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ON THE QUANTITATIVE QUASI-ISOMETRY PROBLEM:
TRANSPORT OF POINCARE INEQUALITIES AND DIFFERENT
TYPES OF QUASI-ISOMETRIC DISTORTION GROWTH

VLADIMIR SHCHUR

ABSTRACT. We consider a quantitative form of the quasi-isometry problem. We discuss
several arguments which lead us to different results and bounds of quasi-isometric distor-
tion: comparison of volumes, connectivity etc. Then we study the transport of Poincaré
constants by quasi-isometries and we give sharp lower and upper bounds for the homotopy
distortion growth for an interesting class of hyperbolic metric spaces.

1. INTRODUCTION

In this article we shall study a quantitative form of the quasi-isometry problem: we
will give lower and upper bounds for quasi-isometry constants A and ¢ for different classes
of spaces. Along the way, we will give a method to transport Poincaré inequalities by
quasi-isometries that leads to sharp bounds for certain spaces.

The quantitative quasi-isometry problem consists in evaluating how close two metric
spaces can be at various scales, see [§]. Specifically, let E, F' be two metric spaces. Consider
a ball of radius R in the first space E and take a (\, ¢)-quasi-isometric embedding of this ball
in F'. We are interested in the behaviour of the infimum of the sum A+ ¢ of quasi-isometry
constants as a function of R.

1.1. First examples. Since one may always take A = 1 and ¢ = R, the deviation between
any two spaces is at most linear.

Volume considerations show that any space with polynomial volume growth deviates
linearly from any space of exponential volume growth (see Proposition [IJ).

Connectedness considerations provide a lower bound of V'R for the embeddings of Eu-
clidean or hyperbolic balls to trees. In the hyperbolic case, this is sharp (see Proposition

3).

This suggests that, in the family of Gromov hyperbolic metric spaces, deviations should
be of the order v/R. Indeed, we show (see Proposition ) that given two thick enough
hyperbolic metric spaces, one can map a v/ R-dense subset of an R-ball of the first space

into the second one with v/R distortion. However, we have been unable to extend such
embeddings to the full R-ball.
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2 VLADIMIR SHCHUR

There seems to be a rather subtle obstruction to doing this. For instance, we show in
Proposition [6l that mapping a tree into hyperbolic space requires linear distortion. This is
based on the notion of separation, cf. [1], [2].

1.2. Main result. Our main result is another step towards capturing such obstructions.
We shall consider a class of negatively curved locally homogeneous Riemannian manifolds
which are not simply connected, but nevertheless hyperbolic. We prove a sharp linear lower
bound on the distortion of embeddings which are homotopy equivalences.

Let T™ denote the n-dimensional torus. Given positive numbers p; < --- < pu,, denote
by Z, = T™ x R, where the product space is equipped with the Riemannian metric dt? +
>, e*titdx?. The universal cover of Z, is a Riemannian homogeneous space. Z, is a
hyperbolic metric space. Its ideal boundary is a product of circles, each of which has a
metric which is a power of the usual metric. Thus Z, can be viewed as a hyperbolic cone
over this fractal torus. Essentially our theorem states that the quasi-isometric distortion
growth function between such spaces is linear if one requires maps to be isomorphic on
fundamental groups.

Theorem 1. (Rough version. For a precise statement, see Theorem [3). Every (), c)-
quasi-isometric embedding of an R-ball of Z,, into Z,, which is a homotopy equivalence

satisfies
> i _ > M%) R.
Hn L

Conversely, there exist homotopy equivalences with linearly growing distortion,

A+chonst<

A+ ¢ < const max |u; — pii| R,

from an R-ball of Z, into Z,,. This is a special case of a more general result which we
describe next.

In a hyperbolic metric space, we give a formula for the distance in terms of the visual
distance on the ideal boundary. Using this formula we find quasi-isometry constants for
the restriction on balls of a map © between X and Y which is a kind of radial extension of
a homeomorphism 6 between ideal boundaries. The following is a non technical statement
of Theorem [7], see Section [@ for a complete statement.

Theorem 2. Let X, Y be hyperbolic metric spaces. Let 8 : 0X — Y be a homeomorphism.
We define the following function. For R > 0,

_ 4 (0(60).0(62) i i
() = sup { og 2T 1 (6, 5) > e v 0160) 0162)) 2 7 |

Here dy,, dy, denote visual metrics on ideal boundaries. Then there exists a (K(R), K(R))-
quasi-isometry between Bx(xo, R) and By (yo, R).

log

For spaces Z,, we show that K(R) = max; |p;/p, — 1|R. Then we give an example
of a pair of non-quasi-isometric negatively curved locally homogeneous manifolds and a
homeomorphism 6 between their ideal boundaries with K(R) < log R. This shows that
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subpolynomial (possibly logarithmic) distortion growths also occur in the world of hyper-
bolic metric spaces.

1.3. Proof. The proof of Theorem [l involves several results which could have an indepen-
dent interest and more applications. First, we study the transport of Poincaré inequalities
by quasi-isometries. For this purpose we will use kernels to regularize transported func-
tions. Kernels allow us to transport functions from Y to X while controlling quantitatively
their Poincaré constants.

Now we give more details on the proof of the theorem itself. It has several steps. First
we introduce non-trivial double-covering spaces Z and Z’ of Z = Z,and Z' = Z,y. We
prove that © lifts to a (A1, 2c1)-coarse Lipschitz map. Then we take the test-function e™®n
on Z' which depends only on one coordinate ,. It varies very slowly outside of some ball,
so the absolute value of the transported and regularised function v on Z stays close to 1.
Lemmas [3] and E allow us to control how the lower bound of Poincaré constant changes
under transport. This helps us get a lower bound for the Poincaré constant of Z in terms of
{pi},{p;} and the constants of quasi-isometric embedding. We also prove an upper bound
for the Poincaré constant of Z in Theorem Bl The combination of these results provides a
lower bound for the homotopy distortion growth for Z and Z’.

2. BASIC DEFINITIONS

Definition 1. Two metric spaces X and Y are said to be roughly quasi-isometric if there
exists a pair of maps f: X - Y, ¢g:Y — X and two constants A > 0 and ¢ > 0 such that
[f(z) = f(y)| < Az —y| + c for every z,y € X,

l9(z") — g(y)| < A2’ — ¢/| + ¢ for every ',/ €Y,

lg(f(x)) — x| < c for every x € X,

|f(g(2")) — 2’| < c for every ’ € Y.

The word rough is often dropped away.

x
xT

The first two conditions mean that f and g are nearly Lipschitz if we are looking from
afar. The two latter conditions provide that f and g are nearly inverse of each other. It
is easy to check that the composition of two quasi-isometries is also a quasi-isometry. So,
quasi-isometries provide an equivalence relation on the class of metric spaces.

Remark 1. Definition [l is invariant under taking inverse maps.

Definition 2. A map f : F — F between metric spaces is a rough (A1, c1, A2, ¢2)-quasi-
isometric embedding if for any two points x,y of

1

3 &~ vle =) <1f(@) = fW)lr < Mile —ylp + e

This definition includes quasi-isometries (with A\; = Ay and ¢; = ¢2) but it does not
require the existence of a nearly inverse map. We introduced four constants instead of
two because for our quantitative questions we would like to follow what is the role of each
inequality in this definition.
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We introduce the following definition to formalize our quantitative problem.

Definition 3. Let X, Y be metric spaces, g, yo their base points respectively. The quasi-
isometric distortion growth is the function

Dq(X,x0,Y,y0)(R) = inf{d|3f : Bx(z0,R) =Y a (A, cf)-quasi-isometric embedding
such that f(zo) =yo and d = Ay + ¢y }.
We will study the growth of Dg as a function of R.

3. GENERAL DISCUSSION

Here we collect elementary arguments which provide lower bounds on quasi-isometry
constants.

3.1. Comparison of volumes. First we will show that comparison of volumes in the
domain and in the range plays an important role.

By volume of a subset in a metric space, we mean the number of balls of a fixed radius
needed to cover that subset.

Consider a space X with an exponential volume growth (for example, hyperbolic plane
H?) and a space Y with a polynomial volume growth (for example, euclidean space R"),
then quasi-isometry constants between balls Br(X) and Bgr(Y) grow linearly in R: A\p +
cr = QR).

Proposition 1. Let X be a space with exponential volume growth and Y be a space with
polynomial volume growth. Then for any (X, ¢)-quasi-isometric embedding of a ball Bx (R)
to Y we have ¢ > const - R.

For the sake of simplicity, in the proof, we will assume that the volume of a ball Bx(R)
in X is e® and the volume of a ball By (R) in Y is R®.

Proof. Let Bx(R) be a ball in X, f: Bx(R) — Y be a (), ¢)-quasi-isometric embedding.
Then the diameter of the image f(Bx(R)) is < 2AR + ¢. Consider a maximal set S of
points in Bx(R) such that pairwise distances between these points are at least 2c. We
can estimate the cardinality of S as #(S) ~ Vol(Bx(R)/Vol(Bx(2¢c)). For any two points
s1, s2 € S the distance between their images is at least ¢/\. Hence, the volume of f(Bx(R))
is at least #(S) x Vol(By (¢/)\)).

So, on the one hand Vol(f(Bx(R))) < Vol(By(2AR + ¢)) and on the other hand
Vol(f(Bx(R))) > Vol(By(c/\))Vol(Bx(R)/Vol(Bx(2c)). We get

(c/N)%ef72¢ < (2AR + ¢)°.
For R big enough, this inequality can be satisfied only if exponential term disappears,

that is ¢ = R/2.
U

Remark 2. The same argument yields lower bounds on quasi-isometry constants between
balls of the same radius in spaces of different exponential growths. This does not prevent
such spaces from being quasi-isometric. For instance, [9] shows that two regular trees of
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degrees at least 4 are always quasi-isometric. The quasi-isometry provided by [9] does not
preserve the distance to a fixed point.

3.2. Connectedness. Another property which can detect a difference in the coarse ge-
ometry of two spaces is connectedness. For example if we cut a ball from a tree then it
will fall into several components, but this does not happen with hyperbolic plane. First,
we define coarse connectivity.

Definition 4. A map f : X — Y between two metric spaces is called c-connected if for
any point € X and any real number § > 0 there exists € > 0 such that if a point 2’ € X
satisfies d(z,2") < e then d(f(z), f(2')) < ¢+ 9,

Definition 5. 1. A metric space X is called c-connected if for any two open sets U,V C X
such that X = U UV, the intersection of a c-neighbourhood of U and V is not empty:
(U+c)nV £0.

