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Abstract Neutron scattering measurements at the Institut Laue-Langevin off quasi-two-
dimensional3He have shown, for the first time, a situation where the collective mode crosses
the particle-hole continuum and reappears, at a momentum transfer ofq ≈ 1.55Å−1 as a
well-definedcollectiveexcitation.

The effect is well described by the Fermion generalization ofmulti-particle fluctuation
theory of Jackson, Feenberg, and Campbell that has been so successful for bosonic quantum
fluids. We describe the theory briefly and state that it can be mapped onto the form of time-
dependent Hartree-Fock theory (TDHF) containingenergy dependent effective interactions;
these are obtained from microscopic ground state theory.

Our theoretical result has far-reaching consequences: a popular paradigm in discussing
the density–density response function of Fermi systems is the “random phase approxima-
tion” (RPA), most frequently applied with some static interaction and, perhaps, some effec-
tive mass. Such a “phenomenologically modified” RPA can be justified only under severe
simplifying approximations and is unable to describe the experimental situation consistently.
As soon as one goes beyond the RPA, intermediate states whichcannotbe described in
terms of the quantum numbers of a single (quasi-)particle become essential for capturing
the correct physics. In oder to understand the above mentioned experiment, their appropri-
ate inclusion, as presented in this work, is essential.
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1 Introduction

Liquid 3He has always been the prime example for a “strongly correlated” Fermi fluid.
Compared with other (mostly electronic) so-called “strongly correlated” systems its full
understanding poses one of the most demanding challenges forthe theorist. Experiments
and theoretical discussions of the dynamics of bulk3He are abundant, but there is very little
information of the same system in two dimensions.

A popular language1,2 to discuss the the dynamic response of3He is the “random phase
approximation” (RPA) where the density-density response functionχ(q,ω) is written as

χ(q,ω) =
χ0(q,ω)

1−Vp−h(q)χ0(q,ω)
, (1)

whereVp−h(q) is an effective (“particle-hole”) interaction, andχ0(q,ω) is the density-
density response function of the non-interacting (Bose or Fermi) system. The effective in-
teraction can be determined from observable data by demanding that the first two energy
weighted sum rules are satisfied,i.e.

S(q) = −
∫ ∞

0

d(h̄ω)

π
ℑ mχ(q,ω) ,

h̄2q2

2m
= −

∫ ∞

0

d(h̄ω)

π
(h̄ω)ℑ mχ(q,ω) . (2)

Since the static structure factor is known experimentally,there is no reason for not satisfying
these sum rules. In the case of a Bose system, we have

χ0(q,ω) =
h̄2q2

m

h̄2ω2−
(

h̄2q2

2m

)2 . (3)

The procedure outlined above then leads to the famous Feynman dispersion relation3 h̄ω(q) =
h̄2q2/2mS(q).

The RPA has also been reasonably successful in electron structure theory, where it even
legitimate to replace theVp−h(q) by the Coulomb potential because it (a) is the only in-
teraction describing real particles that has a Fourier transform and (b) the bare Coulomb
interaction dominates for long wave lengths.

In a strongly interacting system like3He, the expression (1) also gives, when combined
with the sum rules (2) a qualitative description of the situation: a collective mode and a
“particle-hole” continuum. Compared with the equally wellstudied Bose fluid4He, two
effects appear to be superimposed: The “phonon-roton” spectrum known from4He, and the
“particle-hole continuum” typical for a Fermi fluid. For a discussion of the relevant physics
see, for example, the review article by David Pines2. In particular it is evident that there
should not be a well-defined roton excitation in3He because the collective mode would be,
in the relevant energy/momentum regime, inside the particle-hole continuum.

Upon closer examination, the picture is less satisfactory:Similar to the case of4He,
all energies are typically about a factor of two too high. Forbosons, the effect has been
explained intuitively by “backflow”4, and by systematically expanding upon Feynman’s
ideas we have reached now a very good understanding of the dynamic structure function of
interacting bosons in the full(k,ω) plane.

