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[1] An experimental study on a physical model of a beach in a two-dimensional wave
flume was designed to investigate velocity nonlinearities in the wave boundary layer. The
cross-shore velocity was measured in the surf zone along a vertical profile every 3 mm
from free-stream elevation down to the still bed level. The skewness and the asymmetry
of the phase averaged velocity were computed at each elevation. Observations indicate
that the free-stream asymmetry transforms into bottom velocity skewness. A linear
experimental relation between free-stream asymmetry to skewness ratio and bottom
skewness to free-stream skewness ratio is established. A theoretical linear relationship is
discussed, which predicts the phase lead of the bottom velocity. This phase lead is also
determined by Fourier analyzing the velocity time series. The first two Fourier
components yield the same phase lead at the bed that is found to be about 30ı and nearly
constant over all the experiments made.
Citation: Berni, C., E. Barthélemy, and H. Michallet (2013), Surf zone cross-shore boundary layer velocity asymmetry and
skewness: an experimental study on a mobile bed, J. Geophys. Res. Oceans, 118, doi:10.1002/jgrc.20125.

1. Introduction
[2] Predicting beach morphology variations is a diffi-

cult task. Many long-shore and cross-shore non-cohesive
sediment transport models have been developed to this
end. Contrary to long-shore transport, cross-shore transport
remains hard to predict. This is partly due to the numer-
ous competing processes involved in the destabilization and
transport of the sediment bottom layer, most of which take
place in the oscillatory boundary layer.

[3] Most experimental knowledge on the wave bound-
ary layer has been generated by investigations on boundary
layers on rigid bottom models with sinusoidal free-stream
forcing [Jonsson and Carlsen, 1976; Sleath, 1987; Jensen
et al., 1989, for instance]. In a perfectly symmetric wave, the
trade off between the onshore sediment flux induced by crest
velocities and the offshore flux during the troughs is virtu-
ally zero. In contrast, waves with velocities that are different
at crest phases compared to trough phases will generate
a relatively stronger net transport than sinusoidal waves
[Dibajnia and Watanabe, 1992; Dohmen-Janssen et al.,
2002; Hsu and Hanes, 2004; Grasso et al., 2011b]. Shoal-
ing waves nonlinearly generating super-harmonics exhibit
differences in peak and trough velocities. Before wave
breaking, the boundary layer is essentially forced by more
or less pure skewed velocities that induce skewed bottom
shear [Fuhrman et al., 2009]. A recent study by Suntoyo and
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Tanaka [2009] reporting experiments of oscillating air in a
closed duct also shows, for a wide range of roughness ratios,
that skewed free-stream velocity forcing produces skewed
boundary shear stress.

[4] More surprisingly, a skewness in acceleration,
called asymmetry, also produces an onshore net transport
[Ruessink et al., 2011]. Asymmetry effects on sediment
transport were considered to be irrelevant until labora-
tory experiments shed some light on this aspect [King,
1991]. Broken waves with steep pitched-forward fronts,
also known as saw-tooth shape waves, are typical asym-
metric waves found in the inner surf zone [Ruessink et al.,
2012]. Evidence of on-shore sediment transport by asym-
metric waves was reported by Elgar et al. [2001] who
analyzed field data obtained at Duck, NC. They showed a
strong correlation between the on-shore motion of the sand
bar and the motion of the maximum velocity asymmetry
location. More recently, laboratory experimental results in
acceleration-skewed oscillatory flows by van der A et al.
[2010] and Ruessink et al. [2011] show that more sediment
is mobilized by the crest than the troughs, suggesting that
a free-stream asymmetry possibly triggers a skewed shear
stress in the boundary layer.

[5] Nielsen [1992] suggests the following physical expla-
nation as to why asymmetry in velocity leads to skewed
stresses. The wave boundary layer in the positive, rapidly
accelerating half cycle has less time to grow than in
the half cycle with less acceleration. This leads to larger
(absolute) vertical gradients in flow velocity and, hence,
larger shear stresses. This has been confirmed numerically
by Fuhrman et al. [2009]. Using a k-! numerical model
to compute the boundary layer on a fixed bed, they show
that a certain degree of wave asymmetry causes skewing
of the bottom shear stress. Boundary layer measurements
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by van der A et al. [2011] and Abreu et al. [2013] tend to
confirm this behavior, although in U-tube devices that are
known to produce flows with limited asymmetries compared
to free surface waves in natural surf zones.

[6] Thus, both experimental and numerical results in the
literature show that an asymmetric free-stream velocity can
produce a skewed shear stress, indicating a transforma-
tion of the nonlinearities in the wave boundary layer. The
purpose of this article is to understand how this transfor-
mation occurs. The study of the boundary layer structure
of the flow and, more precisely, of the nonlinearities of the
bottom velocity over a mobile bed is undertaken. This is
of importance since recent work by Sparrow et al. [2012]
shows that a permeable bed modifies the wave boundary
layer dynamic.

