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t✐♦♥ ♣♦✐♥ts ✇✐t❤ s♠❛❧❧ s♣❛❝✐♥❣ t♦ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ r❡❣✉❧❛r ❣r✐❞ ♦❢ t✇❡♥t② ♣♦✐♥ts ❞r❛♠❛t✐❝❛❧❧②
✐♠♣r♦✈❡s t❤❡ ❡st✐♠❛t✐♦♥ ✐♥ t✇♦ ✇❛②s✳ ❋✐rst✱ ✐t ❡♥❛❜❧❡s t♦ ❞❡t❡❝t ✇✐t❤♦✉t ❛♠❜✐❣✉✐t✐❡s t❤❛t ❛
●❛✉ss✐❛♥ ❝♦✈❛r✐❛♥❝❡ ♠♦❞❡❧ ✐s ♣♦♦r❧② ❛❞❛♣t❡❞✱ ✇❤❡♥ t❤❡ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ✐s ▼❛tér♥ 3

2 ✳
❙❡❝♦♥❞✱ ✇❤❡♥ t❤❡ ▼❛tér♥ ♠♦❞❡❧ ✐s ✉s❡❞ ❢♦r ❡st✐♠❛t✐♦♥✱ ✐t s✉❜s❡q✉❡♥t❧② ✐♠♣r♦✈❡s t❤❡ ❡st✐♠❛t✐♦♥
♦❢ t❤❡ s♠♦♦t❤♥❡ss ♣❛r❛♠❡t❡r✳ ■t ✐s s❤♦✇♥ ✐♥ ❬✹✵❪ t❤❛t t❤❡ ♦♣t✐♠❛❧ s❛♠♣❧✐♥❣s✱ ❢♦r ♠❛①✐♠✐③✐♥❣
t❤❡ ❧♦❣ ♦❢ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❋✐s❤❡r ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐①✱ ❛✈❡r❛❣❡❞ ♦✈❡r ❛ ❇❛②❡s✐❛♥ ♣r✐♦r ♦♥
t❤❡ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✱ ❝♦♥t❛✐♥ ❝❧♦s❡❧② s♣❛❝❡❞ ♣♦✐♥ts✳ ❙✐♠✐❧❛r❧②✱ ✐♥ t❤❡ ❣❡♦st❛t✐st✐❝❛❧
❝♦♠♠✉♥✐t②✱ ✐t ✐s ❛❝❦♥♦✇❧❡❞❣❡❞ t❤❛t ❛❞❞✐♥❣ s❛♠♣❧✐♥❣ ❝r♦ss❡s✱ t❤❛t ❛r❡ s♠❛❧❧ ❝r♦ss❡s ♦❢ ♦❜s❡r✲
✈❛t✐♦♥ ♣♦✐♥ts ♠❛❦✐♥❣ t❤❡ ❞✐✛❡r❡♥t ✐♥♣✉t q✉❛♥t✐t✐❡s ✈❛r② s❧✐❣❤t❧②✱ ❡♥❛❜❧❡s ❛ ❜❡tt❡r ✐❞❡♥t✐✜❝❛t✐♦♥
♦❢ t❤❡ s♠❛❧❧ s❝❛❧❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ r❛♥❞♦♠ ✜❡❧❞✱ ❛♥❞ t❤❡r❡❢♦r❡ ❛ ❜❡tt❡r ♦✈❡r❛❧❧ ❡st✐♠❛t✐♦♥ ♦❢ ✐ts
❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ❬✶✶❪✳ ❚❤❡ ❝♦♠♠♦♥ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤❡ t❤r❡❡ ❡①❛♠♣❧❡s ✇❡ ❤❛✈❡ ❣✐✈❡♥ ✐s t❤❛t
✐rr❡❣✉❧❛r s❛♠♣❧✐♥❣s✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡② ❝♦♥t❛✐♥ ❛t ❧❡❛st ♣❛✐rs ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✇✐t❤ s♠❛❧❧
s♣❛❝✐♥❣✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❛✈❡r❛❣❡ ❞❡♥s✐t② ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✐♥ t❤❡ ❞♦♠❛✐♥✱ ✇♦r❦ ❜❡tt❡r ❢♦r
❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ❡st✐♠❛t✐♦♥ t❤❛♥ r❡❣✉❧❛r s❛♠♣❧✐♥❣s✱ t❤❛t ✐s s❛♠♣❧✐♥❣s ✇✐t❤ ❡✈❡♥❧② s♣❛❝❡❞
♣♦✐♥ts✳ ❚❤✐s ❝♦♥❝❧✉s✐♦♥ ❤❛s ❜❡❝♦♠❡ ❛ ❝♦♠♠♦♥❧② ❛❞♠✐tt❡❞ ❢❛❝t ✐♥ t❤❡ ❑r✐❣✐♥❣ ❧✐t❡r❛t✉r❡✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛✐♠ ❛t ❝♦♥✜r♠✐♥❣ t❤✐s ❢❛❝t ✐♥ ❛♥ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦✳ ❙✐♥❝❡ ❡①❛❝t
✜♥✐t❡✲s❛♠♣❧❡ r❡s✉❧ts ❛r❡ ❣❡♥❡r❛❧❧② ♥♦t r❡❛❝❤❛❜❧❡ ❛♥❞ ♥♦t ♠❡❛♥✐♥❣❢✉❧ ❛s t❤❡② ❛r❡ s♣❡❝✐✜❝ t♦ t❤❡
s✐t✉❛t✐♦♥✱ ❛s②♠♣t♦t✐❝ t❤❡♦r② ✐s ✇✐❞❡❧② ✉s❡❞ t♦ ❣✐✈❡ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ❡st✐♠❛t❡❞ ❝♦✈❛r✐❛♥❝❡
♣❛r❛♠❡t❡r ❞✐str✐❜✉t✐♦♥✳

