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LARGE DEVIATIONS FOR THE ORNSTEIN-UHLENBECK
PROCESS WITH SHIFT

BERNARD BERCU AND ADRIEN RICHOU

ABSTRACT. We investigate the large deviation properties of the maximum likeli-
hood estimators for the Ornstein-Uhlenbeck process with shift. We propose a new
approach to establish large deviation principles which allows us, via a suitable
transformation, to circumvent the classical non-steepness problem. We estimate
simultaneously the drift and shift parameters. On the one hand, we prove a large
deviation principle for the maximum likelihood estimates of the drift and shift
parameters. Surprisingly, we find that the drift estimator shares the same large
deviation principle as the one previously established for the Ornstein-Uhlenbeck
process without shift. Sharp large deviation principles are also provided. On the
other hand, we show that the maximum likelihood estimator of the shift parameter
satisfies a large deviation principle with a very unusual implicit rate function.

1. INTRODUCTION

Consider the Ornstein-Uhlenbeck process with linear shift v € R, observed over
the time interval [0, 7]

(1.1) dX, = 0X,dt + ydt + dB,

where the drift parameter § < 0, the initial state Xy = 0 and the driven noise (B;) is
a standard Brownian motion. This process is widely used in financial mathematics
and it is known as the Vasicek model, see e.g. [9, 12]. The maximum likelihood
estimates of the unknown parameters 6 and v are given by

G _ T[] X dX, — Xp [ X, dt

(1.2) E d 2
T fy Xz de— (Jy X dt)

and
T T T

(1.3) oy = AT Jo Xpdt— Jy X,dX, Jy X, dt

T fy Xzd - (f) X, dt>2

A wide range of literature is available on the asymptotic behavior of (87) and (7).

It is well-known [11] that 87 and 97 are both strongly consistent estimators of # and
~ and their joint asymptotic normality is given by

(1.4) VT ( % - 3) £, N0, L)

Key words and phrases. Ornstein-Uhlenbeck process with shift, Maximum likelihood estimates,
Large deviations.
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r=2(00)
Y R

with k = (292 + 0)/20. Moreover, concentration inequalities for (éT) and (7r) and
moderate deviations were established by Gao and Jiang [7], while Jiang [10] recently
obtained the joint law of iterated logarithm as well as Berry-Esseen bounds. In the
particular case v = 0, Florens-Landais and Pham [6] proved the large deviation
principle (LDP) for (é\T), while sharp large deviation principles (SLDP) were estab-
lished in [2]. We also refer the reader to [1] for the sharp large deviations in the
non-stationary case ¢ > 0 and v = 0.

Our goal is to extend these investigations by establishing the large deviations
properties of the maximum likelihood estimators of the drift and shift parameters
0 < 0 and 7 in the situation where ¢ and  are estimated simultaneously. We shall
propose a new approach to prove LDP which allows us, via a suitable transformation,
to circumvent the classical non-steepness problem. In particular, it could be possible
to apply the same approach for Jacobi or Cox-Ingersoll-Ross processes [4, 13].

The paper is organized as follows. In Section 2, we establish an LDP for the couple
(é\T,/v\T). Via the contraction principle, one can realize that (§T) shares the same
LDP as the one previously established for the Ornstein-Uhlenbeck process without
shift. One can also observe that (77) satisfies an LDP with a very unusual implicit
rate function. An SLDP for the sequence (é\T) is also provided. Section 3 is devoted
to three keystone lemmas which are at the core of our analysis. All the technical
proofs of Sections 2 and 3 are postponed to Appendices A, B, and C.

where the limiting matrix

2. LARGE DEVIATIONS RESULTS.
Our large deviations results are as follows.

Theorem 2.1. The couple (@\T,/'?T) satisfies an LDP with good rate function
( (B—c)? 1 A 0
—( 2 +—(’y——) if C§§7
c

4c 2
1 o\? 0
—_— — — o > _
21 I (ed =4 @c—0+5 (’Y - ) if ¢ and 0,
—b if (e,d) =(0,0),
\ +00 if ¢=0 andd#0.

A direct application of the contraction principle [3] immediately leads to the two
following corollaries.

Corollary 2.2. The sequence (:9}) satisfies an LDP with good rate function
(c—0)?

(2.2) Io(c) = dc
2c—0 if ¢>

if ¢<

b

Wl wl
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Corollary 2.3. The sequence (Y1) satisfies an LDP with good rate function
(2.3) I(d) = inf{lgﬂ(c, d) | ce R}.
Proof. The proofs are given is Section 4. U

Remark 2.4. On the one hand, one can observe that (/Q\T) shares exactly the same
LDP as the one previously established by Florens-Landais and Pham [6] for the
Ornstein-Uhlenbeck without shift v = 0. On the other hand, (3r) satisfies an LDP
with a very unusual rate function. Unfortunately, an explicit expression for this rate

function is quite complicated. Its very particular form is given in the special cases
0,7) = (—2,2) and (0,7) = —(2,1) in Figure 1 below.

| \@y=-2D)

0 0 I I I I I
-10 -5 0 5 10 15 20 -20 -15 -10 -5 0 5 10

FIGURE 1. Rate functions for the drift parameter.

Our goal is now to improve Corollary 2.2 by a first order SLDP for (§T) It is of

course possible to establish SLDP of any order for the sequence (6r). However, for
clearness sake, we have chosen to restrict ourself to a first order expansion.

