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Continuity of optimal transport maps
and convexity of injectivity domains
on small deformations of S

A. Figalli* L. Riffordf

Abstract

Given a compact Riemannian manifold, we study the regularity of the optimal trans-
port map between two probability measures with cost given by the squared Riemannian
distance. Our strategy is to define a new form of the so-called Ma-Trudinger-Wang con-
dition and to show that this condition, together with the strict convexity on the nonfocal
domains, implies the continuity of the optimal transport map. Moreover our new condi-
tion, again combined with the strict convexity of the nonfocal domains, allows to prove
that all injectivity domains are strictly convex too. These results apply for instance on
any small C*-deformation of the two-sphere.

1 Introduction

Let p, v be two probability measures on a smooth compact connected Riemannian manifold
(M, g) equipped with its geodesic distance d. Given a cost function ¢ : M x M — R, the
Monge-Kantorovich problem consists in finding a transport map 7' : M — M which sends p
onto v (i.e. Tup = v) and which minimizes the functional

min / c(x, S(x)) dx.
Sur=v J

In [22] McCann (generalizing [2] from the Euclidean case) proved that, if p gives zero mass to
countably (n — 1)-rectifiable sets, then there is a unique transport map 7T solving the Monge-
Kantorovich problem with initial measure y, final measure v, and cost function ¢ = d?/2.
The purpose of this paper is to study the regularity of 7. This problem has been extensively
investigated in the Euclidean space [3, 4, 5, 9, 25, 26|, in the case of the flat torus or nearly flat
metrics [8, 10], on the standard sphere and its perturbations [11, 17, 19], and on manifolds with
nonfocal cut locus [20] (see [28, Chapter 12] for an introduction to the problem of the regularity
of the optimal tranport map for a general cost function).

Definition 1.1. Let (M,g) be a smooth compact connected Riemannian manifold. We say
that (M, g) satisfies the transport continuity property (abbreviated TCP) if, whenever u and v
satisfy

(i) lim,_q wB2) — 0 for any x € M,

pn—1

(it) infrenm (hminfrHO %) >0,
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then the unique optimal transport map T between p and v is continuous.

Note that the above definition makes sense: by a standard covering argument one can prove
that assumption (i) implies that p gives zero mass to countably (n — 1)-rectifiable sets. Thus,
by McCann’s Theorem, the optimal transport map 7" from p to v exists and is unique.

If (M, g) is a given Riemannian manifold, we call C*-deformation of (M, g) any Riemannian
manifold of the form (M, ¢%) with ¢° close to g in C*-topology. Loeper [19] proved that the
round sphere (S",¢°*") satisfies 7CP. Then, Loeper and Villani [20] showed that any C*-
deformation of quotients of the sphere (like RP™) satisfies 7CP. Furthermore, Delanoe and
Ge [11] proved a regularity result under restriction on the measures on C*-deformation of the
round spheres (see also [29]). The main aim of this paper is to prove the following result:

Theorem 1.2. Any C*-deformation of the round sphere (S?, g°®*) satisfies TCP.

We notice that the above theorem is the first regularity result for optimal transport maps
allowing for perturbations of the standard metric on the sphere without any additional assump-
tion on the measures. In particular this shows that, if we sligthly perturbs the sphere into an
ellipsoid, then 7CP holds true.

Furthermore, quite surprisingly the method of our proof allows to easily deduce as a byprod-
uct the strict convexity of all injectivity domains on perturbations of the two sphere. This geo-
metric result is to our knowledge completely new (see [20] where the authors deal with nonfocal
manifolds):

Theorem 1.3. On a C*-deformation of the round sphere (S?, g°®®), all injectivity domains are
strictly convez.

It is known [18, 28] that a necessary condition to prove the continuity of optimal transport
maps is the so-called Ma-Trudinger-Wang condition (in short MTW condition). This condition
is expressed in terms of the fourth derivatives of the cost function, and so makes sense on
the domain on smoothness of the distance function, that is outside the cut locus. Another
important condition to prove regularity results is the so-called c-convexity of the target domain
(see [21, 18]), which in the case of the squared Riemannian distance corresponds to the convexity
of all injectivity domains (see (2.4)). So, to obtain regularity results on small deformations of
the sphere, on the one hand one has to prove the stability of the MTW condition, and on the
other hand one needs to show that the convexity of the injectivity domain is stable under small
perturbations. Up to now it was not known whether the convexity of the injectivity domains
is stable under small perturbations of the metric, except in the nonfocal case (see [7, 15, 20]).
Indeed the boundaries of the injectivity domains depend on the global geometry of the manifold,
and this makes the convexity issue very difficult. Theorem 1.3 above is the first general result
in this direction.

Our strategy to deal with these problems is to introduce a variant of the MTW condition,
which coincides with the usual one up to the cut locus, but that can be extended up to the
first conjugate point (see Paragraph 2.2). In this way, since our extended MTW condition is
defined up to the first conjugate time, all we really need is the convexity of the nonfocal domains
(see (2.1)), which can be shown to be stable under small C*-perturbation of the metric (see
Paragraph 5.2). Thus, in Theorems 3.2 and 3.6 we prove that the strict convexity of nonfocal
domains, together with our extended MTW condition, allows to adapt the argument in [20]
(changing in a careful way the function to which one has to apply the MTW condition) to
conclude the validity of 7CP. Moreover, as shown in Theorem 3.4 and Remark 3.5, the strat-
egy of our proof of Theorem 3.2 allows to easily deduce the (strict) convexity of the injectivity
domains. Since the assumptions of Theorem 3.2 are satisfied by C*-deformation of (S2?, gea®),
Theorems 1.2 and 1.3 follow.



The paper is organized as follows: in Section 2 we recall some basic facts in symplectic geom-
etry, and we introduce what we call the extended Ma-Trudinger-Wang condition MTW(K, C).
In Section 3 we show how MTW(K, (), together with the strict convexity of the cotangent
nonfocal domains, allows to prove the strict convexity of the injectivity domains and 7CP on
a general Riemannian manifold. In Section 4 we prove the stability of M7W(K,C) under
C*-deformation of (S2, g°®). Then, in Section 5 we collect several remarks showing other cases
when our results apply, and explaining why our continuity result cannot be easily improved to
higher regularity. Finally, in the appendix we show that the standard sphere (S™, g°*") satisfies
MTW(Ky, Ky) for some Ky > 0.

Acknowledgements: we warmly thank Cédric Villani for stimulating our interest on the
problem. We also acknowledge the anonimous referee for useful comments and for spotting a
mistake in a preliminary version of the paper.

2 The extended MTW condition

2.1

In the sequel, (M, g) always denotes a smooth compact connected Riemannian manifold of
dimension n, and we denote by d its Riemannian distance. We denote by T'M the tangent
bundle and by 7 : TM — M the canonical projection. A point in T'M is denoted by (x,v),
with z € M and v € T,M = 7~ '(x). For v € T, M, the norm ||v]|, is g.(v,v)'/2. For every
x € M, exp,, : T, M — M stands for the exponential mapping from x, and cut(z) for the cut
locus from z (i.e. the closure of the set of points y # x where the distance function from x
d(x,-) is not differentiable). We denote by T*M the cotangent bundle and by 7* : T*M — M
the canonical projection. A point in T*M will be denoted by (z,p), with x € M and p € T*M
a linear form on the vector space T, M. For every p € Ty M and v € T, M, we denote by (p,v)
the action of p on v. The dual metric and norm on T*M are respectively denoted by g.(-,-)
and || - ||z The cotangent bundle is endowed with its standard symplectic structure w. A local
chart
p:UCM—pU)CR"
for M induces on T*M a natural chart
T :TU = T"(p(U)) = (U) x (R")".

This gives coordinates (x1,...,2,) on U, and so coordinates (z1,...,%n,p1, " ,pPn) on T*U
such that the symplectic form is given by w = dx A dp on T*U. Such a set of local coordinates
on T*M is called symplectic. Fix 6 = (x,p) € T*M. We recall that a subspace E C Tp(T*M)
is called Lagrangian if it is a n-dimensional vector subspace where the symplectic bilinear form
wo : To(T*M) x Ty(T*M) — R vanishes. The tangent space Ty(T*M) splits as a direct sum
of two Lagrangian subspaces: the vertical subspace Vy = ker(dom*) and the horizontal subspace
Hy given by the kernel of the connection map Cy : To(T*M) — T M defined as

Co(x) := DI(0)  Vx € TH(T*M),

where t € (—¢,¢) — (y(¢),T(t)) € T*M is a smooth curve satisfying (7(0),'(0)) = (x,p) and
(%(0),1(0)) = x, and where D,I" denotes the covariant derivative of ' along the curve ~. Using
the isomorphism
Ko :To(T*M) — ToM xT*M
x > (dom(x), Co(x))
we can identify any tangent vector x € Tp(T* M) with its coordinates (xn, xv) := Ko(x) in the
splitting (Hy, V). Therefore we have

Hy ~T,M x {0} ~R" x {0}



and
Vo~ {0} x Ti M ~ {0} x R",

so that
Ty(T*M) ~ Hyg ® Vy ~R" & R".

If a given n-dimensional vector subspace E C Ty(T*M) is transversal to Vy (i.e. ENVy = {0}),
then FE is the graph of some linear map S : Hg — Vp. It can be checked that E is Lagrangian
if and only if S is symmetric in a symplectic set of local coordinates. The Hamiltonian vector
field Xy of a smooth function H : T*M — R is the vector field on T*M uniquely defined

by wy (XH(O), ) = —dgH for any 6 € T*M. In a symplectic set of local coordinates, the
Hamiltonian equations (i.e. the equations satisfied by any solution of (&,p) = Xy ((x,p))) are
given by & = %—Ig, p= —%—I;. Finally, we recall that the Hamiltonian flow ¢f of Xg preserves

the symplectic form w. We refer the reader to [1, 6] for more details about the notions of
symplectic geometry introduced above.