❚❤❡ t✇♦ ♠♦st st✉❞✐❡❞ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦s ❛r❡ t❤❡ ✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ❛♥❞ ✜①❡❞✲❞♦♠❛✐♥
❛s②♠♣t♦t✐❝s ❬✸✶✱ ♣✳✻✷❪✳ ■♥ ✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s✱ ❛ ♠✐♥✐♠❛❧ s♣❛❝✐♥❣ ❡①✐sts ❜❡t✇❡❡♥ t✇♦
❞✐✛❡r❡♥t ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✱ s♦ t❤❛t t❤❡ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✐s ✉♥❜♦✉♥❞❡❞✳
■♥ ✜①❡❞✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s✱ t❤❡ s❡q✉❡♥❝❡ ✐s ❞❡♥s❡ ✐♥ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥✳

■♥ ✜①❡❞✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s✱ s✐❣♥✐✜❝❛♥t r❡s✉❧ts ❛r❡ ❛✈❛✐❧❛❜❧❡ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢
t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✱ ❛♥❞ ✐ts ✐♥✢✉❡♥❝❡ ♦♥ ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐♦♥s✳ ■♥ t❤✐s ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦✱
t✇♦ t②♣❡s ♦❢ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ❝❛♥ ❜❡ ❞✐st✐♥❣✉✐s❤❡❞✿ ♠✐❝r♦❡r❣♦❞✐❝ ❛♥❞ ♥♦♥✲♠✐❝r♦❡r❣♦❞✐❝
❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ✐♥ ❬✸✶❪✱ ❛ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ✐s ♠✐❝r♦❡r❣♦❞✐❝
✐❢ t✇♦ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s ❛r❡ ♦rt❤♦❣♦♥❛❧ ✇❤❡♥❡✈❡r t❤❡② ❞✐✛❡r ❢♦r ✐t ✭❛s ✐♥ ❬✸✶❪✱ ✇❡ s❛② t❤❛t
t✇♦ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s ❛r❡ ♦rt❤♦❣♦♥❛❧ ✐❢ t❤❡ t✇♦ ✉♥❞❡r❧②✐♥❣ ●❛✉ss✐❛♥ ♠❡❛s✉r❡s ❛r❡ ♦rt❤♦❣♦✲
♥❛❧✮✳ ◆♦♥✲♠✐❝r♦❡r❣♦❞✐❝ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ❝❛♥♥♦t ❜❡ ❝♦♥s✐st❡♥t❧② ❡st✐♠❛t❡❞✱ ❜✉t ❤❛✈❡ ♥♦
❛s②♠♣t♦t✐❝ ✐♥✢✉❡♥❝❡ ♦♥ ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐♦♥s ❬✷✽✱ ✷✾✱ ✸✵✱ ✸✽❪✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ t❤❡r❡ ✐s ❛ ❢❛✐r
❛♠♦✉♥t ♦❢ ❧✐t❡r❛t✉r❡ ♦♥ ❝♦♥s✐st❡♥t❧② ❡st✐♠❛t✐♥❣ ♠✐❝r♦❡r❣♦❞✐❝ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✱ ♥♦t❛❜❧②
✉s✐♥❣ t❤❡ ▼❛①✐♠✉♠ ▲✐❦❡❧✐❤♦♦❞ ✭▼▲✮ ♠❡t❤♦❞✳ ❈♦♥s✐st❡♥❝② ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ❢♦r s❡✈❡r❛❧ ♠♦❞❡❧s
❬✸✻✱ ✸✼✱ ✶✻✱ ✸✽✱ ✶✺✱ ✹❪✳ ▼✐❝r♦❡r❣♦❞✐❝ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ❤❛✈❡ ❛♥ ❛s②♠♣t♦t✐❝ ✐♥✢✉❡♥❝❡ ♦♥
♣r❡❞✐❝t✐♦♥s✱ ❛s s❤♦✇♥ ✐♥ ❬✸✺✱ ❝❤✳✺❪✳

◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ✜①❡❞✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦ ✐s ♥♦t ✇❡❧❧ ❛❞❛♣t❡❞ t♦ st✉❞② t❤❡ ✐♥✲
✢✉❡♥❝❡ ♦❢ t❤❡ ✐rr❡❣✉❧❛r✐t② ♦❢ t❤❡ s♣❛t✐❛❧ s❛♠♣❧✐♥❣ ♦♥ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥✳ ■♥❞❡❡❞✱
✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❝♦♠♣❛r❡ s❛♠♣❧✐♥❣ t❡❝❤♥✐q✉❡s ❜② ✐♥s♣❡❝t✐♦♥ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥s ♦❢
t❤❡ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t♦rs✳ ■♥ ✜①❡❞✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s✱ ✇❤❡♥ ❛♥ ❛s②♠♣t♦t✐❝ ❞✐str✐✲
❜✉t✐♦♥ ✐s ♣r♦✈❡❞ ❢♦r ▼▲ ❬✸✻✱ ✸✼✱ ✽❪✱ ✐t t✉r♥s ♦✉t t❤❛t ✐t ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❞❡♥s❡ s❡q✉❡♥❝❡
♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✳ ❚❤✐s ♠❛❦❡s ✐t ✐♠♣♦ss✐❜❧❡ t♦ ❝♦♠♣❛r❡ t❤❡ ❡✛❡❝t ♦❢ s♣❛t✐❛❧ s❛♠♣❧✐♥❣ ♦♥
❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ✉s✐♥❣ ✜①❡❞✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s t❡❝❤♥✐q✉❡s✳