2. Equivalently, a metric space X is c-connected if for any two points x,z’ € X there
exists a c-connected map f : [0,1] — X such that f(0) =z and f(1) = 2’

First and second definitions are evidently equivalent.
Now we are ready to illustrate our idea. In the following proposition we can take for
example hyperbolic plane as the space X.

Proposition 2. Let X be a geodesic metric space. We suppose that for any points x,y and
any positive real numbers R and R’ < R/2 the set By(R) \ By(R') is connected and non-
empty. Let' Y be a tree, let f: By(R) =Y be a (A1, A2, c1, ¢2)-quasi-isometric embedding.
Then R < 12Xsc1 + 4co.

Proof. We are going to prove that there exist three points x1,x and x such that x1,x9 €
B;(R) and the distance d(x1,z2) is at least R. Consider a ball of radius 2R centered in z.
By hypothesis, the set By, (2R) \ By, (R) is non-empty, hence there exists a point xg such
that 2R > d(z1,22) > R. The space X is geodesic, hence now we can take the midpoint
of z1x9 as x.

Denote y; = f(x;) for i = 1,2.

For any point y of a geodesic (y1,y2) C Y there exists a point z € B,(R) such that
d(f(2),y) < c1. This follows from the fact that the image of (z1,x2) is ¢;-connected by the
definition of a quasi-isometric embedding and every cj-connected path between y; and s
includes the geodesic (y1,y2) in its ¢;-neighbourhood.

Now consider a chain of points {Z;} connecting x1, zo and such that d(Z;, T;11) < ¢1/A1.
Hence, in the image d(f(%;), f(Zi+1)) < 2¢1 and so there exists ¢ such that d(f(Z;),y) < 2c;.
Notice that Y \ By(2c1) has several (4c; — 2)-connected components and the distance
between these components is at least 4c;.

Suppose that a point z is rather far from both x1 and zo: d(z,x;) > 4Xacy + co,i =
1,2. Suppose also that R > 2(4A2c; + c2) (if not there is nothing to prove). In the
set By(R) \ B:(4X2¢1 + ¢2) we also find a ¢1/\-chain. Hence, there exists a point 2’ ¢
B, (4)2¢1 + ¢2) of this path such that d(f(z'),y) < 2¢;. Hence, d(f(2), f(Z')) < 4c; and
by property of quasi-isometry d(z,2") < 4Xac1 + ¢2, so 2/ € B,(4\a¢1 + ¢2). This leads to
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a contradiction with the hypothesis of the proposition. Hence, for any y € (y1,y2) there
exists 2/ € By, (4Xac1 + ¢2) U By, (4X2c1 + ¢2) such that d(f(2),y) < 2¢;.

Consider two points 3, 3” on the geodesic (y1,y2) which are close enough to each other
(more precisely d(y',y") < ¢2/A2) and such that respective points 2z’ and z” (which minimise
distances to ¢’ and y”, that is d(y/, f(2')) < 2¢1 and d(y”, f(2")) < 2¢1) lie in different
balls 2/ € By, (4Xac1 + ¢2) and 2" € B,,(4X2¢1 + ¢2). So, on the one hand d(2/,2") >
R —8)\3¢1 —2¢2 and on the other hand, by triangle inequality d(f(2'), f(2")) < ca/Ao+4cy.
Hence R—8Agc1 —2¢o < Aa(ca/Aa+4c1)+co = 4Xgc1 +2¢o. So we get R < 12X9¢1+4co. O

Proposition [ implies that any quasi-isometric embedding of an R-ball in hyperbolic
plane to a tree has distorsion at least V/'R. We wonder whether this conclusion is sharp.

Here is a partial answer. Let X be a geodesic metric space. Here we will construct an
example of a (\/ﬁ, VR, VR, \/ﬁ)—quasi—isometry of a R-ball in X to a v/R-ball in a tree, up
to taking a v/R-dense subset. In this statement the essential point is that we will consider
trees of variable degree which will depend on R.

Proposition 3. Let X be a geodesic metric space. For any R > 0 there exists a v/ R-dense
subset S(R) C Bx(R), a tree T(R) and a (VR, VR, VR,V R)-quasi-isometric embedding
fr:S(R) = T(R).

Proof. Consider a ball Bx (R, zp) centered at zy. We will define a discrete set of points
S(R) generation by generation in the following way. The 0-generation is the origin zy. For
each k we pick a maximal v/ R-separated subset in the sphere of radius kv R. The resulting
set S(R) is v/ R-separated. It is also 3v/R-dense. Indeed, any point in B((k 4+ 1)V/R) is
v/R-close to some point of the sphere of radius kv/R, in which the k-th generation is 2v/R-
dense, by maximality. In particular, every point of the (k + 1)th-generation is at distance
< 3v/R from at least one point of the kth-generation. This provides us with a tree T(R)
with vertex set S(R): we connect each point of the (k + 1)th-generation to a closest point
of kth-generation (if the choice is not unique we choose the ancestor arbitrarily). Finally
we set the lengths of all edges of the constructed tree T(R) equal to 1. The diameter of
T(R) is ~ VR.

Now we will sketch the proof that the induced map f is a (\/ﬁ, VvR,VR, \/E)—quasi—
isometry. The right-hand quasi-isometric inequality d(f(z), f(y)) < O(VR)d(z,y) is au-
tomatically verified because the diameter of T(R) is O(v/R). Conversely, given points
x,y € S(R), z0, f(x) and f(y) form a tripod we median point u. The distance d(f(x), f(y))
is achieved by an arc from f(x) to u followed by an arc from u to f(y) in the tree. The de-
scending arcs from f(x) tou (resp. from f(y) to u) consist of jumps in S(R) from generation
to generation, each of distance at most 3v/R. Therefore d(x,y) < 3vVRd(f(x), f(y)). O

In the same manner as in the previous proposition we can construct a (\/E, \/E, \/E, \/E)—
quasi-isometry between a ball By(R) of radius R in a regular tree T' of degree d > 2 and
a v/ R-dense subset in a ball By (kInd, zp) in H2.

Proposition 4. For any R > 0, there exist a v R-dense subset Sg of a ball By (R) in the
hyperbolic plane H? and a (VR, VR,V R,VR)-quasi-isometry fr : Br(R) — Bgz(R).



On the quantitative quasi-isometry problem 7

Proof. First we will construct the set Sg and the quasi-isometry fr and then we will prove
that it is indeed a (\/ﬁ, \/ﬁ, \/ﬁ, \/ﬁ)—quasi—isometry. Consider k — th generation Gy of
vertices in Br (that is, points at distance k& from the base point), there are (d + 1)d*!
points in it. Consider a circle centered in zq of radius Ry (its exact value will be calculated
soon) and take a subset Sy of this circle consisting of (d + 1)d* points, such that distance
between them is at least v/Rj. So we have the following relation (up to some multiplicative
constants) which appears from the consideration of volumes

Vol(ball of radius \/Ry,)(d + 1)d* = Vol(circle of radius Ry,).
For big R; we have approximately

eV (d+ 1)d* = eftk.

We set Rg = 0. Then it follows that R ~ kInd. We send points from G}, to Si naturally.
Now we need to add edges between points of successive sets Sp. We connect points of Sj
to the nearest points from Si_;. If there are two possibilities, we choose one arbitrary.

Let us show that this is a (vV/R, VR, VR,V R)-quasi-isometry. First of all, for any two
points t1,to € S, the distance between their images is at least v/ R. We have always
d(ty,t3) < R < VRA(fr(t1), fr(t2)) + VR and this inequality is checked automatically.
Now, let ug = t1,uq,...,up_1,u, = to be a geodesic path between t; and t3. We notice
that d(u;, ui41) =1> d(f(u) f(uis1))/VR for i =0,1,...,n — 1. Then

d(t1,t2) = Zdtz,tm > 2_: fuig1))/VR >
=0
d(f(tl),f(tz))/\/ﬁ > (d<f<t1>,f<t2>>—¢ﬁ) IVE,

what finishes the proof.
O

Though we do not know if we can extend this quasi-isometry to the whole ball Byz(R).
The first idea is to do a projection of Byz2(R) on a discrete subset, but this projection
is a (1,1,VR, VR)-quasi-isometry itself, hence the resulting map is a (R, R, R, R)-quasi-
isometry.

4. POINCARE INEQUALITIES AND QUASI-ISOMETRIES

4.1. The critical exponent p., for LP-cohomology. LP-cohomology groups provides
invariants for quasi-isometries. The continuous first LP-cohomology group of a hyperbolic
metric space X is

LPH! (X):= = {[fl € LPH( L(X)|f extends continuously to X U X },

where XUJX is Gromov s compactification of X. Following the works of Pierre Pansu, and
Marc Bourdon and Bruce Kleiner [10], we define the following quasi-isometrical numerical
invariant of X

p;ﬁO(X = inf {p > 1|Lp cont ) 7& 0} .
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If p+o achieves different values for two spaces X and Y, then X and Y are not quasi-
isometric. We expect that the difference |po(X) — p£o(Y')| also bounds from below the
quasi-isometrical distortion growth. We are able to prove this only for a family of examples,
and under certain restrictions on maps.

Let Z, and Z,, be two variants of the space T" x (—o0, 00) with metrics dt*+ " e?!i'dx?

and dt? + 62“;td$? respectively. The main result of this part is a sharp lower bound for
the quasi-isometrical distortion growth between Z,, and Z,,, of the form

const (pzo(Zw) — pzo(Z,)) R.

4.2. Definition of Poincaré constants. Constants in Poincaré inequalities are the quan-
titative incarnation of LP-cohomology. On Riemannian manifolds, Poincaré inequality is
defined as follows.

Definition 6. Let X be a Riemannian manifold. We say that X satisfies Poincaré in-
equality if there exists a real number C' such that for any real valued function f on X,
there exists a real number m such that

= myllp < CUVFlp-
The best constant C, denoted by C,(X), is called Poincaré constant of X.

We are not satisfied by this definition as we want to work with a wider class of metric
spaces. The generalization involves semi-norms induced by kernels (see Definitions [7] [0)).
Let 9 be a kernel on X. The semi-norm N, ;,(f) is an analog of the L”-norm of the gradient
on a Riemannian manifold.

First we recall what are kernels on geodesic metric spaces.

Definition 7. Let X be a geodesic space, dr a Radon measure on X. A kernel ¢ is a
measurable non-negative function on X x X such that

e ¢ is bounded, ¢ < SY¥;

o for every x € X [ o(x,2')dz’ = 1;

e the support of ¢ is concentrated near the diagonal: there exist constants e¥ > 0,
™ > 0 and RY < oo such that ¢(z,y) > 7% if d(z,y) < &¥; ¥(z,y) = 0 if
d(x,y) > RY.

