug < a.e. in R, and let uy, be the discrete
solution defined by (3.2)—(3.5), then, under the CFL condition (3.6), one has

w(x) <up(z,t) <ulx) for a.e (z,t) e R X R,.

Proof. Since (y;,u,) and (@, 7,) belong to the subset G*(3) of G(B) defined in
Lemma 3.3, the steady states u and u are exactly preserved by the numerical
scheme (3.3). Therefore we can choose v}, p = u(xj41/2) and v, o = U(Tjt1/2)
for all j € Z and all n > 0 in (3.16), which permits us to conclude. |

Further, due to the consistency of Fj, with f;,, one has

k= Hji12(k, K, k), VjeZ\{-1,0},Yn e N,Vk € [w(r;t1/2),U(2)q1/2)]-
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Therefore, with the notation
aTb = max(a,b) and aLb = min(a,b),

standard monotonicity arguments (see e.g. [48]) provide that, for all j ¢ {—1,0},
for all n > 0 and for all € [u(x;41/2),U(x;41/2)], one has

n+1

[ul Ty — Kl — |u
At

+ Fjin (U?+1/2T"€a U?+3/2T“) —Fin (U?+1/2i“v “;‘L+3/2L"€)

n K |

it2 T Ag

—F; (u?ﬁl/g—l—n, U?H/QTH) + F (u?ﬁl/QJ_n, U?H/QJ_H) <0. (3.17)

Similarly, let (k;, k) € G°(B), and let (K/j+1/2)jez be as in Lemma 3.7, then for
all j € Z and for all n > 0, one has

W = Kryel = [y o — Kl

A7 Az + Q7 —QF <0, (3.18)
where we have set, for j € Z and n € N,
Qf =Fj(uj 1o Trj—1/2,ufy1/9TRjr1)2) (3.19)

-k (“?71/2l”j—1/2a U?+1/2J-”j+1/2)

(recall that for Fj, we use Fy if j < 0, Fg if j = 0 and F, if j > 0).

While (3.17)—(3.18) play an important role in identifying the limit u as Az, At —
0 of uy, as the unique G()-entropy solution (as this will appear in §3.4), compactness
properties on the family (uy,) Az At will be needed to ensure the existence of this
aforementioned limit u of uy. To this end, the so-called BVj,. strategy proposed
in [26,27] can be mimicked, leading to the following Proposition.

Proposition 3.10. Assume additionally that ug € BV(R), then, under the CFL
condition (3.6), there exists C' > 0 depending only on M, and ug (but neither on
Az nor At) such that

/ |up(z,t +7) —up(x)|de < C(1 + At), for a.e. t >0 and all T > 0. (3.20)
R

Moreover, for all n > 0 and all T > 0, there exists C), depending on T, n, M, and
ug (but neither on Ax nor on At) such that, for all £ € (—n,n) and Az € (0,7),
one has

T
/ / lun (2 + €,1) — un(e, B)|dedt < Cy (€] + A). (3.21)
0 JR\(=3n,3n)
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3.4. Convergence of the scheme

As a consequence of Lemma 3.9 and Proposition 3.10, if ug € BV(R), there exists
a function v € L>*(R x Ry) with u < u < @ a.e. in R x R such that, up to an
unlabeled subsequence,

up, = u  a.e. in Rx Ry as Az, At — 0. (3.22)

Our goal is now to identify the limit u of u as the unique G(3)-entropy solution of
the problem (1.1),(1.2),(1.5) in the sense of Definition 2.4. To this end, let us first
check that the local Kruzhkov entropy inequalities (2.2) hold.

It remains to prove adapted entropy inequalities of Definition 2.4.

Proposition 3.11. Let ug € BV(R), and let u be given by (3.22), then, for all
K € [y, T, and all ¢ € DT (., x Ry), one has

// |u — k|Orp dadt
QZ,TX]R+

+/ luo — &|o(-,0) do + // qi,r(u, k)0gpdxdt > 0. (3.23)
Q Q. xRy

Proof. Since supp(¢) is compact in €, x Ry, there exists T > 0 and ¢ > 0
such that supp(¢) C {|z| > €} x [0,T]. Therefore, thanks to Proposition 3.10, wy,
belongs to BV (supp(¢)) as soon as Az is small enough. Proving that the limit
u of discrete solutions uj obtained via monotone finite volume schemes satisfies
Kruzhkov entropy inequalities and the initial condition (1.5) is then classical (see
e.g. [51,48]). |

i

Proposition 3.12. Let ug € BV(R), let u be given by (3.22), then, for all (ki k) €
G°(B), property (2.3) holds true.

Proof. First, it is easy to check that the space {¢ € D(R) | d,¢ € D(R*)} of test
functions with vanishing near x = 0 derivative is dense in D(R) for the W11 (R)
topology, so that, since D(R) @ D(R.) is dense in WH1(R x R;), the set

T+ ={p e DR xR,) | 0,6 € D(R* x R})}

is dense in DT(R x Ry ) for the WH1(R x R ) topology. Therefore, since u, s and
qi.r(u, K1) belong to L>(R x Ry ), it is sufficient to prove (2.3) with test function
peTt.