[7] A theoretical framework to quantify the transforma-
tion of free-stream asymmetry to skewed bottom velocity
was originally outlined in the work of Elgar [1987] who
applied the concept of bi-spectrum to the analysis of veloc-
ity time series. This framework was supplemented by the
work of Henderson et al. [2004]. They explain how the
bottom velocity generated by an asymmetric free-stream
velocity is skewed due to phase lead, the skewed shear stress
being a direct consequence of a skewed near-bottom veloc-
ity. Indeed, assuming a frequency-independent phase shift
in the boundary layer, the various Fourier components of the
velocity will have different time shifts: the longer the wave,
the larger the time shift. Fourier components of an asym-
metric wave are piled up at the front of the wave, and their
time shifting changes the shape of the orbital velocity from
asymmetric to skewed. Building on this idea, the theoretical
derivation by Henderson et al. [2004] yields a linear rela-
tionship between the near-bed skewness and the free stream
asymmetry. On one hand, the phase difference between
the free-stream and the near-bed flow is assumed to be
frequency-independent. This is of course the case for lami-
nar flows where phase lead is 45ı regardless of frequency.
The fully turbulent flow simulations by Henderson et al.
[2004], with a k – � model forced by a particular set of free-
stream in situ velocity measurements, show that the phase
lead is roughly constant (25–30ı) over a wide range of fre-
quencies. U-tube measurements at relatively high Reynolds
numbers (between 105 and 4 � 105) and for oscillation peri-
ods between 2 s and 4 s by Dick and Sleath [1991] over
mobile beds give phase leads of roughly 15ı in the bound-
ary layer. These three examples show a certain amount of
scattering in phase shifts in oscillatory flows. A compilation
by Jensen et al. [1989] shows that the phase lead of the bot-
tom shear on fixed beds over the free-stream velocity varies
gradually, decreasing from 45ı for laminar flows to less than
10ı for Reynolds numbers as high as 6 � 106. Phase lead is
shown to be a decreasing function of a/ks where a is the fluid
particle motion amplitude and ks the Nikuradse roughness
length scale.

[8] On the other hand, the derivation by Henderson
et al. [2004] postulates a velocity amplitude attenuation
from free-stream elevations to near-bottom elevations
that is also frequency-independent. In the laminar case,
this is not really the case as will be seen in the next
section. Moreover, the same simulations by Henderson
et al. [2004] for fully turbulent flows tend also to give
a frequency-dependent attenuation.

[9] Although the simplified assumptions on attenuation
and phase shift are not quite fulfilled, the k – � model of
Henderson et al. [2004] shows that near-bed velocity skew-
ness and free-stream velocity asymmetry fall into a linear
relationship with a high degree of correlation which gives
an indication that this relationship seems to be more general
than foreseen.

[10] Despite the considerable efforts made, there is a
lack of experimental data, especially velocity measurements
within the boundary layer under waves, over a movable
bed, to better understand the role of asymmetry in sediment
transport. This article presents profiles of velocity mea-
surements within the boundary layer over a movable bed.
Measurements are performed in the surf zone, where the
wave asymmetry is of great importance. Nonlinearities, as
quantified by the skewness and asymmetry of the velocity in
the boundary layer, are analyzed in detail, and the transfor-
mation of asymmetry to skewness is studied. The theoretical
background is first presented in the next section, the experi-
mental set-up and results are then described in section 3, and
implications are finally discussed in the last section.

2. Theoretical Background
[11] A nonlinear asymmetric wave is a combination of

components of different frequencies that are phase-shifted in
order to produce steep fronts with narrow peaks and troughs.
Measures of the degree of nonlinearity are the skewness and
the asymmetry [Elgar, 1987; Henderson et al., 2004]. The
velocity skewness is defined by,

Sk(z) =
(u(z, t) – u)3

u3
rms(z)

(1)

and the velocity asymmetry is defined by,

As(z) = –
=(H(u))3

u3
rms(z)

, (2)

where u(z, t) is the cross-shore horizontal velocity, with
the overbar denoting a time-average over the studied inter-
val, H(u) the Hilbert transform of u, = the imaginary part,
and urms(z) = (u(z, t) – u)21/2

. The transformation of free-
stream velocity asymmetry to bottom velocity skewness in
the boundary layer, described by Henderson et al. [2004],
can be theoretically framed in more detail as follows.

[12] Consider the Fourier decomposition of the nonlinear
cross-shore velocity:

u(z, t) =
1X
n=1

�
An(z) ei!nt + bAn(z) e–i!nt

�
, (3)

where bAn is the complex conjugate of An and !n = n !,
where ! is the fundamental angular frequency. The non-
linearities induce couplings between the different Fourier
components. The coupling can be quantified using the auto-
bispectrum B [Elgar and Guza, 1985; Elgar, 1987] :

B(!m, !n) =
D
Am An dAm+n

E
, (4)

where the angle brackets denote the ensemble average. The
opposite of the imaginary part of the summation of B com-
ponents corresponds to the asymmetry (As*) and the real
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Figure 1. Velocity phase lead � and attenuation factor K
of the first three Fourier components in the bed boundary
layer computed with the Stokes solution (10): first (solid),
second (dashed), and third (dashed-dotted) components for a
fundamental period of 2.5 s. The vertical axis is the altitude
and z = 0 stands for the position of the bed.

part to the skewness (Sk*). The asymmetry and the skewness
obtained by this method are not dimensionless and will be
marked with a star hereinafter.

[13] If, moreover, it is assumed that a given component of
the bottom velocity is equal to the same component of the
free-stream velocity, attenuated and with a phase lead, the
following relation stands between the Fourier coefficient of
the free-stream velocity (An,1 at z = z1) and the bottom
velocity (An,b at z = zb):

An,b = An,1 � Kbei�b . (5)

[14] Furthermore, if the attenuation coefficient Kb and the
phase lead �b are assumed to be independent of the angular
frequency !, it is straightforward to show that the near bed
auto-bispectrum is:

B(!m, !n, zb) =
D
Am,b An,b bAm+n,b

E
(6)

=
D
Am,1 An,1 bAm+n,1 K3

b ei�b
E

,

and thus the model adapted from the work of Henderson
et al. [2004] gives,

Sk*
b = K3

b � (cos �b Sk*
1

+ sin �b As*
1

), (7)

where Sk*
b is the skewness at z = zb and Sk*

1
and As*

1
the

free-stream skewness and asymmetry, respectively.
[15] The bottom velocity skewness therefore depends on

the free-stream velocity skewness and the free-stream asym-
metry. The attenuation factor Kb is equal to urms,b/urms,1 so
that:

Skb

Sk1

=
Sk*

b
Sk*

1

� 1
K3

b
, (8)

and the relation (7) can be written:

Skb

Sk1

= cos �b + sin �b
As1

Sk1

, (9)

which is a linear relationship between the nondimensional
near-bottom skewness Skb and the nondimensional free-
stream asymmetry As1. As discussed in section 1, the linear
relationship between asymmetry and skewness also seems
to be retrieved in numerical models that do not assume a
frequency-independent phase lead and attenuation. A simple
model is used below to interrogate how general this result
might be.