❚❤❡ ✜rst ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ ✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s ✐s t❤❛t✱ ❛s s❤♦✇♥ ✐♥ s✉❜s❡❝t✐♦♥
✺✳✶✱ ❛❧❧ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ❤❛✈❡ str♦♥❣ ❛s②♠♣t♦t✐❝ ✐♥✢✉❡♥❝❡s ♦♥ ♣r❡❞✐❝t✐♦♥s✳ ❚❤❡ s❡❝✲
♦♥❞ ❝❤❛r❛❝t❡r✐st✐❝ ✐s t❤❛t ❛❧❧ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ✭s❛t✐s❢②✐♥❣ ❛ ✈❡r② ❣❡♥❡r❛❧ ✐❞❡♥t✐✜❛❜✐❧✲
✐t② ❛ss✉♠♣t✐♦♥✮ ❝❛♥ ❜❡ ❝♦♥s✐st❡♥t❧② ❡st✐♠❛t❡❞✱ ❛♥❞ t❤❛t ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ❣❡♥❡r❛❧❧② ❤♦❧❞s
❬✸✸✱ ✶✼✱ ✼❪✳ ❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ ✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ✈❛♥✐s❤✐♥❣

✷



❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ ♦❜s❡r✈❛t✐♦♥s ❢r♦♠ ❞✐st❛♥t ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✳ ❆s ❛ r❡s✉❧t✱ ❛ ❧❛r❣❡ s❛♠♣❧❡
s✐③❡ ❣✐✈❡s ♠♦r❡ ❛♥❞ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❝♦✈❛r✐❛♥❝❡ str✉❝t✉r❡✳ ❋✐♥❛❧❧②✱ ✇❡ s❤♦✇ t❤❛t
t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡s ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t♦rs str♦♥❣❧② ❞❡♣❡♥❞ ♦♥ t❤❡ s♣❛t✐❛❧
s❛♠♣❧✐♥❣✳ ❚❤✐s ✐s ✇❤② ✇❡ ❛❞❞r❡ss t❤❡ ✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦ t♦ st✉❞② t❤❡
✐♥✢✉❡♥❝❡ ♦❢ t❤❡ s♣❛t✐❛❧ s❛♠♣❧✐♥❣ ♦♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥✳

❲❡ ♣r♦♣♦s❡ ❛ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ s♣❛t✐❛❧ s❛♠♣❧✐♥❣s ♦❢ s✐③❡ n ∈ N✳ ❚❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ s♣❛✲
t✐❛❧ s❛♠♣❧✐♥❣ s❡q✉❡♥❝❡ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ r❡❣✉❧❛r✐t② ♣❛r❛♠❡t❡r ǫ ∈ [0, 1

2 )✳ ǫ = 0 ❝♦rr❡s♣♦♥❞s t♦
❛ r❡❣✉❧❛r ❣r✐❞✱ ❛♥❞ t❤❡ ✐rr❡❣✉❧❛r✐t② ✐s ✐♥❝r❡❛s✐♥❣ ✇✐t❤ ǫ✳ ❲❡ st✉❞② t❤❡ ▼▲ ❡st✐♠❛t♦r✱ ❛♥❞ ❛❧s♦ ❛
❈r♦ss ❱❛❧✐❞❛t✐♦♥ ✭❈❱✮ ❡st✐♠❛t♦r ❬✸✷✱ ✸✾❪✱ ❢♦r ✇❤✐❝❤✱ t♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ♥♦ ❛s②♠♣t♦t✐❝
r❡s✉❧ts ❛r❡ ②❡t ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❋♦r ❜♦t❤ ❡st✐♠❛t♦rs✱ ✇❡ ♣r♦✈❡ ❛♥ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t②
r❡s✉❧t ❢♦r t❤❡ ❡st✐♠❛t✐♦♥✱ ✇✐t❤ ❛

√
n ❝♦♥✈❡r❣❡♥❝❡✱ ❛♥❞ ❛♥ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✇❤✐❝❤

✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ ǫ✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ②✐❡❧❞s✱ ❝❧❛ss✐❝❛❧❧②✱ ❛♣♣r♦①✐♠❛t❡ ❝♦♥✲
✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❢♦r ✜♥✐t❡✲s❛♠♣❧❡ ❡st✐♠❛t✐♦♥✳ ❚❤❡♥✱ ❝❛rr②✐♥❣ ♦✉t ❛♥ ❡①❤❛✉st✐✈❡ ❛♥❛❧②s✐s ♦❢ t❤❡
❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✱ ❢♦r t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ▼❛tér♥ ♠♦❞❡❧✱ ✇❡ s❤♦✇ t❤❛t ❧❛r❣❡ ✈❛❧✉❡s
♦❢ t❤❡ r❡❣✉❧❛r✐t② ♣❛r❛♠❡t❡r ǫ ❛❧✇❛②s ②✐❡❧❞ ❛♥ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ▼▲ ❡st✐♠❛t✐♦♥✳ ❲❡ ❛❧s♦ s❤♦✇
t❤❛t ▼▲ ❤❛s ❛ s♠❛❧❧❡r ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ t❤❛♥ ❈❱✱ ✇❤✐❝❤ ✐s ❡①♣❡❝t❡❞ s✐♥❝❡ ✇❡ ❛❞❞r❡ss t❤❡
✇❡❧❧✲s♣❡❝✐✜❡❞ ❝❛s❡ ❤❡r❡✱ ✐♥ ✇❤✐❝❤ t❤❡ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ❞♦❡s ❜❡❧♦♥❣ t♦ t❤❡ ♣❛r❛♠❡tr✐❝
s❡t ✉s❡❞ ❢♦r ❡st✐♠❛t✐♦♥✳ ❚❤✉s✱ ♦✉r ❣❡♥❡r❛❧ ❝♦♥❝❧✉s✐♦♥ ✐s ❛ ❝♦♥✜r♠❛t✐♦♥ ♦❢ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞
r❡s✉❧ts ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✿ ✉s✐♥❣ ❛ ❧❛r❣❡ r❡❣✉❧❛r✐t② ♣❛r❛♠❡t❡r ǫ ②✐❡❧❞s ❣r♦✉♣s ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts
✇✐t❤ s♠❛❧❧ s♣❛❝✐♥❣✱ ✇❤✐❝❤ ✐♠♣r♦✈❡ t❤❡ ▼▲ ❡st✐♠❛t✐♦♥✱ ✇❤✐❝❤ ✐s t❤❡ ♣r❡❢❡r❛❜❧❡ ♠❡t❤♦❞ t♦ ✉s❡✳

❚❤❡ r❡st ♦❢ t❤❡ ❛rt✐❝❧❡ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ s❡❝t✐♦♥ ✷✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ r❛♥❞♦♠ s❡q✉❡♥❝❡
♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✱ t❤❛t ✐s ♣❛r❛♠❡t❡r✐③❡❞ ❜② t❤❡ r❡❣✉❧❛r✐t② ♣❛r❛♠❡t❡r ǫ✳ ❲❡ ❛❧s♦ ♣r❡s❡♥t t❤❡
▼▲ ❛♥❞ ❈❱ ❡st✐♠❛t♦rs✳ ■♥ s❡❝t✐♦♥ ✸✱ ✇❡ ❣✐✈❡ t❤❡ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② r❡s✉❧ts✳ ■♥ s❡❝t✐♦♥ ✹✱
✇❡ ❝❛rr② ♦✉t ❛♥ ❡①❤❛✉st✐✈❡ st✉❞② ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ❢♦r t❤❡ ▼❛tér♥ ♠♦❞❡❧
✐♥ ❞✐♠❡♥s✐♦♥ ♦♥❡✳ ■♥ s❡❝t✐♦♥ ✺✱ ✇❡ ❛♥❛❧②③❡ t❤❡ ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐♦♥ ❢♦r t❤❡ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦
✇❡ ❝♦♥s✐❞❡r✳ ■♥ s❡❝t✐♦♥s ❆♣♣❡♥❞✐① ❆✱ ❆♣♣❡♥❞✐① ❇ ❛♥❞ ❆♣♣❡♥❞✐① ❈✱ ✇❡ ♣r♦✈❡ t❤❡ r❡s✉❧ts
♦❢ s❡❝t✐♦♥s ✸✱ ✹ ❛♥❞ ✺✳ ■♥ s❡❝t✐♦♥ ❆♣♣❡♥❞✐① ❉✱ ✇❡ st❛t❡ ❛♥❞ ♣r♦✈❡ s❡✈❡r❛❧ t❡❝❤♥✐❝❛❧ r❡s✉❧ts✳
❋✐♥❛❧❧②✱ s❡❝t✐♦♥ ❆♣♣❡♥❞✐① ❊ ✐s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ ✇✐t❤ ǫ = 0✳ ❲❡ ♣r❡s❡♥t
❛♥ ❡✣❝✐❡♥t ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡s ❢♦r ▼▲ ❛♥❞ ❈❱ ❛♥❞ ♦❢ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡
♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ♦❢ ▼▲✱ ❛t ǫ = 0✱ ✉s✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ ❚♦❡♣❧✐t③ ♠❛tr✐① s❡q✉❡♥❝❡s✳

✷✳ ❈♦♥t❡①t

✷✳✶✳ Pr❡s❡♥t❛t✐♦♥ ❛♥❞ ♥♦t❛t✐♦♥ ❢♦r t❤❡ s♣❛t✐❛❧ s❛♠♣❧✐♥❣ s❡q✉❡♥❝❡

❲❡ ❝♦♥s✐❞❡r ❛ st❛t✐♦♥❛r② ●❛✉ss✐❛♥ ♣r♦❝❡ss Y ♦♥ R
d✳ ❲❡ ❞❡♥♦t❡ Θ = [θinf , θsup]

p✳ ❚❤❡ s✉❜s❡t
Θ ✐s ❝♦♠♣❛❝t ✐♥ (−∞,∞)p✳ ❚❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ Y ✐s Kθ0 ✇✐t❤ θinf < (θ0)i < θsup✱ ❢♦r
1 ≤ i ≤ p✳ Kθ0 ❜❡❧♦♥❣s t♦ ❛ ♣❛r❛♠❡tr✐❝ ♠♦❞❡❧ {Kθ, θ ∈ Θ}✱ ✇✐t❤ Kθ ❛ st❛t✐♦♥❛r② ❝♦✈❛r✐❛♥❝❡
❢✉♥❝t✐♦♥✳