RY is called the width, ¥ - the radius of positivity, S¥ - the supremum and 7% - the margin
of 9.

Definition 8. A cocycle on Y is a measurable map a : Y x Y — R such that for every
Y1,y2,y3 in Y,

a(y1,y2) = a(y1,y3) + a(y2, ys)-
The convolution of a cocycle with a kernel is defined by

o x gz, 2') = /Y alyd/ )0l )0la’ ) dy
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Definition 9. Let ¢ be a kernel and a a cocycle on X. The semi-norm N,y is defined by

1/p
Npp(a) = </XXx\a(wlawz)\pw(fﬂlyfﬂz)dwl dwz) :

For f a measurable function on X,

1/p
Npw(f) = (/Xxle(m) — f(@2) P (1, x2) day d$2> :

Definition 10. The Poincaré inequality associated with a kernel v is

1f = myllp < Cp(X,90) Ny (f)-

4.3. Scheme of proof of a lower bound on distorsion. For the family of spaces Z,,, it

is known that pxo(Z,) = m%}(u;i

that
o if p > p_o(Z,), then the Poincaré constant for a ball of radius R satisfies

(unpublished result of P. Pansu). In Theorem [ we show

C,(B?*(R)) > const.(VolB(R))"?;
o if p <p-o(Z,), then

C,(B%*(R)) = o ((VolB(R))l/p) :

Next, we show that under transport by a (A, ¢)-quasi-isometry, C,, is multiplied by at most
e o)/a for some positive constant a. Transport under quasi-isometric embeddings is more
delicate, this is why our arguments work only for a family of examples. For these examples,
we are able to get a lower bound. Roughly speaking, it states

Assume that p2o(Z,) < p < pxo(Zy). If there exists a (A, ¢)-quasi-isometric embedding
BZ“(R) — Zy, which induces an isomorphism on fundamental groups, then

C,(B%#(R)) > const.e~**)/aC, (B%w (R)).

This yields
Atc > a(log(Cyp(B? (R))) —log(Cy(B?*(R)))
~ (p20(Zw) — p2o(Zy))R.

which is the announced lower bound on quasi-isometric distortion growth.

5. REGULARISATION AND QUASI-ISOMETRIES

In this section we will study how Poincaré inequalities are transformed under quasi-
isometries. For this purpose we will use kernels, which will help us to regularize transported
functions.
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5.1. Kernels. The convolution of two kernels is
vrevn = [ (el de
the result is also a kernel. The convolution of a kernel and a function is

g% (z) = /X o2V (x, 2) d.

Lemma 1. There exists a constant ¢, (which depends on the local geometry of the space
X ) such that for any € > 0 there exists T = cre” ¢ and a kernel ¢» on X x X such that
for any two points x1,x9 with d(x1,x2) < €, we have Y(x1,x2) > 7. In other words, for
any given radius of positivity € there exists a kernel with a margin controlled from below by
cre”c.

Proof. We start from kernel
¢/($, l‘/) = VOZ(B(:E7 1))_11{d(m,m’)§1}

with radius of positivity ¢/ = 1 and margin 7/ = v(1)~!, where, for r > 0, v(r) denotes the
infimum of volumes of balls of radius r in X. We know from the proof of Lemma 1.2 in [3]
that the m-th convolution ¢*™ has radius of positivity £/, > m(e’/2) = m/2 and margin
1, > 7"™v(3)m~1 We denote v(3)™ ! by ¢, which finishes the proof. O

The following facts are known, see [3].

Lemma 2. Let X be a geodesic metric space such that the infimum inf{VolB(x,r)|x € X}
of volume of balls of radius r is positive. Semi-norms N, are pairwise equivalent. More
precisely, let ¢ and Py be two kernels on X. Then

Ny, < ON¢1’
where

C =

sup ¢1 sup ’lzz)2 sz (26)R¢'2 /5w1
cr eV '

Lemma 3. Let the space X be a Riemannian manifold and have the following properties:
(1) its injectivity radius is bounded below, (2) its Ricci curvature is bounded from below.
Then the volumes of balls are bounded from below (Croke inequality [11]) and from above
(Bishop inequality).

1) For any function g define a cocycle u(z,y) = g(x) — g(y). Then for any p and
any kernel 1/ with bounded derivatives there exists a kernel 1y such that the LP-norm of
V(g *1") (we regularise g) is bounded from above by a 11-seminorm of the corresponding
cocycle u

IV (g * ¥)lp < Np,y, ()
with the kernel ¢ defined as follows

_ sup Vo)’ sup ¢/
= TolB T, R <R
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2) Conversely, there also exists a kernel 1o such that
Npuia() < OVl
where C' depends only on dimension. Here the kernel ¢ can be taken as
1/}2('%7 y) = max{l, @(‘ra y)_l}l{d(x,y)SR}y
where ©(x,y) is the density of the volume element in polar coordinates with origin at x
O(x,y) 'dy = drdb
and R > 0 can be chosen arbitrarily.

In the third hypothesis we propose to use R = 1, then v is bounded by 1 and the width
of its support is also 1. For reader’s convenience, we include the proof of the first statement
of the last Lemma, following [3].

Proof. Denote by a the cocycle u * v¢'. Then for any vy,
ooz,

Vst (o) = 2 [ () = ) o o) () d
Choose y = x. Then we obtain

V(g +¢/(2))] < sup Vy'supy 19(2") — g(2)| dz dz’.

B(z,R¥)x B(z,RY)
Now applying Hélder inequality we get the needed statement with the kernel
_ sup Vi)' sup ¢/
1= Vol(B(2, RY)) {d=)<R"}

0

This lemma gives us an idea how to generalize Poincaré inequalities for the case of
arbitrary metric spaces. Of course, such Poincaré inequality depends on a choice of a
kernel . Let f be an L,-function on X, ¥ a kernel on X. The Poincaré inequalities for f
associated to 1 with constants c¢; and Cp(f) is

1 = elly < Cp(f)[ N, ()]

The Poincaré constant Cp(X,) is a constant such that for any L,-function f Poincaré
inequality is checked with Cp(f) = Cp(X, ). It follows from Lemma [2] that the existence
of Poincaré constant does not depend on the choice of a kernel.

5.2. Transporting functions by quasi-isometries. Let X,Y be two metric spaces, let
f:X =>Yand f: Y - X be (K, ¢)-quasi-isometries between them such that for any
x € X, d(x, f' o f(x)) < cand vice versa (that is, they are inverse in the quasi-isometrical
sense). Let g be a measurable function on Y. We want to find a way to transport and to
regularize g by our quasi-isometry to obtain a similar measurable function on X. We will
take

h(z) = /Y 9(2)0(f (). 2) d=
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as a function on X corresponding to g. This integral exists for all x because v is measurable
by the second variable by definition. Still we want h to be also measurable. For that, it
will be sufficient if f is measurable too.

Proposition 5. Let f be a (A1, A2, ¢1, ¢2)-quasi-isometric embedding between metric spaces
X and Y. Then there exists a measurable (A1, A2, 3c1, ca + 2¢1/A1)-quasi-isometric embed-
ding g at distance 2c¢1 from f.

Proof. Take a measurable partition P of X with a mesh c¢;/\;. For each set A € P we
choose a base point z4. We set g be constant on A
gla = f(za).
Take any two points z, 2’ € X. Assume x € A and 2’ € A’ where A, A’ € P. Then
d(g(x),g(z")) = d(f(za), f(za)) < Md(wa,2)s) +c1
< Md(z,2)+d(z,xa) +d(@',2a)) + 1 < Mid(z,2') + 3¢
In the same way we prove the right-hand inequality. O
This proposition gives us an idea that we can always pass to measurable quasi-isometries

without significant loss in constants. From now we will consider only measurable quasi-
isometries.

5.3. Transporting cocycles.

Definition 11. Let a be a cocycle on Y, f : X — Y be a quasi-isometric embedding and
¢ be a kernel on Y. The transporting convolution of a with ¢ by f is the cocycle defined
on X by

0w 6(f)(@,2) = / aly, 4 )B( (@), )o(f ('), ') dy dy

Y XY

Lemma 4. Let X,Y be two metric space. Suppose also that X has a bounded geometry
(that is for any R > 0 the supremum of volume of balls of radius R in X is bounded). Let
¢ be a kernel on'Y, let a be a cocycle on'Y and let ) be a kernel on X. Let also f be a
(A1, A2, ¢1, ¢2)-quasi-isometric embedding. Then there exists a kernel ¢ on'Y such that

Ny(a ¢ ¢(f)) < CNy(a),
where
S — 5 2
C<(cf) € supy (supqﬁsup VolBx (2\2R? + cz)> .

Proof. By definition,

(Ny(a ¢(f))F = /X><X la *; ¢(x, 2" )|Py(x, 2" )dxdr' =
N /X><X

Y(x, 2" )drdx'

[ o)t @.0)0( @)y
Y XY




On the quantitative quasi-isometry problem 13

applying Holder inequality
S/ / la(y,y")P|6(f(2),y)o(f ("), y")dydy" ¢ (x, 2")dwdz’
XxX JYXY
denOting w/(y7 y/) = fXXX (b(f(x)a y)(b(f(‘r/)a y/)w(‘ra x’)dmdaz’
=/ la(y, y" )P4 (y,y")dydy'.
Y XY

We need to show that 1)’ is dominated by some kernel 0.

First we will prove that ¢/(y,y') = 0 if d(y,y’) > RY" for some RY' = R® + AR¥ +e¢.
If d(x,2') > RY then by the definition of kernels 9 (z,2’) = 0. Otherwise, suppose that
d(z,z') < RY". If d(y,y’) > RY, then by triangle inequality either ¢(f(z),y) or ¢(f(z'),y’)
vanishes:

d(f(x), f(2') < Ad(z,2') + ¢ < ARV +c.
)

Hence, if, for example, d(f(z),y) < R?, then d(f(z'),y’) > R’ —d(f(z), f(2')) > R® which
leads to ¢(f(z'),y’) = 0.

We estimate ¢/ (y,y’) from above in the following way. First we write

V' (y,y') < supp o(f(z), y)o(f (), y)dwdz’.
XxX

Now we have to integrate [ ¢(f(z),y)dx and [ ¢(f(2'),y)d’.

For any y € Y, if d(f(x),y) > R? then ¢(f(x),y) = 0. Hence, the diameter of the set of
points X, € X such that for any = € X, d(f(z),y) < R?, is at most A\22R? + c2. Hence,
[x ¢(f(2),y)dz < (sup,ex VolBx(z,2A2R? + ¢2)) supy .y ¢, that is sup,c x VolBx (z, 22 R+
¢2) stands for the supremum of volumes of all balls of radius 2XaRY + ¢5 in X. So we come
to the following upper-bound for ¢/ (y, y’)

2
' (y,y') < supp (Supgbsup VolBx (2\2R? + 02)) .