Theorem 2.2. Consider the Ornstein-Uhlenbeck process with shift given by (1.1)
where the drift parameter 6 < 0.

a) For all 0 < ¢ < 0/3, we have for T large enough,

o~ TIo(e)+](c)

(2.4) POy > ) = m@ + 0(1))

while for ¢ < 0,

2.5 P(0 = e O 1 1
. <¢)=———F\1+0
( ) ( T = ) 1,0, onT ( ( ))

where

® — 0? 1
d g
2c an Te 2¢’

(2.6) A =
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1 (02(c+ 0)(3¢ — e)) =02

(2.7) J(c) = —§log i 1

b) For all ¢ > 0/3 with ¢ # 0, we have for T large enough,

o~ TTo(0)+K(0)

(2.8) P(O > ¢) = ac@—zm(l + 0(1))
where
(2.9) a. = 2(c—0) and 02 = m

(2.10) K(e) = —% log (9 Efc;(;z(_?’ce)‘Q 0)> ~ 2 2c— ).

¢) For c=0/3, we have for T large enough,

- e~ T1To(c)+~>be ['(1/4)
. > =
(2.11) Plbr z ) 6rT% 24 oy (1 * 0(1)>
where

46 1 3

(2.12) w=Ty T30 7T T2
d) For ¢ =0, we have for T large enough,
2
R \/§G—TL9(C)+%+2

2.13 P(0r > c) = (1+0(1)).

3. THREE KEYSTONE LEMMAS.

First of all, let us recall some elementary properties of the Ornstein-Uhlenbeck
process with linear shift [9], [11]. One can observe that the process (X7) can be
rewritten as Xt = Yr + my where

my = E[X7] = —%(1 — efT)

and (Y7) is the Ornstein-Uhlenbeck process without shift
T
Yr = eeT/ e dB,.
0
By the same token, if
o 1 (T o 1 /T
XT = ?/0 Xtdt and YT = f/o Y;dt,

we clearly have Xr=Yr+ i where

pr =B(Xr] = -3 (14 %(1 —em).
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Therefore, the random vector

(2) ~ (i) m0)

where the covariance matrix I'r(0) is given by
ar(0) br(0
(3.1) T (6) = v(0) br(0)
br(0) cr(0)

with ! : )
S T

1 L/ oo 2( or
er(0) = gaga (g5 (< —1) — 5 (<" = 1) + 7).
Denote by A the normalized cumulant generating function of the triplet
Xr 1 /T , . 1 /T )
— = X7dt, — X,dt
(\/T T)y VT )y T
defined, for all (a,b,c) € R?, by

1 T T
Ar(a,b,c) = T logE [exp (aﬁXT + b/ XZ2dt + c/ Xtdt)} :
0 0

Our first lemma deals with the extended real function A defined as the pointwise
limit of Ap.

Lemma 3.1. Let Dy be the effective domain of A
Dy = {(a, be) R? /b < 92/2}

and set o(b) = /02 — 2b. Then, for all (a,b,c) € Dy, we have

32 Aaba =3 0+e0 )+ () 45 (S)

Proof. The proof in given in Appendix A. O

A direct calculation shows that the function A is steep, which means that the norm
of its gradient goes to infinity for any sequence in the interior of Dy converging to
a boundary point of Dy. This is the reason why we are able to deduce an L]QP
for the couple (07,7r). In order to establish the SLDP for the drift parameter 6r,
it is necessary to modify our strategy. To be more precise, we shall now focus our
attention on the normalized cumulant generating function L of the couple

1 [T — 1
T/o (Xt - XT)dXt7 ?ST

T
St = / (X; — Xr)°dt,
0

where
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which is given, for all (a,b) € R? by
1 T _
Lr(a,b) = TlogE {exp (a/ (X — X7)dX; + bST>] .
0

The reasonAfor this is twofold. On the one hand, it is not possible to deduce an
SLDP for (67) via Ar. On the other hand, it immediately follows from (1.2) that

~ X~ Xp)dX,
Op = .
St

However, one can observe that for all ¢ € R, P(§7 > ¢) = P(Z7(1, —c) > 0) where,
for all (a,b) € R?, Zr(a,b) stands for the random variable

(3.3)

T
(34) ZT(Q, b) = a/ (Xt - XT)dXt + bST
0

Our second lemma provides the full asymptotic expansion for L. Denote by L the
extended real function defined as the pointwise limit of L.

Lemma 3.2. Let D, be the effective domain of L
D, — {(a,b) ER?/*—20>0 and a+6< \/92—219}
and set ¢(b) = v60? —2b, 7(a,b) = p(b) — (a +6). Then, for all (a,b) € Dz and T

large enough, we have

(3.5) Lr(a,b) = £(0,5) + 7H(a,b) + 7 Re(a,b)
where

(3.6) Llab) = —% (a+6+vEE—25),

1 <T(a, b)92> ~ Y(a+ 060+ V6> —2b)

(3.7) H(a,b) = —510 2550) Y

Moreover, the remainder Ry(a,b) may be explicitly calculated as a rational function
ofa, b, T and exp(—¢(b)T). In addition, Ry can be extended to the two-dimensional
complex plane and it is a bounded analytic function as soon as the real parts of its
arguments belong to the interior of Dy.

Proof. The proof in given in Appendix B. O

Our third lemma relies on the Karhunen-Loeve expansion of the process (Xr). De-
note by F the class of all real-valued continuous functions f such that f(z) = x?h(z)
where h is continuous. Moreover, let g be the spectral density of the stationary
Ornstein-Uhlenbeck process without shift v = 0 given, for all z € R, by

(3.8) o) = s



LARGE DEVIATIONS FOR THE ORNSTEIN-UHLENBECK PROCESS WITH SHIFT 7

Lemma 3.3. One can find two sequences of real numbers (k) and (BL) both in
(*(N) such that

(3.9) Zr(a,b) =EB[Zr(a, )] + > _af (ef = 1) + B

k=1
where (e) are independent standard N(0,1) random variables. Moreover, for all
(a,b) € Dg, there exist two constants A > 0 and B > 0 that do not depend on T
such that, for T large enough, ol € [ A, A] for all k > 1 and

—+00

(3.10) > (B <B.

k=1
Consequently, for all (a,b) € Dy and x € R such that |x| < 1/2A, and for T large
enough, we have

1 1« T T 1« (v55)?