❲❡ s❤❛❧❧ ❛ss✉♠❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ♣❛r❛♠❡tr✐❝ ♠♦❞❡❧✱ ✇❤✐❝❤ ✐s s❛t✐s✜❡❞ ✐♥ ❛❧❧
t❤❡ ♠♦st ❝❧❛ss✐❝❛❧ ❝❛s❡s✱ ❛♥❞ ❡s♣❡❝✐❛❧❧② ❢♦r t❤❡ ▼❛tér♥ ♠♦❞❡❧ t❤❛t ✇❡ ✇✐❧❧ ❛♥❛❧②③❡ ✐♥ ❞❡t❛✐❧ ✐♥
s❡❝t✐♦♥s ✹ ❛♥❞ ✺✳

❈♦♥❞✐t✐♦♥ ✷✳✶✳ • ❋♦r ❛❧❧ θ ∈ Θ✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ Kθ ✐s st❛t✐♦♥❛r②✳

• ❚❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ Kθ ✐s t❤r❡❡ t✐♠❡s ❞✐✛❡r❡♥t✐❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ θ✳ ❋♦r ❛❧❧ q ∈
{0, ..., 3}✱ i1, ..., iq ∈ {1, ..., p}✱ t❤❡r❡ ❡①✐sts Ci1,...,iq < +∞ s♦ t❤❛t ❢♦r ❛❧❧ θ ∈ Θ✱ t ∈ R

d✱

∣

∣

∣

∣

∂

∂θi1
...

∂

∂θiq
Kθ (t)

∣

∣

∣

∣

≤ Ci1,...,iq

1 + |t|d+1
, ✭✶✮

✇❤❡r❡ |t| ✐s t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠ ♦❢ t✳ ❲❡ ❞❡✜♥❡ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ ❛ ❢✉♥❝t✐♦♥ h : Rd →
R ❜② ĥ(f) = 1

(2π)d

∫

Rd h(t)e
−if ·tdt✱ ✇❤❡r❡ i2 = −1✳ ❚❤❡♥✱ ❢♦r ❛❧❧ θ ∈ Θ✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥

Kθ ❤❛s ❛ ❋♦✉r✐❡r tr❛♥s❢♦r♠ K̂θ t❤❛t ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞✳

✸
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❋✐❣✉r❡ ✶✿ ❊①❛♠♣❧❡s ♦❢ t❤r❡❡ ♣❡rt✉r❜❡❞ ❣r✐❞s✳ ❚❤❡ ❞✐♠❡♥s✐♦♥ ✐s d = 2 ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✐s
n = 82✳ ❋r♦♠ ❧❡❢t t♦ r✐❣❤t✱ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ r❡❣✉❧❛r✐t② ♣❛r❛♠❡t❡r ❛r❡ 0✱ 1

8
❛♥❞ 3

8
✳ ǫ = 0 ❝♦rr❡s♣♦♥❞s t♦ ❛ r❡❣✉❧❛r

♦❜s❡r✈❛t✐♦♥ ❣r✐❞✱ ✇❤✐❧❡✱ ✇❤❡♥ ǫ ✐s ❝❧♦s❡ t♦ 1

2
✱ t❤❡ ♦❜s❡r✈❛t✐♦♥ s❡t ✐s ❤✐❣❤❧② ✐rr❡❣✉❧❛r✳

• ❋♦r ❛❧❧ θ ∈ Θ✱ Kθ s❛t✐s✜❡s

Kθ(t) =

∫

Rd

K̂θ(f)e
if ·tdf.

• K̂θ (f) : (R
d ×Θ) → R ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ♣♦s✐t✐✈❡✳

▲❡t N
∗ ❜❡ t❤❡ s❡t ♦❢ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs✳ ❲❡ ❞❡♥♦t❡ ❜② (vi)i∈N∗ ❛ s❡q✉❡♥❝❡ ♦❢ ❞❡t❡r♠✐♥✐st✐❝

♣♦✐♥ts ✐♥ (N∗)d s♦ t❤❛t ❢♦r ❛❧❧ N ∈ N
∗✱
{

vi, 1 ≤ i ≤ Nd
}

= {1, ..., N}d✳ Y ✐s ♦❜s❡r✈❡❞ ❛t t❤❡
♣♦✐♥ts vi + ǫXi✱ 1 ≤ i ≤ n✱ n ∈ N

∗✱ ✇✐t❤ ǫ ∈ [0, 1
2 ) ❛♥❞ Xi ∼iid LX ✳ LX ✐s ❛ s②♠♠❡tr✐❝

♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ✇✐t❤ s✉♣♣♦rt SX ⊂ [−1, 1]d✱ ❛♥❞ ✇✐t❤ ❛ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t②
❢✉♥❝t✐♦♥ ♦♥ SX ✳ ❚✇♦ r❡♠❛r❦s ❝❛♥ ❜❡ ♠❛❞❡ ♦♥ t❤✐s s❡q✉❡♥❝❡ ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✿

• ❚❤✐s ✐s ❛♥ ✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝ ❝♦♥t❡①t✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ǫ ∈ [0, 1
2 ) ❡♥s✉r❡s ❛

♠✐♥✐♠❛❧ s♣❛❝✐♥❣ ❜❡t✇❡❡♥ t✇♦ ❞✐st✐♥❝t ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✳