Lemma [ helps us to construct a kernel z; such that its radius of positivity is at least RV

and at the same time we control its margin from below. zﬂ(y, y)y>T1= c}/e_Rw whenever

the distance between y, 4’ does not exceed RY". Hence,

V(') < 77 Mb(y,y) sup ¢ (Sup ¢sup Vol By (2A2R? + 62)) g

So, we obtain

— ’ 2
C < () LR sup ¢ (supqﬁsup VolBx (2\2R? + cz)> .
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6. POINCARE INEQUALITY FOR EXPONENTIAL METRIC

We will give an upper bound for the Poincaré constant in a ball of radius R in a space
with the metric dt* + Y, e*#itdz?.

Theorem 3. Let X = R, x R" with the metric dt* + S etitdr?. Let X = X /T where T
is a lattice of translations in the factor R™. Then the Poincaré constant for a ball B(R) in
X s
p n n
Cp(p) < ot (A(u)'PCy(T™)ern R,

where =Y i, A(p) is a constant depending only on p, Cp(T™) is a Poincaré constant
for a torus T™.

First, we fix the direction 0 = (x1,...,xy,).
6.1. Poincaré inequality in a fixed direction.

Lemma 5. Let X = R, x R™ with the metric dt*> + S etitdr?. Let X = X /T where T is
a lattice of translations in the factor R". Let R € RT U {oo}. Then for any fived direction
0= (x1,...,2)

1/p

R 1/p R
o) <2 ones)”

where cg = f(R,0) or cg = limp_o0 f(R,0).

Proof. Let f be a function such that its partial derivative df/dt is in LLP(etdt, [0, +00))
where p > 1. By Holder inequality we get

o oo 1/p 00 1-1/p
/ O | gy < / TS it gy / T o~ ut/p) o/ (p-1) < 400,

Hence, for every fixed direction 0 there exists a limit limy_, o, f(¢,6).
First, if R = oo, we prove that |f(t) — cg[Pett — 0 as t — co. We apply the Newton-
Leibniz theorem and then Holder inequality to |f(¢) — cg|. We have

(1) () — ol = wﬁqglw%

. Os Os
oo 4 1/p oo 1-1/p
< / of M du / e 1s/(p=1) 1g )
“\Jt |0s t
We calculate the last integral

[e.e] s _
/ e_)u's/(p_l)ds — _p_ 1e_plil ’?O = p 16_Pﬂ_j1
t 2 ©

ds <

p—1
With the notation Dy = (L;l) ,

p
eds.

af

Js

—+o0
vw—@WSmaM/
t
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Hence
+o0o af p
£~ coPe < Dy [ '8_ o5 ds =5 0
t

as t — +o0.
Now we integrate by parts

ut

R R R )
? / [F(8) = colPedt = [If(t) - cav’eﬂa _/a 10l (1) —00|p_1%dt,
As cp = f(R)

/aR 16— ol et = ~|7(0) — ol -~ /aR O - ce\P—l%mdt_

We notice that the integral at the left is positive. On the right hand side, the first term is
negative (for this reason we will drop it soon). Hence, the second term should be positive.
By Holder inequality,

®)
[ s - Cas ([ |f’<t>|p%’”dt>l/p ([ 150 - e ar) o

We introduce the following notations

R R
X = / () - coPedt, Y = / 0Pt

Using these notations we return to Eq. (2)). First we drop the term —|f(a) — cy|Pe*/p and
then we apply Eq. (3]

Py1/p x(0=1)/p

X <=Y/PX .

1

So, we get immediately that
x1/p < Pyi/p
T p

which proves Poincaré inequality in a fixed direction. O

6.2. Poincaré inequality for exponential metric. Here we will finish the proof of The-
orem Bl We introduce the following notations f,(t,0) = f(r,6) (the function is considered
as a function of two variables), f,.(0) = f(r,0) (the function is considered as a function of
one variable).
We have already proved that for any 6 € T,
of

R P P rR
[ 1o - roprena < (2) [112

We integrate over 8 and we introduce the volume element for X, dVol = drdfe>+i". We

get
D p
/ |f — frlPdVol < <—> / |V f[PdVol.
B(R) 2 B(R)

p
e dt.
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2

il =

Denote the Euclidean gradient by V.. By the form of the metric we see that e?i|dx
1. Hence, ||Vefr|| < etV f|. Now we notice that

R R
/ ||vefr||;[l[)‘p(']1*n)eutdt > eZm(R—l) / ||Vefr||1]]_7,p(']1*n)dt'
R-1 R-1
So we write

R
@ R [T i < @ [ VPVl
R—1 B(R)\B(R—1)

Fixing r € [R — 1, R], let us write Poincaré inequality on the torus for the function f,(0).
There exists a number ¢, such that

/ 1£1(0) — e, Pd0 < (Cp(T™))P / Ve (6) 6,
T T

where C,(T") is a Poincaré constant for T". Next we consider the function f,.(f) as a
function on the ball B(R) which does not depend on t. We integrate this inequality over t,

R
/ [1r(0) = er[PdVol - < (Cyp(T™))? / / Ve fr(0)[Pdge=Hitdt

eZmR(C (’I[‘n))p/ IV f(6)[Pd6
S P o :
We integrate over r from R — 1 to R and exploit inequality (]). It gives
R
S L 150 —epavot ) ar < (et | VfPavel,
L ATBER) B(R)\B(R-1)

where A(u) is a constant which depends only on u;,i = 1,...,n. Now we apply Hoélder

inequality again,
R 1/p
/ / |fr — e [PdV ol dr
R—1JB(R)

1/p
(A@)(@(T”))pew / IVfI”dVol>
B(R)\B(R—-1)

< (AP Cp(T™ e BV fllLr ((ry)

IN

R
/ [ fr = crlle(B(R)) AT
R-1

IN

Set ¢ = [ 5_1 c-dr. In the following chain of inequalities we will first apply triangle
inequality and then we will use the fact that the norm of the integral is less than or equal
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to the integral of the norm (briefly || [ fdr|| = [||f]|dr).
R
| -car

IIlf —clleBry) = ‘

R-1 Lr(B(R))
R R
< ‘ / (f — f,)dr +‘ / Uy — &)dr
R-1 LP(B(R)) R-1 LP(B(R))

R
< /R 1 (1f = fellurBery) + |1fr — crllioaemy) dr

p n n
= ﬁ”vf”ltp(B(R» + (A() P Cp(T™) e BV fllio5(ry)-

7. LOWER BOUND ON POINCARE CONSTANT

Let Z,, denote T" x R equipped with metrics dt? + 3 62“itda:?, where we suppose 1 <
p2 < ... < pp. Let O, O = (0,...,0) be base points of Z and Z’ respectively. We notice
that the ?width” of T™ x (—o0,0] is finite so it is at finite distance from a ray (—oo, 0], so
from now on, we shall focus our attention on the part of Bz(O, R) where t > 0. Indeed,
we want to consider quasi-isometric embeddings of balls T™ x [-R, R]. The volume of
T" x (—00,0] is finite, whereas the volume of T™ x [0, R] is exponential in R. Hence, only
a negligible part of T" x [— R, R] can be sent to the negative part T" x (—oc, 0] (compare
to subsection [B.1]).

Consider a ball Bz(O, R) in Z = Z,, and its quasi-isometric embedding in Z’ = Z,/. In
this section we will give a lower bound for the sum of quasi-isometric constants A + ¢ in
function of R, using our results on transported Poincaré inequalities. We have to notice
that our method does not apply to a general quasi-isometric embedding. We will consider
only quasi-isometric embeddings which are homotopy equivalences.

Why do we want to consider these spaces Z,? Following U.Hamenstadt [6] and X.
Xie [5],[], there is a family of hyperbolic spaces whose quasi-isometric classification is
known, that are spaces with transitive Lie groups of isometries. In this family (classified
by E.Heintze [7]), the easiest spaces are X,,. We also know their IL” cohomologies (Pansu,
[3]). Still they are rather difficult because their LP cohomology vanishes for a delicate
global reason, which is hard to make quantitative, on balls. Fortunately, their quotients
Z,, by Z'" are simpler. We can also say that the spaces Z,, are hyperbolic spaces with ideal
boundaries being products of circles supplied with power of the standard metric.

7.1. Statement of theorems.

Theorem 4. Let Z,Z' be two locally homogeneous hyperbolic metric spaces with metrics
dt® + > ez’mdml2 and dt® + > ez“gtdwg respectively, 0 < p1 < po < ... < py and 0 < ,u’l <
ph < ... < pl. Assume also that > pi/pn > > pi/pl,. Suppose that there exist constants
a and b such that for any i, b < p;, u; < a. Then there exists a constant Go(a,b) such that
the following holds. Let © : Bz(R) — Z' be a continuous (A1, A2, ¢1, C2)-quasi-isometric
embedding, inducing an isomorphism on fundamental groups. Suppose that © sends base



18 VLADIMIR SHCHUR

point to base point, ©(0) = O' and that R > 8\ +c¢1) + (Aa+c2) + 1. If p> > pl/uh,,
up to replacing Z with a connected 2-sheeted covering, the Poincaré constant Cp(p) for a
ball of radius R in the space Z is bounded from below by

1
Cy(1) = (Gola, )P (g + ) /1207 = OLrssi) e (/DR (3 = 5 it/ ) "

This theorem is not symmetric, it can be applied only in one direction: it does not give
any lower bound to the quasi-isometric embeddings of Z,, to Z,, and of Z,s to Z,, at the
same time.

As we have already mentioned, we are able to treat the quantitative problem only for
quasi-isometric embeddings which are homotopy equivalences. So we modify Definition
in the following way.

Definition 12. Let X,Y be metric spaces, xg,yo their base points respectively. The
homotopy quasi-isometric distortion growth is the function

Dpc(X, x0,Y,y0)(R) = inf{d|3f : Bx(z0, R) = Y a (As, cs)-quasi-isometric embedding
such that f(z9) = yo and f is a homotopy equivalence,d = Ay + cy}.

Theorem 5. Let Z,Z' be two locally homogeneous hyperbolic metric spaces with metrics
dt? + Zez”itda:? and dt? + Zez”;tda:? respectively, 0 < p; < ps < ... < py and 0 <
ph < ph < oo < . Assume also that Y pi/pm > Y/ pr,. Suppose that there exist
constants a and b such that for any i b < p;, p; < a. Then there exist constants Gi(a,b)
and Ga(a,b) such that the following holds. The homotopy distortion growth (see Definition
[12) for quasi-isometrical embedding of Bz(R) into Z' is bounded from below by

. /
Duc(R) > min {G1 (%’“‘ - %f‘@) R— G, %R} .

