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POINTWISE SECOND-ORDER NECESSARY OPTIMALITY CONDITIONS
FOR THE MAYER PROBLEM WITH CONTROL CONSTRAINTS

HELENE FRANKOWSKA AND DANIELA TONON

ABSTRACT. This paper is devoted to second order necessary optimality conditions for the Mayer
optimal control problem when the control set U is a closed subset of R™. We show that, in the
absence of endpoint constraints, if an optimal control u(-) is singular and integrable, then for
almost every ¢ such that @(t) is in the interior of U, both the Goh and a generalized Legendre-
Clebsch conditions hold true. Moreover, when the control set is a convex polytope, similar
conditions are verified on the tangent subspace to U at u(t) for almost all ¢’s such that @(t) lies
on the boundary QU of U. The same conditions are valid also for U having a smooth boundary
at every ¢ where @(-) is singular, locally Lipschitz and @(t) € OU.

In the presence of a smooth endpoint constraint, these second order necessary optimality
conditions are satisfied whenever the Mayer problem is calm and the maximum principle is
abnormal. If it is normal, then analogous results hold true on some smaller subspaces.
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1. INTRODUCTION

Consider the Mayer optimal control problem

(1.1) min{go(x(l)) : () € Sp,1(wo), z(1) € K},

where ¢ : R" — R is a given cost function, K is a closed subset of R" and S 1)(zo) is the set of
all absolutely continuous solutions of the control system

(1.2) 2 (t) = f(t,z(t),ut)), u(t)eU forae. te]0,1], z(0) = zo.

In the above U is a closed subset of R” and f : [0, 1] xR"xR™ — R" is sufficiently regular. A pair
(z(-),u(-)), with z(-) absolutely continuous and u(-) measurable, is called a trajectory/control
pair if it satisfies ((1.2)).

The Hamiltonian #H : [0,1] x R” x R” x R™ — R and the maximized Hamiltonian H :
[0,1] x R™ x R™ — R U {400} associated to the Mayer problem are defined respectively by

H(t,z,p,u) = (p, f(t,x,u)), H(t,z,p):=sup H(t,z,p,u).
uelU

Consider a trajectory/control pair (Z(-),u(-)) which is a strong local minimizer of the above
minimization problem. Then the first order necessary optimality conditions are given by the
Pontryagin maximum principle in order to select candidates for being optimal trajectory/control
pairs among admissible ones.

We start by discussing this problem in the absence of endpoint constraints, i.e. the Mayer
problem

(13) min {p(2(1)) : 2(-) € Sjo.(0)} -
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Then the Pontryagin maximum principle says that there exists an absolutely continuous function
p:[0,1] — R™ satisfying the adjoint system

(1.4) =P (t) = falt, 2(t), u()"p(t) = Ha(t, 2(t), p(t), u(t)) for ae. t € [0,1],
the maximum principle

(1.5) (p(t), f(t,z(t),u(t))) = H(t,z(t),p(t)) for a.e. t €[0,1]

and the transversality condition

(1.6) —p(1) = Ve(z(1)).

The above maximum principle is normal because the endpoint constraints are absent. As a
direct consequence of it, for almost all ¢ € [0, 1] such that the optimal control @(t) lies in
the interior of the control constraint U, H,[t] = 0 and Hyy[t] < 0. This last inequality is
known as the classical Legendre-Clebsch condition. Here and in the following, the abbreviation
[t] stands for (t,z(t),p(t),u(t)). When Hyy[-] = 0 (for instance the affine control systems do
have H,, = 0), the Legendre-Clebsch condition doesn’t bring any additional information about
optimal trajectory/control pairs, and different pointwise second-order optimality conditions turn
out to be necessary in order to deal with this case.

In this paper we derive pointwise second-order necessary optimality conditions for a trajec-
tory/control pair (Z(-),@(-)) which is a strong local minimizer and such that H,,[t] = 0 a.e.
in [t1,t2] for some 0 < ¢; < t3 < 1. We call such (Z(-),a(-)) singular. Let us underline that
in the literature singular controls may refer to several situations: vanishing switching function
as for instance in [22], non surjective endpoint mapping as in [§], while in [I7), 20] singularity
of an extremal means H,,[t] not having the full rank. Although most of our results are valid
also for weak local minimizers, to simplify their presentation we restrict our attention to strong
local minimizers only. The derived second order conditions are a generalization of the conditions
introduced by Goh in [I5], to the case in which a closed control constraint and a smooth end-
point constraint are present. According to [I5], when U is an open hypercube, under suitable
regularity hypotheses on f, the matrix Hu,[t] f,[t] is symmetric and

R(E) = o £t Haalt1Fult] — & DAl 1ult) — Hol0 SR+ Ml 11

is negative semi-definite for a.e. t € [t1,t2]. The first property, known in the literature as
the Goh condition, in the case of affine control systems reduces to a condition on the Lie
brackets of the flux functions, as we recall in Remark The second property can be seen as a
generalized Legendre-Clebsch condition. Both conditions were proved by applying the classical
Legendre-Clebsch condition to a new control problem of linear-quadratic type obtained after
a transformation, introduced by Goh in [16], of the following classical second-order optimality
condition

(17) 02 [ GulO) Haallo(t) + ) Healy(t) + () Ml ()t = (1) 6" @) (1),

In the above u(-) € L*(]0,1]; R™) and y(-) solves the following linear system (variational equa-
tion)
(Ls) {400 = o) i)
y(0) =0.
The Goh and the generalized Legendre-Clebsch conditions were proved in [I5] for optimal trajec-
tory/control pairs for which there exists a regular transformation of H,,,[-] into a matrix valued
mapping of the following type
Ri[] ©
0o 0}’
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where R[] is a non-singular (r x r)-matrix and r is the rank of H,,[-], supposed to be constant
on [0,1]. Though our results are proved only for the case Hyy[t] = 0 for a.e. t € [ty, t2] for some
0 <t; <ty <1, they can be easily generalized to the above situation.

Goh also suggested two possible strategies to deal with closed control constraints. The first
one is to replace by an equivalent inequality in which control constraints are absent, using
Valentine’s approach from [21], [7] for piecewise C? trajectory/control pairs. The second one is
to use variations of the optimal control which are equal to zero when u(t) € OU. However, both
are in a way weak, since the first one requires too much regularity of the optimal control, while
the second one can’t be used to recover second-order optimality conditions when wu(t) € U
almost everywhere.

In this paper we present a different approach, using non-zero variations of the optimal control
that remain in the control constraint even when @(-) takes values in the boundary of U. This
is performed using a slightly different second-order optimality condition derived by Hoehener in
[18]:

that holds for measurable bounded admissible variations u(-), v(:) such that H,[t]u(t) = 0,
u(t) € Ty (a(t)), v(t) € TP (a(t), u(t)) for almost all € [0,1] and y(-) is the solution of (L.8).
In the above T}, (u(t)) and T[b](z) (u(t),u(t)) denote, respectively, the first and the second order
adjacent tangent sets to U at u(t) and (u(t),u(t)). This second-order optimality condition has
been obtained in [I8] for the Bolza problem. Its equivalent version for the Mayer problem is
proved in Theorem below.

The second-order optimality condition easily reduces to ([1.7)) when u(t) takes values in
the interior of U. Indeed, in this case T{’,(ﬂ(t)) =R"™, H,[t] = 0 due to the maximum principle
and 0 € ) (a(t), u(t)) for almost all ¢ € [0, 1].

Even when u(t) € Int U, the discontinuity of u(-) allows it to jump to the boundary in any
neighborhood of ¢ and so results known for the case of an open U can not be used. Assum-
ing that t is a Lebesgue point of u(-), we are able to apply the Goh transformation and an
additional refined analysis to recover the symmetry of the matrix H,,[t] fu[t] and the negative
semi-definiteness of R(t) without any assumptions on U. Since for an integrable a(-), its set
of Lebesgue points has a full measure, for such optimal control both second order necessary
optimality conditions are valid almost everywhere in the set {t € [t1,t2] : u(t) € Int U}.

If U enjoys some additional structural properties, then for a.e. t € [¢1, t2] such that u(t) € 9U,
the pointwise second order optimality conditions hold true on a subspace of R™. To be more
precise, for every u € U let us consider the maximal subspace P, contained in T[b](u) Note that
P, = R™ whenever u € IntU. In general Py, is not regular enough with respect to s for two
reasons: the lack of regularity of P, with respect to u and the lack of regularity of @(-). Still
we were able to investigate two important classes of control constraints: the one when U is a
convex polytope (typical in the geometric control theory) and the one when the boundary of U
is of class C2, by considering only variations u(-) taking values in a subspace of Py(s) for all s.

Below Theorem |4.3| provides pointwise second order necessary optimality conditions in the
case when U is a convex polytope and the singular optimal control «(-) is merely integrable while
Theorem deals with U having a C?>—boundary and an optimal control which is singular and
Lipschitz in a neighborhood of some t € [0,1]. In both cases, the symmetry of H[t]fu[t] is
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proved when it is considered as a bilinear operator on the subspace Py;). The negative semi-
definiteness of R(t) on Py(4) holds true when U is a convex polytope, while when U is of class
C? a similar result is valid with a slightly different definition of R(-).

Let us underline that in the case of convex polytopes, we assume Hy,,(-) = 0 on some interval
[t1,t2] to get our results. In the case when the boundary of U is not flat, we assume that for a
subspace S(t) C Py introduced in Section 5, (Hyu[t] — [Hu[t]|C(t))s) = 0 a.e. in some time
interval [t1, t2], where C(+) is a matrix valued mapping related to the curvature of the boundary
of U and defined in Section 5.

As a corollary of our results, in the affine case we obtain the following second order necessary
optimality condition for an integrable optimal control (-). Suppose that

(1.10) flwu) = fo(x) + Y wfi(z), w=(u,..;un), w €U,
=1

where fi(-) € C?(R™R") and U; C R is a closed (possibly unbounded) interval for all | €
{1,...,m}. Consider the matrix valued mapping O : [0, 1] — M (m x m), whose elements are

Or(t) := (p(t), [fr, il(Z(1)))  VE, Le{l,...,m},

where Z(-) is the optimal trajectory corresponding to @(-) and p(-) is as in the maximum principle.
In Corollary we prove that for a.e. t € [0, 1], the subspace O(t) (Pﬂ(t)) is orthogonal to the
subspace Py(y). In particular we recover the well known Goh condition in the geometric optimal
control: ©(t) = 0 for a.e. ¢ such that u(t) € IntU.