2.2

Let H : T*M — R be the Hamiltonian canonically associated with the metric g, i.e.
1 2 *
Hiz,p) =3 lpl2 V(o) € TM.

We denote by ¢ the Hamiltonian flow on T*M, that is the flow of the vector field written in
a symplectic set of local coordinates as

{ & = %%(x’p)v
For every (z,p) € T* M, we define the Lagrangian subspace J(; ;) C T(qp)(T*M) ~ T, M xT; M
as the pullback of the vertical distribution at ¢((z,p)) by ¢¥, that is

Jap = (1) Varwpy) = 021), Varr(upy)  ¥(@p) € T*M.

Let € M be fixed. We call cotangent nonfocal domain of x the open subset of 1.5 M defined
as
NF (@) :={p €Ty M | Jiz1p) N Viaup) = {0} Vit e (0,1]}. (2.1)

It is the set of covectors p € T M \ {0} such that the corresponding geodesic v : [0,1] — M
defined as ¥(t) := 7* o ¢ (z, p) has no conjugate points on the interval (0,1]. By construction,
for every p € NF*(z), the Lagrangian subspace .J(, ;) is transversal to the vertical subspace
Vie,p) in Tz p)(T*M). Hence, there is a linear operator K (x,p) : T,M — Ty M such that

Jwp) = {(h,K(z,p)h) € TyM x TyM | h € T,M}.

We are now ready to define our extended Ma-Trudinger-Wang tensor.

Definition 2.1. We call extended Ma-Trudinger-Wang tensor (abbreviated MTW tensor), the
mized tensor field given by

~ 3 d? *
6(1‘,]))(5,7]) = §@<K(x7p+sn)§7£>|szo v§eTxMa VTIETxM;

for every (z,p) € NF*(x).



The above definition extends the definition of the Ma-Trudinger-Wang tensor, which was
first introduced in [21] and extensively studied in [11, 12, 13, 17, 18, 19, 20, 23, 24, 29]. Indeed,
let © # y € M be such that y ¢ cut(x), and take & € T, M,n € TxM. There is a unique
p € T2 M \ {0} such that the curve v : [0,1] — M defined by

y(t) =7 o qbf(x,p) vVt e |[0,1]

is a minimizing geodesic between z and y. Since such a curve contains no conjugate points, the
covector p necessarily belongs to N F*(x). Let v € T, M (resp. 7 € T, M) be the unique vector
such that (p,w) = g, (v,w) (resp. (n,w) = g, (7, w)) for any w € T, M. By the definition of
K (), if we define c(x,y) = d?(x,y)/2, then for s small one has’

2

(K (2, + sm)E, €) = — ze(exp, (16), exp, (v + 1) (22)

Thus, differentiating both sides yields

~ 3 d &2 . -

6($,p) : (ga 77) = _ipﬁc(expw(tg)v eszp(U + 37]))|S:t:0 = 6(,’1), y) ’ (5; n)a (23)
where & denotes the classical Ma-Trudinger-Wang tensor (see for instance [28, Chapter 12]).
Observe that, although the M7 W tensor is not defined at (z,0), the above formula shows that

S(z,0) is well-defined by continuity, and it is a smooth function near (z,0). Denote by Z*(x)
the cotangent injectivity domain of x defined as

I*(z) == {pe TyM | * o ¢, (z,p) ¢ cut(z) Vtel[0,1]}, (2.4)

and observe that Z*(z) € NF*(z) U {0}. The discussion above shows that, up to identify
p,n € TxM with v, € T, M using the Riemannian metric g,, the M7 W tensor S and the
classical MTW tensor & coincide on the injectivity domains. For this reason, our tensor can
be seen as an extension of the MTW tensor beyond the injectivity domain until the boundary
of the nonfocal domain.

It is worth mentioning that in Definition 2.1 it is not necessary to work with the horizontal
spaces which are given by the Riemannian connection associated with the metric g. Let ¢ :
UcCM — ¢oU) C R" be a local chart in M and (z1,...,Zn,p1,-- ,Pn) be a symplectic
set of local coordinates on T*U. As we already said before, for every 6 = (z,p) € T*U =
R™ x (R™)*, the horizontal space Hy canonically associated with g is defined as the set of pairs
x = (h,v) € R x (R™)* such that v = I'(0), where t € (—¢,€) — (y(t),I'(t)) is the smooth
curve satisfying (v(0),I'(0)) = (z,p), ¥(0) = h, and I'(¢) is obtained by parallel transport of
the covector I'(0) = p along the curve . Writing the ordinary differential equations of parallel
transport in local coordinates yields that there exists a bilinear mapping

Lo :R" x (R")* — (R™)*

IThe equality is a simple consequence of the following fact: for each z: := exp,(t¢), denote by pt, g+ the
covectors in T, M and Ty M satisfying (;Sfll(y, gt) = (z¢,p¢) (with y := expg(v + s7)), po = p + sn, and
IpellZ, = llaelly = d(z¢, ). Then
d . .

2@t Y)jr=o = {dac(@r, y), £0) = —(pr, &1),

so that differentiating again at ¢ = 0 we obtain
42
ﬁc

where po denotes the covariant derivate of p; along the curve x:, and we used that the covariant derivative

of ©; along x+ is zero. Hence, since qb{{(xt,pt) = (y,q¢), by the definition of K(z,p + sn) we easily get pg =

(xtv y)|t:0 = —<130,£>,



such that the horizontal space Hyp in local coordinates is given by
Hy = {(h,Ls(h,p)) | h€ R"}.

Denote by Hy the horizontal space given by the base space in the symplectic set of local
coordinates, that is ~

Hy :=R" x {0}.
Since Hy is a Lagrangian subspace of Ty(T*M) = R™ x (R™)*, there is a linear operator
K(z,p): R" — (R™)* such that

Ty = { (b K(2,p)h) € R" x (R")" | h € R"}.

Then, for every h € R" we have

K(l’,p)h = 'Cx(hap) + K((E,p)h

Since L, is linear in the p variable, this shows that for every (z,p) € NF*(x)
2

~ d
8- €)= oL (R(ep+smE o VECR", Vne (R

2 ds?
(this argument is the symplectic analogous of [28, Remark 12.31]).

Tt has also to be noticed that the MTW tensor may be (locally) associated with an extended
cost function through formulas like (2.2)-(2.3). More precisely, fix § = (z,p) € T*M with
p € NF*(z). Since the point y := 7* o ¢ (2,p) is not conjugated with x, thanks to the
Inverse Function Theorem there exist an open neighborhood V of (x,p) in T*M, and an open
neighborhood W of (x,y) in M x M, such that the function

Ug:VCT*M — WCMxM
(x/>pl) — (13/,71'* OQS{I(:E/’])/)),
is a smooth diffeomorphism from V to W. The extended cost function ¢y : W — R which can
be (locally) associated with the M7 W tensor at 8 = (z,p) is (uniquely) defined by

1
éo(x'y') == §|}\Il;1(x’,y')| 2 V(' y') € W. (2.5)

x!

For the same reasons as before, we have for any £ € T, M and n € T; M,

d? .
<K($,p + Sn)ga §> = _ﬁCQ (expx(tf)v ™ 0 ¢{—I(xap + 577)) [t=0 (26)
which yields

o~ 3 d2 d2 ~ * H
S(x,p) - (§n) = —§@Ece<expm(tf)aﬂ o¢y (z,p+ 377))|s:t:0- (2.7)
Moreover, if instead we work in a symplectic set of local coordinates (x1,...,%n,P1, "+ ,Pn) ON
T*U, then for any 6 = (z,p) € T*U with p € NF*(z), and any £ € R",n € (R")*, there holds?

- o2 ~ .
(K(z,p+ sn)§, &) = =509 (z,7" 0 ] (x,p + s1)) (2.8)
8x£

2Set, for t small, z; := x + t€, and denote by p¢,q: the covectors in T;, M = (R™)* and Ty M satistying
o, (v, qt) = (we,pt) (with y := ¢ (z,p+ 1)), po = p + sn, and ||p¢|2, = llg:||2 = 2¢¢(z+,y). Then

d . . . .
ECB("Et+T7y)‘T=O = (day(zt,y), Bt) = —(pt, L¢) = —(pt, &),

so that differentiating again at t = 0 we obtain

T o0 @+ 51) = @, u)mo = —(0. )

——= &g (z, z, sn)) = —=Co(xt,y)11=0 = — (Do, &),

83020 1 p T sn a2 @ tyY)|t=0 Po
where po denotes the classical derivative of p; in the direction n (in local coordinates). Since ¢>{{(xt,pt) = (y,q¢),
by the definition of f((x,p + sn) we obtain pg = R’(w,p + sn)&.



and

307 9%,

S(.p) - (Em) = 5 g ol 007 (wp). (29)
n

2 2 . . . . . . .
where % (resp. 59?) denotes the classical second derivative (in coordinates) in the x variable
£ g

in the direction £ (resp. in the p variable in the direction 7).

The following definition extends the definition of MTW (K, C) introduced in [20]:

Definition 2.2. Let K,C > 0. We say that (M, g) satisfies MTW(K,C) if, for any (x,p) €
T*M with p € NF*(z),

S(x,p) - (&) = K|E Il — Clm, O lllllnll. V&€ TuM, VneTyM.

