N

N

On the ground state energy of the Laplacian with a
magnetic field created by a rectilinear current

Vincent Bruneau, Nicolas Popoft

» To cite this version:

Vincent Bruneau, Nicolas Popoff. On the ground state energy of the Laplacian with a magnetic
field created by a rectilinear current. Journal of Functional Analysis, 2015, 268 (5), pp.1277-1307.
10.1016/j.jfa.2014.11.015 . hal-00911208v3

HAL Id: hal-00911208
https://hal.science/hal-00911208v3
Submitted on 19 Feb 2014

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00911208v3
https://hal.archives-ouvertes.fr

ON THE GROUND STATE OF THE LAPLACIAN WITH A
MAGNETIC FIELD CREATED BY A RECTILINEAR CURRENT

VINCENT BRUNEAU AND NICOLAS POPOFF

ABSTRACT. We consider the three-dimensional Laplacian with a magnetic field created by an
infinite rectilinear current bearing a constant current. The spectrum of the associated hamilton-
ian is the positive half-axis as the range of an infinity of band functions all decreasing toward
0. We make a precise asymptotics of the band function near the ground energy and we exhibit
a semi-classical behavior. We perturb the hamiltonian by an electric potential. Helped by the
analysis of the band functions, we show that for slow decaying potential, an infinite number of
negative eigenvalues are created whereas only finite number of eigenvalues appears for fast de-
caying potential. The power-like decaying potential determining the finiteness of the negative
spectrum is different than for the free Laplacian.

1. INTRODUCTION

1.1. Motivation and problematic.

e Physical context. We consider in R? the magnetic field created by an infinite rectilinear
wire bearing a constant current. Let (z, ¥, 2) be the cartesian coordinates of R and assume
that the wire coincides with the z axis. Due to the Biot & Savard law, the generated magnetic
field writes

1
B(‘rayvz) = T_2<_y7x70>

where r := 4/x? + y? is the radial distance corresponding to the distance to the wire. Let
A(z,y,z) := (0,0,logr) be a magnetic potential satisfying curl A = B. We define the
unperturbed magnetic hamiltonian

Hp = (—iV — A)? = D2 + D; + (D, —logr)*; D; = —i0,

initially defined on C{°(IR?) and then self-adjoint in L?(IR3). It is known (see [24], and [25]
for a more general setting) that the spectrum of H has a band structure with band functions
defined on R and decreasing from +oo toward 0. Then the spectrum of H, is absolutely
continuous and coincide with [0, +0). In that case the presence of the magnetic field does not
change the spectrum (i.e. &(Ha) = &(—A)), that may be expected since the magnetic field
tends to O far from the wire. In this article we study the ground state of /{5 and its stability
under electric perturbation. These questions are related to the dynamic of spinless quantum
particles submitted to the magnetic field B and perturbed by an electric potential.

Date: February 19, 2014.
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o Comparison with the free hamiltonian. In general the spectrum of a Laplacian may be
higher in the presence of a magnetic field (see [2]). As already said, in our model we still
have &(Ha) = R,. However the dynamics are very different from the free motion, see
[24] for a description of the classical and quantum dynamics of this model. As we will see,
the behavior of the negative spectrum under electrical perturbation is also different that what
happens without magnetic field.

If V is a multiplication operator by a real electric potential V' such that V(H + 1)7! is
compact then the operator H 4y := Ha — V is self-adjoint, its essential spectrum coincides
with the positive half-axis and discrete spectrum may appear under 0.

Let us recall that, due to the diamagnetic Inequality (see [2, Section 2]), the operator
V(Ha + 1)7! is compact as soon as V(—A + 1)~ is compact. Moreover, if N4y ()\) de-
notes the number of eigenvalues of H5 — V' below —\ < 0, we have ([2, Theorem 2.15]):

(1.1) Nay(07) < CJ V., (z,v, z)%dxdydz, V, = max(0,V).

R?)

In particular, /5 — V' has a finite number of negative eigenvalues provided that V. € L: (R3).
But this condition, also valid for —A — V, is not optimal in presence of magnetic fields as the
results of this article will show.

We will prove that the discrete spectrum of our operator /4 — V' below 0 is less dense than
for —A — V (see Theorem 1.3 and Corollary 1.4), more precisely for some V' the operator
—A — V has infinitely many negative eigenvalues whereas N4 v(0") < +00. In some sense,
that means that the absolutely continuous spectrum of H 4 near O is less dense that the one of
the free Laplacian —A.

e Magnetic hamiltonian and band functions. Several models with constant magnetic field
have been studied in the past years. We recall some of them below. In most cases the system
has a translation-invariance direction and the magnetic Laplacian is fibered through partial
Fourier transform, therefore its study reduces to the study of the band functions that are the
spectrum of the fiber operators. The spectrum of the hamiltonian is the range of the band
functions (see [9] for a general setting) and the ground state is given by the infimum of the first
band function. The number of eigenvalues created under the essential spectrum by a suitable
electric perturbation depends strongly on the shape of the band functions near the ground state
as shown on the examples below:

For the case of a constant magnetic field in R", the perturbation by electric potential is
described for example in [23] or [18]. When n = 2, the band functions are constant and equal
to the Landau levels. In [20] the authors deal with very fast decaying potential. In that case
they prove that the perturbation by an electric potential even compactly supported generates
sequences of eigenvalues which converge toward the Landau levels, that is very different from
what happens without magnetic field where only a finite number of eigenvalues are created by
compactly supported electric perturbation.

In general the band function associated with a Schrodinger operator are not constant. The
case where the band functions reach their infimum is described in [19] where the author study
the perturbation of a Schrodinger operator with periodic electric potential and no magnetic
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field, whose band functions have non-degenerated minima, providing localization in the phase
space. Let us come back to the case with constant magnetic field. When adding a boundary,
the band functions may not be constant anymore. For example when the domain is a two-
dimensional infinite strip of finite width with constant magnetic field, it is proved that all the
band functions are even with a non-degenerate minimum, see [8]. In [4], the authors investigate
the behavior of the spectral shift function near the minima of the band functions, providing the
number of eigenvalue created under the ground state when perturbing by an electric potential.
Other examples of such a situation is the case of a half-plane with constant magnetic field and
Neumann boundary condition, see [6, Section 4], the case of an Iwatsuka model with an odd
discontinuous magnetic field, [15, Section 5] and also the case of the Dirichlet Laplacian on a
twisted wave guide, [3].

The case of a half-plane with a constant magnetic field and Dirichlet boundary condition
is more intriguing and somehow closer to our model: in that case the bottom of the spectrum
of the magnetic Laplacian is the first Landau level, but the associated band function does not
reach its infimum. In [6], the authors gives the precise behavior of the counting function when
perturbing by a suitable electric potential. Analog situations based on Iwatsuka models are
described in [5] or [14].