[16] As a start, it is known that at low Reynolds number,
the velocity distribution in the wave boundary layer for a
sinusoidal oscillatory flow can be described by the Stokes
solution [Stokes, 1851]. For a given Fourier component of
(3) with an angular frequency !n, this reads,

un(z, t) = an ei!nt (1 – e–ˇn z (1+i) ) (10)

where ˇn =
p

!n/2 � is the inverse of the viscous length
scale, � is the water viscosity, and z is the vertical coordinate
with z = 0 at the bed. At small heights z compared to 1/ˇn,
the limiting form of (10) is,

un(z, t) � an
p

2 ˇn z ei(!nt– 1
2 ˇn z+ �

4 ). (11)

[17] Figure 1 shows the vertical distribution of the phase
lead and attenuation factor for the first three Fourier compo-
nents of a 2.5 s wave. At z = 10–5 m, the closest computed
elevation above the bed, the phase lead � and the atten-
uation factor K increase with the Fourier component fre-
quency. This Stokes solution will now be combined with a
free-stream forcing typical of asymmetric waves.

[18] As used by many authors [Drake and Calantoni,
2001; Terrile et al., 2009; Abreu et al., 2010], free-stream
asymmetric and skewed velocities can be described by the
following finite sum of functions:

u1(t) =
NX

n=1

1
2n–1 cos

�
!n t + (n – 1) � –

�

2

�
, (12)

where � is a measure of the degree of asymmetry. The com-
ponent amplitude An is simply An = 1/2n–1 exp[i((n – 1)� –
�/2)]. A purely skewed wave is given by � = –�/2, a
purely asymmetric wave by � = 0. Using (12), a set of 27

0 1 2 3 4 5 6 7
0

1

2

3

4

5

6

7

8

Figure 2. Near-bed to free-stream skewness ratio as a
function of the free-stream asymmetry to skewness ratio
with velocities computed by the phenomenological bound-
ary layer model described by equations (10) and (12). Cross,
data; dashed line, best linear approximation.
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Figure 3. (a) Cross shore sketch of the LEGI wave flume set-up. The green star indicates the cross-
shore location of the ADVP. (b) Schematic diagram of the ADVP configuration with E and (R1, R2) being
the piezoelectric emitter and receivers, respectively. The vertical column of rectangles below the emitter
depict the measuring volumes.

free-stream velocity forcings is constructed by selecting 27
values of � in a range between 0.1 and 1.45. The chosen
angular frequency is !1 = 2�/T with T = 2.5 s. It is recog-
nized that N = 8 components is usually enough to retrieve
the right wave shape.

[19] The next step is to assume that, for a given forcing
(12), the boundary layer response is the linear superposi-
tion of the separate responses of the Stokes type (10) to
each of the 8 components of the forcing (12). Consequently,
each free-stream forcing generates a value of bottom (Skb)
and free-stream (Sk1) skewness and free-stream asymme-
try (As1). Ratios obtained from these 27 sets are plotted
in Figure 2. A clear linear relation is observed between
Skb/Sk1 and As1/Sk1 even though the model is not based
on a frequency independent attenuation factor Kb. Note that
the simple relation (9) cannot be used here since the plot
indicates that cos �b and sin �b should simultaneously be
equal to unity. In the next section, the linear relationship
between velocity skewness and asymmetry is confronted to
experimental data.

3. Experiments
3.1. Experimental Facility

[20] The experiments were performed in a 36 m long,
0.55 m wide wave flume (Figure 3). The flume is filled with
Polymethyl Methacrylate (also known as Plexiglas) sedi-
ment of low density (1180 kg m–3) forming a beach. The
median diameter of the sediment is d50 = 0.64 mm. The
corresponding settling velocity is 21 mm s–1 [see Grasso
et al., 2009, 2011a, for more details on the experimental
facility]. The wave forcing is produced by a computer-
controlled piston-type wave maker. There is neither wave
absorption nor second-order correction on the wave maker
motion.

[21] Capacitive wave gages are placed in the cross-shore
direction of the beach to measure free-surface elevations.
Beach profiles are recorded between wave series using an
acoustic profiler mounted on a motorized trolley.

[22] Vertical profiles of the cross-shore velocity are mea-
sured at x = 13 m away from the wave maker with an acous-
tic Doppler velocity profiler (ADVP) [Hurther, 2001]. The
three piezoelectric ceramics (one emitter and two receivers)
are located just below the minimum water level at the wave
troughs (Figure 3b). The emitted acoustic wave of carrier
frequency 1 MHz travels vertically downwards. At this fre-

quency, the device also acting as a sonar can track the
instantaneous bed level position (see Silva et al. [2009];
Hurther and Thorne, [2011]; Berni et al. [2012] for more
details). The resolution on the vertical position for both bed
level and velocity sampling volumes is 3 mm. Depending
on the water depth, 6 to 19 measures of the velocity are
obtained. In the following, the free-stream velocity u1 is
defined as the cross-shore velocity measured at the elevation
where the velocity amplitude is maximum. The near-bed
velocity ub is defined as the velocity measured in the first
sampling volume above the mean position of the still bed
level, i.e., at an elevation zb between 0 and 3 mm above this
level. The sampling frequency for the velocity, the bed level,
and the free-surface elevation is 50 Hz.