In [18] it was observed that, if £ and 7 are orthogonal unit vectors in T, M and 7 := g, (7}, ) €
TxM, then &(x,0) - (§,m) = &(z,z) - (§,7) coincides with the sectional curvature at = along
the plane generated by ¢ and 7). More precisely one can prove that, for all § € T, M, n e T M,

&(,0) - (&,m) = 0w (P) (€120 = (0, )1),

where o, (P) denotes the sectional curvature at x along the plane generated by & and 7. In
particular, if (M, g) satisfies MTW(K,C), then its sectional curvature is bounded from below
by K. Therefore, if (M, g) satisfies MTW(K,C) with K > 0, by Bonnet-Myers Theorem its

diameter is bounded, so that M is compact, and in addition the set U,cas (w,Nf* (;U)) cT*M

is compact. Furthermore, by the above formula we also see that @(a:, 0) - (¢,m) = 0 whenever
9:(&,+) is parallel to n (since in this case [(n,€)| = [|£]|z]|n||z). Therefore, if (M, g) satisfies
MTW(K,C), then C > K.

The round sphere (S", g°") and its quotients satisfy M7 W (K, Ky) for some Ky > 0 (see
Appendix). Moreover, since the M7 W tensor depends only on the Hamiltonian geodesic flow,
if a given Riemannian manifold (M, g) satisfies MTW(K,C), then its quotients as well as
its coverings satisty MTW(K,C). The aim of this paper is to show that the MTW(K,C)
condition, together with the strict convexity of the cotangent nonfocal domains, allows to prove
the strict convexity of all cotangent injectivity domains and 7CP. As a corollary, we will obtain
Theorems 1.2 and 1.3.

3 Extended regularity, convexity of injectivity domains,

and 7CP
3.1

Our strategy is to show that an extended version of the uniform regularity property introduced
by Loeper and Villani in [20] is sufficient to obtain 7CP. Our definition of extended regularity
is in some sense stronger than the one given by Loeper and Villani, as it takes into account what
happens until the boundary of the cotangent nonfocal domain, and besides requires its convex-
ity. On the other hand we do not require the uniform convexity of the injectivity domains, which
is an assumption much more complicated to check than the convexity of the nonfocal domains
(see [7]). Moreover our definition has the advantage that it allows to deduce the convexity of
all injectivity domains as an immediate corollary (see Theorem 3.4). We notice that, since our
definition of extended regularity involves the geodesic Hamiltonian flow (as we want to be able
to cross the cut locus), it cannot be expressed only in term of the cost function ¢ = d?/2. For



this reason we will say what means for a Riemannian manifold (M, g) to be (stricly) regular,
while in [20] the authors defined what means d?/2 being uniformly regular.

Definition 3.1 (Extended regularity). We say that (M, g) is regular (resp. strictly regular) if
there are p,k > 0, and a function f € C°([0,1]) with f > 0 and {f > 0} = (1/4,3/4), such
that

(a) for every x € M, NF*(x) is convex (resp. strictly convex),

(b) for every® € M, let (pt)o<i<1 be a C? curve drawn in NF*(z)U{0} with py # p1 € T*(T),
and let y; := 7 o ¢ (%, p;). Then there exists X > 0 such that the following holds: let
ze M. If

IBellz < pd(@,2) |55, Yt e(0,1), (3.1)

then, for any t € [0, 1],
d(a,yo)? = |Ipel2 > min (d(w, yo)? —d(z,0)?, d(wy1) ~d(&,91)?) + M (1) d(z,2)%. (32)

Moreover, given a family of curves (pi)o<i<1 as above such that (pi)o<i<1 vary inside a
compact subset of NF*(Z) U {0} and ||p1 — pollz s uniformly bounded away from 0, the
constant A > 0 can be chosen to be the same for all curves.

One of the motivations of the above definition is that, roughly speaking, the extended
regularity is an “integral” manifestation of the extended M7 W condition:

Theorem 3.2. Assume that there exist K,C > 0 such that
(i) for every x € M, NF*(x) is convez,
(i) (M,g) satisfies MTW(K,C).

Then (M, g) is regular.

The above theorem is indeed a simple consequence of the following lemma, combined with
an approximation argument:

Lemma 3.3. Let (M,g) be a Riemannian manifold satisfying MTW(K,C) for some K,C >

0, and assume that NF*(z) is convex for all x € M. Let T € M, and let (pt)o<i<1 be a
C? curve drawn in NF*(Z) U {0} C TrM, with po # p1 € Z*(z). For any t € (0,1), set
ys =" 0 ¢ (Z,ps), and suppose that

, K .
[Belle < —d(@ 2)|gell;,  Vte(0,1). (3.3)

Assume further that © € cut(y:) only for a finite set of times 0 < t; < ... <tn_1 < 1. Finally,
let f € C([0,1)]) be as in Definition 8.1. Then, for any t € [0,1],

d(z, )% — |pe)l2 > min(d(x,y0)2 — d(&,y0)%, d(z,y1)? — d(:f,yl)2) FAFO(E, )2, (3.4)

where

. K . . K . .
A= mln{ - : inf <||yt||yt), ———— inf (||yt||12/t)} .
2C diam(M)|| f|loo 1/45t<3/4 12|| fljoo 1/4<t<3/4

Note that, since M has sectional curvature bounded from below by K > 0 (thanks to
MTW(K,(C)), then diam(M) is finite.



Proof of Theorem 8.2. Let Z, =, (pt)o<i<1 and (y:)o<i<1 be as in Definition 3.1. Up to slightly
reduce p, by density and the approximation lemma proved in [14, Section 2] we may assume
that yo,y1 ¢ cut(z) and that y; meets cut(x) only at finitely many times ¢q,...,ty—1, all the
other conditions in Definition 3.1 being unchanged.

Since p; € NF*(z) U {0} for all ¢t € [0,1], we have

dist(p, ONF*(F) U{0})) >0 ¥te[o,1]. (3.5)

Moreover, as ||#tly, < Collpt||z for some constant Cy > 0 depending only on M?, thanks to
(3.3) we deduce that p; # 0 for all ¢ € (0,1). Indeed, if not, by (3.1) we would get

d,. _ .
lile] < pdta 2GR,
and Gronwall Lemma would imply p; = 0, which contradicts pg # p1. Hence, combining (3.5)
with the fact that p; # 0 for ¢ € (0,1), we obtain

”ytHyz >0 Vte (07 1)a (36)

which by continuity implies inf1/4§t§3/4(|\y't||yt) > 0. Moreover, if we take a family of curves
(pt)o<t<1 inside a compact subset of NF*(z) U {0}, with ||p1 — pollz is uniformly bounded
away from 0, it is easy to see by compactness that there exists a constant dg > 0 such that
infy /a<i<3/4(|19¢]ly.) = do for all curves (p¢)o<i<1. Then the theorem follows easily from Lemma

O

The proof of Lemma 3.3 is strongly inspired by the proof of [20, Theorem 3.1], which uses a
variant of the tecniques introduced in [17, Section 4]. However the main difference with respect
to the preceding proofs is in the fact that, since our curve t — p; can exit from Z*(Z), we
have to change carefully the function to which one applies the MTW(K, C) condition. The
advantage of our choice of such a function is that it allows to deduce a stronger result, where
we bound from below d(z,y;)? — ||p:||2 instead of d(x,y:)* — d(Z,y;)?. This fact is crucial to
deduce the (strict) convexity of all cotangent injectivity domains.

Proof of Lemma 8.3. First of all, without loss of generality we can assume that x # . Indeed,
if x = T we simply write (3.4) for a sequence (xy)ren, with xy # Z, and then let z; — Z. Thus,
we suppose d(Z,x) > 0.

Since p; € NF*(z) U{0} for all ¢ € [0, 1], as in the proof of Theorem 3.2 we have

dist (ps, O NF*(2) U{0})) >0 and |gll,, >0  Vte[o,1].

Set to =0, txy = 1, and define h : [0,1] — R by

2
n(t) = el + P2 gy vie o.1]
where c(z,y) = d*(x,y)/2 and § := A\d(Z,z)?. Let us first show that h cannot have a maximum
point on an interval of the form (¢;,t;41). For every t € (tj,t;41), since y; ¢ cut(z), h is a
smooth function of t. We fix t € (tj,t;11), and we compute h(t) and h(t).
As in Paragraph 2.2, define the extended cost function ¢ := ¢z p,) in an open set W of
M x M containing (Z, y:) as

) 1, 1,
&z y) = glle )2 = Sllexp, "Gl V(zy) €W,

3 Actually, since MTW(K, C) implies that the sectional curvature of M is bounded from below by K > 0
(see the discussion after Definition 2.2), Co = 1 would work.



where exp; ! (resp. exp, 1) denotes a local inverse for exp, (resp. exp,) near T (resp. ¥i).
Hence, for s close to t, we can write

h(S) = —c(x,ys) + é('ﬁ ys) + 6f(3)

Moreover the identity ps = —d.é(Z,ys) holds. Take a local chart in an open set U C M conti-
aining y; and consider the associated symplectic set of local coordinates (y',--- , 4", ¢%, -+ ,q")
in T*U. Then, as in [20, Proof of Theorem 3.1] we can easily compute §; and §; at time ¢:
using Einstein convention of summation over repeated indices, we get

Y3

i AT i ALYk A 0F AT
Yy =—cC ’ ]pj7 Yy =—cC ‘ C:L’kygyjy Yy c ]pj7

everything being evaluated at (Z,y:) and at time ¢. Here we used the notation ¢*i¥% for the
inverse of Coiy; = (dzy€)ij, which denotes the second partial derivatives of ¢ in the z; and y;
variables. Let us define ¢; := —dyc(z,y:), Gt := —dy¢(Z,y;). Then we easily get

h(t) = _<[Cyiyj (T, y¢) — Cyuy, (T, yt)] + Capyiy, (T,Y6) 7Y (Z, yr) ((jt)é)yiyj
— §TiY; (j;7 yt) (qt)i(ﬁt)j + 6f(t)a

where §; := ¢ — G;. Now, using (2.8), we obtain

| =

ht) = (K(ye, )i 9e) — (K (Yo, @) e, o) — S<I~((ytﬁt + 5G1)Ut, Ut ) |s=0

+(vr, Be) + 0f(t), (3.7)

U

where vy := —(dxyé(j,yt))fl(jt. Recalling (2.9), that is

d? - d?