Lr(za,xb) = ?E[ZT($Q, xb)] — T ; (log(l —2zoy )+ 2xak) tor ; W'
Finally, if b # 0, the empirical spectral measure

1 (o)
(3.11) vp = fZ%{

k=1
satisfies, for any continuous f € F with compact support
: 1l 7 1

(3.12) Jim (vr, f) = Jim - l;f(ak) = f)=5 /R f(bg(w))de.
Proof. The proof is given in Appendix C. U

4. PROOFS OF THE LARGE DEVIATIONS RESULTS.

‘7T = (,Q\T) and ‘7T = <QT)
T Yr

T
~ XidX ~
(4.1) Or = % and
T

The following lemma shows that the sequences (V) and (Vi) share the same LDP.
We refer the reader to [3] for the classical notion of exponential approximation.

First of all,

where

Lemma 4.1. The sequences of random vectors (XA/T) and (Vr) are exponentially
equivalent, that is to say, for all € > 0,

1 s
(4.2) lim T log P (H Vi —Vr ||> 5) = —00.

T—+o00

In particular, if (VT) satisfies an LDP with good rate function I, then the same LDP
holds for (Vr).
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Proof. Tt is easy to see from the very definition of our estimates given in (1.2), (1.3)
and (4.1) that

~ X X X X7)?
bh () e (-5
T T

where Y7 = Sp/T. On the event {|X¢| < & Yp > €71} with € > 1, we have

| Vi — Vi ||I< \/_53[ ol

Hence, for all € > 0,

X -3
(4.3) (H Vr = Vp ||> 5) <P<[TT| \/—)+P(’XT’ >£)+P(Sp <&
On the one hand, it is not hard to see that for all ¢ > 0,
| X7|
— > = —
(4.4) 11_1330 T logIF’ ( T = 0.

As a matter of fact, we recall that X is a Gaussian N (mr, ar(#)) random variable.
Consequently, for all ¢ > 0,

1 ,
lim ﬁlogPOXﬂ > cT) -y

which immediately leads to (4.4), as § < 0. By the same token, we already saw at
the beginning of Section 3 that X is a Gaussian N (ur, er(0)) random variable. It
implies that for all ¢ > 0 such that ¢ > |v|/|6],

2

(4.5) timsup o B[ K| > ¢) <~ (e |7)".

T—+o00

On the other hand, we immediately deduce from Lemma 3.2 together with Gartner-
Ellis’s theorem that the sequence (X7) satisfies an LDP with speed T and good rate

function
(20c + 1)

I(c) = 8¢
+00 if ¢<0.
Therefore, for all ¢ > 0 such that —26c < 1,

if ¢>0,

(20c + 1)?
8

Finally, it follows from the conjunction of (4.3), (4.4), (4.5), and (4.6) that, for all
e > 0 and for £ > 1 large enough

1
(4.6) lim — logIP’(ET < c) .

(4.7) limsup L logP (Ve = Vr > ) < —Myy(e,6)

T—+00
P )

where

My, (e, ) = min (92—2(5 +|2
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One can observe that if £ goes to infinity, My, (e, €) tend to infinity, which is exactly
what we wanted to prove. O

We are now in the position to prove our LDP results. Our strategy is to establish

an LDP for the triplet
Xr 1
( L / X2dt, — / Xtdt)
0

and then to make use of the contraction principle [3] in order to prove Theorem 2.1
via Lemma 4.1. The limiting cumulant generating function A of the above triplet
was already calculated in Lemma 3.1. It is not difficult to check that the function A
is steep on its effective domain D). Consequently, we deduce from Gartner-Ellis’s
theorem that the above triplet satisfies an LDP with good rate function I given by
the Fenchel-Legendre transform of A,

I\, p1,0) = sup {)\a + pb+ dc — A(a, b, c)}
(a,b,c)eDp
We can prove after some straightforward calculations that
621 — ON? N 0+~2+20v5 (14 A%)?
(4.8) I\ p,0) = 2 2 8(u — 6?)
+00 if 6% > p.

if 6% <,

Hereafter, it follows from the well-known It6’s formula that

(4.9) / X,dX, = 4X2 T)

which implies that
~ Xr 1
Vie=f ( L / X2dt, — /TXMO

where f is the continuous function given, for all (\, u,d) € R? such that u > §2, by

A2 -1
fOud) = | % )
2(u—0?)

Therefore, we infer from the contraction principle given e.g. by Theorem 4.2.1 of
3], together with Lemma 4.1, that the sequences of random vectors (V) and (V7)
share the same LDP with good rate function

1(9,7)(07 d) = inf{[()\,u,(5) / ()\,,u,(S) < Rg"u > 52’f(/\”u’5) - (Cci) }7

where the infimum over the empty set is equal to +o0o. Finally, we obtain the rate
function given by (2.1) thanks to elementary calculations, which completes the proof
of Theorem 2.1. O
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5. PROOFS OF THE SHARP LARGE DEVIATIONS RESULTS.

5.1. Proof of Theorem 2.2, first part. First of all, it follows from straightforward
calculations that the effective domain D, given in Lemma 3.2 can be rewritten as
2
2
L. 0
D, = ]—00,2(0—9)[ if §<c§0,
5

2—0,2(C—9>|: if c>0.