3.2. Wave Conditions
[23] The wave climate is a repetition of a specific wave

sequence of duration Ts = 53 s. It results from the concate-
nation of two bichromatic packets with a carrier wave period
of 2 s and 2.5 s, respectively (Figure 4). The target free-
surface elevation �i for the bichromatic packet i is written as
follows:

�i(x, t) = A cos (!i,1t – ki,1x) + A cos (!i,2t – ki,2x), (13)

where A = 40 mm for both packets and x is the cross-shore
position. The angular frequencies for the packet with a wave
period of 2 s are !1,1 = 3.0 rad s–1 and !1,2 = 3.3 rad s–1; for

0 10 20 30 40 50
−10

−5

0

5

10

15

(c
m

)

Figure 4. The 53 s wave sequence: first packet with 2 s
carrier period, second packet with 2.5 s carrier period. Solid
line, target free-surface displacement assigned to the wave
maker; and dashed line, measurements with a capacitive
wave gage at x = 2 m.
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Figure 5. (top) Root mean square wave height for the
experiment 1 (see Figure 12, cross, T = 2 s; circle, T = 2.5 s)
and the experiment 42 (asterisk, T = 2 s; diamond, T =
2.5 s). (bottom) Topography of the beach after the experi-
ment 1 (bold solid line), the experiment 8 (thin solid line)
and the experiment 42 (dashed line). x = 0 is the mean
position of the wave maker and Z = 0 is the still free sur-
face (horizontal dotted line). The vertical line indicates the
measurement location.

the packet with a wave period of 2.5 s, !2,1 = 2.4 rad s–1 and
!2,2 = 2.7 rad s–1. The wave numbers ki,j are given by the
dispersion relation:

!2
i,j = gki,j tanh(ki,jh0), (14)

where h0 is the water depth at the wave maker. The sig-
nificant wave height at the wave maker is 0.16 m for both
groups.

[24] The initial, intermediate (after 1150 wave sequences
of 53 s) and final (after 3150 wave sequences) beach pro-
files are plotted in Figure 5. During the experiments, a bar
progressively formed and migrated onshore. The root mean
square wave heights Hrms for the initial and final profiles
are plotted in the top panel. The break point was stationary
on the whole, at a distance of roughly 8 m from the wave

maker. The surf zone extends from there up to the bar trough
(x � 20 m). The measurements analyzed in this paper are all
recorded within the surf zone at x = 13 m.

3.3. Boundary Layer Scaling
[25] The scaling of this experimental facility for similar

wave conditions has been studied in depth by Grasso et al.,
[2009, 2011a, 2011b]. The prototype is a non-cohesive sed-
iment beach. A single horizontal and vertical length scale
of 1/10 was chosen. Froude scaling then requires the veloc-
ity to be scaled as 1/3 in the model. The overall beach
morphodynamics was shown to be correctly reproduced by
matching both dimensionless fall velocity (Rouse or Dean
number) and Shields number. Table 1 summarizes the differ-
ent parameters for a prototype and our model. The Reynolds
number is smaller in the experiments than in nature but large
enough for the flow to be turbulent. The Rouse numbers,
or dimensionless settling velocities, are comparable. The
Shields number is estimated by

� = fw
u2

rms

g(s – 1)d50
, (15)

where s is the relative density of the sediment (s = 1.18 in
our experiment) and fw is the friction coefficient estimated
according to Swart [1974] by:

fw = exp

"
5.213

�
2.5 d50

a

�0.194

– 5.977

#
. (16)

As shown in the work of Grasso et al. [2009], the
Shields number is found to be similar in our experiment
and in various prototypes. At our measurement location,
urms � 0.14 m s–1 and the Shields number is 0.5. This value
corresponds to a transition regime between ripples and sheet
flow dynamics. However, this estimate does not take into
account the possible acceleration effects on the shear stress.
For instance, Nielsen [2006] showed that a strong accelera-
tion (typical of surf zone waves) can lead to higher Shields
numbers. This is not taken into account in formulas such as
(15). At certain phases of the wave, the Shields number in
the experiment is higher and sheet flow develops.

[26] As the Shields number is similar to that found in
nature, the sheet flow thickness and the ratio of roughness
ks to median diameter are also similar. Indeed, the sheet-
flow thickness ıs and the equivalent roughness length ks

Table 1. Model—Prototype Comparison of Flow Parametersa

Parameters Prototype Model

Velocity urms (m s–1) 0.5 0.14
Wave period T (s) 8 2.5
Orbital excursion a =

p
2urms T/2� (m) 0.9 8 � 10–2

Reynolds number Re =
p

2urmsa/� 6 � 105 1.6 � 104

Median diameter d50 (m) 3 � 10–4 6.4 � 10–4

Specific density s 2.65 1.19
Friction factor fw 9 � 10–3 3 � 10–2

Shields number � 0.5 0.5
Friction velocity u* =

p
fw urms (m s–1) 4.9 � 10–2 2.4 � 10–2

Settling velocity ws (m s–1) 4.0 � 10–2 2.1 � 10–2

Rouse number Rou = ws/�u* 2.1 2.2
Wave boundary layer Reynolds number ReWBL 212 127

aPrototype data are typical of moderate wave conditions and sediment at Duck beach [e.g., Lippmann and Holman, 1990;
Elgar et al., 2001] and stand within the range of parameters in Elfrink et al. [2006]. � is the von Karman constant, � = 0.4.
The sand settling velocity is computed using the formula of Ferguson and Church [2004].
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Figure 6. Examples of (a) instantaneous free-stream velocity and (b) instantaneous near-bed velocity
time series together with the corresponding ensemble averages (gray lines). (c) Ensemble average of the
estimated location of the top of the wave boundary layer (blue line) and ensemble average of the estimated
bed position (gray line). The near-bed velocity ub is measured at Z = –0.15 m, indicated as a dashed line
in Figure 6c. The processed signals are a record of the 28th experiment (Figure 12).

are estimated by the Wilson [1987, 1989] parameterizations
given by,

ıs = 10 � d50 , (17)
ks = 5 � d50 . (18)

According to these equations, the sheet flow is about 3 mm
thick and the equivalent roughness length about 2 mm in the
present experiments.