@U((yt@t + 5G40) U, Yi) = @<K(yta G + 5G4e) e, Ut ),

(3.7) can be written as

h(t) /0 (1-s) (;(K(thv% + Sﬂft)fluyt)) ds + (ve, pr) + £ (t)

2

1
= =S+ s Gnd) ds + (on, i) + 850
0

By MTW(K,C) and fol(l —s)ds =1/2, we get

h) 2 5 (Kl elly, = C1laes 1) el ey, + Cons ) + 552).

We now claim that the function h cannot have any maximum on (t;,¢;11). Indeed, if h(t) =0
for some t € (tj,t;41), we have

0= h(t) = (G ) + £ (1),

| <4|f(t)|. Thus

A

which implies |(g:, ¥t

h(t) = (Kllét\lyt 19elly. — C5|f(t)\) 1Gellye Niellye — [(vr, 56| = S1F (D)1,

Wl =
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and so by (3.3)

. 1 . . . N . K B . ..
h(t) 2 5 (Klldelyligel. = O8O 1l delly. — T lloelad(@, )1, = 3171

Since MTW(K, C) implies that the sectional curvature of M is bounded below by K > 0 (see
the discussion after Definition 2.2), the exponential mapping exp,, is 1-Lipschitz, which implies

that the norm of the operator (dmyé(fc, yt))_l : Ty, M — T3 M is bounded by 1. Hence, we have
lvellz < llGelly.,  d(@,2) < [lGelly. (3:8)

which give

h(t)

Y

1 R . : N . K , ;

3 (el llgnl. = O3 1aell el = 14603, e, — 317 )
K . C . R . .

> (el el = 5311 lashy, el — 215 @)

If t ¢ [1/4,3/4] then f(t) = f(t) = 0, which combined with (3.8) implies

.. K, . . K .
(e) = Gl e, = G, o) a2,

On the other hand, if ¢t € [1/4,3/4], recalling that § = Ad(Z,x)? and the definition of A\ we
obtain o

C. . ; K
FOO] = GM@, 2 f(0)] < (@) il

which using again (3.8) and the definition of A yields

K
< =

< 5 1Gellye N8l
12

K
>

. . . K . . K .
> Sl gels, = olf @) = Zd@2)llally, —olf ()] = Z7d@ 2)?[lgelly, - (3.9)

ht) 12 - 24

In any case, thanks to (3.6), we have h(t) > 0, which shows that h cannot have a maximum
on any interval (¢;,t;41). Thus, as h is continuous on [0, 1], it has to achieve its maximum at
one of the times t; (0 < j < N). The goal is to show that necessarily j = 0 or j = N. Indeed,
let j € {1,...,N —1}. We first note that, since ¢t — c(x,y;) = d*(z,y;)/2 is semiconcave and
t = ||pe]|2 is smooth, h(t) is semiconvex. If h is continuous at t; and h(t;) # 0, clearly t; cannot
be a maximum of h. The same is true if i is discontinuous at t;, because by semiconvexity
necessarily h(t;‘) > h(tj_) Finally, if / is continuous at t; and A(t;) = 0, the same computations
as before show that h(t) is strictly positive when ¢ is close to (but different from) t;, which
implies that h cannot have a maximum at ¢;. The only possibility left out for & is to achieve
its maximum at tp = 0 or ty = 1, and we obtain (3.2). O

3.2

One main feature of our definition of regularity is that it immediately implies the convexity of
all injectivity domains:

Theorem 3.4. Let (M,g) be a regular Riemannian manifold. Then T*(x) is convex for all
zeM.

Proof. Tt is sufficient to show that Z*(x) is convex for all z € M. We fix & € M, and choose
2 = T in the definition of regularity. Then, considering p; := tp; + (1 — ¢)po with po # p1 €
I*(z) C NF*(z), we get

d(z,y) 2 |lpellz - VE€[0,1].

This gives p; € Z*(Z), that is Z*(Z) is convex. O

11



Remark 3.5. One can actually prove that, if (M, g) is strictly regular, then strict convexity of
all injectivity domains holds. Indeed, let us assume by contradiction that there are py # p; €
NF*(z) N Z*(z) such that that tp; + (1 — t)po & Z*(Z) for all t € (0,1). Consider x = Z in
the proof of Lemma 3.3, and using the same notation we perturb the segment into a curve
(pt)o<i<1 such that p; € NF*(2)\Z*(z) for all t € (1/4,3/4), and ||p¢ly, < Llq: —Gillyll9ellZ,,
where ¢, = —dyc(Z,y) # G for t € (1/4,3/4) (this can always be done as the segment
tpr + (1 — t)po lies at positive distance from O(NF*(z)) for t € (1/4,3/4)). The function
h(t) = —c(Z,ys) +||pe||2 /2 is identically zero on [0,1/4]U[3/4,1], and it is smooth on (1/4,3/4).
Since now § = 0, by the first inequality in (3.9) we get

. K B '
ht) = Fllae— @l o, >0 Vee(1/4,3/4)
whenever /() = 0. This fact implies that & cannot attain a maximum on (1/4,3/4). Hence,
for any t € (1/4,3/4),

0=d(z,y)* —d(@,y)* < |lpe]lz — d(Z, y:)* <2 Sfél[%)i] h(s) =0,

a contradiction.

3.3

Here is another main motivation for our definition of extended regularity:

Theorem 3.6. Any Riemannian manifold (M, g) which is stricly reqular satisfies TCP.
The proof of this theorem closely follows the proof of [20, Theorem 5.1].

Proof. Condition (i) in the definition of 7CP insures that p gives no mass to set with o-finite
(n—1)-dimensional Hausdorff measure. Thanks to McCann’s Theorem read in the Hamiltonian
formalism, there exists a unique optimal transport map between p and v, which is given by
T(z) = 7* o ¢ (x,d,1)), where 1 is a semiconvex function. Moreover d,¢ € Z*(z) C NF*(z)

at all point of differentiability of ¢. Since N F*(z) is convex for all x, the subdifferential of
satisfies ¢ (z) C NF*(z) for all z € M. To prove that 1 is C*, we need to show that 9y (z)
is everywhere a singleton. The proof is by contradiction.

Assume that there is Z € M such that pg # p1 € OY(Z). Let yo = exp; po, Y1 = €xpPz D1

Thus y; € 9°(Z), i.e.

v(@) + %d%c,yi) = min {w(:@ + ;dQ(x,yz—)} o i=0,1

In particular

S ) — S (@) > 0@ ~ U)o e MYi=0,1 (3.10)

Fix 19 > 0 small (the smallness to be chosen later). For € € (0,1), we define D. C NF*(z)
as follows: D, consists of the set of points p € T2 M such that there exists a path (pt)0§t§1 C

NF*(Z) from pg to p; such that, if we set y; := 7% 0 ¢ (z, p;), we have p; = 0 for t & [1/4,3/4],
ey, < 5770||yt||§t for t € [1/4,3/4], and p = p; for some t € [1/4,3/4].

By the strict convexity of NF*(z), if ng is sufficiently small then D, lies a positive distance
o away from O(NF*(z)) for all € € (0,1). Thus all paths (p;)o<¢<1 used in the definition of D,
satisfy

[19¢llye = cllpo —pille Vit e [1/4,3/4],

12



with ¢ independent of € € (0,1). Moreover condition (3.1) is satisfied if 19 < p and d(Z,z) > ¢.
By simple geometric consideration, we see that D. contains a parallelepiped E. centered at
(po + p1)/2 with one side of length ~ |[pg — p1]|z, and the other sides of length ~ ¢||pg — p1||2,
such that all points y in such parallelepiped can be written as y; for some ¢ € [1/3,2/3], with
y; as in the definition of D.. Therefore

L(E) > ce™ Y,

with " denoting the Lebesgue measure on T; M. Since E. lies a positive distance from

O(N'F*(z)), we obtain
vol (Y.) ~ ZL"™(E.) > ce™ 1, Y. := 7" o p(z, E.).

We then apply Theorem 3.2 to the paths (p;)o<i<1 used in the definition of D, to obtain that,
for any y € Yz and « € M \ B.(Z),

d(l‘, y)2 - d(i.7 y)2 > min (d(l‘, y0)2 _d(‘f"a y0)27 d(.’L’, y1)2 _d(‘f7 y1)2) +>\t€[1i/%f2/3] (f(t))d(‘f> $)27

with infye(1/3,2/3) (f(t)) > 0. Combining this inequality with (3.10), we conclude that
for any y € Yz, y & 0%Y(x) Ve e M\ B:(Z).
This implies that all the mass brought into Y. by the optimal map comes from B.(Z), and so

1(Be(z)) = v(Ye).