For the Mayer problem with the endpoint constraint K, we suppose that the oriented distance
b (+) to K is of class C? on a neighborhood of the boundary of K and we assume that the problem
is calm at Z(-). This allows to reduce it to the one without endpoint constraints, since, by the
calmness assumption, for some k£ > 0, (Z(-),u(-)) is a strong local minimizer of the “penalized”
minimization problem

min {o(2(1) + kdx (2(1)) © 2() € S (w0) },

where dg () denotes the distance function to K. This new problem involves a nondifferentiable
cost function and so we do not have the necessary condition . We proceed then in the
following way. Let ¢(-) be the solution of such that ¢(1) is the unit outward normal to K
at 7(1) and define subspaces Ty C Py by

T :={u € Py : (q(t), fultlu) = 0}.
We would like to underline that if the maximum principle of the Mayer problem is abnormal,
then Ty = Py(;). Consider the two solutions q'(-) and ¢*(-) of (i satisfying
¢'(1) = =Ve(@(1)), ¢*(1) = —Vp(z(1)) - kVbr(Z(1).
As it is explained in Section 6, these are “extremal” transversality conditions for the above
penalized problem. In general, the mappings ¢*(-) do not satisfy the maximum principle (1.5)).

Define the functions Hi(t,-,-) = H(t,-,q'(t),) for i = 1, 2. In the case of a convex polytope
U our second order necessary optimality conditions state that if for some 0 < ¢; < t3 < 1 and

for j = 1,2 we have Hlu[] = 0 on [t1,ts], then for a.e. ¢ € [t1, 5] there exists i € {1,2} such
that HL,[t] fu[t] is symmetric on T; and

MR — 5 S HE 71— e SR + ML Al

9 xT u 2 dt Tu u U z u 9 U dt u

is negative semi-definite on 7;. To prove these results, we use the variational approach developed
for the Mayer problem without endpoint constraints.

For a detailed survey of the origin of high order necessary conditions for optimality, see
Gabasov and Kirillova [14], and the reference therein. There, when dealing with closed control
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constraints, the authors gave second-order optimality conditions for a different definition of
singular trajectory/control pair, which reduces to ours in the case of an open set U.

In [19] and [20], for the first time, Krener investigated the Goh condition (and its higher order
extensions) when endpoint constraints are present and the optimal control is piecewise C*°, by
using technics of the geometric control theory. This approach was taken over by several authors
and the Goh condition became mostly known in the form involving Lie brackets, as a second-
order necessary optimality condition for the abnormal maximum principle (see Remark
below). Indeed, the Lie brackets describing second-order variations of the endpoint mapping,
some authors studied the Goh condition in the context of such mapping, rather than for the
cost function. See [3] for a classical derivation of the Goh condition for essentially bounded
abnormal optimal controls and open control constraints. In [22 pp.314-319], the Goh condition
is derived for a trajectory ending on the boundary of the reachable set of an affine control system
with a corresponding control taking values in the interior of control constraints. In [I], abnormal
second order optimality conditions were investigated for an affine control system with the control
constraint in the form of a closed convex polytope and endpoint constraints, see also [2]. There,
second order necessary optimality conditions are expressed using the Lie brackets at points of
continuity of the optimal control. In our approach, when U is a convex polytope, we do not
need to assume such continuity. Finally, let us mention [4], where for a specific control problem
with closed set of controls, the Goh condition was derived for essentially bounded controls.

Several authors made an extensive use of the Goh transformation to recover other necessary
and sufficient second order optimality conditions. In [I2] and [I3], Dmitruk considered optimal
control problems which are linear in the control and with closed control constraints. Recently,
Aronna et al. [6] et Aronna [5], proved an integral and a pointwise forms of second order
necessary and sufficient optimality conditions for bang-singular optimal controls with endpoint
constraints, in the affine and partially affine cases. Applying the Goh transformation, they
reduced the singular classical second-order necessary optimality condition (1.7) to a new one,
which includes a quadratic term in the control variation. This implies a pointwise second
order condition. However, they imposed strong structural assumptions on optimal controls,
cf. Assumptions 1 and 2 in [6], that are difficult to check.

In conclusion we propose here pointwise conditions similar to those of Goh and the generalized
Legendre-Clebsch conditions in the presence of a closed control constraint. This is done by
investigating first the free endpoint problem. To attempt the case of endpoint constraints we
add the calmness assumption to reduce the Mayer problem with endpoint constraints to one
without them, but involving a nondifferentiable cost function. For this equivalent problem
we obtain similar pointwise conditions using the developed variational approach for the free
endpoint problems.

The paper is organized as follows. In Section [2] we introduce some notations and provide some
preliminary results. In Section 3 we derive the second order necessary optimality conditions for
an arbitrary set U and any measurable optimal control at times when it belongs to the interior
of U. Section 4 deals with the case when U is a convex polytope and Section 5 with the case
when U is of class C?. The last Section is devoted to the second order necessary optimality
conditions for the Mayer problem involving endpoint constraints.

2. PRELIMINARIES

All along the paper the norm in R" is denoted by || - || and the inner product by (-,-). Let
B:={x €R" : |lz|| <1} be the closed unit ball and B its interior.

Definition 2.1. Let C': R™ — R™ be a linear mapping and F' be a subspace of R™. We say that
C' is symmetric on F' if (Cu,v) = (u,Cv) for all u,v € F and that C is negative semi-definite
on F if (Cu,u) <0 for all u € F.
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Notice that C is symmetric on F' if and only if C' — C* maps F into its orthogonal space F-,
where C* is the transpose of C.

For a nonempty subset K of R", 0K denotes its boundary, Int K its interior and K€ its
complement. The distance function dg : R" — R is defined by di (z) := inf ek ||z — y|| for all
x € R™ and the oriented distance by : R™ — R for K # R" by bi(x) := di(x) — dge(z) for all
x € R™. We set b (-) =0 if K =R".

Let U be a nonempty closed subset of R™. For ug € U the adjacent tangent cone to U at ug
is defined by

1Y (ug) == {u eR" : hl_i)r&_ W = O} .
Further for u € R", the second-order adjacent subset to U at (ug,u) is the set defined by

d hu + h?
TE(Q)(UO,U) = {v eR” : hl—i>%1+ u(to +h2u+ v) = 0}.

In this paper for any u € U we denote by
P, the largest subspace contained in T} ().

Consider f : [0,1] x R™ x R™ — R"™. Below f/(t,x,u) denotes the derivative of the map
(x,u) — f(t,z,u), while f,(¢t,z,u) and f,(t,z,u) the partial derivatives of f with respect to z
and u; f”(t,x,u) denotes the Hessian of the map (z,u) — f(t, z,u), frou(t,x,u), fou(t,z,u) and
fuu(t, x,u) the second-order partial derivative of f with respect to z and wu.

Fix a trajectory/control pair (Z(-),u(-)) of (1.2) and set f[t] = f(¢,z(t),u(t)). Notations
fult], fz[t] and f"[t] are defined in a similar way.

Throughout the whole paper we impose the following assumptions : For some § > 0

(a) |Iful]ll € L*([0,1);Ry) and Jaq(-) € L([0,1];Ry) such that for a.e. t € [0,1]
[fult, 2, u) = fult,y, )] < ar(®)([|z =yl + [lu = ol]),
Va,y € Z(t) + 0B, Vu,v € u(t) + 6B;
(b) For a.e. t € [0,1],Vz € Z(t) + 0B, f(t,z,U) is a closed set;
(c) For all t € [0,1], f(t,-,-) is twice differentiable on (f(t) + 5B) X (a(t) + 53);
(@) ILFEI+ 1F7EE € LH([0,1];Ry) and Jag(-) € LY([0,1];R+) such that for a.e. ¢ € [0,1]
and all z,y € Z(t) + 0B, u,v € u(t) + IB
1/t 2,u) = f/ (g )L+ L7 2, w) — f(E g o) < az(t) (2 =yl + llu = ol);
(e) o(-) € C% on Z(1) + 6 B.
The above hypotheses are sufficient to ensure the validity of the maximum principle and of ([1.9)).
Definition 2.2. A trajectory/control pair (Z(-),a(-)) is a strong local minimizer for (1.3|) (resp.

(1.1)) if there exists n > 0 such that z(-) minimizes ¢ over all z(-) € Sy 1)(z0) (resp. over all
z() € Sjoy(wo) with (1) € K) satisfying [|Z(-) — 2(-)[[cc < 7.

Theorem 2.3 (Maximum Principle). Let (Z(-),a(:)) be a strong local minimizer for the Mayer

problem . Then there exists an absolutely continuous p : [0,1] — R™ satisfying ,
and

Lemma 2.4. Let (Z(-),u(-)) be a strong local minimizer of and p(-) be as in the maximum
principle of Theorem . Then for a.e. t € [0,1] and for any u € Py we have H[tju = 0.

Proof. Fix t € [0,1] for which is verified and let u € Py(;). Then for every h > 0 there
exists up, such that @(t) + hup, € U and limp_y04 up, = u. Hence H(t, Z(t), p(t), a(t) + hup) —
H(t,z(t),p(t),u(t)) < 0. Dividing by h > 0 and letting h — 0+, we obtain H,[tju < 0. Since
—u belongs to Py, the same inequality holds for —u, implying that H, [t]u = 0. O
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We introduce the following two systems, which will play an important role throughout the
paper

') = fa + fultlu(t
o) {58 L0+ 2l

(2.2) { w'(t) = faltho(t) + fultlo(t) + 5y(0)* faaltly(t) + ul®)* foultly(t) + 5u(t)* fuultu(t)
' w(0) = 0.

Define A := {t € [0,1] : a(t) € OU, H,[t] # 0} and

Us = {u(-) € L®([0,1];R™) : ¢ > 0,hg > 0 s.t. Vh € [0, hg],Vt € A, dy(a(t) + hu(t)) < ch?}.

Note that any u(-) € Uy satisfies u(t) € T}, (a(t)) for all ¢ € A.

Theorem 2.5. Let (Z(-),u(:)) be a strong local minimizer for the Mayer problem and p(-)
be as in the mazimum principle of Theorem [2.5 Then for all u(-), v(-) € L>=([0,1]; R™) such
that u(-) € Ua and v(t) € T[b]@) (u(t),u(t)) for a.e. t € A, either Hy[t]u(t) < 0 on a set of positive
measure or Hy[tlu(t) = 0 a.e. in [0,1] and (1.9) holds true, where y(-) is the solution of (2.1).