Let ¢ € T, then supp(d.¢) N ((—n,n) x R) = 0 for some n > 0. Since we
are interested in the limit Az, At — 0, we can assume that Az < 7. Denote by
iy = (1541/2,t") for all j € Z and all n > 0, then remark that

(3.24)

N =

ol n
Pivre =01y i1 < Ay
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Multiplying the inequality (3.18) by Atqb?ill /2 provides after classical reorgani-
zations (see, e.g., [48]) that

Ap + By +Cp, <0, (3.25)
with
Oy — ST

A=) Aty fufy - ”j+1/2|%tj+l/2m%

n>0  jEZ
By, = Z |u?+1/2 - “?+1/2|¢?+1/2A$,

JEZ

n+1 n+1

Ch=D Aty Q&) — &7,

n>0  jez

where Q7 was defined by (3.19). It follows from classical arguments that

i A= / /R I = w0tz Dazat, (3.26)
and that
lim B, = 7/ luo(x) — k(x)|p(x,0)dz. (3.27)
Az—0 R

Let us focus on the term Cj. Thanks to (3.24), one has
— n¢ ntl T1
Ch=D At Y QU@ — o),
n20  |j|zn/Ax

while thanks to the Lipschitz continuity and the consistency of the numerical fluxes
F}, one has

1 n n n
‘5 (CH (Uj+1/2a K1) + QI(UJ‘_1/27 "'@l)) - Qj

S Ml <|Iij+1/2 =+ Iij_l/g — 2Iil| —+ |U?+1/2 — U?_1/2|) lf] < 0, (328)

and

1 n n n
‘5 (%('%‘4.1/27 "'@r) + Q7'(Uj_1/27 Kr)) - Qj
< M, (|I€j+1/2 + K172 = 260+ (Ul s — U?—1/2|) if j>0. (3.29)

Moreover, since k;,1/2 tends to #;, as |j| — oo, then, for all € > 0, there exists
a > 0 such that
|I€j+1/2 + Kj—1/2 — 2I$l| <e ifj< 7377;’

0<Az<a = 2
|K‘j+1/2 +K‘j*1/2 —2:"€7«| S € lfj > Az
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Therefore, with the notation
¢, — ot
8o (x,t) = W if (2,1) € (2, 2141/2) X (AL, (n + 1)At),

one obtains that

Cp + Z // uh,lim)(s ¢rdxdt
Qi

me{l,r} XR*

< ma(M.) ( S A 6, -

n>0  jEZ

+ |\3x¢||oo/ / lup(x + Az, t) — uh(:c,t)|d:cdt) . (3.30)
Ry Jle|>n—Az/2

Thanks to (3.22) and Proposition 3.10, passing to the limit Az, At — 0 in (3.30)
provides

i <
am Gt > / /Q (U, o ) Oppdadt| < Ce

me{l,r} ’"XR+

for all € > 0, hence

A Cn == > //Q Xﬂh o (U Ko ) O . (3.31)

me{l,r}

Taking (3.26)—(3.27) and (3.31) into account in (3.25) provides that (2.3) holds with
the chosen couples (ky, £r). O

By virtue of Proposition 3.6, G°(8) is a definite germ; therefore the informa-
tion (2.3) with (ki, k) € G°(8) only is sufficient to characterize the G(/3)-entropy
solutions. To sum up, we have

Corollary 3.13. Let ug € BV(R), let u be given by (3.22), then (2.3) holds for all
(k1 kr) € G(B).
We have now all the necessary tools to prove the main theorem of the section.
We strengthen the CFL condition (3.6) into
2max(M; ) At
Az

prohibiting the fact that At/Ax — 0 when At, Az — 0. This ensures in particular
the finite speed of propagation for the discrete solution, more precisely

€ [a,1] for some a > 0, (3.32)

/ |’U,h(£L',t) - Uh(l',t)|dl‘ < / |uh(x7 0) - Uh(ma 0)|dl‘, vt > 0,
|z|<R |z| <R+Mt+h
(3.33)
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where M = m%(z\/[“) Since M, < L;, necessarily, then M > max(L; ;).

Theorem 3.14. Let ug € L>°(R) be such that (1.5) holds, then, under the CFL
condition (3.32), the discrete solution up, defined by (3.2)—(3.5) converges strongly
in L, (RxR) towards the unique G(3)-entropy solution of (1.1),(1.2),(1.5) in the
sense of Definition 2./.

Proof. Assume first that ug € BV(R), then we have proved in Corollary 3.13 that,
under the CFL condition (3.6), any limit value u as Az, At — 0 of the sequentially
compact in L (R x R;) family (Un) Az e i @ G(B)-entropy solution, which is
unique, ensuring the strong convergence in L (R x R ) of the whole sequences.