• ❚❤❡ ♦❜s❡r✈❛t✐♦♥ s❡q✉❡♥❝❡ ✇❡ st✉❞② ✐s r❛♥❞♦♠✱ ❛♥❞ t❤❡ ♣❛r❛♠❡t❡r ǫ ✐s ❛ r❡❣✉❧❛r✐t② ♣❛✲
r❛♠❡t❡r✳ ǫ = 0 ❝♦rr❡s♣♦♥❞s t♦ ❛ r❡❣✉❧❛r ♦❜s❡r✈❛t✐♦♥ ❣r✐❞✱ ✇❤✐❧❡ ✇❤❡♥ ǫ ✐s ❝❧♦s❡ t♦ 1

2 ✱ t❤❡
♦❜s❡r✈❛t✐♦♥ s❡t ✐s ✐rr❡❣✉❧❛r ❛♥❞✱ ♠♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❣r♦✉♣s ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✇✐t❤ s♠❛❧❧
s♣❛❝✐♥❣ ❛♣♣❡❛r✳ ❊①❛♠♣❧❡s ♦❢ ♦❜s❡r✈❛t✐♦♥ s❡ts ❛r❡ ❣✐✈❡♥ ✐♥ ✜❣✉r❡ ✶✱ ✇✐t❤ d = 2✱ n = 82✱
❛♥❞ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ǫ✳

◆❛t✉r❛❧❧②✱ t❤❡ ♣❛r❛♠❡t❡r✐③❡❞ ✐rr❡❣✉❧❛r✐t② t❤❛t ✇❡ ❝♦♥s✐❞❡r ❤❡r❡ ✐s ❣♦✈❡r♥❡❞ ❜② ❛ s✐♥❣❧❡ s❝❛❧❛r
♣❛r❛♠❡t❡r✱ ❛♥❞ t❤✉s ❝❛♥♥♦t ❜❡ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ❛❧❧ t❤❡ ♥♦t✐♦♥s ♦❢ s♣❛t✐❛❧ s❛♠♣❧✐♥❣ ✐rr❡❣✉❧❛r✐t②
t❤❛t ❡①✐st✳ ❲❡ ❝❛♥ ❛❧r❡❛❞② ❞✐s❝✉ss t✇♦ ❡①❛♠♣❧❡s ❢♦r t❤✐s✳ ❋✐rst✱ ❜❡❝❛✉s❡ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts
❛r❡ ❧✐♥❦❡❞ t♦ ❛ r❡❣✉❧❛r ❣r✐❞✱ t❤❡r❡ ✐s ❛ ❧✐♠✐t ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts t❤❛t ❝❛♥ ❢♦r♠ ❛ ❝❧✉st❡r ✇✐t❤
✈❡r② s♠❛❧❧ s♣❛❝✐♥❣✳ ❋♦r ✐♥st❛♥❝❡ ✐♥ ❞✐♠❡♥s✐♦♥ ✷✱ t❤✐s ❧✐♠✐t ♥✉♠❜❡r ✐s 4 ✭❢♦r 4 ♣♦✐♥ts st❡♠♠✐♥❣
❢r♦♠ ♣❡rt✉r❜❛t✐♦♥s ♦❢ ❡❧❡♠❡♥t❛r② sq✉❛r❡s ♦❢ t❤❡ ❢♦r♠ (i, j), (i + 1, j), (i, j + 1), (i + 1, j + 1)✮✳
❙❡❝♦♥❞✱ st✐❧❧ ❜❡❝❛✉s❡ t❤❡ r❛♥❞♦♠ s❛♠♣❧✐♥❣ r❡❧✐❡s ♦♥ ❛ r❡❣✉❧❛r ❣r✐❞✱ ✐t r❡♠❛✐♥s r❛t❤❡r r❡❣✉❧❛r
❛t ❛ ❣❧♦❜❛❧ ❧❡✈❡❧✱ ❛s ♦♥❡ ❝❛♥ ♦❜s❡r✈❡ ✐♥ ✜❣✉r❡ ✶✳ ■♥ ❬✶✸❪ ❛♥❞ ❬✶✹❪✱ ❛♥ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦ ✐s
st✉❞✐❡❞ ✐♥ ✇❤✐❝❤ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ❛r❡ iid r❡❛❧✐③❛t✐♦♥s st❡♠♠✐♥❣ ❢r♦♠ ❛ ❝♦♠♠♦♥ ♣r♦❜❛❜✐❧✐t②
❞✐str✐❜✉t✐♦♥✱ ♥♦t ♥❡❝❡ss❛r✐❧② ✉♥✐❢♦r♠✳ ❚❤✐s ♣✉r❡❧② r❛♥❞♦♠ s❛♠♣❧✐♥❣ s♦❧✈❡s t❤❡ t✇♦ ❧✐♠✐t❛t✐♦♥s ✇❡
❤❛✈❡ ♠❡♥t✐♦♥❡❞✿ t❤❡ s❛♠♣❧✐♥❣ ✐s ❣❧♦❜❛❧❧② ♥♦t ✉♥✐❢♦r♠✱ ❛♥❞ ❝❧✉st❡rs ♦❢ ❛r❜✐tr❛r② ♥✉♠❜❡rs ♦❢ ♣♦✐♥ts
❝❛♥ ❛♣♣❡❛r✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ s♣❛t✐❛❧ s❛♠♣❧✐♥❣ ❢❛♠✐❧② ✇❡ ♣r♦♣♦s❡ ✐s s✐♠♣❧❡ t♦ ✐♥t❡r♣r❡t✱ ❛♥❞ ✐s
♣❛r❛♠❡t❡r✐③❡❞ ❜② ❛ s❝❛❧❛r r❡❣✉❧❛r✐t② ♣❛r❛♠❡t❡r✱ ✇❤✐❝❤ ❡♥❛❜❧❡s ✉s t♦ ❝♦♠♣❛r❡ t❤❡ ✐rr❡❣✉❧❛r✐t✐❡s
♦❢ t✇♦ s❛♠♣❧✐♥❣s st❡♠♠✐♥❣ ❢r♦♠ ✐t ✇✐t❤ ♥♦ ❛♠❜✐❣✉✐t②✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❝♦♥❝❧✉s✐♦♥s ♦❢ s❡❝t✐♦♥
✹ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ♣❡rt✉r❜❡❞ r❡❣✉❧❛r ❣r✐❞ ❛r❡ ♦❢ ✐♥t❡r❡st✱ s✐♥❝❡ t❤❡② ❝♦♥✜r♠ t❤❛t ✉s✐♥❣ ❣r♦✉♣s
♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✇✐t❤ s♠❛❧❧ s♣❛❝✐♥❣ ✐s ❜❡♥❡✜❝✐❛❧ t♦ ❡st✐♠❛t✐♦♥✱ ❝♦♠♣❛r❡❞ t♦ ❡✈❡♥❧② s♣❛❝❡❞
♣♦✐♥ts✳