In addition, for all a € D, let ¢(a) = v6? + 2ac and denote
1
(5.1) L(a) = L(a,—ac) = —3 <a +0+ V0?2 + 2ac> )

1 ((ela) —a—0)6°\ ~*(a+6+p(a))
(5.2) H(a) = H(a,—ac) = 5 log< 27(a) > 502 :
The function L is not steep as the derivative of L is finite at the boundary of D,.
Moreover, L'(a) = 0 if and only if a = a, with a. given by (2.6). Finally, one can
observe that a. € D, only if ¢ < 6/3. We shall focus our attention on the SLDP
in the easy case § < ¢ < 0/3. Denote by Ly the normalized cumulant generating
function of the random variable Zy(a) = Z7(a, —ca). We can split P(67 > ¢) into

two terms, IP’(@T > ¢) = ApBr with

]—oo, [ if0<c§g,

(5.3) Ar = exp(TLr(ac)),

(5.4) Br = Er [exp(=Zr(ac))lzp >0 -

where E; stands for the expectation after the usual change of probability
dP

(5.5) L — exp (Zr(ac) — TLy(a,)) .

dP
On the one hand, we can deduce from Lemma 3.2 that

(5.6) Ar = exp(TL(a.) + H(a,)) (1 + 0(1)) — exp(—TIy(c) + J(¢)) (1 + 0(1)).
It remains to establish an asymptotic expansion for By which can be rewritten as
Zr(1)

oNT

(5.7) Br=Ep [exp(—acacﬁUT)IUTzo] where Up =

Lemma 5.1. For all 0 < ¢ < 0/3, we have

1
L (14 0)
ac.oN 21T

Proof. Denote by ®7 the characteristic function of Uy under Pr. As 6 < ¢ < 0/3, it
follows from (2.6) that a. > 0 and o, > 0. Moreover, (5.5) immediately implies that

(5.9) Or(u) = exp (TLT <ac + Uj\%) - TLT(aC)> .

(5.8) Br —
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First of all, we deduce from Lemma 3.3 that for T' large enough, 1 belongs to
L*(R). As a matter of fact, as soon as 1 — 2a.af > 0 for all k¥ > 1 and T large
enough, we obtain from Lemma 3.3 and (5.9) that

[e.9]

_ af)? 7P (acBy)?
|CDT(U)|2 = H (1 + 02T (1 — 2acak )2) exp <_1 — QSCCM%) ’

k=1
2(aT>2 -1/2
( o2T(1 — 2a.af)? ) '
For all € > 0 small enough such that 1 — 2a.e > 0 we denote
= Lar|ser
k=1

It follows from Lemma 3.3 that it exists some constants € > 0 and 1 > 0, depending
only on ¢, such that

(5.10) <

|z8

_eqr(e)

. —= > 2n.
(5.11) thLg.}f T 2 2n
Hence, we infer from (5.10) and (5.11) that for 7" large enough,

22\ 2¢
5.12 P 2< (1 h S
512 feswps (145 where €= g
which clearly ensures, whenever nT' > 1, that
1

5.13 o P ——
( ) | T(u)| = 1_’_7752,“2

Consequently, we find from (5.13) that for T large enough, ®7 belongs to L*(R).
Therefore, we obtain from Parseval’s formula that By, given by (5.7), can be rewrit-
ten as

(5.14) By — QMCJC S / ( m—ﬁ)_l%(u)du.

However, we deduce from Lemma 3.2 that, for all u € R,

. . (A7 u?
(5.15) 711_{1;0 Op(u) = Th_rgO exp <TLT (@c + UC—\/T) - TLT(aC)) = exp (—7>

as L"(a.) = o2, which means that the distribution of Uy under Pr converges to
the standard N(O 1) distribution. Finally, (5.8) follows from (5.14), (5.15) and the
Lebesgue dominated convergence theorem. O

Finally, the expansion (2.4) immediately follows from the conjunction of (5.6) and
(5.8). The proof of (2.5) follows exactly the same lines, the only notable point to
mention being a change of sign in Parseval’s formula. O
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5.2. Proof of Theorem 2.2, second part. We shall now proceed to the proof
of the SLDP in the more complex case ¢ > 6/3 with ¢ # 0. One can easily check
that the function L, given by (5.1), is decreasing and reaches its minimum at the
right boundary point a. = 2(¢ — ) of the domain D,. Therefore, as in [2] or [1], it
is necessary to make use of a slight modification of the usual strategy of change of
probability given in (5.5). There exists a unique ar, which belongs to the interior
of D, and converges to its border a., solution of the implicit equation

1
(5.16) L'(ar) + ?H’(aT) =0.
It leads to the decomposition IP’(@T > ¢) = ArBr with
(5.17) Ar = exp(TLr(ar)),
(5.18) Br = Er [eXp(_ZT<aT))IZT(CLT)ZO] ’
where [E7 stands for the expectation after the time-varying change of probability
dP
(5.19) L — exp (Zr(ar) — TLy(ar)).

AP
We deduce from (5.1), (5.2) together with (5.16) that

2 2 _ 0%(c(2p(ar) — ar) +6(6 — 3¢))
) = = e elan) + 0

where p(a) = V02 + 2ac and 7(a) = ¢(a) —a — 6. Consequently, it follows from
straightforward calculations that

. c
(5.20) Tlglgo T(plar) +2c—0) = 3@
. 2c—0
(5:21) Jim Tlar — 0 = -5,
. c—0
(5.22) jll_{IOIOTT(aT) =3

Moreover, we can show via (B.4) and (B.5) that Ry(ar) = Rr(ar, —car) remains
bounded when 7' goes to infinity. Hence, Lemma 3.2 together with (5.20), (5.21),
and (5.22) imply that

Ar = exp(TL{ar) + H(ar)) (1+ (1)),

o 9)) (26T(222?0023g;,c —0) )1/2<1 N 0(1)).