Let K be a compact subset of R x R, then there exists R such that
KCCri=|J{zeR]a] < (R-Mt)"} x{t}.

t>0

Now, if ug € L*°(R), then for all € > 0, there exists u§ € BV(R) such that

R
/ |uo(x) —uf(z)|de < e.
-R

Denote by up the discrete solution corresponding to the initial datum wg, uj, the
one corresponding to uf, by u the unique G(8)-entropy solution corresponding to
ug, and by u¢ the one corresponding to ug, then

// lup, — u|dadt < // |up, — u|dadt
K Cr
< // lup, — uj |dedt + // |uf, — uf|dedt + // |u® — uldzdt. (3.34)
Cr Cr Cr

Thanks to (3.33), one has

// u€|dmdt<£/R |up (z,0) — uj, (z 0)|d:c<£e
Cn h _M R h ) h ) _M 9

while, thanks to the L!-contraction at the continuous level proved in [14], one has

R (7 R
—ufldzdt < — —ufldr < —e.
//CR|u uf|dx _M/,RMO u0|:E_Me

Therefore, (3.34) yields

// |lup — uldedt < 2—e+ // |uf, — uf|dzdt.
Cr

It follows from the strong convergence in L (R x Ry) of the discrete solution
corresponding to initial data in BV(R) that

lim // |uj, — ufldzdt = 0,
Az, At—0
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ensuring by the way that

R
lim inf // |up, — u|dadt < 2—e, Ve > 0,
Az, At—0 | i M

thus the convergence in L, (RxR4) of u towards the unique G(3)-entropy solution
u associated to ug. O

4. Examples and applications

In this section, we aim to connect our work to existing results related to scalar con-
servation laws with discontinuous flux function, embedding them in our framework.
But first, we focus on monotonicity properties w.r.t. the graph 8 in §4.1, leading to
the introduction of the extremal graphs Bnin and Smax.

4.1. Order relation for transmission maps, comparison of fluxes

Let us define a partial order on the set of transmission maps of Definition 1.1.

Definition 4.1. Let B,B C U; x Uy be two mazximal monotone graphs, then one

says that B »= B if, for all s, € Uy, for all s,,3, € U, such that (s;,s,) € B and
(s1,8) € B, then

s <8 = (s;,0.)€ELN B for all o, € [Sry §r]. (4.1)

Notice that the above property is equivalent to having 8,(s) > Bo(s) for a.e.

s € U, where BO,BO are arbitrarily fixed, everywhere defined single-valued sections
of the graphs (3,3, respectively.

Proposition 4.2. Let 5 > B be two mazimal monotone graphs of Uy x U,., then
Fa(u, up) > Falw,ur),  Y(w,up) € Uy x Uy,
where Fg and Fy are obtained from one-sided monotone flures Fy, through (3.1)
for the graphs B and 3 respectively.
Proof. Let (u,u,) € Uy X U, and let (s, s,-) € 8 such that
Fg(up, ur) = Fi(ug, s1) = Fr(Sp, upr).

Consider an auxiliary value s, such that (s;,35,) € B (such a s, always exists thanks
to the maximality of the graph (). If 5, > s,, it follows from (4.1) that (s, s,) € 5,
so that Fig(ur, ur) = F(u, ur) and the claim of the lemma holds true. Assume now
that s, < s;, then, due to the monotonicity of F}., one has

Fi(ug, s1) > Fr(Sp,up). (4.2)

If (4.2) is in fact an equality, then Fj(us,ur) = Fp(ur, ur) again. Assume finally
that the inequality (4.2) is strict. Let (§;,8,) € 8 be the couple defining Fa(u, ur):

namely, Fj(u;,$) = F.(5,,u,). Using the monotone parametrization (2.4) of B,
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consider the function ¥ : p € [p,p] — Fi(u, 4(p)) — Fr (4 (p), ur). For p := s; + 5,

from s;, = @, (p) we find
‘Il(p) = E(Ul,Sl) - F7-(§7-,u7-) >0,
while for p := § + §, we have ¥(p) = 0 by the definition of §;,. The function ¥
being non-increasing, this implies that p > p, thus that §; > s;, and finally,
Fa(u,ur) == Fi(u, $1) < Fi(w, s1) = Fgu, ur)

due to the monotonicity of Fj. This ends the proof. O

Despite the set of transmission maps is only partially ordered by “>”, it admits
the maximal element S,.x defined by

(ur, ur) € Pmax  ff (w; — ) (ur — @) =0, (4.3)
and the minimal element S, defined by
(ur,ur) € Bin M (wp — @) (up —w,.) = 0. (4.4)
It follows directly from Proposition 4.2 that for all transmission map /3, one has
Fg, .. (u,up) < Fg(ug,uy) < Fg,,, (ur, up), Y(ug, ur) € Uy x Uy

Analogous property holds true for any complete maximal L' D germ G in the sense
of Definition 2.1. To be precise, we restrict our attention to the exact Godunov
solver Gg comparing it to the Godunov solvers Gg,,, and Gg,,. (for general germs,
the Godunov flux Gg is the only generic consistent interface flux; it is defined via
the exact Riemann solver by Gg(ui, u,) := fi(viu) = fr(yru), where v, ,u are the
interface traces of the self-similar solution v = u(z/t) of the Riemann problem with
data ug(z) = wly<o + ur1lyso as described in Definition 2.1 a)-c)).