Theorem @] plays an important role in the proof of Theorem Bl Before proving these two
theorems, we will discuss the double cover of the family of spaces under consideration and
we will give some preliminary lemmas.

7.2. Lifting to a double covering space. Let us introduce a double covering of Z’. Let
7' =R Y77 x R/2Z % [0, +00) with the metric defined by the same formula as for Z”:
dt? + Y e?#itdx?. Consider the map Z’' — Z' defined by

(1,22, ., Tp,t) = (x1,29,...,2, mod 1,t).
So we identify (z1,z2,...,2n,t) and (z1,22,...,2, + 1,t) in Z'. Consider a complex func-
tion u(wy,x2,...,Ty,t) = ™% on 7’

Composition of u with the deck transformation ¢ : Z' — Z'
(x0T, t) (21, T, + 1 E)

gives uot = —u.



On the quantitative quasi-isometry problem 19

By assumption, © : Z — Z "is a continuous map inducing an isomorphism on fundamen-
tal groups, and we have Z’ which is a covering space of 7Z'. We need to show that there
exists a non-trivial covering space Z — Z such that the following diagram commutes.

Ny
I

WA A

N «— N\
1o

Z/
Define
7 = {(z,i')]z €z 7 e 712,1((9(2))} ,

that is Z C Z x Z'. Let [¢/] be a loop in Z' which does not lift to a loop in Z’. By
hypothesis, there exists a loop v in Z such that O(y) is homotopic to v Then v does not
lift to a loop in Z. There exists an isometry ¢ of order 2 on Z such that © or =1 00O.

7.3. Lifting of ©. Here we will prove that in the constructed double coverings © lifts to a
map satisfying the right-hand inequality in the definition of quasi-isometry with constants
A1 and 2¢;. We need two preliminary lemmas concerning distances in two-fold coverings.

Lemma 6. Let Z = Z, be a locally homogeneous space. There is an effective constant
co(p) with the following effect. Let z be a point in Z in the region where t > co. Let
¢ =t(z). Every loop of length less than ¢ based at z is null-homotopic.

Proof. Let s : Z — T"™ x {s} C Z denotes projection onto the first factor. This is a
homotopy equivalence. Note that 7y is length decreasing on {(¢,z) € Z; t > s}. Moreover,
on T" x {t}, ms decreases length by e/1(>=%) at least. Let v be a non null-homotopic geodesic
loop at z. Assume that its length is < 2c. Then v C {(t,z) € Z; t > 5}, therefore

length(re (7)) <,
thus
length (7o (7)) < ce M3,
Since 7o(7y) is not null-homotopic, its length is at least 1, and this shows that
c>eM3,
This can happen only for ¢ < ¢o(uq). O
Lemma 7. Let 21,22 be two points in Z such that d(O',0(z1)) > ¢1 or d(0',0(z2)) > 1

and d(z1,22) < c1/M1. Then d(O(31),0(%)) = d(O(z1),0(22)).
Proof. Let 3, € Z be such that d(0~,21) > c1. Set

W = {52 S Z’,d(gl,fg) < Cl},

U = {22 € W|d(é(21

V = {%HeW|d®
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By construction, W = U U V. Let us show that the intersection of U and V is empty
UNV ={% € W|d(O(%),/ 0O(%)) =d(O(%),0(3))}.

If 2 € UNV, then the geodesic segments connecting O(%;) with ©(%) and O(3;) with

' 0©(Z2) induce a loop v in Z’ of length 2d(0(z1),0(22)) < 2 (A1 (c1/M\1) + ¢1) = 4¢p which

is not homotopic to 0. According to Lemma [@ this is incompatible with the assumption

that d(O’,0(z1)) > ¢1. Hence, U NV is empty. Since U is non-empty (it contains at least

Z1) and closed in W, V is closed in W and W is connected, we conclude that U = W,
which finishes the proof. O

Lemma 8. A (~A1,2\2,61102)—quasz'—z'sometm'c embedding © : Z — Z' lifts to a “quasi-
Lipschitz” map © : Z — Z', that 1is, for any two points z1,%o € Z,

d(©(%),0(%2)) < Md(%1, 22) + 2¢1.
Proof. Let 7 C Z be a geodesic between %, and Z5. Let ¢ be the first point such that
d(©v(t),0") < ¢; and ty be the last point with such a property (if such points t1,t2 do
not exist, then we can apply the following arguments directly to d(©(%), @(22)) instead

of cutting the curve in three parts and considering d(0(31), ©7(t1)) + d(©(%1), ©7(t2))).
Then

d(O(21),0(%2)) < d(©7(t), OF(t2)) + d(O(21), 03(11)) + d(O(21), OF (t2))-
By definition of ¢; and t, d(©7(t), é:}/(tg)) < 2¢;. Now divide parts of v between ©(%)
) &

and ©7(t;) and between ©(Z;) and ©7(t3) by segments of length ¢;/A;. We apply the
previous lemma to them, so

~ A ~ A c
d(©(z1),07%(t1)) + d(O(21),09(t2)) < N <)\1)\—11 + Cl> ,
where N < d(Z1, 22)/(c1/A1) is the number of segments in the subdivision. So,
d(é(gl), é(gg)) < 2c1 + 2)\1d(§1, 52).
O

7.4. Proof of Theorem @ - Part 1. Let ¢/ be a kernel on Z which is invariant by
isometry, that is, for any isometry ¢,

¥ ((21), () = ¥ (21, 22).
As an example of such a kernel we can consider a kernel depending only on the distance
between points. Let ¢ be a kernel on Z' which is also invariant by isometries. Define a
complex function v on Z as follows

o) = ([ u1ec®). 292 ) 2.
Y
We will write shortly for the integral

uﬂq@@zlﬁwx@@jw%
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Then v ot = —v. Indeed,
voL= (u*tC(Q)) x) oL = <u*tC(@)OL> * ).

On the other hand, using both relations © o1 =/ 0 © and (/) = id, we have
wn () ou(2) = [u(@)(60). 2 = [uE)eB(). (12 =
= [uE)c@). 22 = [, )7 = —un (),

hence v is skewsymmetric with respect to ¢. We get immediately that [v = 0. Now we
apply successively Lemma B and Lemma [4] B

Step 1. By Lemma B there exists a kernel 1 on Z which is controlled by a and b and
such that

([ mtec@=or) " < i, (un @),

where for ¥; we have the width of support is RY* = R¥" and

sup V' sup ¢/
inf, VolB(z, RY)

sup ¢y <

Step 2. By Lemma [ there exists a kernel ¢; on Z’ such that
Ny (w4 C(8)) < O, (),
where the width of support of ¢y is 2R¢ + A\ RY’ + ¢1, the supremum of (; is

D DL 2 e () RS ¢,

supGi = =5

and
) . N
C= c%(sup%)g/pe((ﬂ/\lmw e <(2 +M)RY + cl) "

Step 3. Applying Lemma [ we get that there exists a kernel (o on Z’ such that
Ne, (u) < C(n)|[Vullp,

we remind that the constant C'(n) depends only on the dimension of Z’ if the Ricci curvature
is bounded from below, that is sup u; is bounded.
Step 4. Here we merely need to pass from N¢, to N¢,. We apply Lemma [3 once more

NCl < éNsz

where

., sup(ysup (o RS ¢ RY ¢
€ = TREAZRG T et )
T
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Choose ¢ and ¢ such that RY" = 1 and RS = 1. Then sup¢’ and sup ¢ are controlled
by a and b. We note also that €2 = 1. So combining all inequalities we get

/ IVlP < Ci(a,b) (A + Cl)3+2/p e(9+3/p)(>\1+01)/ |VulP,
B(R) T7 % [0,+00]

where C(a,b) is a constant depending only on a, b and dimension n. Let Q@ = A1 + ¢; and

C(Q) = (A1 + ¢1)> TP OF3/P)Aater),

7.5. Proof of Theorem 4. We will give a lower bound for the LLP-norm of the function
v = (ux*¢)*1’. Our aim is to prove that the absolute value of v is nearly constant. For
simplicity of notations we suppose first that the volume growth of Z,, and Z,/ is the same,
that is > p; = Y pi. We will write |p| and || for these sums respectively. We are going
to show that there exists a subset A of the ball B(zp, R) such that on the one hand the
volume of A is rather big, that is Vol(A) > Vol(B(zp, R))/2 and on the other hand its
image lies rather far from the base point O(A) N B(zy, R — (M +¢1 + A2+ ¢2)) = 0.

Denote by r = Ay + c2. We will construct a finite subset J in B(z9, R) C Z, and a
partition of J into e/#" subsets {Jk}k=1,..n, each of cardinality |J| = eltl(B=7) with the
following property

e (P) For any k € {1,...,n} if z; and 2 are points of Ji then the open balls of
radius r centered at these points are disjoint.

So, let z1, z9 € Ji be two different points. It follows from (P) that
2r < d(Zl, 22) < )\gd(@(zl), @(22)) + c2,

hence d(©(z1),0(22)) > 2, so the balls B(©(z1),1) and B(©(z2), 1) are disjoint. Fix some
d > 0 and denote by J; C Jj the set of points whoes images are not farther than R — d
from z{ that is if z € J}, then d(z(,©(z)) < R — d. We obtain

|J[Vol(B(©(2),1)) < Vol(B(z), R — d+ 1)),

and we conclude that |J | < el#(F=d) Denote the union of JI, by J’ then |J/| < el#l(R=d+r),
Hence, whenever d > r 4+ 1,

W' o e < L

|| 2

So, we choose d = r + 1. Now let A be the union of all 1-balls centered at points of J\ J’,
A = U,enyB(z,1). The volume VolA > 1/2Vol(B(z0, R)). By definition of A, for any
point z € A there exists a point 2’ € J\J" at most 1-far away from z, d(z, 2’) < 1. Applying
triangle inequality we get d(z(, ©(z)) > d(2(,0(%')) — (A1 +c1) > R— (A1 +c1 + A2+ ¢2).
Here we describe the set J C {R} x R™/Z" (we fix the first coordinate t = R). This is
the set of points z = (R, x1,...,2,) such that for any i = 1,...,n, x; is an integer multiple
of e "% modulo 1. Jy is the subset of points such that for any 4, z; is a whole multiple
of e#i("=R)  Let K be the set of vectors k = (0,k1,...,k,) such that for any i the number
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etifk; is an integer between 0 and etir=R) _ 1 For k € K, we define J; = Jy + k. Then
for any two different points z1, zo of Jy,

d(z1, z2) = maxlog <|:1:Z1 - :1:?|1/‘“> >

We constructed the needed set. Now we notice that the lifting A € Z of A has the same
properties relatively to ©: the image ©(A) lies at distance at least R — (A 4 ¢1 + A + ¢2)
from the base point and the volume of A is at least a half of the volume of the ball B(Zp, R).
Now let us compute |v(2)| for 2 € A (in fact here we will give an upper bound for |v|
which is true for all Z € B(zg, R) and a lower bound for 2 € A). We remind that by
construction, Z is sent far from the base point, d(2, ©(2)) > R — (A1 + ¢1 + Ag + ¢2).

weay @) = | [ [ u@)c®E). 2w E 2z

> / / (w(Z) — u(B(2)) + u(@E))C(O(2), ) (2, 21)d 2y
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For the last inequality we shall use the following facts: |u| = 1 and the integral of a kernel
over the second argument is equal to 1.