Moreover, the second term Bp can be rewritten as

2

(5:23) = exp(=Tl(c) = 1

Zp(1)

(524) BT = ]ET [exp(—aTTUT)IUTZO] where UT = T

Lemma 5.2. For ¢ > 0/3 with ¢ # 0, we have

(5.25) Br= m(l +o(1))
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where
3c— 0
5.26 b.=—L'(a,) = —.
(5:26) ¢ (a) 2(2¢ — 0)

Proof. Denote by ®r the characteristic function of Ur under Py. We infer from
(5.19) that for all u € R,

(5.27) Or(u) = exp (TLT (aT + %) - TLT(aT)> .

Moreover, we obtain from (5.20) and (5.21) that for 7" large enough and for all u € R
such that |u| = o(T),

i , ou? lul?
exp (TL (aT + T) - TL(aT)) = exp (—@bcu ~ 57 > <1 +0 (W))

where 02 and b, are given by (2.9) and (5.26). Consequently, as soon as |u| = o(T?/3),

(5.28)  exp (TL (aT + %) - TL(aT)) = exp (—z’bcu - “23;2> (1+0(1))

and the remainder o(1) is uniform. By the same token,

& 1
5.29 li H( —i——) - H =
(5.29) Jim_exp ( ar + = (GT)) /1= 2ibt
Therefore, we deduce from Lemma 3.2 together with (5.28), (5.29) and the bound-
edness of Rr(ar), that for all u € R such that |u| = o(T?%3),

(5.30) Op(u) = B(u) exp (_ “23;2) (1 + 0(1)>
where X
O(u) = N exp(—ibcu).

It means that the distribution of Ur under Py converges to b.(£2 —1), where £ stands
for an A/(0,1) random variable. It also implies that, for T large enough, ®7 belongs
to L?(R). Hereafter, we deduce from Parseval’s formula that By, given by (5.24),
can be rewritten as

1 iu \ 7"
5.31 Br = 1+ — o du.
( ) s /R ( + aTT) r(u) du
We split Br into two terms, By = Cp + Dy, where
(5.32) C ! / L 7161)()d
) = — w) du
4 2rTar Jiu<sy Tar ! 7

1 u -1
5.33 D = 14+ — 6} d
(5.33) = e /| ( +TGT) (1) du



14 BERNARD BERCU AND ADRIEN RICHOU

with sy = T%3. On the one hand, it follows from (5.33) that Dy is negligible, as

(5.34) Dr=o (exp (—022;%)) .

On the other hand, we find from (5.30) that for 7" large enough

o2u?
2rTarCr = / O (u) exp (— < ) (1 + 0(1)) du,
Jul<sr 2T
which leads, thanks to Lemma 7.3 in [2], to
) V2m
(5.35) Tlgr()lo 21T arCr = bo/e
Hence, (5.34) together with (5.35) clearly imply (5.25). O
Finally, we immediately deduce (2.8) from (5.23) and (5.25). O

5.3. Proof of Theorem 2.2, third part. Assume now that ¢ = 6/3 which means
that a. = ag with ay = —460/3. There exists a unique ar, which belongs to the
interior of D, and converges to its border ay, solution of the implicit equation

(5.36) '(ar) + %H’(w) 0.

We deduce from (5.1), (5.2) together with (5.36) that

0%c(2¢(ar) — ar)

p(ar)(plar) + c)

where p(a) = V0? + 2ac and 7(a) = ¢p(a) — a — 0. We obviously have
T(CL) — (Qp(a’) + C)(¢<a> — 0)

2c

(0°T +7°)7(ar) =

which leads to

2 _ 20%c*(ar — 2p(ar))
plar)(p(ar) = 0)

It implies after some elementary calculations that

(0°T + %) (elar) +c)

0
(5.37) lim T(p(ar) +c)* = —=,
T—o0 3
) 0
(5.38) Tlglgo T(ar —ag)* = ~3
0
(5.39) lim VT7(ar) =24/ —x.
T—o0 3
Hereafter, we shall make use of the decomposition IP(@\T > ¢) = ArBr given by
(5.40) Ar = exp(TLr(ar)),

(5.41) Br = Er |exp(=Zr(ar))lzr(ar)>0] ,
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where E7 stands for the expectation after the time-varying change of probability
% =exp (Zr(ar) — TLy(ar)) .

We obtain from (B.4) and (B.5) that Rr(ar) = Rr(ar, —car) remains bounded

when T goes to infinity. Hence, it follows from Lemma 3.2 together with (5.37),
(5.38), and (5.39) that

(5.43) Ap = g exp(—Tlg(c) + ;—;) (_H;T)l/4(1 + 0(1)>.

On the other hand, By can be rewritten as

(5.42)

ZT(l)
\/T .

(544) BT = ET [exp(—aT\/TUT)IUTzo] where UT =
Lemma 5.3. For ¢ = 0/3, we have

1
— —1/4)I'(1/4)(1 1)).
T SR/ (14 o))

Proof. Via the same lines as in the proof of Lemma 5.1, we find that the characteristic
function ®7 of Ur, under Pr, belongs to L?(R). Hence, it follows from Parseval’s
formula that

(5.46) Br= o f / < - \/_>_1 ().