Proof. Let u(-), v(-) be as in the statement of the theorem. The inequality Ho[tju(t) < 0 for a.e.
t in [0, 1] follows from the maximum principle Thus it remains to prove (1.9) when H,[t]u(t) =0
a.e. Consider the solution y(-) of (2.1) and the solution w(-) of (2.2 . By Propositions 4.2 and
4.4 from [I8], for every h > 0 there ex1sts vp(+) € L*([0,1], Rm) such that vy (-) converge a.e. to
v(-) when h — 0+, {||vnlloo tr>0 is bounded, and for (- ) a() + hu(-) + h%vp(+), and for every
h > 0 small enough, the solution Z(-) to with u(-) = ap(-) is well defined and f}b_}l#hy
converge uniformly to w(-) when h — 0+ T hus for our minimization problem we have

2
(2:3) 0> @(2(1)) = @(@n(1) = =(Ve(2(1)), hy(1) + h*w(1)) — %y(l)*w”(f(l))y(l) +o(h?).

On the other hand, thanks to the transversality condition (1.6|) it follows

1
—(Ve(z(1)),y(1)) = (p(1),y(1)) = (p(0),4(0)) = /(p,y> (t)dt

/H dH/menmo+n ) dt = /%

Therefore, (Ve (Z(1)),y(1)) = 0. Hence, dividing (2.3) by h? and letting h — 0 yields

1

(2.4) 0> —(Ve(z(1)), w(l)) = 5y(1)"¢"(@(1))y(1).

Using again the transversality condition we obtain
1
—(Vp(z(1)), w(1)) =(p(1), w(1)) — (p(0), w(0)) :/0 (p,w)’ (t)dt

1
/ Ho[t] dt+/ (p(t),w'(t))dt
Therefore, by (2.2)), inequality (2.4) implies (|1 . O

For a Lebesgue measurable set E C [0,1], let |E| denote its Lebesgue measure. To say that
a property holds true a.e. in E means that for a subset D C E having |D| = 0 this property is
verified for all ¢ € E\D. When |E| = 0, then E\D may be an empty set.
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Let a : [0,1] — R¥ be an integrable function. We recall that the set of its Lebesgue points has
full measure in [0,1]. If ¢t € (0,1) is a Lebesgue point, then for every £ > 0 there exists J. > 0
such that

1 t+(ss 9
(2.5) 51—1>I(])a+ d: =0 and 2. ) s la(s) —a(t)||ds < e
Thus
(2.6) {s € (t = 0c,t + 0c)] |la(s) — a(t)]| > e}| < 2e6..

For every € > 0 define the measurable set (depending on t)
(2.7) E.:={se€ (t—0.,t+0d.) : sisa Lebesgue point of a(-) and |la(s) —a(t)|| < }.

Consider next a Lebesgue measurable T C (0, 1) and define the function ¢.(s) := [ xrne. (7)dr,
where xyng. denotes the characteristic function of YN E.. Then ¢.(s) = 0 for all s € [0,¢ — J],
¢e(t + 0:) = |T N E;| and, by the intermediate value theorem, there exists t. € (¢t — dz, ¢ + ¢)
such that ¢c(t + 0:) = 2¢-(tc). Set

(2.8) El:=TNE.N[0,t], E>:=YNE.N[t,1].
Then |E}| = |E2?| = 3T N E.|. We will need the following lemma.

Lemma 2.6. Let a(-) : [0,1] — R¥ be an integrable function, Y C (0,1) be a measurable set
with || > 0, t € (0,1) NY be a Lebesgue point of a(-) whose Lebesgque density in Y is equal to
one. Then for 6., E., E}, E? defined as above we have

pnE|_
(2'9) sl—lgl—l- 2(55 =1
and for all small e > 0
]. t+de 1 2 2 1
(2.10) IElP/t (B8~ 1B 0.l ds = 5T N B+ o TN ),
3 —0e
1

(2.11)

t+0e 1
| 1B 0.5l = 182 00,81 xen. (s)ds = 51 1 Bl oY M )
t—0e

| EZ] 2

o(|YNE:|)

ITAE.] — 0.

where the notation o(|YT N E¢|) means lim._o+

Proof. Since t has the Lebesgue density equal to one in T, we have

g [TO (=0t +00)]

e—0+ 20,

By (2.6), |(Y N (t — e, t 4 0c) )\ Ee| < [(t — gyt + 6:)\Ex| < 26, and from the equality
Tt —0e,t+06c)| = [T NE[ + |[(YN(t— e, + 0e))\ Ee|

we deduce (2.9). Observe that (2.12)) and ([2.9) yield
TNt =0d..t+6.)

|
5—1>I(I)1+ ’T N Ea‘

Therefore, from (2.9) and the equality |(t — 9z, t +02)| = | T N Ec| 4 |(t — de, t + 02)\ (LT N E;)| we
obtain

(2.12) =1.

=1.

(2.13) i L= 0t + 0NN E)|

=0.
e—0+ T N E;]|

The inclusions

(t =0, t)\EZ C (t = de,t + 6I\(T N E2) & (et +0:)\EZ C (t = 6e,t + 8:)\(Y N Ex)



and (2.13)) imply that

=0 t)\BY L [(te, 0\ EZ
2.14 1 <=1 )
(2.14) <50+ TN E e50r [T N E|

=0.
Notice that

t+0e 9
[ GER A0S - |2 s s =
t—0c

te s 2 t+0e s 2
:/ </ XEl(T)dT) d5+/ <|E€1| —/ XEQ(T)dT> ds.
t—0e \Jt—5. te te

For the first term we have

te s 2
/ (/ XE1 (T)dT) ds
t—5. \Jt—s. °
te s 2 te s 2
S IRTC ( [ i) st [ xsonn® ([ ) a
t—0e t—0c t—0e t—0c
1 3\’ Lo
= — Xg (T)dT ds+a. = -|E;|” + ae,
t—s. 3 t—8. 3

te s 2
ae ::/ X[t—s.,t]\E2 (8) (/ XEsl(T)dT> ds
t—0¢ t—6e

and, thanks to (2.14)), ac < |(t — 6e,t.) \ EL||EL? = o(|T N E.|)|EL2.

Since |EL| = |E?|, for the second term we have

t+5. s 2 t+5, t+5. t+5. 2
/ (rEsw— / ngde) ds= [ IB s adPds = | ( / ng<T>dr) s
te te te te s
t+6e t+0. 2 2
= [ ( Ja <T>dT)
te S

where

t+6e t+6c
ds + / Xt t+5.]\E2(S) ( / XEg(T)dT) ds
te S

1 t+0c t+0c 3\ / 1
— 5[ ([ o) ) ds o= gi2e

where
2

t+6e t+0c
bei= [ Xearans ) ( [ <¢>dr) s
te s

and, thanks to , be < |(te,t +0:) \ E2||E2)? = 0(\T N E.|)|E2|%.
Dividing by \Ellz and recalling that |E!| = |E2| = 1|Y N E.|, we deduce (2.10).
Using similar arguments it can be shown that

t40e 1
|E1] / (IEXN0,s]| = [EZN[0,5]]) ds = §\TmEe! +o(|T N E.]).

On the other hand
e (1B N0,8) — |E2[0,8)]) ds = [ (IEX 0 [0,8)] — |E2N [0, 8]]) xrrE. (s)ds
O
+ [ (IBE N o, s]) — [E2 N o, ]|)X(t—ag,t+5€)\(TmE5)(S)ds-

Since 0 < |EXN[0, s]|—|E2N[0, s]| < |EL| for every s € (t—bc,t+05:) and |(t—0¢, t+6:)\(YNE:)| =
o(|T N E.|) we obtain ({2.11)). O
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Let R : [0,1] — M(Ix1), 1 € N be a matrix-valued function. In this paper we denote by m*(t)
the largest integer in {1,...,1} such that for some matrices Ry(t) € M (m*(t) x m*(t)), Ri(t) €
)

M (m* (8) x (1 —m* (1)), Ra(t) € M((1—m*(1)) x m* (1)), Ra(t) € M((I —m* (1)) x (I - m*(1))

we have

Raft) =Rty R0 = [ ) R ]

If m*(t) =1, then R1(t), Ra(t), Ra(t) are absent in the above partition.

3. SECOND ORDER CONDITIONS IN THE INTERIOR OF CONTROL CONSTRAINTS

Let (z(-),u(-)) be a strong local minimizer for the Mayer problem (1.3)) and p(-) be as in the
maximum principle of Theorem
In this section we analyze the points ¢ € [0, 1] such that @(t) € Int U.

Theorem 3.1. Assume that for some 0 < t1 < to <1, u(-) is integrable on [t1,t2] and
(1) Huu[t] =0 a.e. in [t1,ta];
(3.1) (13) Haul], ful)] are Lipschitz on [t1,s];
(491) Hazl], fz]-] are essentially bounded on [t1,2].

Then, for a.e. t € [t1,t2] such that u(t) € Int U, the matriz Hyy[t] fut] is symmetric and
1 1d 1 d
RO 1= L fulll Haaltfull) — 5 S HelA1Ft) — Honl o006+ S Hondt) 5 7l < 0

Consequently, if t € [t1,t2] is such that for some § > 0, u(s) is in the interior of U for a.e.
s € [t—09,t+ 6] N[t1,ta], then Haylt] fult] is symmetric.

Remark 3.2. In the case of f affine with respect to controls, the symmetry of the matrix
Hzu['] fu]-] implies that the adjoint state is orthogonal to the Lie brackets of the flux. Indeed let
f be as in , where f;(-) € C?>(R";R") and U; C R for [ € {1,...,m}. Then for all ¢ such
that Hgy[t] fu[t] is symmetric and for any k,l € {1,...,m}

0 = (Hault]fult] = fult] Haoult] ZZ af“ [t] f1,st] kas Z %’Z”H

51]1 j=1

_ Zp] Z (%f’“[]flsu Rl 2 ).

where f; ; is the j-th element of f;. Hence for any k,1 € {1,...,m},

<p<> Oy g - aflufku> w(0), Lo £ = 0

Proof. of Theorem[3.} It is enough to consider the case when [{t € (t1,t2) : u(t) € Int U}| > 0.
We will prove that the statement is true at all points of

L:={s € (t1,t2) : sis a Lebesgue point of (u(-), R(-)) and u(s) € Int U},

that is for almost every ¢ € [t1,t2] such that u(t) € Int U.