Pines2 points out that “Woods’s experiment let me conclude that thephonon-maxon-
roton excitation in He II and the zero sound mode of3He had a common physical origin
in strong (and quite similar) effective interatomic interactions. . .”. However, the theoretical



3

Fig. 1 The figure shows experimental data of the dynamic structure functionS(q,ω) in two–dimensional3He
for three densities as shown in the figure, for wave numbers 1.1Å−1 ≤q≤ 1.2Å−1. These data were obtained
by Godfrin, Lauter, and Meschke at the IN14 instrument at the Institute Laue-Langevin in Grenoble.
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Fig. 2 RPA dynamic structure functionS(q,ω) in 2D 3He for the momentum transferq= 1.05Å−1 as a
function of an assumed effective mass ratio 1≤m∗/m≤2. (The collective mode was artificially broadened.)

description of the dynamics of3He went along different lines: The energy of the collective
mode can also be lowered by postulating an effective mass in the particle-hole spectrum. It
should be noted that this implies that the position of the collective mode is determined, for
bosons and fermions, by totally different mechanism.

2 3He in two dimensions

Measurements of the dynamic structure functionS(k,ω) of 3He films provide a crucial test
for the validity of the general “RPA-like” procedure for lowering the collective mode com-
pared to the RPA prediction. Fig. 1 shows data from the Laue Langevin Institute that have,
so far, only been circulated in conference proceedings5 and await theoretical explanations.

The collective mode (the mode with maximum strength as indicated by an arrow) is
foundinsidea broad continuum. We demonstrate in Fig. 2 that it is not possible to reconcile
this feature with an RPA based response function (1) within the procedure outlined above.
Fig. 2 shows theoretical results forS(k,ω) for q= 1.05Å−1 at an areal density ofn =
0.043Å−2: Trying to adjust the location of the collective mode by introducing an effective
massm∗ can move the main peak towards the experimental value, however, the very different
shape of the calculated spectra and those found experimentally is evident. In particular, the
one–particle–one–hole continuum always liesbelowthe collective mode.
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3 Pair-Excitation Theory

We have taken the view that the physical mechanisms that determine the energetics of the
phonon-roton spectrum are indeed the same in3He and4He. For bosons, a systematic theory
for the dynamics that supersedes Feynman’s intuitive “backflow” theory is based on a time-
dependent, correlated wave function

|Ψ(t)〉 =
e−iE0t/h̄ e

1
2δU(t) |Ψ0〉

[〈

Ψ0
∣

∣eℜ eδU(t)
∣

∣Ψ0
〉]1/2

, (4)

where|Ψ0〉 is the ground-state wavefunction,E0 is its energy, and

δU(t) = ∑
i

δu(1)(r i ; t)+∑
i< j

δu(2)(r i , r j ; t)+ · · · (5)

is the complexexcitation operator.The method has by now been developed up to the three-
body order; it provides a consistent description of the dynamics of 4He in the whole(q,ω)
plane. The generalization of this wave function to fermionsis to replace the fluctuations
δu(n)(r1, . . . , rn; t) by particle-hole operators,i.e.

U(t) = ∑
ph

δu(1)
ph (t)a†

pah + ∑
pp′hh′

δu(2)
pp′hh′(t)a

†
pa†

p′ah′ah (6)

The dynamic wave function is then written as

|Ψ(t)〉 =
1

N
e−iE0t/h̄Fe

1
2U(t) |Φ0〉 (7)

whereF is a local correlation operator, and|Φ0〉 a model wave function, normally a Slater
determinant of plane waves. The derivation of the equationsof motion proceeds then along
the same lines as for bosons6,7,8 but it is, of course, significantly more complicated due to
the multitude of exchange diagrams.

The simplest approximation leaves out the pair excitations9. In that case, the theory can
be mapped onto the form of a time-dependent Hartree-Fock theory, in which the strong, bare
interaction is replaced by a weak, effective interaction that is tamed by the correlations10.
When, in addition, exchange terms are omitted, an response-function of the form (1) is
obtained and the procedure for obtaining the excitations corresponds exactly to that outlined
in the introduction.