However, we obtain from (5.37) and (5.38) that

(5.45) Br =

, i , oau?
(5.47) zlgI;oT(L (aT + ﬁ> - L(aT)> = —idpu — 92
where o7 is given by (2.12) and dy = 0¢/+/2. By the same token,
w 1
s m e (H{ar e ) A ) = L
( ) Tl—I>rolo €xp < ar \/T (aT)) m

Therefore, we deduce from Lemma 3.2 together with (5.47), (5.48) and the bound-
edness of Ry(ar), the pointwise convergence

1 opU
5.49 lim & =0(u) = ———— (—' 0 )
(G40 i @) =@l = T o 2
It shows that the distribution of Ur under Py converges to og¢ + dg(£? — 1), where ¢
and £ are two independent random variables sharing the same N (0, 1) distribution.
Finally, we obtain from (5.46) together with (5.49) and the Lebesgue dominated
convergence theorem that

Br = du 1+ 0(1)) =

27mT\/_/ mexp(—uzl)ru/@(uou))

which achieves the proof of Lemma 5.3. U
The proof of (2.11) immediately follows from the conjunction of (5.43) and (5.45). O



16 BERNARD BERCU AND ADRIEN RICHOU

5.4. Proof of Theorem 2.2, fourth part. Assume now that ¢ = 0. We want to
obtain the leading asymptotic behavior of P(67 > 0_) =P(X% — 2X7 X7 > T). For
all a > 0, we have the decomposition P(X2 — 2X7 X1 > T) = Ar + By where

AT = P(X% — 2XT7T Z T, 7T| S a),
Br = IP(X% — 2XT7T > T, 7T| > Oé).

First of all, if
2
V=0’
it is not hard to see that Br is negligible. As a matter of fact, we deduce from the
simple upper bound By < P(|X7| > a) together with (4.5) that

1 30T
lim sup T log Br < 26, Br=o (exp (—)) .

T—+00 2

i
a=|—|+
0

Next, we recall that the sequence (é’\T) satisfies an LDP with good rate function I
given by (2.2). Consequently,

1 ~ o1 , _
T1—1>I—I|-100 T logP(6r > 0) = TETOO T logP(X7 —2X0 X7 >T) =0

which clearly implies that P(X? — 2X7 X7 > T) = Ap(1 4+ 0(1)). From now on, it
only remains to establish the leading asymptotic behavior of Ar. We already saw
at the beginning of Section 3 that the random vector

(55) () o)

Ap = / hy(z) fr(z)dz  where hp(x) =P(X2 - 2X7 X1 > T| X1 = 1)

—Q

Therefore,

and fr is the Gaussian probability density function of X 7. Moreover, as cp > 0, the
conditional distribution of Xp given X¢ = x is N(vp, s2) with vp = mp + bp(z —
pr)/cT and s2 = ar — b2 /cp. Furthermore, for all z € R, hy(x) can be rewritten as

X7 — — X7 — —
hT(x):P(T—yT < —yT‘XT=$> +P(T—VT > 2r XT=$>

ST ST
where
-+ Vi +T +vrp r+VAE+T —vr
yr = and 2 = .
St ST

One can easily check that

= +o00.

— VT — — bpet(a—
lim inf{yT, zT} > lim inf ot mr — brey (o — pr)
T—4o00 T—400 ST

It follows from standard asymptotic analysis of Gaussian distribution tails that
2

he(z) = yT\l/ﬁeXp (_%) (140) + ZT\l/%eXp (_%T> (1+0()
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where o(1) is uniform with respect to x. We split Ay into two terms, Ar = Cr+ Dr
“ 1 Y 1 (v — pr)?
Cr = / ————ex ——T>—ex (—— dx <1—|—01),
= Lo () e (U “
“ 1 22 1 (x — uT)Q)
Dr = exp [ L exp| ——— | dx (1—1—01).
= [ () e (e W

We find from a careful asymptotic expansion inside the integral C'r together with
the change of variables y = —0(z 4+ v/0)v/T and Lebesgue’s dominated convergence
theorem, that

1 00 2 2 2
lim V27V —20Te TCp = —2/ exp (Zy + T y_) dy = exp (l + 2) )
V&l J—co

T—+o00 0 2 0

By the same token, we also obtain that

2
lim V27V —20Te T Dy = exp (l + 2)

T—4o00 6

which is exactly what we wanted to prove. U

APPENDIX A: PROOF OF LEMMA 3.1.
For all (a,b,c) € R3, let

T T
ZT(a,b,c):a\/TXT—i—b/ det+c/ X, dt.
0 0

We shall calculate the limit A of the normalized cumulant generating function Ap
of the random variable Zr(a,b,c). First of all, as in [5], it follows from Girsanov’s
formula associated with (1.1) that

1
Ar(a,b,c) = —IlogE|exp(Zr(ab,c))|.
= 11 E 0 TXdX 1 2bh — 62 2 TX2d
= g o8kes exp( (0 — ¢) t t+§( — 0% 4 %) ;dt — &
0 0

where E, ;5 stands for the expectation after the change of probability,

dpwé T 1 2 2 r 2
S _ oxp @-9)/ XX, — (i —9)/ X2t + ¢
dP(M 0 2 0

with &7 = ¢ — avVT Xy — ¢T'X 7 and

Cr =0y —06)TX 7 — (y—0)Xr + %(72 —&)T.

Consequently, if we assume that 6% — 2b > 0 and if we choose ¢ = /62 — 2b and
0 =0, Ar(a,b, c) reduces to
_p—0—19°

1 1
(A1) Ar(a,b,c) = — + T logE, o {GXP<—§VfJVT + UCIFVT)l
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where the vectors Ur and Vi are given by
(aVT +~ _(Xr
Ur = (T(c - 97>> and Vi = (XT>

and J is the diagonal matrix of order two

(=0 0
J—( ; 0).