[27] In this study, the focus is placed on the wave bound-
ary layer dynamics for which, according to Dick and Sleath
[1991], the free dimensionless parameters are the Shields
number � defined above, the ratio of orbital excursion to
median diameter, and the boundary layer Reynolds number.

[28] The orbital excursion a is estimated to be between
0.05 and 0.1 m, values that are two orders of magnitude
greater than the median diameter. Even though in nature
a/d50 can be much greater, the fluid particle displacements
in the experiment at the bottom are still much greater than

the grain diameter. Flow separations on the lee side of the
grains still take place on most of the wave cycle.

[29] The boundary layer Reynolds number is the ratio of
the grain size to the vertical viscous length scale:

ReWBL =
p

2 urms d50

�
, (19)

where � is the water kinematic viscosity. In our experiment,
this number is around 120. Since the velocity in our experi-
ment is three times smaller than the prototype to be modeled
and the sediment is coarser, the boundary layer Reynolds
number is then of the same order of magnitude as in the field.
In both cases, these values ensure that the boundary layers
are hydraulically rough.

[30] Given that these parameters characterize the wave
boundary layer dynamics, the physical model presented in
this article can be used to investigate the wave boundary
layer over a sandy beach.
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Figure 7. Power spectrum density of the instantaneous velocity computed over 45 min of measurement.
(a) Free-stream velocity. (b) Near-bed velocity. Light lines represent the 95 % confidence intervals. The
processed signals are a record of the 28th experiment (Figure 12).
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Figure 8. Power spectrum density of the ensemble aver-
aged velocity (dashed line) and the turbulent / noise com-
ponent (the solid line indicates the difference between the
ensemble average and the instantaneous velocity). The gray
line indicates the –5/3 slope. The processed signals are a
record of the 28th experiment (Figure 12).

3.4. Velocity Measurements
[31] Examples of instantaneous velocities (within the

28th experiment) at both free-stream and near-bed eleva-
tions are given in Figures 6a and 6b. The two bichromatic
groups can be distinguished, the first between t = 0 s and
t = 26.5 s, the second between t = 26.5 s and t = 53 s. The
mean bottom elevation over one wave sequence (of dura-
tion Ts) does not evolve significantly during a set of 30 to
50 sequences forming an experiment. The ensemble aver-
aged velocities for this particular experiment are also plotted
in Figures 6a and 6b. Most of the analysis will be made on
ensemble average data. The ensemble average on N real-
izations (between 30 and 50 wave sequences) is computed
as:

hu(t)i =
1
N

NX
n=1

u(t + (n – 1) Ts), (20)

where Ts is the duration of the sequence.
[32] The ensemble average of the estimated location of

the top of the wave bottom boundary layer, taken as the ele-
vation where u(Z) is maximum and has the same sign as

ub, is plotted in Figure 6c, along with the ensemble aver-
aged bed elevation. The boundary layer is building up after
each flow reversal to reach a maximum thickness of about
20 to 30 mm just before the next flow reversal. The bound-
ary layer under maximum negative flow is thicker than
under maximum positive flow because it has more time to
grow during the trough phases. This difference in thick-
ness clearly increases with increasing velocity asymmetry,
as can be seen by comparing the waves at the beginning
of the first group to that in the middle of the same group
for instance. This behavior has been suggested to be a main
cause for larger shear stresses under wave crests and positive
net transport for asymmetric flows [Nielsen, 1992; Suntoyo
et al., 2008; Ruessink et al., 2011]. An erosion of the bed
is detected at each wave crest. The maximum detected ero-
sion within the sequence is approximately 3 mm. This value
is consistent with the estimate of the mean sheet-flow thick-
ness obtained from equation (17). For this experiment, the
near bed velocity ub is measured just above the mean bed
elevation, at Z = –0.15 m.

[33] The density power spectrum of both u1 and ub
velocities are computed on 50 successive wave sequences
(i.e., about 45-minute signals) and presented in Figure 7.
They have similar shapes and both exhibit a peak at
1/26.5 Hz which corresponds to the length of each bichro-
matic wave packet. The first two eigenmodes of the wave
seiching are computed using a finite difference method for
the linearized nonlinear shallow water equations as in Kirby
et al. [2006]. The eigenmodes have a maximum ampli-
tude at about 1/48 Hz and 1/20 Hz respectively, values that
slightly depend on the beach profiles. The frequency com-
ponents of the bichromatics are chosen so as to avoid any
resonance mechanism of the seiching modes. The four high-
est peaks around 0.4 Hz and 0.5 Hz correspond to the two
pairs of frequencies making up the two bichromatic packets.
The frequency peaks in the 0.6 to 2 Hz range are harmon-
ics of these four basic frequencies. The large number of
super-harmonics reflects a high degree of nonlinearity in the
surf zone.