✹



❲❡ ❞❡♥♦t❡ CSX
= {t1 − t2, t1 ∈ SX , t2 ∈ SX}✱ t❤❡ s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t✇♦

♣♦✐♥ts ✐♥ SX ✳ ❲❡ ❞❡♥♦t❡✱ ❢♦r n ∈ N
∗✱ X = (X1, ..., Xn)

t
✱ ✇❤❡r❡ ✇❡ ❞♦ ♥♦t ✇r✐t❡ ❡①♣❧✐❝✐t❧② t❤❡

❞❡♣❡♥❞❡♥❝❡ ♦♥ n ❢♦r ❝❧❛r✐t②✳ X ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ❞✐str✐❜✉t✐♦♥ L⊗n
X ✳ ❲❡ ❛❧s♦ ❞❡♥♦t❡

x = (x1, ..., xn)
t
✱ ❛♥ ❡❧❡♠❡♥t ♦❢ (SX)

n
✱ ❛s ❛ r❡❛❧✐③❛t✐♦♥ ♦❢ X✳

❲❡ ❞❡✜♥❡ t❤❡ n × n r❛♥❞♦♠ ♠❛tr✐① Rθ ❜② (Rθ)i,j = Kθ (vi − vj + ǫ (Xi −Xj))✳ ❲❡ ❞♦
♥♦t ✇r✐t❡ ❡①♣❧✐❝✐t❧② t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ Rθ ✇✐t❤ r❡s♣❡❝t t♦ X✱ ǫ ❛♥❞ n✳ ❲❡ s❤❛❧❧ ❞❡♥♦t❡✱ ❛s ❛
s✐♠♣❧✐✜❝❛t✐♦♥✱ R := Rθ0 ✳ ❲❡ ❞❡✜♥❡ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r y ♦❢ s✐③❡ n ❜② yi = Y (vi + ǫXi)✳ ❲❡ ❞♦
♥♦t ✇r✐t❡ ❡①♣❧✐❝✐t❧② t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ y ✇✐t❤ r❡s♣❡❝t t♦ X✱ ǫ ❛♥❞ n✳

❲❡ ❞❡♥♦t❡ ❛s ✐♥ ❬✶✵❪✱ ❢♦r ❛ r❡❛❧ n × n ♠❛tr✐① A✱ |A|2 = 1
n

∑n
i,j=1 A

2
i,j ❛♥❞ ||A|| t❤❡ ❧❛r❣❡st

s✐♥❣✉❧❛r ✈❛❧✉❡ ♦❢ A✳ |.| ❛♥❞ ||.|| ❛r❡ ♥♦r♠s ❛♥❞ ||.|| ✐s ❛ ♠❛tr✐① ♥♦r♠✳ ❲❡ ❞❡♥♦t❡ ❜② φi (M)✱
1 ≤ i ≤ n✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❛ s②♠♠❡tr✐❝ ♠❛tr✐① M ✳ ❲❡ ❞❡♥♦t❡✱ ❢♦r t✇♦ s❡q✉❡♥❝❡s ♦❢ sq✉❛r❡
♠❛tr✐❝❡s A ❛♥❞ B✱ ❞❡♣❡♥❞✐♥❣ ♦♥ n ∈ N

∗✱ A ∼ B ✐❢ |A − B| →n→+∞ 0 ❛♥❞ ||A|| ❛♥❞ ||B|| ❛r❡
❜♦✉♥❞❡❞ ✇✐t❤ r❡s♣❡❝t t♦ n✳ ❋♦r ❛ sq✉❛r❡ ♠❛tr✐① A✱ ✇❡ ❞❡♥♦t❡ ❜② diag (A) t❤❡ ♠❛tr✐① ♦❜t❛✐♥❡❞
❜② s❡tt✐♥❣ t♦ 0 ❛❧❧ ♥♦♥ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ♦❢ A✳

❋✐♥❛❧❧②✱ ❢♦r ❛ s❡q✉❡♥❝❡ ♦❢ r❡❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s zn✱ ✇❡ ❞❡♥♦t❡ zn →p 0 ❛♥❞ zn = op (1) ✇❤❡♥
zn ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ✐♥ ♣r♦❜❛❜✐❧✐t②✳