We now remark that by condition (ii) in the definition of 7CP and a standard covering ar-
gument, there exists a constant ¢; > 0 such that v(A) > ¢yvol (A) for all Borel sets A C M.
Thus, as u(B:(Z)) < o(1)e" ! and v(Y.) > cyvol (Y2) > ce™ !, we obtain a contradiction as
e —0. O

4 Stability of M7 W near the sphere

In this section, we show that any C*-deformation of the standard 2-sphere satisfies M7 W(K, C)
for some K,C > 0. Let (M, g) be a smooth, compact and positively curved surface. It is easy
to show that, for every z € M, the set N F*(x) C T M is a compact set with smooth boundary
(see [7]). In fact it can even be shown that, if M = S? and g is C*-close to the round metric

g, then all the NF*(z) are uniformly convex. Thus Theorems 1.2 and 1.3 are a consequence
of Theorems 3.2, 3.6, 3.4 and Remark 3.5, together with the following result:

Theorem 4.1. There erist K,C > 0 such that any C*-deformation of (S2,¢°") satisfies
MTW(K,C).

Proof. For ¢ > 0, let g° be a smooth metric on S? such that ||g° — g°®||csa < & (so that
g = g°®). We see S? as the sphere centered at the origin with radius one in R3, so that we
can identify covectors with vectors. Let z € S?; we observe that for g the set NF*(x) U {0}
corresponds to the open ball centered at x with radius 7 intersected with the hyperplan tangent
to S? at z, while for g° the nonfocal domain NF:(x) U {0} is a C2-perturbation of the ball.
Our aim is to show that there exist K,C' > 0 such that, if € > 0 is sufficiently small, then for
every © € S? and every p € N F:(z) one has

S(z,p) - (&,n) = Kg5(£,€)g5(n.m) — C|(€,m)] g2 (&, €) 265 (n, 1) /?

for all ¢ € T,S™, n € T;S™. Since the property holds true on (S%,¢°") with K = C = K
for some Ky > 0 (see Appendix), the above inequality holds by continuity on (S?,¢%) with
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K = Ky/2 and C = 2K when p is uniformly away from the boundary of NF:(z) U {0}, and ¢
is sufficiently small. Thus all we have to prove is that the above inequality remains true when
p is close to 3(N]::(x) U {0}) Moreover, by the homogeneity of (S%,g®"), it will suffice to
prove the estimate only for a fixed point 2 € S? and along a fixed geodesic t — 7* o ¢! (z, p).

Consider the stereographic projection of the sphere S? C R? from the north pole N = (0,0,1)
onto the space R? ~ R? x {0} C R3. The projection of some point = (1, z2,z3) € S? is given

by
o X1 To
O'(l') o (].—5537 1—%3) '

The function o is a smooth diffeomorphism from S? \ {/N} onto R?, whose inverse is

0,71( ) — < 2y1 2y2 |y|2 -1
L4 Jy[2" 14 Jy[27 14 Jy[?

) Yy = (y1,y2) € R?,

where |-| denotes the Euclidean norm on R?. The pushforward of the metric ¢g° under o induces
a metric on R?, that we still denote by g%, and which for ¢ = 0 is given by

4
gy(v,0) = WMQ Vy,v € R

Note that since we work in R2, we can identify covectors with vectors. We denote by H¢(y, p)
the Hamiltonian canonically associated to g°, which for € = 0 is given by

(1+]y*)?

H(y,p) = 2

lp?  Vy.peR

We observe that ||H® — H°||cs < e. The Hamiltonian system associated to H¢ is
o= ()
pE = _83%(?467176)7

and the linearized Hamiltonian system along a given solution (y°(t), p°(t)) is

. 2 r7e 2 r7e

he = %G 0)a + G, (7 p)he

. 2 rye e

© = =555 W) — G ()

We note that h® is a Jacobi vector field along the geodesic t — y°(t).

Set Y = (—1,0) € R?, and consider the geodesic ¢, starting from Y with velocity of norm
1 and making angle o (computed with respect to ¢%) with the line {x2 = 0}. For £ = 0 this
geodesic is given by

0 1) = ( cos(t — 1) sin(a) sin(t — ) )70>7

1 —cos(a)sin(t — )" 1 — cos(a) sin(t — 7

and it is a minimizing geodesic between Y and (1,0). Since the first conjugate time for 6, is
t = 7 for all o, and we are perturbing the metric in the C* topology, there exists a smooth
function « — () such that ¢5(«) is the first conjugate time of 6%, and ||ts(a) — 7|lc2 < e.
Fix ¢(a) € (0,t5(a)), and set VS := ¢(a)65(0).

As we notice in Paragraph 2.2, in order to compute the M7 W tensor at (Y, V?), we can
use the horizontal space given by any choice of a symplectic set of local coordinates. Therefore,
we can work with the standard splitting R* = R? @ R? and take as horizontal vertical spaces

H(Y,V(f) = RQ X {O} C R4 and ‘/(Y,V‘f) = {O} X R2 - R4.
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In the sequel, we shall denote by K=(Y, V) (which corresponds to the operator Ke(Y, VE) of
Paragraph 2.2) the 2 x 2 matrix such that

Jvvey = {(h, K*(Y,V5)h) e R* x R* | h € R?}.
By an easy rescaling, it is not difficult to see that K*(Y,V?) is given by
KE(Y,Vg) = 15(a) 558 ()

where S (t°(v)) is the 2 x 2 symmetric matrix such that any solution of the linearized Hamilto-
nian system along ¢, starting from (h, S (¢)h) satisfies h¢(t°(«)) = 0. Let us compute S< (£ ().

Let F5(t, o) := 65(t) and E5(t,) be a basis of parallel vector fields along 62 such that
9°(F£(0, ), E5(0,0)) = 0. For £ = 0 they are given by

O(t, ) := O, (t) =
EY(t,0) = 0 (1) <(

cos(a) — sin(t — ) sin(a) cos(t — ) >
1 — cos(a) sin(t — 7))2’ (1 — cos(a) sin(t — 7))2" ")’

0t o) — —sin(«) cos(t — m) cos(a) — sin(t — )
Bzl 0): <(1 — cos(a) sin(t — 7))2” (1 — cos(a) sin(t — 7r))2’0> ’

Let (hg,, ¢5,) be a solution of the linearized Hamiltonian system along 65, such that hS, (¢°(a)) = 0
for some t°(a) € (0,¢5(cv)). Since Ef(t, ), E5(t, ) form a basis of parallel vector fields along
0, there are two smooth functions ug, ; (t), ug, o(t) such that

a,l

he (t) = ug, 1 () EY(E, @) + ug, 5 (t) E5(t, ).

If we denote by ug (t) € R? the vector (uf, ;(t),ug, o(t)), and by A% (t) the 2 x 2 matrix having
E5(t,a) and E5(t,a) as column vectors, we can write

ho(t) = AL ()ug (1).
As hE (t) is a Jacobi vector field along 6% we have
he, + R° (s, 65)05 =0,

where R® denotes the Riemann tensor, and using the symmetries of R we get

Re(hg,, 05)65 = R (i, ) Ei R (ug 1 BT + ug o B3, BY) Bf = R (uf, , 5, Bf) B}
= ug o (R (B3, BY) By, BB + g, o(R°(E5, EY)EY, E5) B3

g o (R (E3, BY)Ef, E5) ES.

This gives
g, (t,a) = 0
g o(t, ) = —g°(R°(E5, EY)EY, ES)us, »(t, a),
so that
’U,Z,l(t, Oé) = )\1 + )\Qt
ﬂ’Ea,Q(t?a) = _gs(RE(EgvET)ET’ES)U“Z,Q(taa) = _as(taa)uz,Z(taa)7

where (t, @) — a(t, ) is close to 1 in C?-topology. Hence we can write
ug (t) = Ui (t, a)ug(0) + Us (£, a)ig (0),

with
. 10 ‘ _(t 0
Ul(tva) = ( 0 f1€(t7a) )’ Uz(t,Oé) o ( 0 fQS(t7a) >’
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with f£(¢, a)

and f5(t, «) are close to cos(t) and sin(t) in the C?-norm, respectively. Recalling
that h(t°(a)) = 0,

we have
0 = U5 (t5, a)u (0) + Us(t5, 0)i5(0) = i5,(0) = —[U5(t5, )] "' UF (¢, ) (0)
and as us,(0) = (45,(0)) 7 hE(0) we get
he(0) = A (0)u5 (0) + A5, (0)a5 (0) = [A5,(0) - A5,(0)[U5 (85, )] T U (85, )| (0)
= |40 - A2 O[5t )] T UR(E )] (42(0) TR (0).

Hence from the linearized Hamiltonian system we finally obtain

a0 = [Go o] e - [T mn] G o 0)

= Sa()hg(0),

with
S5(0) = 2~ [ (v 00)] Az ) [U505.0)) U (. ) (45(0)
where
2 17e —1r. _ 2hge .
¢z = [z o] [A 0 0) " - S 1z )]
Defining

€ - € € —lr7e _ f2 (ta Oé) 0

Na (t) T tf2 (tu a) [U2 (tv O‘)} Ul (t» a) - ( O tfs (t, a)
we can write
Sa)=Ci~ iy -

tfs(t, o
We observe that NZ(t) is smooth up to ¢t = t&(«). As a matter of fact we remark that, for
e=0,

00 = 1[-Ry. R 2( —cos(a) 0 )] 2( cos(a) —sin(a) )
a all—q : 0 - : )

sin(a) —sin(a) —cos(a)

: ) [aaﬁe (V. 600)] AL 0N (0(A5(0)

and A% (0) = R,,, where we used the notation
R o_ cos(a)  sin(a)
@\ —sin(e) cos(a) )
Let us now focus on the matrix
0?H¢
[ op?