All the above described situations deal with constant magnetic field. In this article we deal
with a three dimensional variable magnetic field going to O far from the z-axis and invariant
along this axis, therefore the situation is quite different-one may think roughly that the varia-
tions of the magnetic field will create non-constant band function as the addition of a boundary
does in the case of a constant magnetic field. Moreover in the above described models the band
functions are well separated near the ground state in the sense that the infimum of the second
band function is larger than the ground state. In our case there are infinitely many band func-
tions that accumulate toward inf &(H, ), see Figure 1, adding a technical challenge when
studying the ground state.

In this paper, we give more precise description of the spectrum of H o near 0 with asymptotic
expansion of the band functions. Then, we study the finiteness of the number of the negative
eigenvalues of Hpo — V for relatively compact perturbations V. On one hand, we display
classes of potentials giving rise to an accumulation at 0, of an infinite number of negative
eigenvalues, on the other hand, under a decreasing property of V., we prove the finiteness
of the discrete spectrum of /o — V' below 0. We obtain a class of polynomially decreasing
potentials for which H4 — V has a finite number of negative eigenvalues while the negative
spectrum of —A — V is infinite.

1.2. Main results. Using the cylindrical coordinates of R3, we identify L?(R3) with the
weighted space L*(R, x (0,27) x R, rdrd¢dz) and the operator H, writes:

1'\ (93) 2
Hpo=—-0rd, — — + (logr — D)
r r

acting on functions of L?(R, x (0,27) x R, rdrd¢dz).

Let us recall the fibers decomposition of H that can be found with more details in [24].
We denote by F3 the Fourier transform with respect to z and ® the angular Fourier transform.
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We have the direct integral decomposition (see [21, Section XIII.16] for the notations about
direct decomposition):

D @
OF3HAF;®* 1= ). f g (K)dk
meZ keR
where the operator
1 2
(1.2) gm(k) == —=0,r0, + m_2 + (logr — k)?
r r

is defined as the extension of the quadratic form
m2
dhw) = [ (10O + Zo (R + ogr = P ) rr
Ry

initially defined on C{°(R, ) and closed in L*(R, ) := L*(R, rdr).

For all (m, k) € Z x R the operator g,,(k) has compact resolvent. We denote by \,, ,(k)
the so-called band functions, i.e. the n-th eigenvalue of g,,(k) associated with a normalized
eigenvector u,, , (k).

It is known ([24], see also Section 2.1) that k — A,, ,,(k) is decreasing with

lim A, (k) = +o0; lim A,.(k) =0.
k—+0

k——0o0

Exploiting semi-classical tools (with semi-classical parameter h = e, k >> 1, see Proposi-
tion 2.2), we obtain asymptotic behaviors of the eigenpairs of g,,(k) as k tends to infinity. The
main result of Section 2 is the following

Theorem 1.1. For all (m,n) € Z x N¥, there exist constants C,, , > 0 and ko € R such that
forall k € (kg, +0),

(1.3) Amn(k) — (20 — 1)e ™ + (m? — 1 — 2=y =2k) < 0 o=5H/2

1
1 2

This asymptotics shows that all the band functions tend exponentially to the ground state
and cluster according to their energy level, see Figures 1 and 2.

Let us consider V, a multiplication operator such that V/(Ha + 1)~! is compact. Considered
in L2(R, x (0,27) x R, rdrd¢dz), V is a function of (r, ¢, z) and it is said axisymmetric when
it does not depend of ¢.

We want to know how reacts the ground state of H under electrical perturbation. For po-

tentials slowly decreasing with respect to r, we have an infinite number of negative eigenvalues
of Hy — V:

Theorem 1.2. Suppose V is a potential such that V(Ha + 1)~! is compact and
(1.4) Viz,y,z) 2 (x,y)) "vi(z), a>0.

If o and v satisfy one of the assumptions (i), (ii) below, then, Hx — V have a infinite number
of negative eigenvalues which accumulate to 0.

(i) o < 5 and v, € L' (R) such that

vai(z)dz > 0.
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(if)vy = Cz) 7 withy > 0and a + 3 < 1.

The proof uses a construction of quasi-modes based on the eigenfunctions associated with
Am.n (k) that leads to a one-dimensional operator in the z variable. The key point is a projection
(in the r variable) of the potential V" against the eigenfunctions of g,,, (k) that are localized near
the wells of the potential (logr — k)? for large k.

We also have conditions giving finiteness of the negative spectrum.

Theorem 1.3. Assume V' is a relatively compact perturbation of Ha such that

(1.5) Viz,y,2) <{(z,y)) " vi(2),

with o« > 1 and v, € LP(R) a non negative function with p € |1, 2].

Then, Hx — V have, at most, a finite number of negative eigenvalues.

Let us give some comments concerning the above results in comparison with known bor-
derline behavior of perturbations of the Laplacian. It is not true in general that the number of
negative eigenvalues of —A — V is larger than when adding a magnetic field, see Exemple 2
after Theorem 2.15 of [2]. Theorem 1.2 is a case where the number of negative eigenvalues in
presence of magnetic field is infinite as without magnetic field.

However due to the diamagnetic inequality, one might expect for most cases that the density
of negative eigenvalues is more important for —A — V' than for H4 — V. The above results
illustrate this phenomenon, indeed we prove that the borderline behavior of the perturbation
determining the finiteness of the negative spectrum of H4 — V is different than for —A — V:

Corollary 1.4. Let V be a measurable function on R? that obeys

(2, 9)) ()77 < Viw,y,2) < K(2,9))" )77,

witha+7<2,a>1and7>%.

Then the operator —/A — V' have infinitely many negative eigenvalues while the negative
spectrum of Hy — V' is finite.

Proof. Since {(x,y))~(z)™" = {(z,y, z))~ @), according to [21, Theorem XIIL.6] we know
that for V(x,y, 2) = {(z,y)) *(z)~7 with o+~ < 2, the operator —A — V" has infinitely many
negative eigenvalues. The corollary is then deduced from Theorem 1.3.

O

A natural open question concern the existence of a borderline behavior of V' which deter-
mine the finiteness of the negative spectrum of /4 — V. At the moment we can only say that,
if it exists, such borderline potential V}, satisfies:

C{(2,y)) ()™ <V < Ol(z, )" ()™,

with 0 < a— < max(1 — % 1

77;5),%>0anda+>1,7+>%.
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1.3. Organisation of the article. In Section 2 we recall basis on the fibers of the operator
Ha and their associated band functions A, (k). We give the localization of the associated
eigenfunctions for large £ and we prove Theorem 1.1. We also provide numerical computations
of the band functions. In Section 3, we construct quasi-modes for the perturbed operator
Hp — V that leads to study a one-dimensional problem and allows to prove Theorem 1.2.
Based on an uniform lower bound of the band functions, Section 4 combines the Birman-
Schwinger principle with results of Section 2 to prove Theorem 1.3. The key point is an
estimation of the Hilbert-Schmidt norm of Birman-Schwinger type operator associated with
the perturbed hamiltonian.

2. DESCRIPTION OF THE 1D PROBLEM ASSOCIATED WITH THE UNPERTURBED
HAMILTONIAN

In this section we first recall results from [24] on the behavior of the band functions k& —
Am.n (k). Then we give Agmon estimates on the associated eigenfunctions and we perform an
asymptotic expansion of \,, ,,(k) when k goes to +00. In Section 3 and 4 we will use these
expansions to analyse the operator Hx — V.