Proposition 4.3. Let G be a complete mazimal L' -dissipative germ in the sense of
Definition 2.1, then denote by Gg the corresponding Godunov solver, and by Gg,,,
and Gg,,,. the Godunov solvers corresponding to the mazimal L'-dissipative germs
G(Bmin) and G(Bmax) respectively, then

GBmin (ulvuT) < Gg (ulvuT) < Gﬁmax (ulvuT)v v(ulvuT) €U xU,.

Proof. Let us prove that Gg(u;,u,) < Ga,,..(u,u,), the proof of the other in-
equality being similar. First, given (u;,u,) € U; x Uy, by the definition of Gg we
find that there exist (s;,s,) € G (given by s;, = v;,u in Definition 2.1a)-c) of the
Riemann solver) such that

Gl(UZ,Sl) = fl(sl) = GQ(UhUT) = fr(sr) = G,-(s,.,u,-).
On the other hand, it is easy to check that the maximal Godunov solver Gg,_ is
defined by
Gl(ul;ﬂl) if Gl(ulaﬂl)fGr(ﬂraur) S 0;

(4.5)
G.(Tr,u,) otherwise.

Gﬁmax (Ul, u"’) = {
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Thanks to the monotonicity of Gy ., one has
Gi(u, ) > Gi(u,s1)  and  Gp(Ur, ur) > Gr(sr, ur),
ensuring that Gg,,. (u, ur) > Gg(uy, uy) for every (uj,u,) € Uy X Uy, O

Based on the above considerations, we extend the notion of optimal entropy
solution first introduced by Adimurthi et al. in [3] in the case of bell-shaped flux
functions. Since, on the contrary to this particular case, the flux functions we con-
sider have a general shape, the notion of optimal entropy solution can be extended
in two ways, leading to the so-called minimal and mazimal entropy solutions.

Definition 4.4. A function u € L*°(RxR;) such that u < u < W a.e. in RxR; is
said to be the maximal (resp. minimal) entropy solution if u is the unique G(Bmax)-
entropy solution (resp. G(Bmin)-entropy solution).

Notice that even in the bell-shaped case, both notion are of great interest. For
example, both of them appear as asymptotic limits for two-phase flows in porous
media when the capillary pressure depends only on space [31,32,33]. The maximal
entropy solution also appears naturally in the modeling of traffic flows (see §4.4).

4.2. The wvanishing viscosity solution

A classical example consists in considering the case where a weak solution u of
(1.1) is judged admissible if and only if u is the vanishing viscosity limit € — 0, i.e.,
u = lim,_, o+ u¢ with

Oput + O f (u; ) = €0yzu’.

We assume that the flux f is of the form prescribed by (1.2), requiring by the
way that U; = U,. This limit appears in the modeling of clarifier-thickener units
for water treatmentand it has been extensively studied in the literature (see in
particular [56,67,45,5,13,62,15]). The corresponding germ Gy and its definite part
Gy consisting in couples of states that can be connected by vanishing viscosity
profiles are described in [14,13].

Since for all € > 0, u® is continuous w.r.t. space variable across {x = 0}, one
could expect its limit u to be “as continuous as possible” across the interface, i.e.,
the jump across the interface has to be minimized (we refer to [15] to a deeper
discussion on this issue). It is proved in [45] that the one-sided traces u;, of the
solution (when they exist) fulfill the so-called I'-condition, namely

there exists s such that G;(uy, s) = G (s, u,). (4.6)

In view of the analysis carried out above, this turns out to correspond to the
transmission map Id = {(s,s) | s € Ui}, i.e., the “vanishing viscosity” germ
Gyy of [14,13] coincides with G(3) for the choice § = Id. Notice that also G,
coincides with the set of reachable states G°(Id). In this relation, let us observe that
reachable states can be connected by numerical profiles described in § 3.2, and also
by vanishing viscosity profiles, see [13].



July 4, 2014 15:13 WSPC/INSTRUCTION FILE AC-NBS-Preprint Vers2

Interface conditions for discontinuous-flux conservation laws 29

4.3. The vanishing capillarity solution for porous media flows

The immiscible incompressible flow of oil and water in porous media are often
modeled by the so-called Darcy-Muskat equations

¢(@)0;50 — Oz (Na(50; ©) K (2)(Oepa — pag)) =0, € {o,w}, (4.7)

where the subscript o (resp. w) stand for oil (resp. water), ¢ € (0,1) is the porosity
of the medium, s, € [0,1] is the saturation of the phase «, 7, its mobility (which
is nondecreasing w.r.t. s,), po its pressure and p, its density. K (x) denotes the
intrinsic permeability of the porous medium, and g the gravity.

A first natural assumption consists in requiring that the pore volume is filled by
the two fluids, i.e.

So+ Sw =1 = S$:= Sy, Sp=1—s;

Moreover, there might exist irreducible saturations 0 < s(z) < 5(z) < 1 such that
No(s) =0if s <sand n,(s) =0if s <1-75.