Fix ¢ € L. Note that (ii) implies that H,[]fu[-] is continuous at . For all p > 0, > 0 define
Apn={seLn(t—mnt+mn):||R(s)— R(t)|| < p}. It is not difficult to check that |A,,| > 0.
Denote by T the set of all points in A,, having the Lebesgue density in A,, equal to one and
let m*(-) be defined as at the end of Section 2 for R(-) = Hau[|ful-], | = m. Consider 7,, € T
such that m*(7,,) = mingex m*(t). Then 7,, € A,,. We claim that it is enough to prove that
HaulTpn) fulTpn] is symmetric and R(7,,) < 0. Indeed, if this holds true, then we can construct
a sequence t; — ¢ such that Hgy[t;] fu[t:] is symmetric, R( i) <0 and lim;_,o R(t;) = R(t). Then
R(t) <0 and, by assumption (ii), Hzy[t] fu[t] is symmetric.
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Fix p > 0, n > 0 and let T be as above. Set 7 = 7,, and define J., E,, El, E? as in ,
and for the function a(-) = (a(-), R(-)) and t = 7 € Y. To simplify the notations we
also set m* = m*(7). Consider Q1[t] € M(m*xn), Q2[t] € M((m—m*)xn), Bi[t] € M(nxm*),
Bs[t] € M(n x (m —m*)) such that

Qult
ol = | G | i =m0 2l

Then, by the choice of m*, Q1[t]B1[t] = (Q1[t]Bi[t])* for all t € Y. If m* = m, then the matrices
Q2(t) and Bs(t) are simply absent in the above partition. Observe that if m* < m, then

(3-2) Qu[7]Ba[7] # (Q2[7] Bi[7])".

For any u € R™, let u! € R™ ,u? € R™™™ be such that v* = ((u')*, (u?)*). Again, if
m* =m, then v = u'. In the case of a vector function u(-) we will use the notations u'(-), u?(-)
for the same type of partition.

Note that for € > 0 small enough we have (7 — d.,7 + d.) C (t1,t2) and u(t) € Int U for all
t € Y NE.. For any ¢ > 0 and u € R™\{0}, let us define

1 1 1
|E7g|u tGEg

2 1 2 __
Wlt)i={ —hul te B uz(w;:{“ te B UE;="NE

|E2| 0 otherwise

0 otherwise

Observe that for all small € > 0, u.(t) # 0 if and only if t € T N E.. Moreover, by the maximum
principle, H,[t] = 0 for a.e. t € E., while for all ¢ € [0,1] \ E. we have 0 € TZ(Q)(ﬁ(t),O).
Therefore uc(-) € Uy. Theorem 2.5 and assumption (i) imply the following inequality

1

1 1 1
(3‘3) - iya(l)*‘pll(i(l))ya(l) + 2/0 ya(t)*Hzx[t]ya(t)dt + /O Ua(t)*qu[t]ya(t)dt <0,

where y.(+) is the solution of (2.1)) for u(-) = ue(:). Define for all ¢ € [0, 1]

t
(1) = / ue(s)ds.
0
Then, for all t € [0, 1],

L) = [Ezn[o8)] o |EZN[0, 4] .
: B |EL

Thus ¢:(0) =0, ¢A(t) =0 for t € [0,7 — ] U [r + o, 1] and |2 (-)[loo < [|ut].
Moreover, by (2.9), for all £ > 0 small enough

and  C2(t) = u*|Y N E.N[0,1]].

1 T+0, T+0,
(3.4) /0 1L (0)\ldt = / ) < / e = 20t < 2T O E- .

To simplify the notation we will omit for a while the dependence on e. Integrating by parts

T+

T+6 T+6 d
[t attvtde = [ o) 5 ()l + 60 Moy
T—6 T—6

T—0

T+0 d T+0
—— [y Gt~ [ O Ml f e

-5 T—08
T+0

746
- / O Haa ) fultlul)dt + C() Haa Ty ()

-6

T—0
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inequality (3.3)) becomes

1 T+0
- = S G0 + 5 [ Al — [ 07 Gl

<0.

T—0

T+6 T+6
- / () Mot Fulty(t)dt — / ) Halt] Fultut)dt + C() Haa [Ty

-5 T—6
Moreover

T+6 T+0
/ C(8) Heult] fult]u(t)dt :/ (O QB [Hut (1) + (1) Qu [t B [t]u®(¢)

_5 -0
+ () Qult] Butlu' (1) + (1) Q2[t] Ba[t]u® (¢) ) dt.

Integrating again by parts and using the symmetry of Q1[-]B1[] on T and that (!(7 £ 6) = 0
we obtain

T 1/p\* 1 1 T+ 1 *d 1
- [ darQim o= [ o S@Bolc W,

-4

T+0 T+0 d
- [ ewramintoa = [ (o Qiic o + o 4 @pd o) d.

-5 —0
Then, coming back to (3.5]), we have

1
0> = ()" )0 + 5 [ o) el
T+0 d T+0 T+6
[ oo Gl ®d = [ Ml O+ (O 0|
(36) 1T_ T+0 d . T+6
w3 [ W G@BEC R [ O QB

T+9

T+6 d
—/ ¢t (Qult] Balt] —(Qz[t]Bﬂﬂ)*)UQ(t)dtJr/ C) 2 (QB[HC ()t

-6 —6

Denote by X (-) the matrix solution of X’ = f,[t|X, X(0) = Id. Integrating by parts we get

Xt [ x $) o Balslu(s))ds = X(0) [X (OB ()]
—X(t)/ (X1By) [s)C} (s)ds + X (1) /X $)Balslu?(s)ds = Bu[f)C (1
+X( /X < —iBﬂs])C()ds—i—X /X $)Ba[s]u?(s)ds

+B1 ()7

where

0 [ X7 (o180~ 81l ) s+ X00) [ X 0Bl 0.

The transformation y(t) = £(t) + B1[t]¢*(¢) is known as the Goh transformation. Observe that

€10 = L)+ (LB - 510 ) 0+ B0 €0) =0,
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Substituting y(-) with £(-) + B1[-]¢}(-) in (3.6 we obtain

T+

€ / () £)dt + / CH ()" Bult] Haalt1€ (1)t

—0

T+6 T+6
- [ (iﬂm[ﬂwm[tvxm) cwit— [ @Bl

-4 —0

T+6
- [ e (Gaslimin + qaliimi - 5

(@) ¢ (0t

(3.7) ;66
+ /_: ¢y (;B1 [t]" Hauo[t| B1[t] — %Ql[t]Bl[t] — Ql[t]fx[t]Bl[t]> cLt)dt
1T 7o d T+8
+ 5 /5 Cl(t)*a(QlBl)[t]Cl(t)dt — /6 Cl(t)*(Ql[t]Bg[t] . (Qg[t]Bl[t])*)UQ(t)dt
FCO Halle0)] <0

Restoring the subscript ¢, by (3.4) and assumption (iii), ||£-(-)||cc = O(|Y N E¢|). Furthermore,
by (i),

— &0 @1)E) = of| T N E)), / £ () Haalt)E- (1)t = 0| X 1 Ez]),
T+ T+0e
/ CL()* Bu[t)* Haw - (£)dt = oY (1 Ex]), / ) QalBaltuE(t) = of Y 1 Ex]),

5

T+6¢ d
/ C(t)” <dth[t] + ’Hm[t]f;p[t]> E(t)dt = o(|Y N E.]),

6

T+6¢ d d
/ Ct)* <—dtQ2[t]Bl [t] — Qa[t] f[t] Ba[t] + dt(QZBl)[t]> C (t)dt = o(|T N Ex|)

.

and
T+0e
GO Hanllc()]| ) = ol N E).

Since 7 € L, by ([2.9) and definition of d., for some constant ¢ > 0 we have

TH&l*lB *Hyr[t) B Bilt] + s SB[ ) ¢ 0yt =
L (GB B — 5 5 QB ~ QLB + 3Q: i ) ¢ e =

T+
@ (3B Al = 3 5@ B = QUi B + 301 Bule]) 0
+ ac

where ||a.|| < ¢||ut||?e?26. = o(|T N E.|) and
T+6e
[ (QuiBal — (@l ) )R
T+0¢
- [ QO QIBalr] ~ (@B ) )t + b

where ||b.|| < c|lul||||u?||€220. = o(|T N E.]).
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Therefore, applying Lemma 2.6 to a(-) = (a(-), R(+)), dividing by |YTNE;| in (3.7)) and passing
to the limit when € — 0+, we obtain

38 ) (GBI HalrlBrlr] - 3 GBI - QLRI + Qi g i) o
— 5@ @ilr1Balr] - (QalrlBalr))) w2 < 0.

We claim that if m* < m, then

(3.9) = ()" (@ilr]Balr] = (Qalr]Bi[r]) ) u* < 0.

]
Indeed, for A > 0 we have that (A(u!)*, (u?)*)* € R™. Thus, replacing u! by Au! in (3.8)),
dividing by A and letting A\ — 0, we get (3.9). Furthermore, since (—(u!)*, (u?)*)* € R™, we
deduce that (ub)* (Q1[7]Ba[r] — (Q2[7]B1[7])*) u? < 0. Consequently

()" (@i[7]Ba[r] = (Q2[7]Bu[7])") u” = 0.
But ((u')*, (u?)*)* being arbitrary in R™, we conclude that Qi[r]Ba[r] — (Q2[7]B1[r])* = 0

contradicting (3.2). Thus m* = m and By(7) = fu[7], Q1(7) = Hzy[7]. From (3.8)) we deduce
that R(7) <0. O

4. SECOND ORDER CONDITIONS ON CONVEX POLYTOPES

In this section U C R™ is a convex polytope in R™, i.e. U is a finite intersection of affine
half-spaces of dimension less or equal than m. Denote by Uy the set of vertexes of U. Since U
is convex, its adjacent tangent cone T["J (up) coincides with the tangent cone of convex analysis
for any ug € U. Furthermore for every ug € U, le,(uo) contains a subspace P,, of maximal
dimension 0 < r < m. Moreover if ug € U, then r < m and for some v > 0 and hg > 0 we have

(4.1) z+hueU, YueP,yNB, hel0,hy], z€ U with ||z —ug| <.
In particular this implies that for any ug € U there exists v > 0 such that
(4.2) P,, CP,, YzeU with ||z —ug| <.
Let t € [0,1] be such that @(t) € OU \ Uy and 0 < r < m be the dimension of the subspace
Pawy- Call v1,...,v, an orthonormal basis of Paw and let vy41,...,vy be such that vy,..., v,

is an orthonormal basis of R™. Let V(t) € M(m x m) be the change of basis matrix, i.e.
v; = V(t)e; for all i € {1,...,m}, where {e;} is the canonical basis of R™. Then u € Py if
and only if there exists @ € R" x {0}™" such that v = V(¢)a. Consider Qi[t] € M(r x m),
Qslt] € M((m —r) x m), Bi[t] € M(m x r) and Bs[t] € M(m x (m — r)) such that

Qslt]
Lemma 4.1. Let (Z(-),u(-)) be a strong local minimizer of and p(-) be as in the maximum
principle of Theorem . Assume that for some 0 < t; < to < 1, u(-) is integrable on [t1,1s]
and that holds true. Then, for a.e. t € [t1,t2] such that u(t) € OU \ Uy and for Q1[t], Bilt]
defined as above, the matriz Q1[t]B1[t] is symmetric and

%%Ql[t]Bl [t] — Q1[t] fo[t) B1]t] + %Ql[t]%Bl [t]

V() Hault] = [ Qul] ] and £,V (1) = [Bilf] Bslt].