Depending on the context we shall work with different operators all unitarily equivalent to
the operator g,,,(k) written in (1.2). Table 1 gives a description of these operators and the
notations we use.

2.1. Semi-classical point of view.
e Global behavior of the band functions. As in [24], we introduce the parameter
h:=ek

such that logr — k = log(hr). The scaling p = hr shows that g,, (k) is unitarily equivalent to
1 2
2.1) g, (h) = —h2;5pp6p + h2% + (log p)?

acting on L3(R,) := L*(Ry, pdp). We denote by (ftmn(h), Wmn(-,h))n=1 the normalized
eigenpairs of this operator and by q}" the associated quadratic form. We have i, ,(h) =
Am.n (k) and

(s ) = Bt (% “log h)

where w,, ,,(-, k) is a normalized eigenfunction associated with \,,, ,,(k) for g,,,(k). Using the

min-max principle and the expression (2.1), it is clear that h — ,, ,,(h) is non decreasing on
(0, +c0) and therefore k — \,, (k) is non increasing on R. It was already used by Yafaev
(see [24]) who, moreover, shows (see [24, Lemma 2.2 & 2.3]) that

}111{{(1) ftmn(h) =0 and hl—l>r-sr—100 fmn(h) = +0.

Note that these results are extended to more general magnetic fields in [25, Section 3].
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o The fiber operator in an unweighted space. Sometimes it will be convenient to work in an
unweighted Hilbert space on the half-line, therefore we introduce the isometric transformation

M : L*(R,,rdr) — L*(R,,dr)
u(r) — v/ru(r)
and we define §,,,(k) := Mg,,(k)M*. This operator expressed as

2 1

(2.2) Gm(k) = =02 + % + (logr — k)?,

acting on L*(R ) and its precise definition can be derived from the natural associated quadratic

form initially defined on C{°(R ) and then closed to L?(R ).

2.2. Agmon estimates about the eigenpairs of the fiber operator. We write
1
g,(h) = —h2;(9pp5p + V"

with
2
m m
Vi'(p) == log(p)® + hQF :
Let g" denote the natural associated quadratic form. Assume that y is an eigenvalue satisfying
p < E + O(h) with E = 0, the eikonale equation on the Agmon weight ¢ writes
h2’¢/‘2 _ th - E
that is
(logp)’—E  m?
@' () = T T
A solution is given by ¢,,(p)/h with

p m2 /
f ((log p)?—FE+ h27) dp
1 p +

This function provides the general Agmon estimates:

(2.3) ®n(p) ==

Proposition 2.1. Let E > 0 and Cy > 0. Forall 8 € (0, 1) there exist C(E,3) > 0and hy > 0
such that for all eigenpairs (1, w,) of @,,(h) with p < E + Coh and w, that is L?-normalized
there holds:

@4 Yhe(Oh), e Fwlne, < CF.H) and al (% w,) < C(E,5).
Proof. This proposition is an application of the well-known Agmon estimates for 1D Schrédinger

operators with confining potential. First we have the following identity for any Lipschitz
bounded function ¢, see for example [22], [1] or [12]:

(2.5) (G (W, Wiz, ) = ay' (€u) — 12 @ ePulTa, ) -
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In particular when u = u,, is an eigenfunction associated with the eigenvalue ;. we get

2.6) J (1210,(cPu) + (Vi — W12 — w) |e®mnl?) pdp = 0.
Ry
We now use this identity with ¢ = ¢, /h where ¢,, is defined in (2.3). The remain of the proof
is classical and can be found with details in [1 1, Proposition 3.3.1] for example. 0J
Note that

Dn(p) = Po(p) = f \/((10gp/)2 —E), df

that does not depend neither on m nor on h. Therefore (2.4) remains true replacing ¢, by @,
and we get L? estimates uniformly in m, in particular:

@
2.7) vﬁ € (Oa 1)7Vh € (07 hO)? ”eIBT()um,n('? h)HL%(RH < C(Eaﬁ)

for all normalized eigenfunction 1, (-, h) of g,,(h) associated with any eigenvalue i, ,,(h)
satisfying fi,, »(h) < E + Coh where Cp > 0 is a set constant.

When £ = 0 (that means that we are looking at the low-lying energies) the Agmon distance
@, is explicit:

7
oo(p) = J | log p'|dp’
1

= |[p'log p" — p']t| = |plogp — p + 1] .

Let us express this in the original cylindrical variable = # with the Fourier parameter k =
— log h. The associated Agmon distance writes

(2.8) Do (r, k) := ¢OT(p) = o (re ) = r(log(r) — k) —r + €~.
Writing the previous estimates in these variables we get that for £ large enough:

2.9 [e? P (- K)2ry) < C(0,8) and (0P, (- k) 2@, < C(0,8)
where Uy, (1) 1= /T Umn(-, k) is @ normalized eigenvector associated with \,, ,(k) for the

operator §,,(k) in the unweighted space L?(R, ).

The function r — ®y(r, k) is positive, decreasing on (0, e*) and increasing on (¥, +o0). It
vanishes when r = e*, so we find that the eigenfunction of the operator g,, (k) are localized at

the minimum of the wells r = e*.

2.3. Asymptotics for the small energy. In this section we provide an asymptotic expansion
of fim . (h) for fixed (m, n) when h goes to 0, namely:
Proposition 2.2. For all (m,n) € Z x N* there exists C,,,, > 0 and ho > 0 such that

Vhe (0,ho),  |ptmn(h) — (20— Db — (m? — 1 — 2o yp2 < @, 122,

4 2
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The operator g,,(h) written in (2.1) is a semiclassical Schrodinger operator with a potential
which has a unique minimum at p = 1. We will use the technics of the harmonic approximation
as described in [7], [22] or [11] to derive the asymptotics of the eigenvalues. The remain of
this section is devoted to the proof of Proposition 2.2 which implies Theorem 1.1 because

A (k) = pmn(e7F).
e Canonical transformations. As above we introduce the operator g,,(h) := Mg, (h)M* in
the unweighted space where M : u(p) — ,/pu(p). We get

2 1

~ m® — 7
8, (h) = —h*0% + h274 +log?p

acting on the unweighted space L*(R, ). Apply now the change of variable ¢ = "—Jﬁl. We get
that g,,(h) is unitarily equivalent to hg,,(h) where
log?(1 + v/ht) m? — 1
+h
h (1 + /ht)?

acting on L?(I;,) with I;, = (—=h Y2 +00). As we will see below, this operator has a suitable
shape to make an asymptotic expansion of its eigenvalues when h — 0.

~

o Asymptotic expansion and formal construction of quasi-modes. We write a Taylor expansion
of the potential near ¢t = 0:

log®(1 + v/ht) m? — 1

(2.10) - + hl T 2 — WA 4+ (Bt +m? — Db+ R(t, h)
where R(t, h) will later be controlled by (1 + [t|)>h%/2.
We write

A~

8,,(h) = Lo+ h'?Ly + hLy + R(-, h)
where

L[) = —6152 + t27

Ll = —tS,

Lo = (%t4 +m? — }l) .