Following [29,35], the relevant way to prescribe a (static) capillary pressure
relation in the one-dimensional case (see [24,36] in the multidimensional context)
consists in requiring

Po — Pw S ’/T(S;:L')a

where 7(-;2) C [s(z),3(x)] x R is some maximal monotone graph. This implies the
existence of a maximal monotone graph 7—' C R x [s, 3] such that

sen ! (pa), (4.8)

where p = p, — p, denotes the capillary pressure.
Standard reformulation of the problem (see e.g. [8,9]) allow to reduce formally
the system to the following degenerate parabolic equation

o(2)0¢s 4 0x f(552) = Op (A(5;2)0,7(s; 1))

where A(s(x);x) = A(5(x);x) = 0.
Therefore, the quantity to be “as continuous as possible” is now the capillary
pressure, and not the saturation. Assume that f is of the form (1.2), and that

() = diloco + Prlaoso,  A(s;iw) = Ni(8)laco + Ar(8) a0,
and
7(s;x) = m(8)1aco + 7 (8) Lzso,
then the scaling x := /e and t := t/e yields
O(x)0rs + 0n f (%5 x) = €0y (A(s%;2)0pm(s%5 ) . (4.9)

If s = lim,_,o+ s¢ with s¢ satisfying (4.9), we say that s is a vanishing capillarity
solution to the limit equation ¢(x)0:s + O, f(s;x) = 0.
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Remark 4.5. The limit problem can be rewritten under the form (1.1),(1.2) pro-
vided the unknown s is changed into u := ¢s (then also f(-;x) is changed into
fN(,:c) = f(m;:c), cf. [8, Remark2], and the intervals U; , of values of the new
unknown u are taken to be [¢1,T§l7r, ¢1.-51,r]) and the whole theory developed here
and in preceding contributions can be applied. Considering transmission maps in
new variables, as maximal monotone graphs in U; x U,., amounts to consider maxi-
mal monotone graphs in [s;, ;] X [s,., Sr| for the original unknown s.

As proved in [8] (see also [6,9]), the vanishing capillarity solution s, correspond-
ing to the limit as e — 0 of s, can be seen as the G(3)-entropy solution correspond-
ing to the graph

p= {(ﬂ-l_l(p)vﬂ-ril(p)) |p € K} - [§l7§l] X [§7‘a§7‘]'

As an important by-product, the vanishing capillarity solution is highly sensitive
to the choice of capillary pressure graphs m; . Therefore, any convergent numerical
method for approximation of vanishing capillarity solutions must let these capillary
pressure graphs appear, as it is the case in the method we propose here and in [9]
in the particular case of the phase-by-phase upstream scheme. We refer to [6] for
construction of the scheme, based on these ideas, suitable for approximation of the
multi-dimensional hyperbolic-elliptic Buckley-Leverett problem.

4.4. Transmission maps for traffic flows

In the context of traffic flow modeling, the density of cars p on highways can be
modeled by a continuous transport equation

Op + 0z (pv) = 0.

Following Lighthill & Whitham [60] and Richards [64], the speed v depends in a
non-increasing way on the density and vanishes as the road is saturated (traffic
jam), i.e.

v =v(p), 0,v <0, v(p) = 0 for some p > 0.

We assume the resulting flux function p — f(p) = pv(p) to be a Lipschitz continuous
bell-shaped function, i.e.

there exists o € (0,7) such that f'(p)(p — o) < 0 for a.e. p in (0,p)
the problem reduces to the scalar conservation law
Op+ 0. f(p) = 0.
We then define the monotone functions ¢ and ¢ by
o) = [ (1 @aa v = [ () @ vse
so that
fp) = min (¢(p), ¥(p)),  Vpel0,7]. (4.10)
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Across a discontinuity (py, pr), the flux is given by
G(pi, pr) = min(@(pr), ¥ (pr)), (4.11)

in order to optimize the flux across the discontinuity. Since f is bell-shaped, it
appears that G(p;, pr) coincides with the usual Godunov solver corresponding to
the usual Kruzhkov entropy solution.

In the case of discontinuous road parameters, like for instance when the number
of lines is changing, the maximal density p can depend on z, as well as the speed
distribution p — v(p; ). Assume that

p(z) =P laso(x) + P Lleso(2), v(p;z) = vi(p)laco(z) + vr(p)las0(2),
so that the flux f is of the form (1.2), and

o(p;z) = dileso(z) + drlaso(@),  Y(p3z) = Yi(p)laco(z) + ¥r(p)laso(@).
It is then expected from (4.11) that the Godunov solver at the interface is given by
Gint(p1, pr) = min(gu(pr), ¥r(pr))s  Y(p1,pr) € [0,5] x [0,7,]. (4.12)
The bell-shaped property of the fluxes f; , implies that
Gint(phpr) = GBnlax (pla pT)a V(Pl, pT) € [Oaﬁl] X [Oaﬁr']?
where, following (4.3), the maximal graph Smax C [0,7;] X [0, p,] is defined by
(1, pr) € Bmax if pi(pr —P,) = 0.

In relation with the result of Proposition 4.3, one can interpret this result by saying
that the choice of the Godunov flux (4.12) corresponds to modeling a rational
behavior of drivers: namely, the model prescribes a maximal possible flux at the
sites where the number of lines on the road changes.