-1

(V.05,(0)] " ALONE (1) (45(0)

1

5 (v, 5(0))]) ! =

Denoting by G¢ the matrix associated to the metric g° at the point Y, we have [6;p2
G¢. Moreover

1

GAL(ONE (1) (AL(0) " = (G)'V2[(G9)2AL(0)] N () (A2.(0))
= (GG AL (0] NEM[(GH) 2 45(0)] (G2

-1

Recalling that A% (0) = (Ef(O,a), E5(0, a)), we have

(G)245(0) = ((G) 25 0,0), (G) /2 E5(0, )

16



and since
1=g°(E{(0,a), E5(0,a)) = ¢°(E5(0,a), E5(0,a)),  0=g°(E5(0,a), E5(0,)),

we immediately get that (G¢)'/2A%(0) is an orthogonal matrix for all a. Thus, there exists a°
and a° such that

cos(a®)  sin(af)
—sin(a®)  cos(a®).

(G%)/245,(0) = (G2 45(0) ( ) . Ry R

(that is, a° is the angle between (1,0) = 65 and (G¢)'/2(1,0) = (G¢)*/265), and we obtain
€ A€ € g -1
(G Az Nz (1) (45(0) ")

eN1/2 1
=&)Y [tfé(t, )

.
tfs(t, o)
(G a0z 2az0) ™) @2

— (GF)/2 Ry { (RaaNj(t)Ras)} R_ae (GF)V/2,

_r
tf5(t,a)

A simple computations gives that R, N¢(t,a®)R_,- is equal to the matrix

( cos?(a®) f5(t, o) + tsin®(af) ff(t,a°)  —cos(a®) sin(af) (f5(t,of) — tf5(t, %)) >
—cos(a®)sin(a®) (f5(t, a°) — tf{(t,0f))  sin®(a®)f5(t, ) + tcos®(af) f5 (¢, oF) ’

so that
1 1 cos?(af) — cos(a®) sin(a®)
tfs(t, a) (Rac N¥(t, 0%) Rae) = t ( — cos(a®) sin(a®) sin?(a® )

b sin® (a®) f5 (t,
+ 5t a8) < cos(af) sin(a®) f£ (¢, af) COS

We now define T¢(s) as the g°-norm at Y of the vector (v,0) + sn, and a°(s) is the angle
(computed with respect to g°) between (v,0) and (v,0) + sn. In the sequel we denote by

fz (resp. ff) the function s — f£(T¢(s),ac(s)) (resp. s — f5(T%(s),a%(s))), and by f¢, fs
(resp. f5,f5) its first and second derivative. We want to compute the second derivative of
K=(s) := K¢(Y, (v,0) + sn) for T¢(0) close to t:(a) ~ 7, so that 1/f5(0) ~ 1/sin(t5(«)) will be
dominant with respect to all other terms. Thanks to the computations made above, we have

RO o = 1 (T80},

G61/2RQEM+A M¢ Al M€+A1 ME|R_4-(G)Y/?
e i O T E0E T oy i] e @

with
e _ [ M7(1) M:(2) _
M; = ( ME(2) ME(3) ) Vi=0,1,2,3,
and
M5(1) =2(a5(0)*,  M§(2) =a%(0),  M§(3) =—2(a(0))°,
and

M; (1) = =2T(0).f5(0) (4°(0))”

ME(2) = —2f£(0)T° (0)é(0) — 27%(0) £ (0)a° (0) — T=(0) £ (0)*(0),
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ME(3) = — F£(0)T(0) — 2f(0)T(0) — T=(0)££(0) + 2T(0) £ (0) (a°(0))?,

and .
M5(1)=0,  M;5(2)=2T°(0)f5(0)f5(0)a(0),

M5 (3) = 27°(0) f5(0) f5 (0) + 25 (0)f5 (0)T°(0) + T*(0) /5 (0) /5 (0),
and

M) = ME2) =0, M) = 20 (£5(0)

We now observe that a®(s) is given by the angle between the two vectors
(G6)1/2< 8 > and (GF)1/2 K S >+ST]:| .
Therefore, if we define ( % ) = R_4-(G°)'/? ( g ) and 7° = R_4-(G*)Y/?n, we get

€
a®(s) = — arctan ( iz )

Ve + snf

which implies

Regarding T¢(s), we have

i = o ()| ()
’( v + s )’ = /(0 sm)2 + 2(05)°,

£
S7)2

hence o
) =of, ) =ni, T = TS

Moreover |v= — v| < elv|, [n° —n| < eln|. Thus we finally obtain

A~ 2 ((n§)2 nins >

07 w2 \ mins  —(n5)?
Mf<—2f§£°><ns>2 O )
2fs(0)ns L9 (55)% — 2f5(0)n5 — v° £5(0)
M§:< o T H(O) {0 )
—25(0)f5(0)m5  20° f£(0) f5(0) + 25 (0) f5 (0)n5 + v° £5(0) f5(0)

0 0
ME = . 4 2 .
o 2050 (50)
We note that for e =0

6%22 {TO(S)020(5>}|5:0

—27°(0)a°(0) — T°(0)a°(0) ~ —7°(0) +7°(0) (a°(0))

_ ( T0(0) — T°(0) (4°(0))®  —27°(0)a°(0) — T°(0)é°(0) >

18



which implies

d? 9
1> €
ds2 {T (s) as(s)}|s_0‘ < elnl”

Therefore, defining £5 = R_4-(G*)'/2¢, we end up with

d? 1
(€ o3 1K (8)}jsm €) = (€5, MGET) + = (€5, MiE7)

f3(0)
1 1
+ = S MESES) + —— (€5, MEES) + O 212
Frop & MEE) g € M) + Ol

We now observe that, as f£(0) ~ cos(v°), we have f£(0) < 0 for v > 27/3, and so in this case

1 3 £\2 1 € € ¢E L € €\2
T EONE) +2 2 MERISEE + 5 S ME()(ED

fe fe 2
2 \/175;2(0)55 + i) 20
2

/5(0) 5(0)

Therefore for v¢ > 27/3

2
(6 (K)o © > (€, M3E?)

1
+ 70 [2MF(2)€165 + M (3)(&5)%] + fE(O)QMS(?))(S)Z +0(e)[nf*|¢)*.
2 2
Now, easy computations give for i = 1,2
: o Fe 1 of¢
fe(0) = 20 0y — - 0 0y,
re a2fza 5 5 1 an’LE 5 1 afzs € €
F0 = [GE e 0] 00+ | s G en 0+ L5 w0 052
2 8f16 (> 2 a2f’L€ £ E €
w0 - 20 w0 ains

Let us now observe the following: since (as functions of v¢) f£(0) and f5(0) are close to
cos(v®) and sin(v®) in the C%-norm respectively, if we define ¢ := t£(0) — v° we easily get

fFO) + 1 Se+5,  0<f50) Se+r7,
OIS E+O] 1f50) +ml S e+ )l
O =B S e+ P 150) + 57 £ (e + )P
From these estimates it is easy to see that
[M5(3) = 2(n5)* = (15)°| S (e + C)F]* = M5(3) = (1 - Cle +£9)) [2(15)* + (n3)]

and
|M7(2)] < (e +£9)[n°[ns5-
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Since

— 400 as £ — 0 (i.e. v° — t5(a)), we obtain

f5(0)
ME 1 ME 1 ME (1_C(€+€6)) £12
3 I 3 -~ _ 3 >A— )
O 50 oY Rer
c Lo Cle+6), 1«
ME2)+ ——M:(2)| < —~——2 ,
ol )+f§(0) 1(2)] < 70) %[ |m3|

(from now on, C is a positive constant, independent of ¢ for ¢ > 0 sufficiently small, which may
change from line to line). Hence, combining all together,

d2 (3 2 £ € C(€+£€) (> (> 1> 3
<€7E{K ($)}s=0 &) = (va)g(nz)z(fl)Q*szHﬂ Isilis
(1-Cle+£)) €\2 £\27 (¢e)2 21 ¢12
b RO 0] + 0Pl
> e - S il el
(1=Ce+6)), cnrero 2(¢12
- g e 0EIR
> BoCEHO) qepery D20 enieer 4 0Pl
o f5(0)
> CoOCT O feeny® + I Pies?) + O lnPlek

™

From this formula, since |n° —n| < Ce|n| and |£° — £| < Cel¢|, we finally get

3 d? 32-Cle+¢°
S L ol = LD e g ol
> M22CEr O et i) + ol
3(1-C s
> BZCCTO) e - 2] + Ol
3(1-Cl(e+ ¢ 3(1+ C(e + ¢¢
> T e M CELO) o2

Fix § > 0. From the above estimate we deduce that, if ¢ < §72/(3C) and ¢¢ < 672/(3C), then
MTW(3/(27?) — 6,3/(27%) + &) holds for all v € N F%(z) U{0} such that dist(v, d(NFL(z)U
{0})) < 6/C. Since as we already said MTW(K, C) trivially holds if v is uniformly away from
ONFL(x)U{0}) for £ > 0 small enough, the result follows. O

5 Final comments

5.1

Our approach applies to more general situations than the one we chose to present. In particular,
we do not necessarily need the strict convexity of the cotangent nonfocal domains: let (M, g)
be a compact Riemannian manifold, and define M* > 0 and m* € (0, +o0| by

M* = maX{Hle. |peT*(a),z € M} and m* = min{||p||x | p¢ NF (z),z € M}.

Assume that the two following conditions are satisfied:
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(i) M* <m*,
(ii) there is K > 0 such that for every x € M,
VEETMYneT; M, (n,€) =0 = &(z,p)- (&) > K&z nl:
for any p € T M satisfying ||p||, € (0, M*].

Following the proof of [20, Lemma 2.3], it is not difficult to show that under these assumptions
there exists C' > 0 such that, for every € M and every p € T M satisfying ||p||. € (0, M*],

S(@,p) - (&) = K|EZ I — Clm, &) €llalinll. V&€ TuM, VyeTyM.