1 *
Ri(t) := §Bl [t]*Hza [t] B1[t] —
is negative semi-definite on R".

Proof. Tt is enough to consider the case when [{t € (t1,t2) : u(t) € OU \ Up}| > 0. Let R(-) be
defined as in Theorem We prove the statements for all the points in

L:={s € (t1,t2) : sis a Lebesgue point of (u(-), R(-)), u(s) € oU \ Uy},
that is for almost every ¢ € [0, 1] such that u(t) € U \ Up.
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Fix t € £ and set P = Pyp). By (i), Hau[]ful] is continuous at ¢. For all p > 0, n > 0
define A,, ={se LN ({t—n,t+n):|a(s) —a(t)||+ ||[R(s) — R(t)|| < p}. Then |A,;| > 0. Let
v > 0 and hg > 0 be such that and hold true with ug = @(t). Below we restrict our
attention to 0 < p < v/2.

Consider r > 0 and matrices Q1[t], Qs[t], Bi[t], Bs[t], V(f) as described just before the
statement of the lemma for ¢t = ¢. Set V' = V(t) and let D1[t] € M (rxm), Ds[t] € M((m—r)xm),
Ci]t] € M(m x r) and Cs[t] € M(m x (m —r)) be such that

vHald = | P slav = (el cap.
Define
a(t) = L Ol HealllC111] — é%pl #1C ] — Di[f.HCh [ + %Dl[t]%cl .

Denote by T the set of all points in A, having the Lebesgue density in A, ;, equal to one and
let m*(-) be defined as at the end of Section 2 for R(-) = Di[|Ci[-], | = r. Consider 7,, € T
such that m*(7,,) = miney m*(t). It is sufficient to prove that Di[7,,|Ci[r,y] is symmetric
and ®(7,,) < 0. Indeed, this would imply the existence of t; — ¢ such that D;[t;]C1[t;] are
symmetric, ®(¢;) < 0 and lim;_oo ®(¢;) = Ri1(¢). Then Ry(t) < 0 and, by assumption (ii),
Q1[t] B1[t] is symmetric.

Fix sufficiently small p > 0, n > 0 and let Y be as above. Set 7 = 7, ,,, m* = m*(7) and define
Se, E., B}, E? asin , and for the function a(-) = (a(-), R(-)) and t =7 € Y. Let
Q1[t] € M(m* xm), Qa[t] € M((r—m*) xm), Bi[t] € M(m xm*) and By[t] € M(m x (r—m*))
be such that ~

Qn[t]

ViHz[t] = | Qalt] fultlV = |Bilt] Baft] Cslt]| .
Dslt]
Then Q1 [t] B1[t] = (Q1[t]B1[t])* for all t € T. If m* = r, then Qo and By are absent in the above
partition. Moreover, by the definition of m*, if m* < r, then

(4.3) Q1[7]Bal7] # (Q2[7]Bi[r))).
Let 4; € R™ and s € R™™™" be such (4, i2) # 0. For any € > 0 define
g’ te B
Ug(t) == —grat te B2 @(t) == {

0 otherwise

w? te E}UE?
0  otherwise

. w(t):=0€cR™T

and @ (t) = (al(t),@2(t),a(t)). Then Va.(-) € Us. Moreover, 0 € TE(Q)(ﬂ(t), Vi (t)) for a.e.

t € [t1,t2]. Thanks to Lemma [2.4) and Theorem [2.5| we obtain
1 * — 1 ! * ! ~ *Y ok
09 @D + 5 [0 Moo+ [ )V Hatle)at < 0,
where y.(-) is the solution of (2.1)) for u(-) = V. (t).
Proceeding exactly in the same way as in the proof of Theorem we obtain

(44) L@y (131 [ Haalr B — 5 S Gl Bilr] ~ Qi LBl + 5Qilr) S By [T]) at

3 2 2 dt

L * [ A D 2 ® *\ ~
— 5@ (@7 Balr] = (Qalr) Bulr))) @ < 0.
If m* < r, then, by the same reasonings as at the end of the proof of Theorem 3.1, we get
Q1[7)Ba[r] = (Qa[7]B1[7])* contradicting (4.3). Thus m* = r and we deduce from (4.4) that
Ri(t) <0onR". O
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Remark 4.2. The matrices Q1[t] and Bi[t] depend on the choice of the basis for Py(). However,
the above lemma implies that for almost all ¢ € [t1,t2] such that u(t) € dU\Uy, Hault] fult] is
symmetric on the subspace Py;) and R(t) is negative semi-definite on Py ;).

Theorem 4.3. Let (Z(),u(-)) be a strong local minimizer for the Mayer problem (1.5) and p(-)
be as in the mazximum principle of Theorem- Assume that for some 0 <t} <to <1, u(-) is
integrable on [t1,ts] and holds true. Then for a.e. t € [t1,t2], Heult] fult] is symmetric on
the subspace Py and R(t) is negative semi-definite on Py .

Proof. Consider A; = {t € [t1,t2] : u(t) € Up}, Aa = {t € [t1,t2] : u(t) € OU\Up}, Az = {t €

[t1,t2] : u(t) € IntU}. Since for every t € Ay, Py = 0, the statement of theorem holds true
on A;. By Remark [£.2]it holds true for a.e. t € Ay. Theorem [3.1] completes the proof. O

Corollary 4.4. Under all the assumptions of Theorem suppose that f is as in , where
fi(-) € C2(R™;R") and U; C R is a closed (possibly unbounded) interval for alll € {1,...,m}.
Consider the matriz valued mapping © : [0,1] — M (m x m), whose elements are

Ori(t) = (p(t), [fw: fil(2(2))) Yk, Le{l,...,m}.

Then for a.e. t € [t1,t2], the subspace ©(t) (Py()) is orthogonal to Py .
Proof. By Theorem applied to the convex polytope U = Uy X ... x Uy, for a.e. t € [t,12],

Hou[t] fult] is symmetric on Py, Fix such t. Since a*(Hyw[t] fult] — (Heult] fult])*)b = 0 for all
a, b € Py, denoting by f; ; is the j-th element of f;, we obtain

0= Z Zak(Haﬁu[t]fu[t] - fu[t]*%xu[ﬂ*)k,lbl
k=1 =1
= > w ZZ 8fk,y ) f1.s(z(t kas (@(t Zpg(t)%Z’j( (1)) | bu
k=11=1 s=1j=1 j=1 s
PHNAPWIODS (%"Z,’j( (OVia(a0) -~ s @) G2 (1) ) | .
k=1 i=1 j=1 s=1 s 5
Hence
m m afk ~ % - ~ B m m ~ B
< ZZ V(@) — 5~ (x(t))fk(w(t))bz> = (1), Y awlfr, f1(&(t)br) =0
—1 =1 k=1 I=1
and therefore 0 = > 73" | 7" ar(p(t), [fr, fil(Z(1)))br = (a, O(t)D) O
Remark 4.5.

a) The matrix ©(t) of Corollary [4.4]is called in [9] the Goh matrix. Note that by Theorem
it is equal to zero for a.e. t € [t1,t2] such that a(t) € Int (Uy X ... X Up,).

b) Using the notations 4, a, l~), r and V(t) introduced right before Lemma we can further
develop the conclusions of the above corollary. Fix ¢ € [t1, t2] such that H g, [t] fu[t] is symmetric
on the subspace Fy;). Then

f(x7u) :f(](-%')‘f‘z Zv(t)l,jaj fl<m)7
=1 \j=1
and we can define

flxa) o= flz,u) = folz) + Y filz)
=1
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where fi(z) := Y V(#)jufi(x) for € {1,...,r} (vecall that @ = 0 for I € {r +1,...,m}).
Note that fz[t] = fu[t]V (t) and call H(z, @) := (p(t), f(z,@)). Now for any a, b € Pyy) we have

a*(H:cu[t]fU[t] - (ku[t]fU[t])*)b = d*v(t)*(%xu[t]fu[t] - (ku{t]fu[t])*)v(t)i) =0.
Therefore for any k,l € {1,...,7}

0= (V)" (Haultlfult] = fult]” xu[]*)V(t))k,zZ(ﬂm[t] alt] = falt]* Haalt] )

n

-2 OBl =3 sl om0 )2y

-2 (%ﬁ’;’j 0Fualt] — fialt] %JZ m) = (p(t). [ FII).
=1 s=1 s ’

That is p(t) is orthogonal to the Lie bracket [fx, f1](Z(t)) for all k, I € {1,...,7}.