// (B(2)¢(0(5), )W (2, 21)dZ d%
I RCOTIOEN ( / c(é(zg,z’)dz') 02

= || w@Ew . aa| = |uGE)| -1
X

We need to estimate the double integral in Eq. (). %'(Z, Z1) is non-zero if d(z, 21) <
RY =1 and C(©(%), #') is non-zero if d(2',0(z1)) < R = 1. So the diameter of the set S
of points 2’ such that the integrand is non-zero, is at most 2X\; +c¢; +2 < 4()\1 +cl) because
A1 > 1. Hence S is contained in a ball By of radius 4(A; + ¢1). Assume 2’ = —0(2) e sS.

Then by the mean value theorem, for any pomt 7ef ,

() —uw(Z)| < |7 — 2| sup |[Vu(Z)] < 8(\1 +c¢1) sup et < Br(A + ¢p)e Mt

Z€Bg Z€Bg

u
0%y,

< 871'()\1 +Cl) sup e—u’nd(O’,é’) < 871'()\1 + Cl)e—uﬁl(R—()\1+c1+)\2+cz)—2()\1+01)) <
€Bg

N —
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for R > 8(A1 4+ ¢1) + (A2 + ¢2) = Ry. Hence we have proved that
1 -
S<luxd)« W/ (2)| if zed
(ws @)+ W/ (D <1 if %€ B(o,R).

And we conclude from this relation that for R > Ry + 1,

/ Wl > LVol(B(R)) — Vol(B(Ry)) > (SR jor+1,
B(R) 2p

Let us compute the integral [ |Vul?.

fror-f 2

Hence the Poincaré constant Cp,(u) for Z satisfies

P oo ;
e—p’npte(z u;)tdtdxn — 71'/ e(z#;_p/ﬂn)tdt = #
0 - Z :uz/:un +p

, o] o]
GWY 2 9 Z G Ive?
> (W w2 C1(a,)C(Q)) T e IR (p — N /).

This proves the claim in Theorem [4l

7.6. Proof of Theorem [B. Let © : Bz(R) — Z' be a (A1, A2, ¢1, ¢2)-quasi-isometric
embedding. By hypothesis, © is isomorphic on fundamental groups. Lemma [6limplies that
© moves the origin a bounded distance away. Indeed, a non null-homotopic loop of length
1 based at O is mapped to a non null-homotopic loop of length < @Q = A1 4+ ¢ based at
©(0). This implies that ¢(6(0)) < 4Q and d(0',0(0)) < 4Q + 1.

The space Z is of the form T x R where T — T is a connected 2-sheeted covering
space of torus, that is 7" is also a torus. Hence we can apply Theorem Bl We have
Cp(p) < Cz(a,b)er . If R < 8(A\1 + ¢1) + (A2 + c2) there is nothing to prove. Otherwise
we arrive at

(11,7271 C1 a,B)C(Q)) ™7 /IR [ Zuz/un) < Cy(a, b)et ™.

Hence with C3(a,b) = (!, 72P+1C} (a, b)) /PCy(a,b),

1/p
C3(a,0)C(Q) > e pi/p—pn) R (p %M)

We have calculated that C(Q) = Q3T2/Pe(®+3/P)2  Combining these results and taking the
logarithm (note that in the following calculations every constant depending on p and g/
can be estimated using a and b), we get

<3+2> log Q + <9+§>Q2G’(a,b)+ <Zm —un>R+ 10g< Z—,M/>
P P P 275
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with some constant G’ depending only on a,b. p > 1 hence the left-hand size can be
estimated as 5log Q + 12Q < 24Q. Setting p = > ul/u), + 1/ R, we get

i k1
24Q > G'( b)+un<z”:_W_E>R+11 !
- 2+ 4 bR

For R > G"(a,b) with some well-chosen constant G”

)

Pty (DB D0 4
24Q > G'(a,b) + n < — )R — ——logR,
(@) +3 SN pn 2> u

and finally we can rewrite our inequality under the desired form
) /
Q > Gi(a,b) (%“ - %f‘”) R — Ga(a,b)

with G1(a,b) and Ga(a,b) being constants depending only on a and b.
This finishes the proof of Theorem [l

8. QUASI-ISOMETRIC DISTORTION FOR REGULAR TREES

In this section, we prove that embedding hyperbolic balls into trees requires linear dis-
torsion growth.

First we need coarse notions of volume and of separation (minimal volume of subsets
dividing a metric space X into two pieces).

Definition 13. Let a > 0. We will call the a-volume of a metric space X the following
quantity

Voly(X) = sup {v|for any family B; of balls of radius a covering X : #{B;} > v} .
Definition 14. Let a > 0. We call a-separation of X the number

sepa(X) = sup{Nl|for any partition X = Uy LI Us such that Vol,(U;) > Vola(X)/3,
i = 1,2, for any family B; of pairwise disjoint balls of radius a,
#balls intersecting both U; and Us > N}

Theorem 6. Let X be a bounded metric space, and T be a tree of degree at most d.
S = sepa(X) and V = Vol,(X). Suppose that for any subset Y of X of a-volume at least
one third of V, the diameter of Y is at least diam(X)/D for some constant D depending
only on X. If f: X — T is a (\, ¢)-quasi-isometric embedding then

e cither diam(X) < ¢D,
e or

S
)\2CL+ & 2 logd W
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Proof. Let {B;} be a maximal set of pairwise disjoint balls of radius a. We consider T as
a finite discrete metric space. If there exists a vertex ¢ of T' such that at least one third of
centers of B; are sent to t then diam(X) < ¢D because of the hypothesis on the space X.
Otherwise, for any vertex t,

Vola(f71(t)) < Vola(X)/3.

We are going to find a vertex ¢ which divides the tree into two components T = 17 U
Ty, Ty NTy = {t} such that Vol,f~(T};), i = 1,2, is at least one third of Vol,(X). To show
this, it suffices to start from some boundary vertex (we will call 7} the component which
contains the initial vertex) of the tree and to pass from one vertex to another. At every
step we choose a vertex which increases Vol, f~'(T1). We finish when the accumulated
volume is sufficient, that is Vol, f~H(T1) > Vol.(X)/3.

Denote by U; = f~}(T;),i = 1,2. The number Ny of balls B; which intersect both
Uy and Uj is at least Ny > sep,(X) = S. Let I be a set which contains a point of the
intersection U; N B; for all such balls, denote the image of I by I' = f(I).

8
Vol (B(c))

Because I’ C Th, there exists v; € I’ such that

7' =

S
d(Ul, Tg) Z lOgd W

Thus v = f(u1) and uw; € B; which intersects Uy, there exists us € UpNBj and d(u1, uz) <
2a, hence d(v1, f(u2)) < A2a + c¢. Hence,

S
)\2CL+ & 2 logd W

0

Consider H" with n > 3. For a ball of radius R in H" we have S ~ e 2R (we will
prove this soon, in Lemma[d)), V' ~ e DE and D = 1. Then the application of Theorem
to B(R) C H" with n > 3 proves the linear quasi-isometric distortion between H" and a
regular tree.

Corollary 1. The quasi-isometric distortion growth for hyperbolic space H", n > 3, and
a reqular tree is linear in R.

Lemma 9. Let B(R) := Byn(R) = A U Ay be a partition of an R-ball of hyperbolic n-
space. Suppose that both pieces have large volume: VolA; > 1/3VolB(R), i = 1,2. Then
for R large enough the volume of the common boundary of A1 and As, S1o = 0A1 NOA;s is
at least

VolSya > const(n)e™ 2E,

where the multiplicative constant depends only on dimension n.
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Proof. Consider the indicator function 7 of Ay

N N 1 z€ A
L(x)_{o T € Ay

We would like to write 1-Poincaré inequality for ¢ but first we have to make it smooth.
Fix two real numbers ry < ro. Take an ri-separated and r-dense set S. For any point
z € S we define a function h, as follows,

1— % x € B(z,2r3)
0 r € B(z,2ry)

Now set h.(z) = h.(x)/ > hu(z) which gives a partition of unity. Evidently gradients of
h, are uniformly bounded in function of r1, 79 and a number L(ry,r9,n) of disjoint balls of
radius r1 in a ball of radius 2ry: Vh, < N(r1,r2,n). Now we set
Uz) = u2)h(@).
z€8
Then
Vi(z) = Z L(z)Vhy(z) < L(r1,r2,n)N(r1,7r2,m)
z€S

because ¢ takes only two values 0 and 1 and for any z there is not more than L(rq,r2,n)
functions h, which do not vanish at . Now we notice that outside of 2ro-tubular neighbour-
hood Ti9 of S12 = A1 NOAsg, ¢ coincides with 7. We notice here that VolTio ~ VolS12 (up
to some multiplicative constants depending on n and rq). If Vol(A; \ Th2) or Vol(Az \ Th2)
is too small, then there is nothing to prove as VolTi2 ~ VolB(R). Otherwise we write

Poincaré inequality for ¢.
The mean value Vol(A; \ Ti2) < ¢ tdVol < Vol(A; \ Ti2) + sup Ve |1, VolTia, that is

c, = }{LdVol ~ VolA;.
We are ready to write 1-Poincaré inequality for ¢ for R large enough,
/]L —¢|dVol < const(n)eR/\VL]dVol,

where const(n) is some constant depending only on dimension n. We compute the left-hand
integral,

/ |t —c,|dVol ~ / |1 —¢,|dVol + / c,dVol = (1 —¢,)VolAy + ¢, VolAy > gVolB(R).
A1 A2

For the right-hand integral, we obtain
/|VL|dVol = / |Vi|dVol < sup ViVolTia = const(n)VolSia.
T12

Combining all these inequalities we conclude that
VolB(R) < const(n)ef'VolSis.
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As for R large enough Vol B(R) ~ e(»~DE we finish the proof with the needed result
VolSiy > const(n)e"2E,
O

Question 1. What is the quasi-isometric distortion between a d-reqular tree and hyperbolic
plane H?.