4.5. Locally constrained conservation law with general flux

In this section, we consider the particular case f = f; = f,, where f : [0,R] - R
satisfies the following properties:

flp)=0forall pe0,R],  f(0)=/f(1)=0.
We consider weak solutions of
Op+0uf() =0, py = po € LZ(Rs [0, R)) (4.13)
such that u satisfies entropy inequalities away from the interface, i.e.
Vi €10, R], Olp— k| —0xq(p, ) <0 in D'(R* x Ry),

where ¢q(p, k) = sign(p—k&)(f(p) — f(x)). Following [41], we modify the admissibility
conditions at the point { = 0}, by requiring that the flux f(p),_,
to remain lower or equal to a prescribed value F' € [0, max,e(o, R f(s)} , l.e.

f(p)lu_y(t) < F forae. t€Ry. (4.14)

is constrained
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In general, the constraint can be time-dependent, to model, e.g., road lights [41] or
non-local “panic” effects in crowd dynamics [10], but here we restrict our attention
to the case of a constant F suitable, e.g., for modeling of toll gates.

If the constraint is not saturated on a time interval (¢, t2), we expect the solution
p to fulfill the Kruzhkov entropy inequalities on the whole domain:

Vi € [0, R], Olp— k| — 0xq(p, k) < 0in D'(R X (t1,12)).

Otherwise, non-classical shocks at {x = 0} appear, as described by the Riemann
solver constructed in [41] under the assumption of bell-shaped flux function f.
Both situations (the unsaturated and the saturated constraint) can be accounted
for via the suitable notion of entropy solution proposed in [41], leading to well-
posedness for the Cauchy problem. The link with the theory of L!-dissipative germs
was made in [11], where the convergence of monotone Finite Volume scheme was
established. Error estimates for the Godunov approximation of the solution were
proposed in [37].

Let us interpret the results of [41,11,37] for the bell-shaped case (and also those
of [38] for a non-bell-shaped case®, see below) in terms of a well-chosen transmission
map. We have not identified a choice of 8 that would stem from modeling assump-
tions, but we can suggest an optimal choice for a graph that constrains the flux in
the weakest possible sense. Indeed, recalling the result of Proposition 4.2, a larger
graph (in the sense of the partial order relation ) allows for a larger interface flux.
Further, the unconstrained situation corresponds to the identity graph Id (indeed,
the classical solution is nothing but the vanishing viscosity solution corresponding
to B = Id, see § 4.2). Finally, from the description of the Riemann solver in [41]
and analysis of [11], the unique? connection (pr, pr) at the flux level F' belongs to
the associated germ. Because a simple way to require that the connection (pr, pr)
belongs to the underlying germ is to ask that (pg, pr) € 8 (see Lemma 2.13), we
can look for a graph (3 that lies “as close as possible” below the identity graph
Id and that contains (pp,pr) € €, the connection at flux level F. Therefore, the
transmission map S corresponding to entropy solutions of (4.13),(4.14) in the sense
of [41,11] can be chosen as follows:

6= {alce 1\ A} u{Enleepifu{melees}.

All the aforementioned works on constrained traffic flows focused on the case
of bell-shaped f. More recently, Chalons et al. [38] considered the case of non-bell-
shaped (but yet not general) fluxes for modeling pedestrian flows (cf. [52,53] for

¢To be specific, in [38] two different notions of solution were considered: the one based on the
classical Kruzhkov solutions away from the interface, and the one based on the non-classical
Riemann solver of Colombo and Rosini [42]. The present paper deals exclusively with the first
(classical) interpretation.

dDue to the bell-shape assumption on f, given F' € [0, max f), the only element of € with flux
equal to F' is the couple (pr, pr) defined by pr < pr, f(pr) = F = f(pr). This couple always
lies below the diagonal of U; x U, = [0, 1]2.
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empirical evidence of relevancy of non-bell-shaped flux models). Contrarily to the
bell-shaped case, here the set of connections at level F':

Cr={(p,p) €| f(p)=F = [f(p)}

is not reduced to a singleton. Among these connections at the flux level F', only
appear as non-classical shocks in the construction of the Riemann solver those that
lie below the diagonal of [0,1]2, i.e., those with p > p (see [38, Rem. 1]). Therefore
the recipe proposed hereabove for the bell-shaped case still applies in the case of
fluxes considered in [38] and it yields the same admissible solutions: namely, one
can take for transmission map [, the projection of the identity graph Id on the
set of maximal monotone graphs containing all the elements (g, p) of €z such that
p > p (see Figure 1 for an example). To sum up, the L!-dissipative germ exhibited
in [38] coincides with the germ G(/5). Therefore, the admissible solution considered
in [38] coincides with the G(8)-entropy solution prescribed by the transmission map
[ obtained as the projection of the identity on the set of the graphs containing the
connections located below the identity.

This fact permits to use the transmission-map-based finite volume scheme we
propose in § 3 for approximating admissible solutions in the sense of [38]. Let us
provide an illustration for a particular case inspired from [42,38]. Define the function

f(p) = max (p(76 p)7 3(p20(6p)(_2p12)21)) , Vp € [0,10.5].