Then, one can easily check that both the proof of Lemma 3.3 and the proof of Theorem 3.6
still work, and so (M, g) satisfies 7CP, and all its injectivity domains are strictly convex. In
particular, this allows to recover in a simple way the result (proved independently in [11, 20])
that any C*-deformation of a quotient of the standard sphere S™ (say for instance RP") satisfies
TCP. Indeed (ii) follows from the fact that our extended MTW condition is stable far from
the boundary of N F*(x) U {0} (while the classical MTW condition is a priori stable only far
from the boundary of Z*(x)).

5.2

It can be shown [7] that the cotangent injectivity domains of any smooth complete Riemannian
manifold have locally semiconcave boundaries. In fact, if ¢ is a smooth Riemannian metric
which is C*-close to the round metric on the sphere S, then for all z € S™ the sets N'F*(z)
are uniformly convex [7] (while it is not known whether the sets 7*(x) are convex or not). As a
consequence, if (S", g) is a C*-deformation of the standard sphere which satisfies M7 W(K,C)

for some K,C > 0, then it satisfies 7CP, and all its injectivity domains are strictly convex.

5.3

In [11, 20] the authors can improve 7CP to higher regularity thanks to the stay-away property
of the optimal transport map T. More precisely, in [20] the authors assume that the cut
locus is nonfocal (which is for example that case if one considers C*-deformation of a quotient
of the standard sphere S"), and combining this hypothesis with 7CP one gets the existence
of a constant o > 0 such that d(T(x),cut(z)) > o for all z € M. On the other hand, in
[11] the authors show that if (M, g) is C*-deformation of (S",g°*"), and one imposes some
boundedness constraint on the measures p and v (the constraint depending on the size of the
perturbation), then the stay-away property of the optimal map holds. Once the stay-away
property is established, 7CP allows to localize the problem and to apply the a priori estimates
of Ma, Trudinger and Wang [21], obtaining C'*° regularity on 7' (under C*° assumptions on the
measures). In our case it is not clear whether the stay-away property is true or not, and this is
why our result cannot be easily improved to higher regularity.

5.4

As we already said, if a Riemannian manifold (M, g) satisfies MTW(K, C) for some K,C > 0,
then its sectional curvature is bounded below by K. As it was shown by Kim [16], the converse
result is false. Describing the positively curved and simply connected Riemannian manifolds
which satisfy MTW(K, C) for some K,C > 0 is a formidable challenge.
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A Appendix : The round sphere

The purpose of the appendix is to provide a proof of the following result.

Theorem A.l. There exists Ky > 0 such that, for every n > 2, the round sphere (S, g®**)
satisfies MTW(Ko, Kp).

Proof. Let us see the round sphere S™ as a submanifold of R**! equipped with the Riemannian
metric induced by the Euclidean metric. More precisely, we see S™ as the sphere centered at the
origin with radius one in R"*!. Since we work in R"*!, we can identify covectors with vectors.
For every x € S™, the set NF*(x) U {0} corresponds to the open ball centered at z with radius
7 intersected with the hyperplan tangent to S™ at x. Our aim is to show that there exists a
constant Ky > 0 such that, for every x € S* C R"™! and p € N F*(z), one has

3 d?

(K (2,0 + sm)€,€)) | ,— = Koll€lZInllZ — Kol (€. mli€lInll,

for all & € T,S™, n € T;S™ This is equivalent to show that, for every x € S™ and every
v € T,S™,

2 2
A e{exp, (1€),exp, (vt ) > Koll€l2 Il — Kol€mlellinl Ve n e TS
where ¢ := d?/2. Since the function (t,s) — c(exp,(t{),exp, (v + sn)) depends only on the
behavior of the Riemannian distance in the affine space containing = and spanned by the three
vectors v, &,m, we just have to prove Theorem A.1 for n = 3. Moreover, by the homogeneity
of (S, g®), it suffices to prove the estimate only for a fixed point z € S™ and along a fixed
geodesic t — exp, (tv).

Consider the stereographic projection of the sphere S? € R* centered at the origin and of

radius 1 from the north pole N = (0,0, 0, 1) onto the space R® ~ R3 x {0} C R*. The projection
of some point x = (11,12, 73,74) € S® is given by

() x1 Z2 x3
o(x) = )
1—a4’ 1—24'1—124

The function o is a smooth diffeomorphism from S3 \ {/NV} onto R3, whose inverse is

o1(y) = 2u1 2y 2ys  Jyl*—1
LAy T+ [y2" 1+ [y2 1+ Jyf?

) vy:(y17y2ay3) ERSa

where | - | denotes the Euclidean norm on R3. The pushforward of the round metric on S is
given by
4 .
gy(’l/,’U) = Whjﬁ Vy,UER‘S,

and the Hamiltonian canonically associated to g is

(1+[y*)?

S p>  VypeR

H(y,p) =

The Hamiltonian system associated to H is

. 1 2\2

{ y o= Yyp = W,
. 1 2 2
b= —%(yp) CEIGTIE

7
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and the linearized Hamiltonian system along a given solution (y(t),p(t)) is
{ o= (L4 )y, by + U
2 2
g = LR, pRy Ry — (1+ ) (- )y

We note that h is a Jacobi vector field along the geodesic ¢ — y(t).

Set x! = (—1,0,0,0) and 22 = (1,0,0,0), and for || small, let 7, be the minimizing geodesic
on S? joining x' to 22 defined by
Yo (t) := (cos(t — 7),sin(«) sin(t — 7), 0, cos(a) sin(t — 7)) vVt e [0,7].

Its image by the stereographic projection is given by

. _ cos(t — ) sin(a) sin(t — )
Oa(t) = o (7a(t) ( )’O> '

1 —cos(a)sin(t — )’ 1 — cos(a) sin(t — 7

It is a minimizing geodesic between Y := o(z') = (—1,0,0) and o(2?) = (1,0,0). Fixt € (0,),
and set V := 10,,(0). We need to compute the matrix K(Y, V). By an easy rescaling argument,

we have
K(Y,V) =tS.(1),

where S, (%) is the 3 x 3 symmetric matrix such that any solution of the linearized Hamiltonian
system along 6,, starting from (h, S, (¢)h), satisfies h(f) = 0. Let us compute S, (7).

Define three vector fields E1, F», E5 along 6, by
Er(t) = bu(t) = (( cos(a) — sin(t — ) sin(a) cos(t — ) ))270) )

1 — cos(a)sin(t — m))2" (1 — cos(a) sin(t — 7

B —sin(a) cos(t — ) cos(a) —sin(t — )
() = <(1 — cos(a) sin(t — m))?" (1 — cos(a) sin(t — m))?’ O) 7
Es5(t) :=(0,0,1).

The vectors Fy(t), Ea(t), E5(t) form a basis of parallel vector fields along 6,. Let (h,q) be a
solution of the linearized Hamiltonian system along 6, such that h(t) = 0 for some ¢ > 0.
Since E1(t), E2(t), E3(t) form a basis of parallel vector fields along 6, there are three smooth
functions w1, ug, u3z such that

Hence, as h is a Jacobi vector field along 6., its second covariant derivative along 6, is given
by
D?h(t) = al(t)E1 (t) + g (t)EQ (t) + d3(t)E3 (t)

Therefore, since (R?, g) has constant curvature, we have

0 = th—irR(h,éa)éa

= i () E(t) +dia(8) B2 (1) + dia(H) E3(8) + ua () Ev(t) + uz(t) Ba(t) + ua(t) Es(t) — ua(t)0a ()
= () Ex(t) + [ia(t) + ua ()] Eo(t) + [is(t) + us(t)] E5(t).

We deduce that there are six constants A1, As, A3z, A4, A5, Ag such that

U1 (t) = A + Mot
ug(t) = Agcos(t) + Agsin(t)
us(t) = Ascos(t) + Agsin(t).
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Since
E1(0) = (cos(a), —sin(a),0),  E»(0) = (sin(a),cos(a),0),  E3(0) = (0,0,1).

the equality 2(0) = 1y (0)E1(0) + ua(0) Es(0) + u5(0) Es(0) yields

u1(0) cos(a) + u2(0) sin(a)

—u1(0) sin(a) 4+ u2(0) cos(a)
u3(0),

——
> S
N =
NN
L
1

which gives
A1 = cos(@)hy (0) — sin(a)ha(0), g = sin(a)hy(0) + cos(a)ha(0),  As = hs(0).
Furthermore,
E1(0) = (—cos(2a),sin(20)),  E(0) = (—sin(2a), — cos(2a)),  E3(0) = 0.
Differentiating h(t) = uy(t)E1(t) + ua(t)E2(t) + us(t)E3(t) at t = 0, we obtain

A2 cos(@) + Agsin(a) — Aq cos(2a) — Ag sin(2a)
—Agsin(a) + Aq cos(a) + Ap sin(2a) — Az cos(2a)
Ao

——
.DA- ;N.
[
N N
NSNS

[l

From the linearized Hamiltonian system, since Y (0) = (—1,0,0) and P(0) = V(0) = E1(0), we
have )
q(0) = h(0) + 21 (0) E1(0).