[34] Ensemble average velocity can be subtracted from
the instantaneous velocity. The resulting difference is a
signal that includes turbulence and noise. The spectral sig-
nature of each contribution is given in Figure 8. The power
spectrum density of the ensemble average has a cut-off

0 5 10 15 20 25 30 35 40 45 50
−0.4

−0.2

0

0.2

0 5 10 15 20 25 30 35 40 45 50
−5

0

5

10

Figure 9. Examples of ensemble average time series of the (top) water free-surface elevation h�(t)i, of
the (bottom, solid line) free-stream velocity hu1i, and of the (bottom, dashed line) near-bed velocity hubi
for the 53 s wave sequence defined by (13). The first wave packet has a peak period of 2 s, the second, a
period of 2.5 s. The plotted signals correspond to the 28th experiment of Figure 12. The black box gives
the analyzed portion of the signal for both forcings.
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Figure 10. (top) Detail of the time series of the orbital
free-stream velocity eu1 corresponding to the experiment
plotted in Figure 9. (bottom) Orbital velocity eu profiles at
the specific phases as marked on the top plot; dashed lines
are high-pass filtered instantaneous velocity (u – ulf) pro-
files, and shading indicates standard deviation around each
orbital profile. The vertical axis is the dimensionless ele-
vation; Z/h = –1 stands for the mean position of the bed;
Z/h = 0 for the still free-surface elevation. The water depth
is h = 150 mm at the measuring location (28th experiment,
Figure 12).

of around 2 Hz. Below this cut-off, the turbulence / noise
contribution is 10 to 100 times smaller in energy than
that of the wave motion. Moreover, the turbulence / noise
contribution has a slope of –5/3 in the 0.7 Hz to 2 Hz fre-
quency range which is characteristic of turbulence. Smaller
turbulent scales up to 25 Hz (Nyquist frequency) are proba-
bly not resolved due to the spatial resolution of 3 mm. The
ensemble averaging can therefore be relied upon to separate
the wave related mean motion from the turbulence / noise
contribution. The turbulence will not be analyzed further in
this article.

[35] For all the experiments (41 groups of at least 30
sequences), dimensionless skewness and asymmetry were
computed at the free-stream level (z = z1), the near-bed
level (z = zb), and at (z = zb +p) above the near-bed elevation
with p � 3 mm.

3.5. Results
[36] Time series of the ensemble average of the free-

surface elevation, the free-stream and the near-bed velocities
at the measurement location are shown in Figure 9. These
data correspond to one representative example among the
whole set of 41 experiments. The shape of the waves is typi-
cal of the surf zone waves, with pinched crests, long troughs,
and pitched-forward waves. As expected in shallow water,
the free-stream velocity and the free-surface elevation have
similar shapes with pitched forward fronts.

[37] In contrast, the bottom velocity in Figure 9 is highly
skewed. Note that the bottom velocity and the free-stream
velocity at each crest are almost of the same value while the
near-bed trough velocity is more than 50 % smaller than its
counterpart in the free-stream velocity.

[38] This is also illustrated with vertical profiles of orbital
velocities at different phases of a single wave in Figure 10.
The orbital velocity eu is defined here as the difference
between the ensemble averaged velocity hui and the low-
frequency components ulf (with a cut-off frequency of 3/5 �
0.4 Hz). These velocity profiles display greater absolute
bottom velocities during the crest than during the trough.
Examples of high-pass filtered instantaneous velocity (u–ulf)
profiles are also plotted in the same figure, along with
shadings which bounds are computed as the standard devi-
ation of (u – ulf) over the 45 realizations of the same
experiment. The consistency of these different profiles fur-
ther supports the relevance of the velocity decomposition
and the limited impact of the beach evolution within each
experiment.

[39] For this specific, not especially energetic, wave cli-
mate, the mobile bed layer is moderately thick (� 3 mm,
see previous section). The first ADVP measurement volume,
being above the bed at rest, is either above the sheet-flow
or in the upper part of it during the wave sequence. Thus
the concentration is low enough to measure reliable near-
bed fluid velocities since the slippage between particles and
fluid at this elevation is known to be small [Dick and Sleath,
1991]. The consistency of the velocity profiles (Figure 10)
supports this conclusion. In particular, a phase lead of the
near-bed velocity is observed at each flow reversal, which
is characteristic of the wave boundary layer. Moreover, the
vertical profiles of the root mean square velocities are shown
in Figure 11 for both bichromatic packets. As found by
Dick and Sleath [1991], the rms velocity follows a log law
within the boundary layer. The equivalent roughness scale

0 0.05 0.1 0.15

10−4

10−3

10−2

Figure 11. Root mean square of the ensemble averaged
velocity profiles. Crosses and circles relate respectively to
the first and second analyzed portions specified in Figure 9.
Cross, T = 2 s; circle, T = 2.5 s (8th experiment, Figure 12).
The vertical axis is the elevation above the bed.
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Figure 12. (a) Asymmetry and (b) skewness of the ensem-
ble averaged free-stream velocity for the 41 experiments. (c)
Mean water depth. Crosses and circles relate respectively to
the first and second analyzed portions specified in Figure 9.
Cross, T = 2 s; circle, T = 2.5 s.

determined in this manner is about 2 mm, in agreement with
the estimation given in section 3.2.

[40] In the following analysis of nonlinearities, it was
decided to study only the four middle waves of each group,
identified by a box on the time series in Figure 9. The two
time bounds of the box are times with zero up-crossing of
the free-stream orbital velocity. Both intervals are analyzed
and studied separately as they correspond to two different
wave periods and therefore to two different forcings. Both
the ensemble average velocity and the orbital velocity (i.e.,
including or not the low-frequency components) are ana-
lyzed and a similar trend is obtained. Indeed, over the small
intervals studied, the velocities inferred from the infragrav-
ity waves are nearly constant, and as the mean velocity in
the skewness computation is removed, the behavior is very
similar.

[41] As the beach shape evolves during the 41 experi-
ments, a wide range of values for the free-stream skewness
and high values of the asymmetry are obtained. Figure 12
presents these values throughout the 41 experiments for both
periods. For both periods, the skewness is gradually increas-
ing during the 41 experiments. This is related to the increase
in water depth, as a result of the slow overall onshore bar
migration shown in Figure 5. In our experiments, waves of
2.5 s period are more asymmetric and less skewed than the
waves of 2 s period.