At the interface {x = 0}, we impose that

F(P)aso(t) 0.3, for ae. t >0,

leading to the configuration illustrated by Figure 1. This allows to determine the 4
elements of €, three of them being below the identity graph, from what we deduce
the expression of the graph  to be used as transmission map. Let us expose some
numerical results provided by the scheme analyzed in §3. The computations are
performed thanks to the Godunov and Rusanov schemes with hybridization of the
interface at {z = 0}. The first initial data we considered is

5.3 if z € (—0.8,-0.5),
po(r) =

(4.15)
0 otherwise.

First, on Figure 2, we plot in the (z,t)-plane the solution obtained via the Godunov
scheme with 300 space cells. One can in particular see an undercompressive wave
leaving the interface.

We have also plotted on Figure 3 the solutions at ¢ = 2 computed with or
without constraint and with the Godunov and Rusanov schemes. For this test, we
only used 100 cells so that the Rusanov scheme is not yet converged, and one can
see a difference between the solution obtained by the Rusanov scheme and the one
obtained by the Godunov scheme.
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Fig. 1. Example of §4.5. The flux function f, represented in the left figure, is not a bell-shaped
function. Therefore, the set € contains 4 singletons represented in the right figure by black circles.
The graph 8 (red solid line) is defined as the projection of the identity (blue dashed line) on the
set of the maximal monotone graphs containing the strict connections of €g located below the
graph Id.
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Fig. 2. Example of §4.5. Plot of the solution p corresponding to the initial data (4.15) in the
(z,t)-plane. One can see two waves leaving the interface, leading to a so-called undercompressive
discontinuity, that is usually forbidden in the Kruzhkov theory.

The second initial data we consider is
po(z) = 6.8 forall x € R. (4.16)

The couple (6.8,6.8) belongs to G(/3), hence the exact solution is constant, and it
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numerical solutions at t=2

constrained (Godunov)
constrained (Rusanov)
— — — no constraint (Godunov)

Fig. 3. Example of §4.5. Despite the Rusanov scheme is more diffusive than the Godunov scheme,
its numerical diffusion is well-balanced to preserve the connections of G(8) (cf. Lemma 3.3), so
that the undercompressive waves are accurately solved.

is exactly computed thanks to the Godunov scheme. But since (6.8,6.8) € G°(5) \
Qb(ﬁ), the solution is not exactly computed by the Rusanov scheme. Indeed, a
numerical viscous layer appears nearby the interface X (cf. Figure 4).

4.6. Example of non-conservative coupling using transmission
map and additional dissipation information

To conclude, we have chosen to present briefly an example where a transmission map
is combined with a non-conservative coupling. The example refers to the problem

2
Oyu + al.% = —udo(z) (4.17)

considered in [18]; the motivation comes from particle-in-Burgers model proposed in
[58], see also [12]. In this case, fi(u) = fr(u) = “?2, Ui = R (condition (1.4) being
dropped); A > 0 is a parameter. The action of the singular right-hand side in (4.17)
is dissipative, that’s why the problem can be treated within a slight generaliza-
tion of the “germs theory” recalled in Section 2.1. The transmission map approach
of the preceding sections can be adapted so that to include problem (4.17), as a
representative of large a class of problems with non-conservative interface coupling.

Let us recall the established well-posedness theory for (4.17). First, the right-
hand side of (4.17) has to be given a precise sense, because it has the form of a
non-conservative product (cf. [46]). The interpretation used in [18] goes back to the
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numerical solutions at t=2
10 T

constrained (Godunov)
constrained (Rusanov)

>
1
xod - >

0.2 0.4 0.6 0.8 1

Fig. 4. Example of §4.5. Numerical solutions for 100 celles corresponding to the initial data (4.16)
provided by the Godunov (blue) and Rusanov (red) schemes. In the case of the Rusanov scheme,
numerical profiles are observed, as suggested by the study carried out in §3.2.

analysis of the particle-in-Burgers model of Lagoutiére, Seguin and Takahashi [58]
where the Dirac measure dy is seen as the (weak-*, in the sense of measures) limit
of some monotone profiles 6. € C2°(R). This singular limit approach leads to the
identification of the subset

Gy = {(ul,u,«) |wg —u, =X or (u,n <0 <wyand |u; + uy| < A)} (4.18)

which plays the role of an L!-dissipative germ (in this case, Definition 2.1 should be
relaxed because the Rankine-Hugoniot condition f;(u;) = f,(u,) is not relevant for
the non-conservative equation (4.17)). In [18], it is shown that there exists a unique
Gx-entropy solution to the Cauchy problem for (4.17) with given L datum; the
solution is defined in the same way as in Definition 2.4 and in Proposition 2.6.