5. SECOND ORDER CONDITIONS FOR SMOOTH CONTROL CONSTRAINTS

In this section we consider a proper closed set U C R™ of class C? whose definition we recall
now. For the unit ball B in R™ let

By:={v=(v1,...,0m) € B : vy, =0} & By :={v=(v1,...,0) € B : vy, >0}.
Definition 5.1. U is said to be of class C? if for each u € OU there exist
(i) a neighborhood W (u) of u, and
(ii) a bijective map g, : W(u) — B with the following properties:
gu(-) € C*H(W(u); B), hu(") =g, " () € C*(B;W(u)), Int U N W (u) = hy(B4),
Fu =00 N W(u) = hu(BO), BO = gu(Fu)
Remark 5.2. If U is of class C2, then
a) For each ug € OU there exists a neighborhood W (ug) of ug such that the oriented distance
v(-) € C*(W(up)) and ||[Vby (u)|| = 1 for all u € W (uy), see for instance Theorem 4.3 in [11];
b) For every ug € U, Ty, (uo) = {v € R™ : (Vby(up),v) < 0} and the subspace
Pyy = {v € R™ : (Vby(ug),v) = 0} = 9T} (uo)

has the dimension equal to m — 1.
c¢) For every ug € U, Vby(ug) is the unit outward normal to U at ug and, applying the
inverse mapping theorem to by, it is not difficult to show that for any u € 6Tf](u0) we have

— (b (o)) Vo (uo) € o (o, w)

Let (Z(-),u(-)) be a strong local minimizer for the Mayer problem (|1.3)). Define the following
matrix valued mapping C(-) on [0, 1]

o) = {

Theorem 5.3. Let (Z(-),u(-)) be a strong local minimizer for the Mayer problem (1.5) and p(-)
be as in the mazimum principle of Theorem[2.3 Then for every u(-) € Ua either Hy[tlu(t) < 0
on a set of positive measure or Hy[tlu(t) =0 a.e. in [0,1] and the inequality

02 [ (G0 Haltly0) + ) o0+ Jutt)” ]~ 1L CCO) w0
— Sy @))
holds true, where y(-) is the solution of (2.1)).

b (a(t)) if a(t) € OU

0 otherwise

(5.1)
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Proof. By the maximum principle, H,[t] = |Hu[t]|| Vbu (a(t)) for a.e. t such that u(t) € OU.
This, Remark c¢) and Theorem imply the claim. 0

For a trajectory/control pair (Z(),u(:)) assume that for some 0 < ¢; < to < 1, @(-) is
Lipschitz on (t1,t2) and let t € (t1,t2) be such that @(¢f) € OU. Then there exists n > 0 such
that [f —n,t+n] C (t1,t2) and by € C? on a neighborhood of the set ([t — 7, +n]). For every
t € [t —n,t+ n] define the m — 1 dimensional subspace

S(t) := {u € R™ : (Vby(a(t)),u) = 0}.

Remark 5.4. In the same way as in Lemma [2.4]it can be shown that H,[tJu = 0 for any u € S(t)
and a.e. t € (t —n,t+n). Hence (5.1)) holds for every u(-) € Ua, such that u(t) € S(t) a.e. in
(t =n,t+n) and u(t) = 0 on [0, \(t = n, ¢ + 7).

For every t € (t — n,t + n) consider an orthonormal basis {v1(t),...,vm—1(t)} of S(¢). Thus
{v1(t), ..., vm—1(t), Vby(u(t))} is an orthonormal basis for R™. Let V(t) € M(m x m) be the
change of basis matrix, i.e. v;(t) = V(t)e; for all i € {1,...,m — 1} and Vby(u(t)) = V(t)en,
where {e;} is the canonical basis of R™.

The matrix-valued function V(-) can be chosen on (t —n,t+7) in such way that its regularity
depends only on the regularity of @(-). Indeed we have the following lemma.

Lemma 5.5. For all & € R™\{0}, there exist a neighborhood W (z) C R™ of & and an analytic
map V : W(z) — M(m x m) such that

V(x) = [z1(z),...,e;m-1(x), 2],

where x1(x),...,Tm—1(z) € R™ are such that {x1(z),...,zm_1(z)} is an orthonormal basis of
{z}t :={veR™ : (v,z) =0}

Proof. Fix & € R™, & # 0 and complete it to a basis {z1(Z), ..., zm-1(Z), 2} of R™. Then, there
exists a neighborhood W (Z) of Z such that det(z1(Z),...,2zm-1(Z),x) # 0 for all z € W(z) and

therefore {z1(Z),...,xm—1(Z), 2} is a basis of R™. Moreover the map = — (z1(Z),...,Tm-1(Z), )

is analytic. Using the Gram-Schmidt process we can orthonormalize this basis getting the ana-

lytic map V(-). O
Define

wo(t) = 4a(t) if u is differentiable at ¢ € [f — 0,7 + 7]
N0 otherwise.

and v (t) := b, (a(t))uo(t).
Since bf;(a(-)) is continuous on [t — 7, + 7], every Lebesgue point of ug(-) in [t — 0, + 7] is
also a Lebesgue point of vg(-) and if @ is differentiable at t € [t — n,t + 7], then

d
5 (Vou(a())) (t) = vo().
Thus 7 > 0 and V (-) can be chosen in such way that V'(+) is Lipschitz on [t—n, t+n] C (t1,t2) and
if @ is differentiable at ¢t € [t —n, ¢+ n], then so is V(-) and every Lebesgue point ¢ € [t —n,t + 7]
of 44(-) is also a Lebesgue point of £V (). Set V(t) = 0 for all ¢ € [0, 1]\[f — 1, + 7).

For any ¢ € [0, 1] consider Q1[t] € M((m — 1) x n), Qs[t]* € R™, By[t] € M(n x (m —1)) and
Bslt] € R™ such that

] and £, [(V () = [Bilf] Balt].
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Lemma 5.6. Let (z(-),u(-)) be a strong local minimizer for the Mayer problem and p(-)
be as in the maximum principle of Theorem . Assume that for some 0 <ty < ta <1, u(-) is
Lipschitz on [t1,t2], bu(-) € C? on a neighborhood of u([t1,t2]) and

(1) w* (Huuls) — [ Hult]] b (a(s))) w = 0 for all u € S(s) and for a.e. s € [t1,t2];
(5.2) (#1) Hgul], fu[-] are Lipschitz on [tq,ta];
(191) Haz|], fz[-] are essentially bounded on [t1,t2].

Then for almost every t € (t1,ta) such that u(t) € QU there exist n > 0 satisfying (t — n,t +
n) C (ti,t2) and a Lipschitz change of basis V() : (t —n,t +n) — M(m x m) such that
for Q;[-], Bi[-], i = 1,3 defined as before the statement of the lemma, the matriz Q1[t]B[t] is
symmetric and

1 d
Ri(t) == *Bl [t Haa[t] Br[t] — **Ql [11B1[t] = A o[l Brlf] + 5Qu [ — Brlf]
is negative semi-definite on R™~1.
Note that if H,[-] = 0 and Hy,[-] = 0 a.e. in [t1,t2], then the assumption (i) holds true.

Proof. Tt is enough to consider the case when |{t € (t1,t2) : u(t) € dU}| > 0.
Consider the matrix valued map Rs(-) on (t1,t2) defined a.e. in (t1,%2) by

Ra(t)i= (Al S5l Mol 100

We will prove that the statement is true at all points of the set

L= {S € (t1,t2) : u(s) € OU and s is a Lebesgue point of <j;tu(), Rg(-)) } ,

that is for almost every ¢ € (¢1,t2) such that u(t) € 9U.

Fix such ¢. By the comments preceding the statement of the lemma, there exist n > 0 with
(t—mn,t+mn) C (t1,t2) and a Lipschitz change of basis V' (-) : (¢ —n,t+n) — M (m x m) such that
if @(-) is differentiable at t € [t—mn, t+17] then so is V(+) and every Lebesgue point ¢t € [t —n, t+1]
of % (+) is also a Lebesgue point of tV('). Let Qi[-], Bi[-], i = 1, 3 be defined as before the
statement of the lemma.

For all p > 0, n > 0 consider

A ={s L=t n): |GV = GVO| +1R0) - ROl < o}

Then |A,,| > 0. Denote by Y the set of all points in A,, having the Lebesgue density in A, ,
equal to one and let m*(-) be defined as at the end of Section 2 for R(:) = Q1[-]Bi[], | =
m. Consider 7,, € T such that m*(7,,) = minicy m*(t). It is enough to prove that for all
small p > 0, > 0, Q1[7,,|B1[7p,) is symmetric and Ry(7,,) < 0. Indeed, if this holds true,
then we can construct a sequence t; — t such that Q1[t;]Bi[t;] is symmetric, Ri(¢;) < 0 and
lim; o0 R1(t;) = R1(t). Then R;(t) < 0 and, since Hyy[] fu]-] and V(-) are Lipschitz, Q1 [t]B1[t]
is symmetric.

Fixp>0,n>0 sufﬁc1ent1y small and let T be as above. Set 7 = Tp 7y M

m*(7) and define
Se, E., EL, Eg as in . and for the function a(-) = ( V(- ),R )
]

() andt=7€ Y.
€ M(n x m*) and

) Consider Qi[t] € M(m* x n) Qg[] M((m —1—m*) x ) Byt
Bs[t] € M(n x (m —1—m*)) such that for all t € [t —n,t + 7]
Q1 [1] L
V()" Heult] = | Qalt] fultlV(t) = [Bl t] Balt] B3[t]} :

Q3]t]
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Thus Q1 [t]B1[t] = (Q1[t]Bi[t])* for all t € T and if m* < m — 1, then

(5.3) Q17]Ba[r] # (Qal7] B1[7])*.

Fix & € R™1 x {0}, @ # 0 and let @' € R™", 4% € R™~1=™" be such that @ = (4!, 42,0). If
m* =m — 1, then %2 is absent in this decomposition. For any small € > 0 define
pria' te B!
al(t) == —mnd te€E: ?
0 otherwise
With this definition V (¢)i.(t) € S(t) for all t € T N E., where @.(t) = (al(t),u2(t),0). Hence,

3 » e

V(-)t-(-) € Ua. By Remark 5.4 and assumption (i), Theorem [5.3| implies that

@? te ElUE? _3
(t) _{ 0 otherwise , G(t) =0.

T“r(ss

1 * M= 1 ! * ~ * *
(5:4) —5ue() @ @)+ 5 [ 00 Haalle Ot + [ ) VO P et < 0

where y.() is the solution of (2.1)) for u(-) = V(-)a.(-). Define for all t € [0, 1]

&0 = [ e (s)ds.

Then, ||C}(\)||e < ||@1] and, as in || fol ICL(t)||dt = O(|T N E.]), ¢X(t) = 0 outside of the
interval (7 — 6., 7 + 0.). To simplify the notation we will omit for a while the subscript €.
Performing integrations by parts as in the proof of Theorem from (5.4]) we obtain
— Sy()* " (@(1)y(1) + <)V () Haul ()

[l
0

T—0 2

T+6 d T+6
- [ o G o~ [0V M 0t
T+6

T+6 L 5 N 5 B
w3 [ @ p@Bid wa- [ B Qb

—6

T+ B B 5 5 T+ d ~ - B
—/ CH(t) (Qu[t] Balt] — (Qa[t] B [t])*)a® (t)dt + /_5 62(75)*%(@231)[15](1(75)6175 <0.
For all ¢t € [0, 1], define

/x ( Bm—jsélm)c()dsm /X ) Bl (5)ds

and observe that, as in the proof of Theorem y(-) = £(-) + B1[]¢1().
We restore the subscript €. Thanks to the definition of @.(-), [|:(*)]lcc = O(|T N E¢|) and

1
56(1)*‘)0”(j(1))£€(1) = 0(‘T N Ez—:|)v /0 fe(t)*Hxx[t]gs(t)dt = 0(‘T N E€|)7
T+0e _ T+0e _
[ i s =o(TnED, |10 Qi Bl = o T N E)

d

Bt
T+ _ d
[ o (d<V*Hw>m+V<t>*mu[t]fxm)&(t)dtzo(!TmEan,

( Q1B - QLB + L (@uBoE 1) & (t)dt = o X N ).