Owing to the argument that the same mechanism determine the energetics of the phonon-
roton spectrum should be at work in4He and3He, we have used the form (6) for the dynamic
wave function. The important aspect here are the pair fluctuations which contribute much of
the shift of the roton energy from it’s RPA value to the experimental one. Including this type
of fluctuations is technically demanding, but the result is quite plausible: The equations of
motion can be cast in the form of an “effective time-dependentHartree-Fock” theory11.

χ(q,ω) =
(

ρph,0 ρ0,ph
)[

Ω +Vp−h(ω)
]−1
(

ρph,0

ρ0,ph

)

. (8)

where

Ω =

(

ep−eh− h̄ω− iη 0
0 ep−eh + h̄ω+ iη

)

(9)
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Fig. 3 (color online) The figure shows a comparison of representative experimental and corresponding theo-
retical data for two different momentum transfers. the red curve is the RPA prediction as defined above, the
green curve the prediction of the pair fluctuation theory, and the crosses are experimental data.

where theek are the single particle energies of correlated basis functions (CBF) theory and
Vp−h(ω)

Vp−h(ω) =

(

V(A)
ph,p′h′(ω) V(B)

pp′hh′,0(ω)

V(B)
0,pp′hh′(−ω) V(A)

p′h′,ph(−ω)

)

. (10)

The interactions are obtained from ground state calculations in terms of Fermi-Jastrow-
Feenberg diagrams12,10. We address in a separate paper13 the importance of exchange ef-
fects; the new aspect introduced by pair fluctuations is thatall interaction matrix elements
are energy dependent. For the purpose of this paper we distill the physical content of the
theory and keep only the direct, local terms,i.e.

V(A,B)
ph,p′h′(ω) = δp+h,p′+h′Ṽ

(A,B)(q,ω) (11)

whereq = p− h is the momentum transfer. TheV(A)(q,ω) andV(B)(q,ω) are normally
different. With the generalization of the interaction matrix to energy-dependent quantities,
we have in a sense derived the simplest justifiable generalization of the RPA. Note that the
density-density response function resulting from this straightforward generalization, and
being rather simple in the language of TDHF theory, can not becast into the form (1). It
satisfies, however, the sum rules (2) up to a small error that has to do with the fact that
the Jastrow-Feenberg wave function for a Fermi system does not have the correct nodal
structure,

Fig. 3 shows the comparison of some experimental data with theresults of both the pair
fluctuation theory and the RPA for selected momentum transfers. The message is very clear:
There is an overall good agreement between experimental data and the predictions of the
pair fluctuation theory presented here. In particular, the agreement between experiment and
theory at the highest momentum transfer is impressive. There is, on the other hand, no way
to understand the experimental data on the basis of an “RPA” formulation (1).

4 Summary

It is clear that we are, at this point, to some extent, rewriting “conventional” approaches of
many-body physics in condensed matte theory. The “RPA” way to think about the excita-
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tions of a strongly interacting fluid has had enormous impacton the qualitative understand-
ing long-wavelengthexcitations, but it should be laid to rest as soon as the wave number
of the excitation becomes comparable to the interparticle distance. The TDHF theory, much
more popular in nuclear physics than in condensed matter theory, has provided the correct
framework. The reader is reminded of Richardson’s summary talk at the QFS conference
in Sanibel in 1983:The history of the subject is interesting because it gives anexample of
the cross pollination of ideas between research fields. In the 1960 condensed matter theo-
rists applied a great deal of effort to the problem of liquid3He.... The formal problem was
abandoned by condensed matter theorists because it was too difficult for the techniques
then available. The question was rediscovered by nuclear theorists after ten years. ... The
expertise in the calculations had shifted to a different area of physics, but liquid Helium was
available as the model for a nucleus with 1023 nucleons.We identify, once again, a situa-
tion where paradigms, that are the daily bread of a nuclear theorist, provide insight into the
mechanisms of other condensed matter systems.
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