We claim that this unique Gx-entropy solution is the unique function that fulfills
(1.7) and verifies the following non-conservative analogue of condition (1.11):

the one-sided traces u;,(t) of u in the sense (1.8) fulfill for a.e. ¢ > 0

filw) = Gi(uy, B52), (4.19)
Jp € R such that® GT(%,W)—GI(W,%H%p:O,

Gr(p%auT) = fT(uT)'

Condition (4.19) corresponds to the transmission map Sy := Id — A parametrized,

°Here, we keep the notation G, for Godunov fluxes for the sake of subsequent generalizations;
but in the case of problem (4.17), we have f; = f, so that G; = G.
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as in § 2.2, by p = @ + @,. But in addition, the monotone non-decreasing function’

Yy = % Id enters the flux balance which can be written under the form

U(p) =0, where U : p— G, (Ur(p), ur) — Gi(ur, @ (p)) + ¥a(p),

. . - - ~ 5 4.20
with ) parametrized by p € R — (4;(p), @, (p)) € Bx, p = w(p) + @, (p). ( )

The transmission condition (4.19) characterizes Gy-entropy solutions due to the

following lemma, which can be proved thanks to a simple case-by-case study using
2

the expression of the Godunov flux G; = G, corresponding to fi, : u+ 5.

Lemma 4.6. Denote by G(Bx,1n) the subset of R? consisting of all couples
(ur,uy) € R? that fulfill (4.19). Then G(Bx,x) coincides with Gy given by (4.18).

From now on, we will drop the subscript A in the notation for monotone graphs
Bx, ¥ and for the corresponding set G(Bx,1s) C R? defined as in Lemma 4.6;
this set is the non-conservative analogue of L'D germs. Indeed, the precise choice
By =1d — X\ and ¢y = %Id is only needed in order to specify our analysis to the
example (4.17) of non-conservative interface coupling.

To conclude, we briefly investigate finite volume approximation of G(3,)-
entropy solutions. First, the monotonicity of ¥ : R — R defined in (4.20) and the
fact that U (£o00) = 400 ensure that for every couple (u;, u,) € R? there exist unique
values Fy  (u, uy) and Fg,w(ul, ur) equal to Gi(ug, 4 (p)) and to G, (4, (p), ur), re-
spectively, for which W(p) = 0. This defines, respectively, the left and the right
numerical fluxes Fy (-, -) and F, g () at the interface. The resulting finite vol-
ume scheme takes the same form as (3.3) in Section 3, with the exception of the
equations for j = —1 and j = 0 that become

“Tlr/lzfuyll/2

A Az + Fﬁjw(uﬁl/ga u?/Q) - Gl(u"_l3/2,u711/2) =0, (421)

n+1 n

“th“wmx + Gr(uf g, uf ) — Fgfw(u’_ll/Q,u’f/Q) =0.
As for the conservative case, it is not difficult to prove the convergence of this
scheme to the unique G(/3, 9)-entropy solution; moreover, as in Proposition 2.9, one
sees that the resulting scheme is the Godunov scheme.

One can also replace the Godunov fluxes Gy, in (4.20) (and in the corresponding
definition of one-sided interface numerical fluxes F) ;[w) with any other monotone,
Lipschitz, consistent with f;, numerical fluxes Fj ,; this means that we define

Fy,(a,b) :== Fi(a,w(p)) and Fgfw(a, b) := F.(u.(p),b) where p solves
{ Fy(ar(p), b) — Fila, tu(p)) + ¥ (p) = 0, (4.22)
(@u(p), @r(p)) € B, p=t(p)+ Ur(p)-
In the case of problem (4.17), for Fj, one chooses a single numerical flux F' con-
sistent with f; = fr :u — “72 The resulting finite volume scheme using equations

fMore generally, one could ask that 7 be a maximal monotone graph relating the canonical pa-
rameter p of graph 8 to the amount of flux dissipation corresponding to interface couple of states
(@ (p), ar (p))
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(4.21) near the interface is slightly different from the scheme for Gy-entropy solu-
tions designed in [18]. Our scheme has the disadvantage of including one non-linear
equation to be solved at every time step, while the scheme of [18] is fully explicit.
At the same time we expect more robust stability properties for our scheme; in
particular, the condition

04(0aF(a,b) + OpF(a,b)) >0 and 05(9.F(a,b) + OpF(a,b)) >0 (4.23)

imposed in the analysis of the scheme of [18] is not needed for our new scheme.
Indeed, we have the following easy observation directly related to the discrete L!
contraction property of [18, Prop. 8].

Lemma 4.7. Consider the numerical fluzes defined by (4.22). Then for all real
numbers a < A and b < B, there holds GT — G~ < 0, where

G* :=F; ,(A,B) — Fj,(a,b). (4.24)

Proof. The result follows readily from the definition (4.24) and the fact that
F;(-,b) and —Fj,(a,-) are non-decreasing maps while 8 and ¢ are monotone
graphs. O

Lemma 4.7 can be used in the place of the argument of [18, proof of Prop.8,
p. 1956] where (4.23) was exploited. Henceforth, we easily adapt the convergence
proof to the numerical scheme for problem (4.17) using discretization (4.21) near
the interface; the one-sided interface numerical fluxes (4.22) are defined thanks to
the transmission map approach advocated in the present paper.

From the above example, it is clear that discontinuous-flux problems with con-
servative coupling by a transmission map [ can be seen as a particular case of
non-conservative ones, where (8 prescribes the “desired trace values” and an ad-
ditional non-decreasing function (or, more generally, maximal monotone graph) ¢
prescribes the “desired interface dissipation”; the choice ¥ = 0 corresponds to the
conservative case.
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