At first we consider these operator as acting on L?(R) and we look at a quasi-mode for Lg +
hY2L, + hL, defined on R. Using a suitable cut-off function this procedure will provide a
quasi-mode for g, (h).

We look for a quasi-mode of the form
(E(R), f(-+h)) = (Eo + h*?Ey + hEy, fo + hY2fi + hfs).
We are led to solve the following system:

(2.11a) Lo fo = Eofo,
(2.11b) Lifo+ Lofi = Eofi + E1 fo,
(2.11¢) Lofo+ Lifi + Lofa = Eofo + E1fi + Eofa .
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Since L is the quantum harmonic oscillator, to solve (2.11a) we choose for F the n-th Landau
level:
(2.12) Ey=2n—-1 n=1
and
fo=fon =¥, n=1
where U,, is the n-th normalized Hermite’s function with the convention that Wy (¢) = (2r)~V4e="/2,

We take the scalar product of (2.11b) against f,,, and we find
El = <(L0 - EO)fb fO,n> + <Llf0,n7 fD,n> = <Llf0,n7 fO,n> .

Notice that f , is either even or odd and that L, f;,, has the opposite parity. Therefore the
function L, fo,, - fo, is odd for all n > 1 and we get

(2.13) E =0.
We find f; by solving (2.11b):
(2.14) (Lo — Eo)fi = =Ly fon = 20, (t) .

Using tW,,(t) = /25 Ur_1(t) + /5 W1 (t), we write £, (¢) on the basis of the Hermite’s
functions:
B0, (1) = anVns(t) + 0 Va1 (t) + Wi (t) + dnWais(t)

with
(4, = 27%%\/(n— 1)(n—2)(n —3)
by, = 27323(n — 1)v/n — 1
(2.15) Vn > 1,

<
cn = 27923n/n
_ 9-3/2
| dn = 27/n(n+1)(n+2).
Therefore the unique solution to (2.14) orthogonal to f ,, is:

n by Cn dn
fl = fl,n = (__\Ijn—ii - _‘Ijn—l + _‘Ijn-‘rl + _an+3)

6 2 2 6
with a,, = 0 whenn < 3 and b,, = 0 when n = 1 (see (2.15)).

We now take the scalar product of (2.11c) against fj
(2.16) Ey = (Lafon, fon) + {L1fin; fon) -

Computations provides

<L2f07n, fO,n> = (%Ht2f0,nH2 + m2 - le) = (%(2%2 — 2n + ].) + m2 — le)
and
al 2 E &

L ) n/ = \ &

therefore we get

(2.17) Ey = <—"("—_1) +m?— 1) .
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We deduce from (2.11c):

(Lo — Eo)fo = Eafon — L1 fin — Lafon -

Since the compatibility condition is satisfies by the choice of F (see (2.16)), the Fredholm al-
ternative provides a unique solution f, = f,,, orthogonal to fj,,. As above it may be computed
explicitly using the Hermite’s functions. Notice that f5,, depends on m as Es, see (2.17).

We finally define
fm,n(tv h) = fO,n(t) + h1/2f1,n(t) + hfZ,n(t)

o Evaluation of the quasi-mode and upper bound. The above formal construction provides
functions on R and we will now use a cut-off function in order to get quasi-modes for g,,,(h).
Let x € C°(R, [0, 1]) be a cut-off function increasing such that x(¢) = 0 when ¢ < —1/2 and
x(t) = 1 whent > —1/4. We define x(¢, h) := x(h'/?t) and

Ot h) = X, h) frnn(t, h)
Recall that g,,,(h) acts on L*(I,) with I, = (—=h~"2 4a0). Since supp (0,n(-, 1)) <
(=1n7Y2, +00) and ©,,,(-, h) has exponential decay at +c0, we have 0,,, € dom(g,,(h)).
Let

Epn(h) := By + h'*Ey + hE,
where Fy, F/, and F5 are defined in (2.12), (2.13) and (2.17).

~

We now evaluate | (g,,(h) — Enn(h)) 0mn0(:, h)|r2¢1,). The procedure is rather elementary
but for the sake of completeness we provide details below. We have

~

2.18) |81 (h) = Enn(h) 0 D)2y < (80 (1), XC D) frnin (3 D) 2224
HIxC YRGB fnn (5 B 2+ IX Gy ) (Lo + B2 Ly 4+ hLy = Epn(h)) fron (-5 D) 2202,
We have [, (h), X (. h)] fan(t, h) = =2RY2X"(WY28) fr. (¢, B) — hx" (h*/?t) frn(t, B) there-
fore t > [,,(h), X (-, A)] fnn(t, k) is supported in [—1h~Y2 —1h~12] and since f, (-, h)
and f;, (-, h) have exponential decay we get
2.19) 1800 (), X ) Fn (- 1) 220y = O
Remind that R(t, h) is defined in (2.10), we get
3C > 0,Yh > 0,Vt e supp(x (-, h)), |R(t,h)| < CR*?(1 + |t])°.

Using the exponential decay of f,, , we get C,, ,, > 0 such that
(2.20) IXC Y RC, B) fonn (3 1) [1201) < Ol k™.
The last term of (2.18) is easily computed:
(Lo + h'2Ly + hLy — Epy(R)) frnn(-h) = B2 (L1 — E1) for + (Lo — E2) fin)+h*Lafan
and we get C, , > 0 such that

Ix(h) (Lo + 2Ly + hLy = Epn(R)) frn (- )| 221,) < O™
Combining this with (2.19) and (2.20) in (2.18) we get
(221) 3Cyp,3ho > 0,Yh € (0,h0), | (Gn(h) — Emn(h) Bimnls h) |2, < Crmnh™?.
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Moreover we have
[0m.n (- M) 22() = [ fnn (- D) L2y + O(R%)
= | fonlr2@m + O(h'?)
=1+ O(h'?)

where the above estimates depends on (m, n). Since @,,(h) is unitarily equivalent to hg,,(h),
tmn(h)/h is the n-th eigenvalue of g,,(h) and the spectral theorem applied to (2.21) shows
that

m,n h
(2.22) 3Cpnm, Iho > 0, K ’h( ) < Epn(h) 4+ Cpnh®?
and we have proved the upper bound of Proposition 2.2.

o Arguments for the lower bound. The complete procedure for the proof of the lower bound
of the eigenvalues of @,,(h) using the harmonic approximation can be found in [7, Chapter 4]
or [11, Chapter 3]. We recall here the main arguments. Let

Do (t,h) == (1 + Vht)log(1 + vVht) — Vht

be the distance of Agmon in the ¢-variable, the estimates provided in (2.7) becomes:

¥5 e (0,1), e’ hoﬁmn( W2y < C(E, B)

where 1, ,(+, ) is the n-th eigenvector associated to g,,(h). Therefore there holds a priori
estimates on the eigenfunctions proving that they concentrate near ¢ = 0 when / tends to
0. Using a Grushin procedure (see [10]), these eigenfunctions are used as quasi-modes for
the first order approximation L, and this provides a rough lower bound on the eigenvalues
e "( ) of g, (h) by the eigenvalues of L that are the Landau levels, modulo some remainders.
Combmmg this with (2.22), we get that there are gaps in the spectrum of g,,, (1) and the spectral

theorem applied to (2.21) proved the lower bound on #2222 tmnth) and therefore the lower bound of

Proposition 2.2. "
Notation | Operator Space Form | Eigenpairs
Ha (—iV — A)? L?(R?) | spectrum= R
gm (k) —%(%r@r + %2 + (logr — k)? L2(Ry,rdr)| ¢&, A (k) tmn(r, k))
Gn(k) | =22+ "5 + (logr — k) LR, dr) |3 | QoK) (1))
gn(h) | —h*Ld,p0, + h* 2 + (log p)? L2 (R, pdp)| af, | (i (), n(p, 1)
Bou(h) | 1202+ W20 4 (log p)? LR dp) | @ | (e (1), S n(p. 1)
gn(h) | —0?+ hﬁ + (log(1+RY20)2 | L2, dt) | G2 | (W o (h), Bnn (£, h))

TABLE 1. Operators and notations. Remind that p = hr with r = /22 + 12,
h=e*and I, = (—h Y%, +x0).
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2.4. Numerical approximation of the band functions. We use the finite element library
Melina ([16]) to compute numerical approximations of the band functions \,, ,,(k) with 0 <
m < 2and 1 < n < 4. For k € [—2,6]), the computations are made on the interval [0, L]
with L large enough and an articifial Dirichlet boundary condition at » = L. According to
the decay of the eigenfunctions provided by the Agmon estimates we have chosen L = 2¢°
so that the region {r ~ e*} where are localized the associated eigenfunction is included in the
computation domain.

On Figure 1 we have plot the numerical approximation of A, ,,(k) for the range of param-
eters described above. According to the theory, they all decrease from +oo toward 0. Notice
that the band functions may cross for different values of m.

On figure 2 we have zoomed on the lowest energies A << 1 and we have also plotted the
first order asymptotics k& — (2n — 1)e~*. We see that for set 1 < n < 4, the band functions
A (k)o<m<a cluster around the first order asymptotic (2n — 1)e~* according to Theorem 1.1.

14 T T T T T T T
m=0
m=1
m=2
12 B
10 B
8 - -
5 6

FIGURE 1. The band functions A, ,,(k) for0 < m <2and1 <n <4and k € [-2,6].



14 VINCENT BRUNEAU AND NICOLAS POPOFF

0.5 Y T T T T T T
m=0
m=1
0.45 \ m=2 i
— — — (2n-1)exp(-k)

0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05

FIGURE 2. Zoom on the lowest energies compared with the first order asymp-
totics (2n — 1)e~*. Each cluster corresponds to an energy level 7.

3. CONSTRUCTION OF QUASI-MODES AND INFINITENESS OF NEGATIVE
EIGENVALUES

In this section we prove Theorem 1.2 giving infinitely many eigenvalues below 0 for a slowly
decreasing perturbation.

First, we consider V' depending only on (r, z) and we construct quasi-modes which allow
to reduce the existence of infinitely many negatives eigenvalues to the existence of sufficiently
small eigenvalues of some 1D-effective problems D? — V,, .. Then, we study the effective
potential V/,, ,, and conclude the proof of Theorem 1.2.

3.1. Quasi-modes. We construct quasi-modes for the perturbed operator Hp — V' where V' is
axisymmetrical. Let

wm,n(ra ¢7 Z, k) = eim¢eikzum,n(ra k)f(Z)
where f € L*(R), (m,n, k) will be chosen later and u,, ,(r, k) is a normalized eigenfunction
of g, (k) associated with \,, (k). We have:
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Lemma 3.1. For any € > 0,
3.1
(HA=V )i, Vi) < (14 A (k)| T2y +(1+€) | Dof Zom) —Vinn( B)f iz

with
(3.2) Vinn(z, k) = J U (v, K))?V (1, 2)dr; U (1K) i= AT Uy (1, ).

Proof. We have
(33) HAwm,n(ra ¢7 Z? k) = eim¢€isz(z)gm(k)um’n(7n7 k)

+ eimd’eikzum,n(r, k) (Dgf + 2(logr — k)sz(z)) ,
that is

(3.4) (Ha — V)Umn(r, ¢, 2,k) = Apn (k)Y (r, @, 2, k)
+ eim‘z’eikzum,n(r, k) (Dgf + 2(logr — k)D, f(z) — V(r, z)f(z)) )

(3.5) (Ha = V)mm - Ymn = Amn(F)timn (r, k) f(2)?+
(s K2 (D2F(2) + 2010 7 = K)Df(2) = V{1, 2) /() ) T(2).
Integrating over (r, z) in the weighted space (R, x R, rdrdz) we get

(36) <(HA — V)wrmn; wm,n>L2(R+ xR,rdrdz) = )‘m,n<k)‘|f”%2(R)

+ | D.f|? + QJ (log 7 — k) |[thyn (1, k) ? D f(2) f (2)rdrdz — J Vinn (2, k)| f(2)]?d2.

Y

Then, using that for any € > 0,
2(logr — k) D. f(2) f(2)| < e(logr — k)?|f(2)* + ' D. f[?,
we deduce,

<(HA - V)wm,mwm,n> < Am,n(k:)|‘f‘|%2([&) + (1 + 6_1) || DZf ||%2(R)

Te f (log 7 — k)2t (. k)P (2) Prdidz — Vi B iy

Since in the sense of quadratic form in L*(R, x R, rdrdz), we have (logr — k)? < g,.(k), we
obtain (3.1) using again that g,, (k)t, (7, k) = Apn (k) n (7, k). O

Remark 3.2. According to the Feynman-Hellmann formula, the third term in the right hand
side of (3.6) is related to the derivative of \,, ,(k):

)\;nn(k) = —2] (log 7 — k) |[thy (7, k) [Prdr.

T,z

This quantity could be studied more carefully as in [13] where it is done for another fibered
operator, but here, we need only some rough estimates.
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3.2. Estimate on the reduced potential. We are looking at the asymptotic behavior of the 1D
potential z — V/, ,,(z, k) by using the localization properties of the eigenfunctions @, ,, (-, k)
when k£ goes to +0c0. In this section all the Landau’s notations refers to an asymptotic behavior
when k goes to +o0. Set (m,n) € Z x N*, C,,,, > 2n— 1 and choose k large enough such that
A (k) < Cppne™® (see Theorem 1.1). Write that R = I, UCT, with I}, = [eF—a(k), e¥+a(k)]
and a(k) = o(e*) will be chosen later. We use (2.9) with £ = 0:

J Uy (r, k) |Pdrr < C(0, B) sup e #20h)
Clx

T‘GCIk

where the Agmon distance @ is defined in (2.8). Since ®¢(-, k) is decreasing on (0, €*) and
increasing on (e*, +00) we have

inf (-, k) = min(®o(e*  a(k).