Recalling that h(f) = 0 = u(t) = 0, we get

—)\—,1 e 3cos(ﬂ A =

cos(t)
t’ sin(?)’ '

)\ =
2 % sin(7)

Thus we finally obtain

Q1(O) aa(t_) ba(f) 0 hl(o)
( q2(0) ) =¢(0) = Sa(H)h(0) = ( ba(t) calt) O ) ( h2(0) ) ;

q3(0) 0 0 d(f) hs(0)
where ) .
0o (F) = 7(108{(@) B cos(;?;z?) () + cos(a),
b (D) = cos(a){sin(a) 3 COS(Q)ZEE%) cos(t) sin(a),
sin? (o Y«
co(t) := B t_( ) _ cos S(in)(%os(f) — cos(a), d(t) = _Z?j((::))
Hence
k(Y V) k(Y V) 0
K(Y,V) = 5a(0) = ( BYV) kYY) 0 ) 7
0 0 ka(Y, V)
with

k1 (Yv V) = taq (ﬂv ko (K V) = tba @)7 k3 (Y7 V) =tca (ﬂv k4(}/a V) = Ed(f)
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Let us now show that M7 W(Ky, Ky) holds. For that, it is sufficient to show that for for
every V of the form V = (r,0,0) with r € (0,7), every £ = (£1,&,£3) € R? with |¢] = 1 and
every 1 = (n1,72,0) € R with |n| = 1, one has

(€ K(0)6) 2 SKo ( ).

where K (s) is defined as

K(s) = K,V +sm) = | a(s)

By the discussion above, we have

where

a(s)z—arctan( 5112 ) T(s)z‘(”sm )‘Z\/(r+sn1)2+82n§.

T+ s
We note that

and )
o) =r.  TO=m, 10)="=2

The second derivatives at s = 0 of the functions 12:1, i;?g, 123, k, are given by

21(0) =2 {1 - CO.S(T) } 3, j;2(0) =2 [12 - 1} 172,

r2  rsin(r) r2  sin®(r)
= B 1 B rcos(r) 9 _z COS(T) 1 2
b0 =2 s = v | [+ iy * )
= B 1 reos(r)] o 1 cos(r) ] 5
Fa(0) =2 LinQ(r) sin®(r) ] O Ling(r) rsin(r)} 2
and so
(KO8 = ki(0)E + 2ka(0)€16s + ks (0)€3 + ka(0)E2
[1 1 1
= 92 _72 7 ;;311(;"))] €22 { 0 7“2} §182m1m2
_ rcos(r) 2 cos(r 2 o
o2 _sm (r)  sin®(r) } [ 7 7sin(r + Siﬂz(r)} S22
~ rceos(r) cos(r )
o2 | sin? sin® r)} [ B rsin(r )] 53
Define the functions ¢y, ¢, ¢3, ¢4, ¢5 on [0, 7) by
1 cos(r) 11 _ 1 r cos(r)
a(r) = r2  rsin(r)’ e2(r) : 81n2(r) r2’ es(r) = SiHQ(T) sin?’(r) ,
)= -2 0 L gy L o)

r?  rsin(r)  sin®(r)’ sin?(r)  rsin(r)’

We need the following two lemmas, whose proof is postponed to the end.
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Lemma A.2. One has
1
ci(r) > ¢(0) = 3 Vre[0,m), Vi=1,2,3.

Lemma A.3. The function cq = c3 —c1 is nonnegative on [0,7), and there exists a € (0,2/72)
such that
2
(er(r) —a)(es(r) —a) — (ca(r) — )™ >0 Vr e [0, ).

We note that ¢4 = co —¢q and ¢5 = ¢1 + c2 . Set &(r) := ¢;i(r) — % for every r € (0,7) and
i=1,2,3. By Lemmas A.2 and A.3, together with the fact that |n|> =1 =} + 13, we get

(K06 = 2e1(r)&tns — dea(r)&aéomma + 2e3(r)E3mt + ca(r)é3ms + 203( )5%77? +es(r)E3ns
> 201(r)éims — dea(r)sr€amna + 2¢3(r)E3m; + ca(r)é3n; + 63771 + 63772
= 20 () — dea(r)6sEamura + 2es(r)ER0E + (ca(r) — ()03 + 263
> 201(r)EhR — Ao + 2es (G + 362

For any r € (0,7) and i = 1,2, 3, set &(r) := ¢;(r) — o, with « given by Lemma A.3. Then

(€ K(0)8) > 2&(r)&in; — Aéa(r)eréamnz + 263(r)E5nT + 20 (6703 — 2616amnz + E3117) + 2063
> 26 (r)&in; — 2(7")5152771772 +263(r)&5n7 + 20 (1 - (€,m)?)
> 26 (7")51772 4éa(r)€1&ammz + 2¢3(r )52771 + 20 (1 = [(€, m)|)
> 261 (r)Efn; — 4éo (T)\€1§2771772| + 283(r)&3n; + 2 (1 = [(&,m)])
> 261(r)Ein5 — 4v/ex(r)es(r) & €ammna| + 2¢3(r)&3nt + 2o (1 — [(€, m)))
> 2 (Va)laml - MMM) +20.(1 = |(€m))
> 2a(1-[&m),

where we used again Lemma A.3. Thus we finally obtain

3 I
3 e K 2 301 ().
which shows that the round sphere satisfies M7TW(Ky, Ko) with Ky := 3a. O

Proof of Lemma A.2. Define f : [0,7) — R by f(r):=1— :fz?g) The Taylor expansion of f
at r = 0 is given by
P2 pd
flr) = 3t o(rt).
This means that f(r) > g for small r in (0,7). Define g : [0,7) — R by g(r) := f(r) — % By
the latter remark, g is strictly positive for small r in (0, 7). One has

c(r) = N and c3(r) = 81{1(27;1) vr € (0,m).

Therefore showing that ¢;,c3 > 1/3 is equivalent to showing that g > 0. Define h: [0,7) — R
by h(r) :=r?ca(r) — r?/3. The derivatives of g and h are respectively given by

g (r) = Sm;"(r) = Zif((:)) - %T vr € (0,7).




and

r r2 cos(r r

W) = Sil’l22(’l“) B 2sin3(r()) B %
_2r " sin®(r) 2rg(r)
_ wﬂﬂ(ﬂ) - )zgﬁvy

This shows that if g(r) > 0 for every r € (0,7), then h(r) > 0 on (0,7]. But if 7 € (0, 7) is such

that g(F) = 0, then <=0 — 1 — I so that

sin(7)

J(F) = T_—l_g:rcdﬂ_l):Mﬂ

sin®(7) T 3 T

> 0.

Since g is strictly positive for r small, we conclude easily that g,h > 0 on [0, 7), which proves
the lemma. g

Proof of Lemma A.3. First of all we observe that the Taylor expansions of ¢1,cs,c3 at 7 =0
are given by
1 72 1 72 1 272

a(r) = 3 + i +o(r?), cor) = 3 + i +o(r?), e3(r) ==+ =— +o(r?). (A1)

Define ¢ : [0,7) — R by £(r) := r2c4(r). Its derivative is given by
O'(r) =r(2c3(r) — ca(r) — e1(r)).

We first reamark that obviously c¢3 > ¢; on [0,7). Moreover the derivative of the function
m : [0,7) — R defined as m(r) := r2(c3(r) — ca(r)) is given by

3

m'(r) = Sn2(r) (3(02 (r)+e(r) — 2),

and it is nonnegative by Lemma A.2. Since by (A.1) lim,_o+ m(r) = 1/15 > 0, we obtain that
m(r) > 0 on [0, 7). This gives ¢'(r) > 0 for every r € [0,7), and so ¢4 = ¢2 — ¢; is nonnegative
on [0, ).

Let us now prove the second assertion of the lemma. We first want to show that the function
cic3 — c3 is strictly positive on (0, 7). With the notation of Lemma A.2, we have

sG]
C1 (T)C3 (T) - 712 Sin2 (T) .
Thus we need to prove that
f(r)

rsin(r)

> co(r) Vr e (0,7),

or equivalently

r sin(r
 sin(r)

F(r):= f(r) —rsin(r)ca(r) = f(r) — >0 Vre (0,m).

sin(r) r

It is easily seen that F'(r) = g—; + o(r?), so that F(r) > 0 for 7 > 0 small. Differentiating the
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above expression we get

, B rcos(r) 1 reos(r)  cos(r) sin(r)
Fir) = sin?(r)  sin(r)  sin(r) = sin®(r) r 7
r? 1 ~ sin(r)

(@i 1)+ (- -5 0
[( o 1) | rsin(r) = r? sin2(r)f (T)} |

sin?(r)

e B I e B

Assume by contradiction that there exists 7 > 0 such that F'(¥) = 0. Then

1) = T, sin_(f) _ sin_(f) ( 72 - 1)

sin(7) T 7 sin? (7

which gives

>
S
—~
=i
SN~—
Il
S

(7:2 _1) [1_ F2+Sin2(F)?’Sin(7z)].

sin? (7) 72

Since
r2 >sin’(r) and 72 +sin?(r) — rsin(r) < r? Vre (0,m),

we get F'(7) > 0, absurd. Thus cjc3 —c3 > 0 on (0, 7). We now observe that, thanks to (A.1),
for every a > 0 we have

(c1(r) — a)(es(r) — a) = (ca(r) — a)2 = (; - a) ;;5 +o(r?).

On the other hand, for r close to m and every a > 0,

> (3-ma)
(cr(r) — a)(es(r) a) (ca(r) a) ()
Combining all together, we conclude easily that there exists a € (0,2/7%) such that

(01(7") - 01) (03(7’) - Oé) - (CQ(T) - 04)2 >0 vr e [0,7).

0

Remark A.4. Starting from the formula for (f,f((O)Q given just after Lemma A.3, it is not
difficult to see that (S™, g®®") satisfies M7 W(1,1) if and only if the quantity
(1= leal)

is nonnegative for any é,ﬁ € St and any r € (0,7), where ¢(r) := c;(r) — % Numerical
simulations suggest that the above inequality should be true.

(€, m) (€,)

261 (r)E202 — ¢ (r)€1Exmiiy + 283(r)E307 + (¢a(r) — 51(7))52775 + %
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