T+0e
GOV ) Haul ] ()

T—0e

= o(|T N E¢|).
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Substituting y.(-) with &.(-) + B1[]¢2(-) in (5.5) and using the above estimates, similarly to
the proof of Theorem we get

T+0e 1 - B d -~ B 5 B -
[ (3Bl - SR - QLA ) o

65

T+0e _ o 5
60 g [ e @B

T+6e _ B 5 5 B
—/ ' ) (Qit])Ba[t] — (Qa[t] B [t])*)aZ (t)dt < o(|Y N E.|).

5
Therefore, applying Lemma dividing by |YT N E.| in (5.6) and passing to the limit when
€ — 0+, we obtain

(5.7) %(ﬂl)* (;BI[T]*H$Z[T]BI (7] — %%QI[T]Bl[T] — Qu[7)fe[r)B1[r] + ;QI[T];tBl[T]) il
- %(ﬂl)* <Q1[T]B2[T] — (Qa[7]By [T])*> w2 <0.

the proof of Theorem we deduce that if m* < m — 1, then Q;[r]Ba[r] — (Qa[7]B1[7])* = 0
contradicting (5.3). Thus m* =m — 1. From ([5.7)) it follows that

1 1

S QB ~ @il + 5 Qi) S Bil

is negative semi-definite on R™1. O
Theorem 5.7. Let (Z(-),u(-)) be a strong local minimizer for the Mayer problem and p(+)
be as in the mazximum principle of Theorem . Assume that for some 0 < t; <to <1, u(-) is
Lipschitz on [t1,ts], by (-) € C? on a neighborhood of @([t1,t2]) and holds true. Then for
a.e. t € (t1,t2), Hault] fult] is symmetric on the subspace Py and

1, ., 1d 1 d
ifu[t] Hxa:[t]fu[t] - §$qu[t]fu[t] - qu[t]fx[t]fu[t] + iHmu[t]gfu[t]

VOV O sl full] + 5 e RV ()Y ()

is negative semi-definite on Py, where V' is as defined just before Lemma .

By the arbitrariness oﬁal)*, (@?)*)* € R™1 applying the same arguments as at the end of

%Bl ("M [7]B1[7] —

Proof. By Theorem the conclusions hold true for a.e. ¢ € [t1,t2] such that u(t) € IntU.
Lemma [5.6| implies that they are also verified for a.e. ¢t € (¢1,t2) such that u(t) € oU. O

Note that the above theorem brings a new information for a.e. ¢ € (¢, t2) such that u(t) € oU.
When 4(t) € Int U, stronger results are provided in Section 3.

6. MAYER'S PROBLEM WITH ENDPOINT CONSTRAINTS
Let K be a proper closed nonempty subset of R™ of class C2. Then the oriented distance
b (-) is C? on a neighborhood of 9K, cf. [T1]. Denote by 5[10(1] (zo) the set of all z(-) € Sjg17(w0)

satisfying (1) € K. We call such trajectories feasible. We study here the following Mayer
optimal control problem

(6.1) min{gp(:p(l)) L a() € S[{){”(xo)}.

Let (Z(-),u(-)) be a strong local minimizer of the above problem and Py be defined as in
Section 2. If Z(1) belongs to Int K, then the previously developed second order variational
analysis does apply as though there were no endpoint constraints. This is due to the fact that
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small perturbations of @(-) lead to feasible trajectories. For this reason we have to investigate
only the case z(1) € K. Since the boundary of K is smooth, the limiting normal cone to K at
Z(1) is equal to Ry Vbg(Z(1)). Thus we deduce, for instance from [23], the following maximum
principle.

Theorem 6.1. Let (Z(-),u(-)) be a strong local minimizer for with (1) € OK. Then
there exists an absolutely continuous function p : [0,1] — R™ and A € {0,1}, p > 0, satisfying

A+p >0, , and the transversality condition
—p(1) = AV (z(1)) + pVbg (2(1)) .
The above maximum principle may be abnormal, that is A = 0. In this case p(1) may be

taken equal to —Vbg (z(1)).

Lemma 6.2. Let (Z(-),a()) be a strong local minimizer for with (1) € 0K for which
an abnormal maximum principle of Theorem holds true for some p > 0. Then for ev-
ery measurable bounded selection u(t) € Py a.e. in [0,1], the solution y(-) of satisfies

(Vhic (5(1)), y(1) = 0 and (p(t), fulflu(t)) = 0 a.c. in [0, 1],
Proof. Let u: [0,1] — R™ be as above. By (L), Hu[t]u(t) = (p(t), fult]u(t)) = 0 a.e. in [0,1].
Then from and we obtain

1 1 1
(p(1).y(1)) = /0 (p,y) (B)dt = /0 (0 (1), w(0)) + (p(t), o/ ()t = /0 Halt]u(t) = 0.
(]

If the maximum principle is abnormal, then the cost is not involved into the first order
optimality conditions. Thus inequality can not be related to the costate p(-) as it was
done in the proof of Theorem [2.5] To apply the variational approach developed in the previous
sections, we use the exact penalization which allows to deal with a normal maximum principle.

Definition 6.3. The Mayer problem (6.1]) is called calm at z(-) if exist ¢ > 0 and M > 0 such
that for every v € (0,¢) and z(-) € Sjo1)(0) satisfying dx (z(1)) < v and [|z() — Z(")[|ec <€ We
have p(z(1)) > ¢(z(1)) — Mv.

Assuming that the Mayer problem (6.1]) is calm at Z(-) we can apply Proposition 6.4.3 from

[10] to deduce that there exists k& > 0 such that (Z(-),a(-)) is a strong local minimizer of the
following minimization problem without endpoint constraints:

(6.2) min {p(e(1)) + kdx (z(1)) : 2() € Sjo1)(20) }-

Since () + kdg(+) is no longer C2, we need the following (non smooth) maximum principle
that can be deduced, for instance, from [23].

Theorem 6.4. Let (Z(-),u(-)) be a strong local minimizer of with £(1) € 0K. Then
there exists an absolutely continuous function p : [0,1] — R™ satisfying , and the
transversality condition

(6.3) —p(1) € Vo(z(1)) + k[0, Vbr (2(1))],

where [0, Vbg (Z(1))] = {pVbg(Z(1)) : p € [0,1]}.

Denote by ¢!(+) the solution of (1.4) for p(1) = —Vp(z(1)) and by ¢?(-) the solution of (1.4))
for p(1) = —Vp(z(1)) — kVbk(z(1). Note that ¢’(1) are extremal points in the transversality

condition (6.3)). The mappings ¢*(-) do not satisfy, in general, the maximum principle (1.5 but
are used below to express the second order necessary optimality conditions. Define for i = 1,2

P () = 0(), 9*() = 0() + kbr (), Higl] = Haa(,2(),4' (), ("))

The mappings H:,[] and Hi,[] are defined in a similar way.
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Theorem 6.5. Let (Z(-),u(-)) be a strong local minimizer for with (1) € 0K and p(-)
be as in Theorem (6.4 Then for every u(-) € Ua such that Hy[-]Ju(-) = 0 and the corresponding
solution y(-) of vem’ﬁes (Vbr(z(1)),y(1)) =0, and for any v(-) € L>=(]0, 1];R™) satisfying
v(t) € Tf]@) (u(t),u(t)) for a.e. t € A, there exists i € {1,2} such that

1
0 2/0 <Hi[t]v(t)+;y(t)*Hix[t]y(t)+u(t)*q.[;u[t]y(t)+;u(t)*Hiu[t]u(tO "

— Sy () @1)().
(

Proof. Let u(-), v(), y(-) be as in the statement of the theorem and Z,(-), w(-) be as in the proof
of Theorem Then for all small A > 0,

(6:5) 0 2p(e(1)) — ¢(@n(1)) — k(@ (1)
By the transversality condition for some p € [0,1], —p(1) = Ve (Z(1)) + kuVbr (z(1)) and by
the same arguments as in the proof of Lemma (p(1),y(1)) =0.
Suppose first that there exists a sequence h; — 0+ such that z,,(1) ¢ K. Then, by (6.5),
(6.6) 0 =p(x(1)) — (@, (1)) = kbx (Tn, (1)) = —(Vep(2(1)) + kVbr (2(1)), hay (1) + hiw(1))
2 )
= Sy (" (@(1)) + kb (2(1)))y(1) + o(h7).

Since (Vbg(Z(1)),y(1)) = 0, we deduce from <p(1),y = 0 that (Veo(z(1)),y(1)) = 0 and

(6.4)

therefore (Vo(z(1)) + kEVbg(Z(1)),y(1)) = 0. From ), dividing by h? and passing to the
limit we obtain

—(Ve(2(1)) + kVbE (2(1)), w(1)) —%y(l) (" (2(1)) + kb (2(1)))y ().

In the same way as in the proof of Theorem the last inequality and (2.2]) imply (6.4)) for
1= 2.
Suppose next that for all small A > 0, (1) € K. Then (6.5) yields
_ h? . 1=
(6.7) 0> —(Vip(2(1)), hy(1) + h*w(1)) — —-y(1)"¢" (2(1))y(1) + o(h?).

2
Since (Vbg(z(1),y(1)) =0,

—(Ve(z(1)),y(1)) = =(Ve(z(1)) + kuVbg (2(1)), y(1)) = (p(1),y(1)) = 0.
Hence, dividing by h? and letting h — 0 we get

(63) 0> ~(Ve(a(1)), w(1)) - éyu)*so”(az»(l))yu).