9. APPROXIMATION OF DISTANCES AND RADIAL QUASI-ISOMETRIES

9.1. Orthogonal triangles in hyperbolic spaces. At the beginning of this section we
give to lemmas on the geometry of orthogonal triangles in hyperbolic spaces. The second
Lemma will be used to establish an approximation of distances in hyperbolic spaces which
allow to control a quasi-isometric action.

Lemma 10. Let o be a geodesic segment, a be a point not on o, and ¢ be a projection of
a ono. Letb € o be arbitrary, and let d denote a projection of b on ac. Then |c—d| < 26.

Proof. By hypothesis, bd minimizes the distance of b to any point of ac, and because
the triangle bed is 0-thin, there exists a point e € bd such that d(e,ac) = |e — d| < ¢ and
d(e,bc) < 6. Because ac is a perpendicular to o, |a—c| < |a—d|+|d—e|+d(e, be) < |a—d|+2§.
Hence |c¢ — d| < 20. O

Lemma 11. As in the preceding lemma, let o be a geodesic segment, a be a point not on
o, ¢ be a projection of a on o, and b be some point on o. Let d denote a point on ac such
that |d — c¢| = and e denote a point on be such that |e — ¢| = 35. Then

e d(d,ab) <6, d(e,ab) <9, d(c,ab) < 26, and
e the length of ab differs from the sum of the lengths of the two other sides by at most
86,

la—cl+b—c—20<|a—0b| <|a—c|+|b—c|+ 8.

Proof. The triangle abc is d-thin. Therefore, obviously, d(d,ab) < ¢ (the distance from a
point of ac to ab is a continuous function). We take a point = € be such that d(z,ca) < 9.
Using Lemmal[I0, we obtain |b—z|+d(x, ca) > |b—c|—20, and hence |c—z| < d(z,ca)+25 <
30.

We now let di and e; denote respective projections of d and e on ab. Then by the
triangle inequality, we have

eja—dl—d6<l|a—di| <|a—d|+9,
elb—el—-0<|b—e| <|b—e|+4, and
e 0<|dy —e1| <|di—d|+|d—c|+ |c—e|+ |e — e1| < 66.

Combining all these inequalities, we obtain the second point in the lemma. O
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9.2. Approximation of distances in hyperbolic metric spaces. Let X,Y be two
geodesic hyperbolic metric spaces with base points g € X, yo € Y. Let 6 : 9X — 9JY be
a homeomorphism between ideal boundaries.

Hypothesis 1. Assume that there exists a constant D such that for any x € X there exists
a geodesic ray v from the base point v(0) = z¢ and passing near z: d(z,7vy) < D.

We are going to construct approximately (up to D) a map © : X — Y extending the
boundary homeomorphism 6. Take some point z and a geodesic ray ~ from zy passing near
x: d(y,z) < D. Then v(c0) is a point on ideal boundary 0X. The corresponding point
0(v(o0)) € 9Y defines a geodesic ray ' such that +/(0) = yo and v/(c0) = 0(y(00)). Set
O(z) = +/(d(xg,x)). So, by construction, O preserves the distance to the base point. Still,
it depends on the choices of v and +'.

Definition 15. Define the following quantity

_ dy, (0(£1),0(&2)) R R
K (R) = sup {Jlog P ELLLD 4, (61, 60) > v, 0160),0062)) = ¢

We are going to prove that the restriction of © on the ball B(R) C X of radius R

is a (1 +28B) by st oK (R))-quasi—isometry. We begin with a Lemma which gives

log

D446
an approximation (up to an additive constant) of the distance between two points in a
hyperbolic metric space. In its proof, all equalities hold with a bounded additive error
depending linearly on §.

Lemma 12. Let Py, P, be two points in a hyperbolic metric space Z. Let Py be a base point
(possibly at infinity). Let distances (horo-distances if Py is at infinity) from Py and P to
Py be d(Py, Py) = t1 and d(Ps, Py) = to. Assume that there exist points Pf° and P5° such
t}ﬁt Py (resp. Py) belongs to the geodesic ray defined by Py and Pf° (resp. Ps®). Denote
b
too = —logvisdistp, (Pr°, P5°)
the logarithm of visual distance seen from Py. Then up to adding a multiple of 0,
d(Pl, Pg) =11+ 1ty — 2min{t1,t2,too}.

Proof. Let P} be a projection of Py on the geodesic PP°Ps°. By Lemma [[Il P} lies at
distance at most 26 from both FyP® and PyPs°. Hence, up to an additive constant
bounded by 46 the distance between Py and P} is equal to Gromov’s product of Pf° and
Pge. 1t follows that to = d(Fy, P}) = —logvisdist(Py, P,).

The triangle Py Py° Ps® is 6-thin. Notice that if P; (or P;) lies near the side Py°Ps® then
t1 > too. Otherwise, 1 <t (both inequalities are understood up to an additive error ¢).
This follows from the definition of the point P} as a projection and Lemma [I1]

1We define visdist(Pr°, Ps®) of two points Pr°, Ps° at the ideal boundary as the exponential of minus
Gromov’s product of these points e~ (PIUIPET), Indeed, it is not a distance as it does not satisfy triangle
inequality. But we will never have more than two points at infinity at the same time in our setting, so we
will not use this property.



30 VLADIMIR SHCHUR

Hence, if t1,ty > too, d(P1, Py) = d(Py, Py) + d(Pa, Py) — 2d(P0,P6) =11 +tyg — 2t
If t1 <t < to, d(Pl,Pg) = d(Pl,PO/) + d(Pé,Pg) =19 — 1.
Finally, if ¢1,ty < too, we get d(Py, Py) = |t1 —to| = t1 +to — 2min{ty,t2} as P lies near
PyPs©.
O

9.3. Construction of quasi-isometry. Although the quasi-isometry which will be con-
structed in this section can seem to be a bit naive, it will allow us to establish an example
of logarithmic quasi-isometric distortion in section [0.2]

Lemma 13. Let Z and Z' be two hyperbolic metric spaces. Let © be the radial extension
of a boundary homeomorphism 0, as described at the beginning of this section. Then for
any two points Py, Py € B(Py, R) C Z such that d(Py, Py) > ¢, we have

dz (©(1), 0()) K(R)

<1l4+2——=.
dz (P, P) c

Ifd(Pl,Pg) <c,
dy (O(P),0(R,)) < 2K (R) + .

Proof. We will use the same notations as in Lemmal[I2l Visual distance d7; between P and
Pg° and the (horo-)distance to, from Py to PP°P5° are connected by the relation et =
doo (PP, P$°). In the same way we define t.  as the (horo-)distance for corresponding
images.

By Lemma 12l we know that d(P;, Py) = t1 + to — 2min{ty,t2, too }-

Assume first d(P1, P,) > ¢. We will write dz = d(Py, P») for the distance between P;
and P, and dz = d(O(P1),©(F2)) for the distance between their images.

We have to consider four cases depending on the relative sizes of t1,ts,ty and . as
they determine values of minima defining dz and dz/. Without loss of generality, we may
assume that t; < to.

1st case. If both t1 < to and t; < t., then

dz to — t1
dy to — 11

and this case is trivial.
2nd case. If too < t1 and t., < t;. We have to give an upper bound for
dz o t1 + 1o — 275,00
dz  t1+ty—2t5°

Consider
doo (0(P°), 0(P5°))

doo (PF°, P5°)
Because dz > ¢, we have t1 + t9 — 2t,, > ¢ hence eltitt2)/2g—too 5 ¢¢/2  And as t1,to < R
we obtain for visual distance d7 > e/2e—R > ¢~ We conclude that

[tl. —too| < K(R).

t' —teo = log

oo
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Finally,
dz dyr —dy +dy t — 1o 1
A A A PR TS e )
dz dz +t1—|—t2—too_ +c‘°° o]
3d case. Now let to < t1 < t.,. Then
dZ/—dZ:tg—tl—(t1+t2—2too):2(too—t1)SO,

which leads to

dz
<1.
dz —

4th case. Finally if t/ < ¢; < t5° then
dgr —dgz = (t; +ta—2tL ) — (ta —t1) = 2(t1 — L) < 2(t5° —t..).

We know that t; < R and at the same time we have ¢, < t1, hence t, < R and visual
distance between P’ and P9 is at least e~ ®. Now as in the 2nd case we obtain that
ty¥ —tl, < K(R) and hence

dz | oK)
dz c

Now assume that dz(Py, P») < ¢ (we still suppose t1 < t3), hence the distance to, > to
and we are either in first or fourth situation. In the first case, t1 < to and 1 <t s0 dy =
dz < c. In the fourth case, we have still dzs —dz < 2K(R) and hence d, < c+2K(R). O

Applying the Lemma both to © and ©~!, we get the following Theorem.

Theorem 7. Let X,Y be two geodesic hyperbolic metric spaces with base points xg € X,
Yo € Y. Assume that there exists a constant D such that for any x € X there exists a
geodesic ray ~y from the base point v(0) = xg and passing near x: d(z,v) < D (Hypothesis
[1l). Let the restriction of © : 0X — JY be a homeomorphism between ideal boundaries.
Then the restriction of © on a ball B(zg, R) C X of radius R is a (X, Cy)-quasi-isometry
to B(yo, R) CY, where A =1+ 25 o Cq = 2K(R)+c. The constant ¢ can be chosen

as ¢ =D + 6 where § is the hyperboclz'cz'ty constant.
10. EXAMPLES
10.1. Bi-Holder maps. Let 6 be a bi-Holder map:

A0(€1), (&) < cd(6r, €)% 0 < 1,
A0, 0(62)) > ~d(61,6)°,8 > 1

Assume first that for two points &1, & of the ideal boundary, the visual distance d(&1,&2) >
e !, Then we have

log d(0(£1),0(£2))

d(&1,&2) <loged(&r,62)* " = —(1 —a)logd(&1,&) S (1 - a)R.
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Now, if the visual distance between images of & and & satisfy d(6(£1),0(&2)) > e %, we

get
1 —R/«
d(£17£2) > me R/
(&

and hence
d(6(£1),0(&2) o 1—a
e 6) ~ a

We obtain the lower bound for log % just in the same way as the upper-bound.