[42] As an example, for experiment number 28 of these
41 experiments (Figure 12), the vertical profiles of the
root-mean-square velocity urms, the mean velocity u, the
skewness, and the asymmetry are plotted in Figure 13 for
both bichromatic packets. The root mean square value of
the velocity (Figure 13a) decreases down to the bed in the

wave boundary layer. The mean velocity u (Figure 13b)
is negative in the upper part of the profile, indicating the
presence of an undertow. It decreases deeper down in the
boundary layer. The profile surprisingly concaves down-
wards but this is probably due to the mobile bed which
is also what O’Donoghue and Wright [2004] found. In
addition, measurements by Sparrow et al. [2012] over
both impermeable and permeable beds also suggest that
permeability can induce an inflection in the mean
velocity profiles. Both forcings at different periods show
similar behavior although the free-stream values of the rms
and mean velocity are different. Figure 13c shows a plot
of the non-dimensional skewness Sk of the velocity. This
skewness increases down to the bed while the asymmetry
decreases as shown in Figure 13d. The increase in skewness
is greater for the 2.5 s wave period which presents a greater
free-stream asymmetry.

[43] If the 41 experiments are now considered again, the
ratios appearing in equation (9) are plotted in Figure 14a
for z = zb. A clear linear relation (correlation coefficient of
0.99) is shown between these two ratios regardless of the
forcing. This linear relationship holds with or without filter-
ing the low-frequency components. By matching the slope
and the y-intercept to sin � and cos � as suggested by (9),
two close values of �: 44 and 42ı, respectively, are obtained
at z = zb. The same analysis is carried out on each individ-
ual sequence, the results of which are shown in Figure 14b.
The scatter of the data is wider but the overall linear trend
is found.

[44] The same ratios are plotted in Figure 14c at an ele-
vation z = zb + p just above zb. Again, a clear linear relation
(correlation coefficient of 0.95) is shown but with a gentler
slope. The two values for � computed with (9) are 30 and
19ı. The discrepancy is greater than for zb but the overall
decrease in the � value is consistent with the fact that the
phase lead decreases with increasing distance from the bed.
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−0.95

−0.9

−0.85

−0.8

a)

0 0.5 1 1.5

c)
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Figure 13. Examples of (a) root-mean-square velocity
urms, (b) mean velocity u, (c) skewness Sk, and (d) asymme-
try As profiles computed from ensemble averaged velocities,
for the two intervals studied, as specified in Figure 9, cor-
responding to the two wave forcings: cross, T = 2 s; circle,
T = 2.5 s. The vertical axis is the dimensionless elevation,
Z/h = –1 stands for the mean position of the bed, Z/h = 0
for the still free-surface elevation, with the water depth
h = 150 mm at the measuring location (28th experiment,
Figure 12).
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Figure 14. Near-bed to free-stream skewness ratio as a function of the free-stream asymmetry to skew-
ness ratio for (a) the ensemble average velocity at z = zb; (b) the instantaneous velocity at z = zb; and
(c) the ensemble average velocity at z = zb + p. (d) Ratio of the near-bed velocity skewness (at z = zb)
to the free-surface elevation skewness as a function of the free-surface elevation asymmetry to skewness
ratio for the ensemble average signals. T = 2 s (cross, times symbol) and T = 2.5 s (circle, diamond);
from signals without the low-frequency components (times symbol, diamond), from signals including the
low-frequency components (cross, circle), and best linear approximation (dashed line).

[45] Michallet et al. [2011] showed that free-stream
velocity reconstruction from free surface elevation signals
involves errors that are detrimental to estimate velocity
skewness and asymmetry . Nevertheless, we replace in (9)
the free-stream velocity skewness and asymmetry by the
free-surface elevation skewness and asymmetry for com-
puting the ratios that are plotted in Figure 14d. The linear
relationship still holds, despite smaller correlation coeffi-
cients (0.89 for the full ensemble average signals including
the low-frequency components, and 0.91 for the orbital
signals) compared to that computed with the velocity only.

[46] An understanding of the detailed structure of the
boundary layer velocity profile can be obtained by harmon-
ically analyzing the flow at each elevation and plotting the
vertical profile of the Fourier component amplitudes and
phases. This is done for each time box defined in Figure 9,
for the first three Fourier components. Profiles of the phase

lead � and the attenuation K within the boundary layer
are given in Figure 15 for both wave periods. The same
experiment as for Figure 13 is taken here as an exam-
ple. The higher level plotted is the free-stream elevation
in dimensionless coordinates. Progressing down to the bed,
the phase lead increases as the attenuation factor decreases.
Near the bed, the phase lead reaches a value of 30ı for
the first two Fourier components, and 20 to 25ı for the
third Fourier component. All these values are in the same
range as those determined by using the linear relation (9).
The discrepancies between the Fourier analysis and (9) are
deemed to be due to errors in the phase estimation but also to
the strong hypothesis that the attenuation factor in (5) does
not depend on the frequency of the free-stream forcing.

[47] This analysis was performed for the 41 experiments.
The average phase values and standard deviations obtained
are summarized in Table 2. The near-bed phase lead of the

Table 2. Phase lead � of the boundary layer phase-averaged velocities at elevations zb and zb + p
with regard to the free-stream phase-averaged velocity for the first three Fourier components

T = 2 s T = 2.5 s

zb zb + p zb zb + p

Fourier components 1st 2nd 3rd 1st 2nd 3rd 1st 2nd 3rd 1st 2nd 3rd

m� 32 33 26 28 25 21 29 29 20 25 21 15
�� 3 4 5 3 4 4 2 4 4 3 4 3

Average value m� and standard deviation �� .
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Figure 15. Profiles of the phase lead � and the attenuation factor K for the first three Fourier components
of the ensemble average velocity. Values deduced from Fourier analysis of the velocity: first (solid),
second (dashed), and third (dashed-dotted) components, for the two wave forcings: cross, T = 2 s; circle,
T = 2.5 s. The vertical axis is the dimensionless altitude, Z/h = –1 stands for the mean position of the bed,
Z/h = 0 for the still free-surface elevation, with the water depth h = 150 mm at the measuring location
(28th experiment, Figure 12).

first two components is similar, but different from the phase
lead of the third component. The phase lead at z = zb + p is
significantly lower, and differences are apparent between the
first two components. The average value of the attenuation
factor also depends on which component is considered. It is
of about 0.6 to 0.7 for the first component and 0.8 to 0.9 for
the second and the third components at both elevations: zb
or zb + p. These values might seem high, but it should be
noted that the experiments involve a mobile bed to the extent
that the erosion, by lowering the still bed level, is conducive
to strong velocities at the mean / initial elevation of the bed
z = 0.