Using ([2.2) , similarly to the proof of Theorem [2.5] we deduce (| - ) from (6.8]) for i = 1. O

Proposition 6.6. Let (Z(-),u(-)) be a strong local minimizer for (6.1) with (1) € OK. Consider
u(-) € Ua and the corresponding solution y(-) of (2.4). If (Vbk (z(1)),y(1)) <0, then

(Veo(z(1)),y(1)) = 0.
Let p(-) be as in the mazimum principle of Theorem[6.1. If (Vio(Z(1)),y(1)) = 0, Hy[]u(-) =
0, then p(1) = —V(2(1)) and for any v(-) € L=2([0,1];R™) satisfying v(t) € Ty (a(t), u(t))
for a.e. t € A, we have

(Ve(z(1)), w(1)) + %y(l)*SO"(fff(l))y(l) >0,
where w(-) solves (2.9).
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Proof. By [18] there exist measurable controls wuy(-) such that for the corresponding solutions
xp(+) of the difference quotients £2~% converge uniformly to y(-) when h — 0+. Further-
more, from the inequality (Vbg (Z(1)),y(1)) < 0, we deduce that z;(1) € K for all small h > 0.
Hence p(z1(1)) > ¢(Z(1)) and therefore (Vo(z(1)),y(1)) > 0.

Let p(+), v(-) be as in the second statement of the proposition, ,u > 0 be as in the maximum
principle of Theorem and Zp,(-) be as in the proof of Theorem [2.5| Then it is not difficult to
realize that it is feasible whenever h > 0 is small enough. If H,[t ] ( ) =0 a.e. in [0,1], then,
by the proof of Lemma (p(1),y(1)) = 0. If (Vp(z(1)),y(1)) = 0, then the transversality
condition of the maximum principle yields u(Vbg (z(1)),y(1)) = 0. Consequently, p = 0. The
proofs ends by using the inequality . O

The above proposition provides a first and a second order necessary optimality conditions only
in the case when (Vbg (z(1)),y(1)) < 0. Observe that if (Vb (z(1)),y(1)) > 0, then z(-), Tn(-)
from the proof of our proposition are not feasible for all small A > 0 and so this case may be
ruled out in our analysis.

Below we provide second order necessary optimality conditions obtained by analyzing some
particular u(-) € Us with u(t) € Py a.e. for which the corresponding solutions y(-) of (2.1] .
satisfy (Vbg(Z(1)),y(1)) = 0.

Consider the solution ¢(-) of the adjoint system such that ¢(1) = —Vbg(z(1)) and define
the subspaces T; C Py by

T o= {u € Pay : (q(t), fult]u) = 0},

Notice that, by Lemma [6.2] if the abnormal maximum principle of Theorem [6.1] holds true, then
Ti = Paw ae. in [0,1]. Observe next that for every measurable essentially bounded selection
u(t) € T; and the corresponding solution y(-) of (2.1)) we have

1 1
ww&mmm»=4«mmm=—%jmmwﬁ=—l@mmMMMﬁza

Therefore, by Theorem (6.4) holds true for every u(-) € Uy such that u(t) € T; a.e. in
[0,1]. This and the same arguments as those from Sections 3, 4, 5 allow to deduce from (/6.4)
the following three theorems.

Theorem 6.7. Let (Z(-),u(-)) be a strong local minimizer of the Mayer problem such that
z(1) € OK. Assume that is calm at z(-) and for some 0 < t; <ty <1, u(-) is integrable
on [t1,te] and for j =1, 2

(i) Hiult] =0 ae. in [ty to];
(6.9) (#1) Hiul], ful] are Lipschitz on [t, ta];
(i13)  Hiz[], fz|-] are essentially bounded on [ty t2].
]

Then for a.e. t € [t1,ts] with u(t) € IntU there emists i € {1, 2} such that HZ,[t]f.[t] is
symmetric on Ty and

RI(t) i= 3 fultl M0~

is negative semi-definite on Ty.

1d

A % 1 % d
9 dtH:qu[ ]fu[t] - qu[t]fx[t]fu[t] + 5 Hmu[t]afum

Theorem 6.8. Let U be a convex polytope and (Z(-),u(-)) be a strong local minimizer of the
Mayer problem such that (1) € 0K. Assume that is calm at z(-) and for some
0 <t <te <1, al) is integrable on [t1,t2] and holds true for j = 1, 2. Then for a.e.
t € [t1,t2] there exists i € {1, 2} such that HL,[t|fu[t] is symmetric on Ty and R'(t) is negative
semi-definite on T;.
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Corollary 6.9. Under all the assumptions of Th,eorem suppose that f is as in , where
fi(-) € C*(R™;R™) and U; C R is a closed (possibly unbounded) interval for all 1 € {1,...,m}.
For i =1, 2 define the matriz valued mappings ©" : [0,1] — M (m x m), where

;'c,l(t) = <qi(t)a [fi, il (@) YV, 1€ {l,...,m}.
Then for a.e. t € [t1,t2] there exists i € {1, 2} such that ©%(t) (T;) is orthogonal to Ty.
In the next theorem subspaces S(s) are defined as in Section 5.

Theorem 6.10. Let U be of class C? and (z(-),u(-)) be a strong local minimizer of the Mayer
problem such that (1) € OK. Assume that is calm at Z(-) and for some 0 < t; <
to < 1, a(-) is integrable on [t1,t2]. Then for a.e. t € (t1,t2) such that u(t) € OU and for
j=1,2 and some § >0

(a) a(-), Hiul], fu[] are Lipschitz on (¢t — 8,t + 0)

6.10) { () u* (H{W[S] 1Sl bg(a(s))) w=0Yue S(s) and ae. s € (t—d,t+0);
(¢) Miel], fu[-] are essentially bounded on (¢ — d,t 4 0)

there exists i € {1,2} for which HL,[t]fu[t] is symmetric on T;.

Remark 6.11. Similar analysis can be performed when K is an intersection of a finite family of
closed sets K of class C?. Then the assumptions and statements will involve Hamiltonians #/
for each active index j.

Acknowledgement. This work was co-funded by the European Union under the 7th Frame-
work Programme “FP7-PEOPLE-2010-ITN”, grant agreement number 264735-SADCO.

REFERENCES

[1] A.A. Agracev and R.V. Gambkrelidze. The principle of second order optimality for time-optimal problems.
Mat. Sb. (N.S.), 100(142)(4):610-643, 648, 1976.
[2] A.A. Agrachev. A second order necessary condition for optimality in the general nonlinear case. Math. USSR
Sbornik, 31:493-506, 1977.
[3] A.A. Agrachev and Y.L. Sachkov. Control theory from the geometric viewpoint, volume 87 of Encyclopaedia
of Mathematical Sciences. Springer-Verlag, Berlin, 2004.
[4] A.A. Agrachev and A. V. Sarychev. Abnormal sub-riemannian geodesics: Morse index and rigidity. Annales
de 'IHP, Analyse non linéaire, 13:635-690, 1996.
[6] M.S. Aronna. Singular solutions in optimal control: second order conditions and a shooting algorithm.
Preprint, 2012.
[6] M.S. Aronna, J.F. Bonnans, A.V. Dmitruk, and P.A. Lotito. Quadratic order conditions for bang-singular
extremals. Numer. Algebra Contr. Optim., special issue in honor of Helmut Maurer, 2(3):511-546, 2012.
[7] L.D. Berkovitz. Variational methods in problems of control and programming. J. Math. Anal. Appl., 3:145—
169, 1961.
[8] Bernard Bonnard and Monique Chyba. Singular trajectories and their role in control theory, volume 40 of
Mathématiques et Applications. Springer, New York, 2012.
[9] Y. Chitour, F. Jean, and E. Trélat. Singular trajectories of control-affine systems. SIAM J. Control Optim.,
47(2):1078-1095, 2008.
[10] F.H. Clarke. Optimization and nonsmooth analysis, volume 5 of Classics in Applied Mathematics. Society for
Industrial and Applied Mathematics (STAM), Philadelphia, PA, second edition, 1990.
[11] M.C. Delfour and J.-P. Zolésio. Shapes and geometries, volume 22 of Advances in Design and Control. Society
for Industrial and Applied Mathematics (SIAM), Philadelphia, PA, second edition, 2011.
[12] A.V. Dmitruk. Quadratic conditions for the Pontryagin minimum in an optimal control problem that is linear
with respect to control, with a constraint on the control. Dokl. Akad. Nauk SSSR, 272(2):285-289, 1983.
[13] A.V. Dmitruk. Quadratic order conditions for a Pontryagin minimum in an optimal control problem linear
in the control. Math. USSR Izveztiya, 28:275-303, 1987.
[14] R. Gabasov and F.M. Kirillova. High order necessary conditions for optimality. STAM J. Control, 10:127-168,
1972.



26 HELENE FRANKOWSKA AND DANIELA TONON

[15] B.S. Goh. Necessary conditions for singular extremals involving multiple control variables. SIAM J. Control,
4(4):716-731, 1966.

[16] B.S. Goh. The second variation for the singular Bolza problem. SIAM J. Control, 4(2):309-325, 1966.

[17] B.S. Goh. Optimal singular rocket and aircraft trajectories. CCDC 2008, pages 1531-1536, 2008.

[18] D. Hoehener. Variational approach to second-order optimality conditions for control problems with pure state
constraints. STAM J. Control, 50(3):1139-1173, 2012.

[19] A.J. Krener. The high order mazimal principle. Geometric methods in Systems Theory. D.Q. Mayne and
R.W. Brockett, editors, Reidel, Dordrecht, 1973.

[20] A.J. Krener. The high order maximal principle and its application to singular extremals. STAM J. Control
Optimization, 15(2):256-293, 1977.

[21] D.F. Lawden. Optimal trajectories for space navigation. Butterworths, London, 1963.

[22] Heinz Schattler and Urszula Ledzewicz. Geometric optimal control, volume 38 of Interdisciplinary Applied
Mathematics. Springer, New York, 2012.

[23] R.B. Vinter. Optimal control. Birkhauser Boston Inc., Boston, 2000.

HELENE FRANKOWSKA
INSTITUT DE MATHEMATIQUES DE JUSSIEU, UNIVERSITE PIERRE ET MARIE CURIE, CASE 247, 4 PLACE JUSSIEU,
75252 PARIS, FRANCE,
PHONE : 433144277187 FAX : 433144272724

E-mail address: frankowska@math.jussieu.fr

DaANIELA TONON
INSTITUT DE MATHEMATIQUES DE JUSSIEU, UNIVERSITE PIERRE ET MARIE CURIE, CASE 247, 4 PLACE JUSSIEU,
75252 PARIS, FRANCE,
PHONE 433 144279863

E-mail address: tonondaniela83@gmail.com



	1. Introduction
	2. Preliminaries
	3. Second order conditions in the interior of control constraints
	4. Second order conditions on convex polytopes
	5. Second order conditions for smooth control constraints
	6. Mayer's problem with endpoint constraints
	References