Under the new probability P, o, V7 is Gaussian random vector with zero mean and
covariance matrix I'r(¢) given by (3.1). Denote by Mr(a,b,c) the square matrix of
order two

MT(a7 b, C) =1+ JFT(gp) — (1 + (90 —09)GT(<P) (90 - el)bT(gp))

where I; stands for the identity matrix of order two. We clearly have
-0
det Mr(a,b,c) =1+ (¢ —O)ar(p) =1+ 902 (eQLpT B 1)
¥

which leads to

(A.2) lim det Mr(a,b, c) _ P 9'

T—o0 GZSDT 2(ﬂ

Hence, as 0 < 0 < ¢, it follows from (A.2) that for T large enough, the matrix

Mr(a, b, c) is positive definite. It is also not hard to see from (3.1) that
TdetI'r(p) 1

Tooo  e2T 23

(A.3)

Therefore, we obtain from standard Gaussian calculations that
L p—0—9* 1 < ) 1
(A.4) Ar(a,b,c) = 5 T log( det Mr(a,b,c)) + THT(a,b, c)

where Hr(a,b,c) = 27 UL () Mzt (a,b,c)Ur. On the one hand, we immediately
obtain from (A.2) that

1
(A.5) Th_r>rolo ﬁlog<det Mr(a,b, c)) = .
On the other hand, we clearly have
1 VT 2 2 2
Hr(a,b,6) = 5o (VT +9)ar(0) + 20 () + T = 07 %ex(9))

where dr(p) = (VT + 7)(c — 67)br(p) and er(p) = er(p) + (p — 0) det Tz ().
Consequently, we obtain from (A.2) and (A.3) that

1 1 /[ a? (c—6v)?
(A.6) Th_r)lgo THT(a,b, c) = 5 (SO — 7 + 2 :
Finally, we deduce from (A.4) together with (A.5) and (A.6) that

' Thee DO T TRV o e =) T2\ Ty )
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which is exactly what we wanted to prove. O

APPENDIX B: PROOF OF LEMMA 3.2.

Our goal is to establish the full asymptotic expansion for the normalized cumulant
generating function L7 of the random variable Zr(a,b). First of all, as in the proof
of Lemma 3.1, it follows from Girsanov’s formula associated with (1.1) that

Lr(a,b) = %logE[exp(ZT(a,b))},

1 4 1 4
= —long{eXp<(a+9—gp)/ Xtht+—(2b—92+902)/ X,?dt—fT)]
T 7 0 2 0

where & = aXr X p+Cr+0T(X7)* and ¢ = (07— T X 7—(7=6) Xp+(>=6°)T/2.
Consequently, if we assume that #* — 2b > 0 and if we choose ¢ = /6% — 2b and
0 =0, Lr(a,b) reduces to

2

T — 1 1_, ,
£T(a, b) — 7 + — log E%g {exp(—ivTJTVT + ’}/UTVT):|

2 T
with 7 = ¢ — (a + @), where the vectors Ur and Vr are given by

Up = (_éT) and  Vp= (%)

and Jr is the diagonal matrix of order two

T a
Jr = (a sz)'

We already saw in Appendix A that under the new probability P, o, V7 is Gaussian
random vector with zero mean and covariance matrix I'r(¢) given by (3.1). Let
Mr(a,b) be the square matrix of order two

1+ Tar(p) + abr(p) Tbr () + acr(p)
Mrp(a,b) = I, + Jrl'p(p) = ( 2Tbr () + aar(p) 14 2bTep(p) + abT(go)> '

It is not hard to see that
(B.1) det(Mr(a,b)) = 1+ 2abr(p) + 26T cr(p) + Tar(p) + (27T — a*) det T'r ().
Hence, we deduce from (A.3) that

det M b 62
(B.2) lim & r(a,b) -
T—o0 e2eT 2@3

Consequently, as soon as 7 > 0, we find from (B.2) that for T large enough, the
matrix Mr(a,b) is positive definite. Therefore, it follows from standard Gaussian
calculations that

2 2

T — 1
(B.3)  Lor(a,b) = 27 —ﬁlog<detMT(a, b)) +;—TU{FFT(¢)M51(a,b)UT.
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We shall now to improve convergence (B.2) as follows. We have for 7" large enough

1 1 76> 1
(B.4) 7T log (det Mr(a, b)> =+ 5T log (2—903) +ﬁ log(qulCT(a7 b)) +rr(a,b)

where KCr(a,b) is given by

1 /1 . 242
K:T<a7 b) = TQOQQ T(zbgp + 2a90 —a Y- 47’b) + F ,

and rr(a,b) is such that |ry(a,b)| < P(a,b, ¢, T)e %! with P a rational function.
As a matter of fact, we already saw from (B.1) that

det(Mr(a,b)) = 1+ Az(a,b) + (27Tb — a*) det T'p (i)

where Ar(a,b) = 2abr(p) + 20T (¢)er () + Tar(p). We obtain from straightforward
calculations that

T — 2)e2T + 4e#T — (Tip + 2)
2477
In addition, we deduce from the definition of ar(y), br(¢) and cr(p) that
Ar(a,b) = (i a:ig—;b) 2T %zT;%ew N 2ap + 6b ;ﬁfgjw _ T¢2T'
Consequently,

det FT(QD) = (

T(P? +2b)  2bp + 2ap? —4Th — a*p 24’
det(Mr(a,b)) = ( 57 + 20T + 204 T2 o

where P, and P, are rational functions, leading to (B.4). Furthermore, concerning
the last term in (B.3), we have for T" large enough

2 _ 2 1 Y (e4+a+0) 1
B5) LU (0 b)Ur = 1 - LIS L g0 4 pr(an),

2 2T R
where Jr(a,b) is given by
2
Y IT(f? g)
b) =T—(—"~ — Ir(k
JIr(a,t) 2(@@%) T(ﬂD
. x
with Ip(xz,y) =1+ T + %,
= 20ap + 2a6* + 460b __A(b+0a) b= 2a6?% + 4b0 — a*p — 2by
— 62()07' 9 g - 62907— ) - 92807' 9
2
R o+a+0 / 2a