4. Discussion and Conclusions
[48] Measurements of ensemble averaged velocities

within the bottom boundary layer under waves were ana-
lyzed. A robust linear relation is found between the
free-stream velocity asymmetry and the bottom velocity
skewness. This relation depends on the phase lead between
the components of the near-bed velocity and the free-
stream velocity. According to relation (9) between the

free-stream velocity asymmetry and the bottom (first sam-
pling volume) velocity skewness, this phase lead is esti-
mated to be approximately 40ı. A Fourier analysis gives a
mean value of 30ı at this elevation. The causes for this dif-
ference were investigated using an oscillating laminar-bed
boundary layer model. It was established that the varia-
tions in the attenuation factor with respect to the frequency
can be responsible for variations in the slope of the lin-
ear relation (9). Nevertheless, these experimental values are
consistent with the synthesis given by van der A et al.
[2011] showing how this phase lead varies with the ratio
a/ks. Using the equivalent roughness length ks given by
(18), our experimental data of a/ks is in the 38 to 50
range. From the data of van der A et al., [2011, Figure 6],
the phase lead for our range of a/ks falls to a value of
around 30ı.

[49] As the phase lead increases (toward 45ı), the trans-
fer of free-stream asymmetry to bottom skewness increases.
This explains why an asymmetric velocity can lead to a
skewed shear stress. Several articles have suggested a trans-
fer from free-stream asymmetry to skewed shear stress, such
as the experiments presented by Henriquez et al. [2010] or
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Figure 16. Example of time series of (top) free-stream and (bottom) near-bed orbital velocities for the
two wave forcings: (a) T = 2 s; (b) T = 2.5 s. The solid lines correspond to the ADVP measurements
at both elevations. (top) The dashed line is the reconstruction of the free-stream orbital velocity with the
first three Fourier components only. (bottom) The dashed line corresponds to the near-bed orbital velocity
computed applying a constant phase lead of 40ı and a constant attenuation coefficient of 0.8 to the first
three Fourier components of the free-stream velocity (28th experiment, Figure 12).

the boundary layer model of Zhang et al. [2011]. In the
present context, further investigations would be required
for estimating the bed shear stress. Bed shear stress esti-
mation under strongly accelerated flows with a classical
method, such as the log-fit method for instance, is far
from being straightforward. In particular, O’Donoghue et al.
[2010] have shown that under a bore front, the shear stress
measured with a shear plate is maximum but cannot be
evaluated with the log-fit method.

[50] The new set of experiments presented in this article
confirms the theory of Henderson et al. [2004] applied to the
boundary layer and offers a new perspective for evaluating
bottom velocity skewness from free-stream velocity mea-
surements. Furthermore, the present analysis can provide a
way of estimating the bottom velocity from the free-stream
velocity. By Fourier analysis, the amplitude and the phase of
the first three Fourier components of the free-stream velocity
are computed. The top panel in Figure 16 shows that three
components are sufficient to capture most of the wave shape.
The near-bed velocity is computed by assigning a phase lead
of 40ı and a constant attenuation of 0.8 to these three exper-
imental components. In the second panel of Figure 16, the
measured near-bed velocity is seen to match in a satisfactory
way the computed near-bed velocity.

[51] This method offers a simple way of computing near-
bed velocities and one could consider combining it with
phase resolving wave models such as Boussinesq models,
as an alternative approach to that of Briganti et al. [2011]
for instance. Boussinesq type equations [e.g., Bonneton
et al., 2011, and references therein] provide the nonlinear
wave transformation on irregular bathymetries both in the
shoaling zone and the inner surf zone, and nonlinear param-
eters such as Sk and As can be easily computed. Boussinesq
type models can accurately compute the undertow compen-
sating flow due to the wave roller and the Stokes drift, but
they of course do not supply any information on boundary
layer streaming. Streaming increases with velocity nonlin-
earities [Kranenburg et al., 2012] and effectively contributes
to sediment transport [Dohmen-Janssen and Hanes, 2002].
According to the numerical simulations of Yu et al. [2010],

streaming can enhance transport up to 40 % of the total
transport in the surf zone, even though nonlinear wave shape
effects are dominant for grain sizes larger than 0.25 mm.
Furthermore, as already pointed out, near-bed phase lead
and attenuation factor are key parameters. The variation of
these two parameters with respect to the cross-shore posi-
tion should be investigated to determine if this method can
give reasonable results anywhere inside the surf zone.

[52] The simple phenomenological model based on (10)
and (12) of section 2 shows that the linear relationship
between skewness and asymmetry seems to have a higher
degree of generality. This model is based on a few assump-
tions. Firstly, the velocity shape in the surf-zone given
by (12) needs to be more thoroughly assessed. Secondly,
the model assumes that the boundary layer reacts lin-
early which is of course the case for laminar boundary
layers but, given the nature of turbulence, is not true in
turbulent boundary layers. Future work should therefore
address the issue of how higher Reynolds number forc-
ing will affect this relation between free-stream asymmetry
and near-bed skewness. The field measurements by Foster
et al., [2000, see Figure 10] or by Henderson et al.
[2004] combined with a k – � model as well as the
numerical study by Fuhrman et al. [2009] tend to indi-
cate that our analysis is also relevant to wave forcing at
high Reynolds numbers.
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