An asymptotic expansion at these points provides

do(e" +a(k),k) = =d*(k)e™™ + O(a(k)®e ).
k—+00 2
Assume that
: 201~k _ : 301\ —2k _
3.7) kl_lgl@@ (k)e™" = 400 and kl—lffooa (ke 0

then we have

o~ B®o(e" La(k).k) o~ Salk)?e

~

k—+o0
The condition (3.7) is valid for any a(k) satisfying

er << a(k) << e

and for such an a(k) we get

(3.8) Sup e_ﬁq)()(rvk) ~ e—ga(k)Qe_k .
reCly k—400
We have
Vinn (2, k) = inf V(r,2) | [Tpnn(r, k)2dr
rely, I
> inf V(r, 2)(1 — C(0, B) sup e PPok)
rel, reCly,

where we have used Uy, (-, k)| 2w, ) = 1.

Set 5 € (0, 1) once for all. Choose € > 0. Then we deduce from the choice of a(k) in (3.7)
and (3.8) that there exists ko that depends a priori of (m,n) such that

(3.9) Vk = ko, Vze R, Vyn(z, k)= (1—¢) inlf Vr, 2)
TEl]
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3.3. Proof of Theorem 1.2. According to the min-max principle, since V satisfies (1.4), it
is sufficient to prove the infinity of the negative eigenvalues for the axisymmetric potential
V(r,z) = {ry=®v,(z). Let us denote HY the restriction of Ha to e™?L*(R, x R, rdrdz).
For V' axisymmetric, Ho — V is unitarily equivalent to ®,,cz(Hx — V), then Hy — V has
infinitely many negative eigenvalues provided that

e Either H' — V has at least one’s for all m € Z,
e or there exists m € Z such that ' — V has infinitely many negative eigenvalues.

Thanks to the min-max principle, Lemma 3.1, implies that for each m € 7Z the number of
negative eigenvalues of Hy' — V is at least the number of eigenvalues of (1 + e 1)D? —
Vinn (- k) below —(1 4 €)Ap (k). that is the number of eigenvalues of D? — =V, (., k)
below —eA,, (k).

For V(r, z) = (r)"“v, (2), the inequality (3.9) implies:
Vk = ko,VzeR, V(2 k) = Ce v, (2),
and choosing k large enough such that \,, (k) < Cmme*’“, we deduce that the number of

negative eigenvalues of H' — V' is at least the number of eigenvalues of

2 Ce —ak
Dz — me (N

below —¢C,, ,e~*. Then Theorem 1.2 follows by applying the following lemmas (Lemma 3.3
and Lemma 3.4), for k sufficiently large with A(k) = e=**, v = v and A(k) = €Cpyne ™.
3.4. Lemmas on negative eigenvalues for a family of some 1D Schrodinger operators.

Lemma 3.3. Let h(k) = D? — A(k)v(z) on R, k € R with:

ve L'(R); f v(z)dz > 0, A(k) > 0.
R
Let \(k) be a positive function of k € R such that

(3.10) lim A(k) = 0; AK)

e Ay

Then, for k sufficiently large, h(k) + (k) has at least one negative eigenvalue.

Proof. Let us introduce the L?—normalized function
vg(z) = a(k)%e_“(kﬂz‘
with a(k) satisfying limy_, ., a(k) = 0 and to be chosen. We use vy (z) as a quasi-mode:
h(k)ve,ve> = a(k)? — A(k)a(k) J o(z)e 280l

R
Since

lim | wv(z)e 2@k, = J v(z)dz > 0,

for k sufficiently large, there exists C' > 0 such that:

(K)o, v < a(k)? — CA(K)a(k).
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By using the min-max principle, it remains to chose a(k) such that a(k)? — CA(k)a(k) <
—A(k). Under the assumption (3.10), the polynomial X? — C'A(k)X + A(k) has two real roots

a, (k) > a_(k) > 0witha_(k) < é?\—((kk)) tending to 0 as k tends to infinity, see (3.10). Then,

there exists a(k) such that, for k sufficiently large,
Ch(k)vg, vy < —=A(k),
and Lemma (3.3) holds. O
Lemma 3.4. Let h(k) = D? — V;, on R, k € R with V}, satisfying:
Vi2) = AR ve(0.2) AR e (01).
Let \(k) be a positive function of k € R such that

(3.11) i )

a—}

Then, for k sufficiently large, h(k) + A(k) has at least one negative eigenvalue and the
number of negative eigenvalues tends to infinity, as k tends to infinity.

Proof. Using the change of variable y = A(k)ﬁz, it is clear that h(k) is unitarily equivalent
2~
to A(k)2= h(k) with

By assumption on V}, we have:

1 2 7 —x
SV (| 2 (AR ) ()
AR\ AW
where we have used A(k) € (0,1). Then the min-max principle implies that the number of
negative eigenvalues of (k) + A(k) is larger that the number of eigenvalues of D} — (y)~"

below ——2%_ Since v < 2, it is known (see [21, Theorem XIIL.82]) that D} — (y)™7 as
A2=7 (k)
infinitely many negative eigenvalues and Lemma 3.4 follows from (3.11). 0

4. FINITE NUMBER OF NEGATIVE EIGENVALUE FOR PERTURBATION BY SHORT
RANGE POTENTIAL

The aim of this section is to prove Theorem 1.3. In Section 4.2, using the Birman-Schwinger
principle, we reduce the proof to the analysis of some compact operator involving the contribu-
tion of the small energies (A, ,(k) < v << 1). Exploiting that the eigenfunctions associated
with \,,, ,(k) are localized near e, we obtain in Section 4.3 an upper bound of the counting
function including interactions between the behavior in r and z via a convolution product and
the Fourier transform w.r.t. z. Then, exploiting a uniform lower bound of the band functions
(see Section 4.1), we are able to prove Theorem 1.3 by computing the Hilbert-Schmidt norm
of a canonical operator and by using standard Young inequality (see Section 4.4).
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4.1. Uniform estimate for the one-dimensional problem. In order to prove Theorem 1.3 we
need an uniform lower bound on the band functions near 0.

Lemma 4.1. Let vy > 0. There exists Cy > 0 such that for all (m,n, h) satisfying fim,»(h) <
vy we have

fmn(h) = Conh
e Sketch of the proof. For convenience, first we work with the operator

1 2
g,,(h) = —h2;6pp6p + V™ with V™ (p) := log(p)? + hg% .
We notice that in the sense of quadratic form we have g,,(h) > g,(h) and dom(g,,(h)) <
dom(g,(h)), therefore for all m € Z there holds fi,,, n(h) = pio.»(h) and it is sufficient to prove
the result for m = 0.

We will split the proof depending on which region belongs the parameter h:

(1) For h € (0, hy) with hq to be chosen, we will use the semi-classical analysis and the
Agmon estimates on the eigenfunctions in order to compare g,(h) with more standard
operators. The idea is to bound from below the potential log® p on a suitable interval
by a quadratic potential such that the associated operator has known spectrum.