If d(&1, &) > e

R.

log % > log 1d(61, )" = ~(1 - §) log (61, &) 5 (1- )R,
If d(0(&1),0(82)) >
d(6(61),6(6) _ 1 e 18 1-5
log ==t = log ~d(8(&1). 6(62)) "7 = g logd(0(61).0(&)) 2 —5—R
This gives

K(R) S max{l — «a,1 — B} R.

In particular, consider two variants of the space T" x [0,400) Z and Z’ with metrics
dt? + 3 e*itdz? and di? + Y e?#itdz? respectively. The visual distance between points Py
and P, is given by

doo(P1, Py) ~ max |z} — x?!l/’“.

Pick the identity map 6 : 0Z — 0Z’. Then

doo(0(P1),0(Py)) _ max; |a} — 2|/ < max |z} — g2[L/-1/m
doo (P1, P2) max; [z} — x?[Vm — i :

Suppose that d(P;, P,) > e~ . Then

doo (0(P1),0(2))
‘log doo (P1,P2)2 '

!l __ .
< |log max |z} — a7|'/H =1k | =
(2

Mg

)Smax—/
voH

i

log |z} — a['/4

= max <Nz’
1

i

1R

= -
So, we conclude that K(R) = |max;(u;/p;) — 1| R.

Remark 3. More generally, such bi-Holder maps exist between boundaries of arbitrary
simply connected Riemannian manifolds with bounded negative sectional curvature. The
Holder exponent is controlled by sectional curvature bounds.
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10.2. Unipotent locally homogeneous space. Now assume the space Z is a quotient
R?/Z? x R of the space R? x R with the metric dt* + €% (dz? + dy?). Consider the space
7' = R?/7? x4 R, quotient of the space R? x, R, where « is the 2 x 2 matrix

(01)

The locally homogeneous metric is of the form dt? + g; where g; = (e

| T\ el tet T\ el + tely
“\w) Lo ¢ y ) e'y

and so g; = d(e'z + tely)? + d(e'y)? = e?!(dz? + 2tdxdy + (t2 + 1)dy?).

Let 6 : 0Z — 0Z' be the identity. Consider two points P; = (x1,41) and Py = (x2,92)
in Z. We will write x = z1 — 9 and y = y; — y2. For the visual distance between P, Py
we have

ta)*go

doo (P1, P2) = max{|z], [y}.
For their images 6(P;) and 0(P) (see section 5 of [4] and [5])
oo (0(P1), 0(P2)) = max{|yl, |z —ylog |y[}.

First we will give an upper-bound for log(deo(0(Py),0(FP2))/deo(P1, P2)). We have four
different cases.

st case. If |z| < |y| and |z — ylog|y|| < |yl
oo (0(P1), 0(P))

=1.
doo(Pr1, P)
2nd case. If |z — ylog |y|| < |y| < |z,
o (0(P1), 0(F:
Lo (B(P).OF) _ |

doo(P1, Py)
3d case. If |z| < |y| < |x —ylog |y]|.
doo(0(P1), 0(P2)) _ |z —ylogy| _ ||
doo(P1, P2) |yl ~ 1yl
If doo (P1, Py) > e~ we have e % < |y| < 1 (the upper bound follows from the fact that y

is a coordinate of a point of a torus) and hence |log|y|| < R and we finish as follows,

LD o0
If doo (0(P1),0(P,)) > e we will consider two situations.
o If |z| > |ylog|y|| then |z —ylogy| < 2|x| and as |z| < |y|,
doo(0(F1), 0(P)) _
doo(P1, Ps) -

+ [log [yl.
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o If |z| < |ylog|y|| then e=F < |z — ylog |y|| < 2|y log |y|| and hence |log |y|| < R, so
doo (0(P1), 0(F2))
doo(P17P2)
4th case. Let now |y| < |z| and |y| < |z — ylog|y||
Ao (O(P).0(P2)) _ |2 — ylogy
doo(P1, P2) |z
We will check two possibilities.
o If |y| < |z|? then

<1+R

|y log [y||

<

lyloglyl|  [y[*/?
ol = ey I oslyl| <

e Now suppose that |y| > |z[2. If doo(P1, P2) > e %, we see easily that |y| > e 2f

and hence
yloglyll _ Jelog|yl
I
If doo(0(P1),0(Py)) > e T we use the fact that |a + b| > 2max{|al, |b|}. Hence, either
|z| > e f/2 or |ylog|y|| > e /2 and so |y| = e~ F and we finish the estimation as earlier.
So in the fourth case we have also

o (P1, Py) <2R.

<|logyl| <2R.

Here, we have proved that log(de(6(P1),0(P2))/ds(P1, P2)) < log R. Now we proceed
to give also a lower bound for this expression.
st case. If |x| < |y| and |z — ylog|y|| < |yl,
doo (0(P1), 0(P2))
doo(P1, P2)
2nd case. If |z —ylog|y|| < |y| < |z],
Ao (B(P1), 0(P2) _ lyl
doo(P1, P2) ||

Without loss of generality, assume 2 > 0. By the construction of Z, |y| < 1 hence log |y| <
0. If 0 < 2 < ylog|y|, we have y < 0. Now transform z < ylog|y| as 1 < —log|y|(—y)/=,
hence

=1.

b 1
z ~  loglyl

Now either duoo (0(Py1),0(P)) = |y| > e~ or e < doo (Py, P2) = |z| < ylog |y| which also
means that |y| > e . So,

yl o 1

s
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If on the contrary ylog |y| < x we have
(6) z—yloglyl <yl <.

First we notice that ylog |y| > x —|y| > 0. As |y| < 1 for any point of our space, log |y| < 0
and we conclude that y < 0. Now from (@) we obtain that x < —y(1 — log|y|). As
1 —log|y| > 0 we obtain
1
A —
z = 1—loglyl

If deo (0(P1),0(P2)) = |y| > e, we trivially get that

ly] 1

x|~ R

If e R < doo(Py, Po) = |z| we write e < 2 < —y(1 — log|y|) and hence y > e~ %, so we
obtain the same result. So, in both cases we come to the same result

log M

< R.
|z

3d case. Assume |z| < |y| < |z — ylog |y||, this case is trivial as

doo(0(P1),0(P,)) _ |z —ylogy| _
doo(P1, P2) [/ —

4th case. Let now |y| < |z| and |y| < |x — ylog |y||. We also suppose that = > 0 to save
notation.

(7)

doo(e(Pl)ve(P2)) — ‘.’L’ — yIOg ‘yH —
doo (P, P2) |z|

'1_ylog!y\‘_
x

If () is greater than 1/2 then we have nothing to prove. So suppose that (7)) is less than
1/2
—Z <w—ylogly < 5,
2 2
and so
T < ylog|y| < 3_x
2 -2

The last inequality shows that if either duo(6(P1),0(P)) > e f or doo(P, P2) > e &,
ly| > e~F and so we have

lyloglyll _ lylogyl| 1
> = |log lyl| = =,
x Y R
which completes our discussion of this example. We have proved that

K(R) Slog R.



36 VLADIMIR SHCHUR

11. APPENDIX: QUASI-ISOMETRIC EMBEDDINGS AND FUNDAMENTAL GROUPS

Here we would like to discuss the hypothesis of the Theorem [B] that the quasi-isometric
embedding under consideration is a homotopy equivalence. We will show that if dim(Z) >
3, one may believe that the assumption that ©® be isomorphic on fundamental groups is
not that restrictive. Indeed, in Proposition [6, we shall show that this is automatic, but
unfortunately the argument introduces an ineffective constant Ry, which makes it useless.
For instance, if it turns out that Ry = )\%, Proposition [6] does not help to remove the
homotopy assumption in Theorem [Bl Nevertheless, it is included for completeness sake.

Proposition 6. Let Z, Z' be two spaces of the described form with equal dimensions n+1 >
3. Then for any \y > 1,\y > 1,¢1 > 0,c2 > 0 there exists Ry = Ro(A1, A2, 1, ¢2) such that
if R > Ry and a continuous map f: Bz,(0,Ro) — Zy is a (A1, A2, c1, ¢2)-quasi-isometric
embedding, then f induces an isomorphism on fundamental groups mi(Z,) — m1(Z,).

Proof. We provide a proof by contradiction. Assume that for arbitrarily large values of R,
there exists a map fr : Bz(R) — Z' which is a (A1, A2, ¢1, ¢2)-quasi-isometric embedding
which is not isomorphic on fundamental groups. Pick a 2¢j/Aj-dense and ¢q/Aj-discrete
subset A of Z. Notice that if fr is a (A1, A2, ¢1, ¢2)-quasi-isometry, then fg is bi-Lipschitz
on Bz(R) N A. Conversely, if a map defined on B(R) N A is bi-Lipschitz, then it can be
continuously extended on B(R) as a quasi-isometric embedding. Indeed, away from a ball,
7' is contractible up to scale c¢;.

Set p = d(0’, fr(O)). First, consider the case when p — co. Set o = (p/4 — 1)/ 1.
Then fr(B(O,0)) is contained in a ball B(fr(O),p/4) which lies in the complement of
B(0',p/2)

fr(B(O,0)) € B(fr(0),p/4) C B(O',p/2)".

The diameter of the image of any loop in B(O,0) is at most A\jo + ¢;. Because \jo +
c1 < p/4, these loops are homotopic to 0 (diameters of loops are too short relatively to
B(O',p/2)°). Hence, the restriction of fr on B(0,0) is homotopic to 0. Hence fg lifts to
fR : Bz(o) — 7' =X  Which is homogeneous. Now up to composing fR with an isometry
we can suppose that it preserves the center fR(O) = O'. By Ascoli’s theorem, we can find
a sequence ij |o which uniformly converges to f|A : ZNA — Z’ which is also bi-Lipschitz.
We continuously extend f| A to f :Z— 7 f is a quasi-isometric embedding. Its extension
to ideal boundaries is continuous and injective. By the theorem of invariance of domain,
Of : T ~ dX u = 8™ is open, and thus a homeomorphism. This provides a contradiction
ifn>2.

If p = d(O', fr(O)) stays bounded, we can directly use Ascoli’s theorem, and get a
limiting continuous quasi-isometric embedding f. Again, f extends to the ideal boundary,
Of : 0Z — 0Z', the map Jf is continuous and injective. Because 0Z and 907’ have the
same dimension, Jf is an open map by the theorem of invariance of domain and 9f is
a homeomorphism. Hence, 0f induces an isomorphism on fundamental groups. If R; is
sufficiently large, then fg; is at bounded distance from f and hence fg; also induces an
isomorphism 71 (Bz(R)) — m1(Z’). This contradiction completes the proof. O
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Remark 4. The proof does not provide an effective value of Ry.
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