2 Por
Moreover, the remainder pr(a,b) is such that |pr(a,b)| < Q(a, b, p, T)e %" with Q
a rational function. As a matter of fact, we have previously remark that for T large
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enough, det(Mr(a,b)) > 0. Consequently, Mr'(a,b) is well defined. With very
tedious but straightforward calculations, we obtain that

2 2
ol 1 _ 7" Nr(a,b)
QTUTFT“O)MT ((Z, b)UT - 9 DT(CL7 b)

with
Nr(a,b) = (0°07T? + (20ap + 2a6” + 46b)T — 4(b + ba)) "
+ (—20(0a + 2b)T + 8(b + 0a)) e?" + Q1(a, b, p,T)
Dr(a,b) = (0%@rT?+ (2a6° + 4b0 — a*p — 2bp)T + 2a°) €7
+ (—46(0a + 2b)T — 4a®) €T + Q2(a, b, ¢, T)

where Q1 and Q3 are polynomial functions, which clearly implies (B.5). Finally,
Lemma 3.2 follows from the conjunction of (B.3), (B.4) and (B.5). O

ApPENDIX C: PROOF OF LEMMA 3.3.

It follows from (3.4) together with It6’s formula (4.9) that

a o, al — T 9 < 92
(C.1) ZT(a,b):§XT—7—aXTXT—|—b ; X;dt —bT(Xr)°.

In addition, we already saw at the beginning of Section 3 that we can split X =
Yr +mr and X7 =Y + pur. Consequently, we have the decomposition

Zr(a,b) = Z2(a,b) + Zh(a,b) + Z2(a,b),
where Z2(a,b) = E[Z7(a,b)],

T
Zi(a,b) = a(mp — pr)Yr — ameYp + 26/ (my — pr)Yedt,
0

22(a,b) = g(yﬁ - E[Yﬁ]) - a(?TYT - E[?TYT]> - bT((?T)2 - E[(?T)QD

(e[ [

By using the same notations as in Chapters 2 and 6 of Janson [8], we clearly have
Z(a,b) € HY, Zl(a,b) € HY, Z2(a,b) € HZ,

where H™ stands for the homogeneous chaos of order n. Hence, we deduce from
Theorem 6.2 of [8] that

(C.2) Zr(a,b) =E[Zr(a,b)] + > of (g7 — 1) + B
k=1
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where (¢;) are independent standard N (0, 1) random variables. We also obtain from
Theorem 6.2 of [8] that

—+00

(C.3) > (51 =E [(2Ha,0)"].

k=1

In addition, some rough estimates give us that the right-hand side of (C.3) is uni-
formly bounded by some constant B > 0, depending only on a and b. As a matter
of fact, it exists some constant ((a,b) > 0 such that

(C.4) E [(24(a,5))?] < ¢(a, ) (EIYZ] + E[(V2)?] + EAF)),
where
. [yjﬂ _ /T 2070 gt < _%’ E {(?T)g} < %/TE {Ytz} ds < _%’
and
E[A7] = E (/OT(mt - MT)Y;dt)Z = Z—EE (/j(% + eet)Ytth ,

<
- T 6°

Therefore, we obtain (3.10) from (C.3) and (C.4). It now remains to show that it
exists some constant A > 0 that do not depend on T', such that |af| < A for all
k > 1. Since D, is an open set and the origin belongs to the interior of D, it exists
e > 0 such that {(xa,zb) € D; /|z| < e} C D,. For all (a,b) € Dy and for T large
enough, we deduce from Lemma 3.2 that exp(TLr(za,xb)) = Elexp(xZr(a,b))] is
finite. It means that the Laplace transform of Z7(a,b) is well defined on [—¢,¢].
Hence, Theorem 6.2 of [8] ensures that the characteristic function of Zr(a,b) is
analytic in the strip

2 2 1 T 2 2 T T -9 2
i—/ E [v7] dt+8—72/ eetdt/ B [vP)dt < — L.
0 0 0

1
{z € C/ |Imz| < é(rilglx}aﬂ)_l}

So, we necessarily obtain that for 7' large enough, max |a£‘ < A with A = 1/2e.
Hereafter, the decomposition of Ly (za, zb) given in Lemma 3.3, directly follows from
equation (6.7) in Theorem 6.2 of Janson [8]. Our goal is now to pass through the
limit in L (za, xb). If we choose x € R such that |z| < 1/4A, we have

: 1 (x g>2 :
R - vz < —
(C.5) lim E I —2zal 7hm T6A2 0

k=1

Moreover, we deduce from Lemma 3.2 that

T—o0

(C.6) lim Lr(za,zb) = L(za, xb) = —% <xa +0+ V02 — be) :
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Furthermore, it follows from the properties of (X7) and (X7) given at the beginning
of Section 3 that

2 = : )2 =
R A

which clearly implies

lim ~E[X2] =0, lim — TIE[XQ]dt—VZ L i BX X = 0
Tooe T a Tone T 0 = e T gy AR TATATI T

Then, we find from (C.1) that

1 x b
(C.7) Tlgr;o TIE[ZT(xa xb)] = —5 (a + 5)
Finally, we obtain from the decomposition of Lr(za,zb), (C.5), (C.6), (C.7) that
S
(C.8) TEIEOO 5T ; <10g(1 — 2zoy,) + 2ajozk = / f2(bg(y)) dy,

where the spectral density g is given by (3.8) and for all z € R such that |z| < 1/4A,

fa(y) = %(105;(1 —2xy) + 2xy>.

Hence, it follows from (C.8) together with the elementary Taylor expansion of the
logarithm and classical complex analysis results that, for any integer p > 2,

i 5>l = 5 [ Gotw)r

Therefore, we obtain the weak convergence (3.12) on the class of functions F from
the Stone-Weierstrass theorem, which completes the proof of Lemma 3.3. Il
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