(2) Since h — g, (h) is unbounded for large h, there exists h,, such that for A > h,, the
eigenvalues /i, ,,(h) are outside the region {u < v4}.

(3) On the compact [hg, h,, ], since n — (k) is unbounded for large n, we may find
N > 1 such that for n > N the eigenvalues /i, ,(h) are outside the region {u < vp}.
Therefore the Lemma is clear on this region since we have to deal with a finite number
of eigenvalues.

e proof. Assume i, ,(h) < 1. Denote by 0 < p; < 1 < p, the two real numbers (depending
on vg) such that

108;2(01) = 10g2(P2) =1.
Set p; € (0, p1). ph € (pa, +o0) and I(vo) = (ph, pb). Let M(vo) := min(ghg(p}), o (6h))

where ¢, is defined by
7
#ulp)i=| | /(080 = )0
1

By construction we have M (1) > 0 and the Agmon estimate (2.7) provides hy > 0 such that
(uniformly in n):

Vh e (0, ho), f 0. (p, 1)|2pdp < C(vg, B)e M o)/
LI ()

where (3 € (0, 1) is set.

Recall that @y, ,,(p, h) = /P Umn(p, h) is a normalized eigenfunction of g,,,(h) = Mg, (h) M*
associated with the eigenvalue /i, ,(h). It satisfies

4.1) Vh e (0, h), f 800 (p, h)|*dp < C (v, B)e M o)/
CI(vo)
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Remark 4.2. Since g,,(h) = g,(h), in the sense of quadratic form, the above estimate (4.1)
holds also for u,y, ,,:

vh € (0, o), f (. B)Pdp = f [t (. B)[Ppdp < C(v, B)e ™M o)/
CI(vo) CI(ro)

uniformly with respect to (m, n) such that y,, ,,(h) < 1. This estimate will be used in Section
4.2.

Set ¢y € (0, p}). Let (x;)j=12 € C*(Ry,[0,1]) be a partition of the unity of R, such that
X3+ X3 = 1 with xyo = 0on I(v) and xo = 1 on (0, p} — &) U (p + €9, +00). We may assume
that there exists C' > 0 such that V)2 < C.

The IMS formula provides for any eigenfunction g ,, (-, h):

Go (Bon(- ) = D) Ao (xBon( ) = D (V) B0 A) [ Faqe, )

j=12 J=12

> 3 (aiion (- 1)) — C f Riown(p, 1) dp

supp(x5)
and therefore using (4.1):

(4.2) o (o,0(-, b)) = G5 (xatio,n(-, b)) — C(wg, B)e MM,
We now bound from below (. (12 (-, 2)) using a lower bound on the potential. We have
4.3) IC(v) € (0,1),Yp e J(1p), C(w)(p—1)*<log’p
where we have denoted J (1) := (p} — €0, P + €0).

Assume n # n/. Since (U, (-, h), Uon (-, 7)) 2w,y = 0, we deduce from (4.1) that
(44) [Oation (- ), xattow (- h)pa) | < Cluo, Be MO0,

Let us introduce the harmonic oscillator

g (h) == —h*3;+ (p—1)?, peR

initially defined on C°(R) and close on L*(R), whose eigenvalues are {(2n — 1)h},en+. Due

to (4.3) and since supp(x1) = J(vp) we have

(45) G (xition (1)) = Co )@ (M) xaiion(:, 1) xadlon (- P12
h? -
B m”XIuO,n('a h)‘|%2(R+)
where in the right hand side, X1, extended by 0 on R_, is also considered as a function
defined on R.

Recall (4.4), the min-max principle combined with (4.5) provides
@6 (udioa(,h) = (Clo)@n = 1)h = Clvo, R?) aiion(- W)l e,

Using (4.1) we get |1 — [xufion (1) [2a(e, )| < Clot, B)e #0000,
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Therefore combining (4.2) and (4.6) we have proved the existence of hy > 0 and Cy > 0
such that for all (0, n, k) such that 1, (h) < v, we have

Vhe (0,ho), pon(h) = 85 @on(-,h)) = Conh.

We now have to deal with the region h € (hg, +0). Since 1 ,(h) tends to 4+c0 as h tends to
+00, there exists h,, > 0 such that

VneN*VYh=h,, ponlh)=uv.

Therefore we are led to prove the lower bound for h € [hg, h,,]. Since for all A > 0 the
sequence (fiy, n(h))n=1 converges toward +oo, there exists n(h) such that for all n = n(h) we
have (i, ,(h) = 1. Due to a compact argument we find N € N* such that

Yn > N, Vh e [h(), h,,o], ,uom(h) = 1.
Define C'(h) := minj<,<n fton(h)/nand C := Milxe(ng by, | % We clearly have C' > 0 and
by construction, for all (n, h) € N* x [hy, h,,] such that o ,(h) < vy we have
fon(h) = Cnh

therefore the lemma is proved for h € [hg, hy, |-

Remark 4.3. In (4.6), the remainder term of order /2 involves the contributions of 27}122 and has

been controlled on J(vg). Another strategy, which improves the remainder term, would have
been to work in the weighted space L?(R ) and to consider

1
g (h) = —h2;6ppé’p +(p—172 p>0.
In this case, (4.6) is replaced by

a5 (X1to.n (-, ) = C(0)(Ga(h) — Clwo, B)e ™M) [xquon (-, h) 2 e,

with ¢,,(h) the n-th eigenvalue of the operator g'°(h). These eigenvalues have already been
studied in [25, Section 4.2] and [17] and they can be bounded from below by Cnh by exploit-
ing the results from [17].

4.2. Bring the norm of a canonical operator. Let A > 0, for simplicity we denote by
N (XA) := Nav()\) the number of negative eigenvalues of Ha — V below —\:

N = ﬁ(G(HA —V)n] - o, —/\]>.

We want to prove that there exists C' > 0 independent of )\, such that A'(\) < C. Let us
introduce the axisymmetric non negative potential

4.7 Vo(r, z) :=={r)y v, (2).

The assumption (1.5) means that V' < V. Then the min-max principle gives:

(4.38) N < No(A) 1= £(S(Ha — Vo)] = o0, =A]).
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According to the Birman-Schwinger principle, for A > 0,
4.9) No(\) = n, (1, Vi (Ha + A)—1V§>,

where for a self-adjoint operator 7', n,(s,T) := Tr 1 4)(7T); is the counting function of
positive eigenvalues of 7.

Fix a real number v > 0 (chosen sufficiently small later) and let us introduce the orthogonal
projections P, := 1j9,j(Ha) and P, := I — P, = 1}, ;o[(Ha).

— 1 1
Since Hpa P, > v, the compact operator V? (Ha + A)~'P,V;? is uniformly bounded with
respect to A > 0 and from the Weyl inequality, for any € > 0, we have:

@10 (1, Vi (Ha + A) "V ) n(1-e VE(Ha + N) 'R,V ) C,, C,>0.
According to the decomposition:

Ha = O F; Z LR o (B) P (Kl | F3®,
€

(m,n)EZxN*

with P, (k) : f — {fitumn(:, k) )Umn(-, k), the orthogonal projection onto u,,,(.,k) €
L*(R,,rdr), we have

l\)\»—l

110.0)(Amm (K 1
Vi (Ha + \) 'RV, = V2O Fr Z f P Mdk FsdV2.
keR

(m,n)EZ xN* mn(k) +A

Since 1} is axisymmetric, this operator is unitarily equivalent to the direct sum of

e ([C 5 5 o o Oana(R) 1
Kym(\) = Vi F3 f B (k) 2 2mn B0 g | FaVig,
m(A) =14 3<keRn§* L Y 3V

defined in L2(R, x R,drdz), with By, ,,(k) := M*Po (k)M = (., Ui (k))iimn(k, .), the
orthogonal projection onto Uy, (., k) € L2(Ry, dr), Uy n(r, k) = /TUmn (1, k).

Let us prove that for some s €]0, 1[, there exists v sufficiently small such for any m € Z and
any A > 0

(4.11) ny (s, Kym(A)) = 0.
Then Theorem 1.3, is a consequence of (4.8), (4.9), (4.10) and (4.11).

Let us introduce the operator:
S\ LA(R,*(N*)) — L*(R, x R,drdz),
defined, for (g, (.))nen+ € L*(R, I>(N*)) by

[0.4)(Am.n (K))
ma(k) +A)2

l zzk’l
412 SuN(g)(r2) VO e | o= B, ),
neN*
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and its adjoint defined for f € L*(R, x R,drdz), by

* B 1 1[0,V](/\m7n(k>> e%zkﬁ % r. 2)drdz
S (k) = AR [ T R )2
We have:
Kum(/\) = Sm()‘) SmO‘)*a
and since
(4.13) 14 (8, Kym(A)) = 1 (8, Sm(A) Sn(A)*) = ns (s, Sm(A)* S (N)),

we have to prove that for v sufficiently small, the L?—norm of S,,(\)* S,,(\) admits an upper
bound by s < 1 uniformly with respect to m € Z and \ > 0.

4.3. Computations on the integral kernel of the canonical operator.

Proposition 4.4. Let V; defined in (4.7) and S,,(\) defined in (4.12). Then there exist C' > 0
and vy > 0 such that for all v € (0,1y), the following upper bound of the Hilbert-Schmidt
norm holds:

(4.14) 1S (A\)*Sim(N)]3 < CZJJ Lot (K V)t (ks ) |07 (K — k)| ?dK Ak
n,n! k JE

where we have set oo (R))
tmn(k, V) 1= —E\O;/]n(lgl 3 ek

Proof. We check that S,,,(\)*S,,()\) : L*(R, 1*(N*)) — L?(R, >(N*)) corresponds with

@.15)  (Sm(A)*Sm(A)(gn)),, (k) =

Sm(A)
1 —_— .y
2_Lm,n(k) f f am,n (T’, k)%(n Z) Z J gn’(k/>Lm,n’(k/)am,n’(T7 k/)elz(k 7k)dk/d7”dz
™ z Jdr n' !

where we have denoted
1 14 >\m n k
Lo (k) i= M
’ Amn (k) + A

The integral kernel of this operator is

mm,n,n’<k> k/) = Lm,n(k)Lm,n/<k/) J f ‘/0(7“, z)ﬂm,n(r, k)ﬁm’nr (’I“, k/)eiz(kik/)dZdT' .

Lo () Loyt ()5 (K — ) f Y T i (s K

r

Then the Hilbert-Schmidt norm is given by
(4.16) 47| S (A) S (N[5 =

2 f f , f Lo (k)" Lo e (R[0T (K = R

2

J<T>_°‘ﬁm,n(r, k)t g (r, K" )dr| dEdE'.
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Set vy > 0 and (m, n, k) such that \,, (k) < vy. Applying Remark 4.2 we know that there
exists Ix(vg) = [ple*, phe*], p| < 1 < ph, such that for any k > ko sufficiently large
(independent of (m,n)),

J Y| U (ks 1) |2 dr < J | U (ky 1) |? dr < C(uo,ﬂ)e_ﬁM(”O)ek
Clx(v0) Clx (vo0)
with 5 € (0,1) and M (1) > 0. On the other hand, on I; (1), we have
Y= | U (k) |2 dr < C’(Vo)e_akJ | U (K, 1) |2 dr < C’(Vo)e_ak.
I (vo) It (vo0)

Consequently,
4.17) J Y | (k) [ dr = O(e=),
Ry

uniformly with respect to (m, n, k) € Z x N* x R satisfying A, (k) < 1. Using the Cauchy-
Schwarz inequality we deduce from (4.16) that for all v € (0, 1p):

(4.18) 19 (M) * S (M) |3 < (JZ f f Lot (K V)t (R, ) |07 (K — k)|?dK Ak
nn k JE!

and the lemma is proved 0J

We notice that the influence of V' appears as an interaction between the behaviors in  and
z via a convolution product in the phase space. We now estimate the norm of the function

tnn (K, V)

Lemma 4.5. There exists C' > 0 and vy > 0 such that for all (m,n, k) € Z x N* x R, we have

Vafl

Vve (0,10),Yg =1, |tmn(, V)| <C

nOé

Proof. Set vy > 0 and assume \,, (k) < 1. According to Lemma 4.1 there exists Cy > 0
such that

(4.19) A (k) = Cone™,

uniformly with respect to (m, n, k) € ZxN*xR. Then for v € (0, 1) there holds 1o ) (A, (k) <
1jo, »1(ne*) and for any A > 0 we have
0

1[0 u]()‘m n(k)) —aqk f 1 —aqk
lmmn qq = : . (& «@q dk < € s dk
lemnl L (A (k) + N k>log S0 (Amn (k) + )

v

1 J (—a+1)qk
< e\ Tk
(Con)1 k>log 0"

1 v (a—1)q
~ qla—1)(Con)s (Con>
and the lemma is proved. O
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4.4. Convergence of the series and proof of Theorem 1.3. We notice that the r.h.s of (4.14)
coincides with

5 [ i) o ) Y R

o JE

Assume that v, € LP with p € [1,2]. Then |[07|> € LP"/? with p/ = 27 = 2. Young’s inequality
provides for all ¢ > 1:

lems * P12 < e ol ]ze
where z% + % =1+ % We now use Holder’s inequality combined with lemma 4.5 and we get
for all (m,n,n’):

V2a—2

Vv e (0, 1), J b (s V) (b (4, 1) % |§I|2)(k)dk < Cloy| e
k

nanla

Since o > 1, we get

2 L (ks V) (bt (-, v) # [TL17) (R)dk = O™ 7)o |1 ) ni 3

n=1 n'=1 (n’)&

1

and therefore using Proposition 4.4:
(4.20) [Sm(N)*Sm(N)]; = O(*7?)

which, for @ > 1, tends to 0 with v, uniformly with respect to (m, \) € Z x (0, +00). Then,
(4.11) follows from (4.13). In conclusion the hypotheses we have used on V (r, z) is V (r, z) <
{ry~®v,(z) witha > 1 and v, € LP(R), p € [1, 2] and we deduce Theorem 1.3.
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