✷✳✷✳ ▼▲ ❛♥❞ ❈❱ ❡st✐♠❛t♦rs

❲❡ ❞❡♥♦t❡ Lθ := 1
n

{

log (det (Rθ)) + ytR−1
θ y

}

t❤❡ ♠♦❞✐✜❡❞ ♦♣♣♦s✐t❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞✱ ✇❤❡r❡

✇❡ ❞♦ ♥♦t ✇r✐t❡ ❡①♣❧✐❝✐t❧② t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ X✱ Y ✱ n ❛♥❞ ǫ✳ ❲❡ ❞❡♥♦t❡ ❜② θ̂ML t❤❡ ▼❛①✐♠✉♠
▲✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t♦r✱ ❞❡✜♥❡❞ ❜②

θ̂ML ∈ argmin
θ∈Θ

Lθ, ✭✷✮

✇❤❡r❡ ✇❡ ❞♦ ♥♦t ✇r✐t❡ ❡①♣❧✐❝✐t❧② t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ θ̂ML ✇✐t❤ r❡s♣❡❝t t♦ X✱ Y ✱ ǫ ❛♥❞ n✳

❘❡♠❛r❦ ✷✳✶✳ ❚❤❡ ▼▲ ❡st✐♠❛t♦r ✐♥ ✭✷✮ ✐s ❛❝t✉❛❧❧② ♥♦t ✉♥✐q✉❡❧② ❞❡✜♥❡❞✱ s✐♥❝❡ t❤❡ ❧✐❦❡❧✐❤♦♦❞
❢✉♥❝t✐♦♥ ♦❢ ✭✷✮ ❝❛♥ ❤❛✈❡ ♠♦r❡ t❤❛♥ ♦♥❡ ❣❧♦❜❛❧ ♠✐♥✐♠✐③❡r✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts

♦❢ θ̂ML✱ ❛s n → +∞✱ ❤♦❧❞ ✇❤❡♥ θ̂ML ✐s ❛♥② r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s❡t ♦❢ t❤❡ ❣❧♦❜❛❧
♠✐♥✐♠✐③❡rs ♦❢ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ♦❢ ✭✷✮✱ r❡❣❛r❞❧❡ss ♦❢ t❤❡ ✈❛❧✉❡ ❝❤♦s❡♥ ✐♥ t❤✐s s❡t✳ ❋✉rt❤❡r♠♦r❡✱ ✐t
❝❛♥ ❜❡ s❤♦✇♥ t❤❛t✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❝♦♥✈❡r❣✐♥❣ t♦ ♦♥❡✱ ❛s n → ∞ ✭s❡❡ t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥
❆♣♣❡♥❞✐① ❉✳✶✵ ✐♥ s❡❝t✐♦♥ ❆♣♣❡♥❞✐① ❉✮✱ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥ ❤❛s ❛ ✉♥✐q✉❡ ❣❧♦❜❛❧ ♠✐♥✐♠✐③❡r✳

❚♦ ❞❡✜♥❡ ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ θ̂ML ♦❢ Y ❛♥❞ X✱ ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s❡t ♦❢ t❤❡ ♠✐♥✐♠✐③❡rs ♦❢ t❤❡
❧✐❦❡❧✐❤♦♦❞✱ ♦♥❡ ♣♦ss✐❜✐❧✐t② ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❋♦r ❛ ❣✐✈❡♥ r❡❛❧✐③❛t✐♦♥ ♦❢ Y ❛♥❞ X✱ ❧❡t K ❜❡ t❤❡ s❡t
♦❢ t❤❡ ♠✐♥✐♠✐③❡rs ♦❢ t❤❡ ❧✐❦❡❧✐❤♦♦❞✳ ▲❡t K0 = K ❛♥❞✱ ❢♦r 0 ≤ k ≤ p−1✱ Kk+1 ✐s t❤❡ s✉❜s❡t ♦❢ Kk

✇❤♦s❡ ❡❧❡♠❡♥ts ❤❛✈❡ t❤❡✐r ❝♦♦r❞✐♥❛t❡ k + 1 ❡q✉❛❧ t♦ min
{

θ̃k+1, θ̃ ∈ Kk

}

✳ ❙✐♥❝❡✱ K ✐s ❝♦♠♣❛❝t

✭❜❡❝❛✉s❡ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥ ✐s ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ θ ❛♥❞ ❞❡✜♥❡❞ ♦♥ t❤❡ ❝♦♠♣❛❝t s❡t

Θ✮✱ t❤❡ s❡t Kp ✐s ❝♦♠♣♦s❡❞ ♦❢ ❛ ✉♥✐q✉❡ ❡❧❡♠❡♥t✱ t❤❛t ✇❡ ❞❡✜♥❡ ❛s θ̂ML✱ ✇❤✐❝❤ ✐s ❛ ♠❡❛s✉r❛❜❧❡
❢✉♥❝t✐♦♥ ♦❢ X ❛♥❞ Y ✳ ❚❤❡ s❛♠❡ r❡♠❛r❦ ❝❛♥ ❜❡ ♠❛❞❡ ❢♦r t❤❡ ❈r♦ss ❱❛❧✐❞❛t✐♦♥ ❡st✐♠❛t♦r ♦❢ ✭✸✮✳

❲❤❡♥ t❤❡ ✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝ s❡q✉❡♥❝❡ ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✐s ❞❡t❡r♠✐♥✐st✐❝✱ ✐t
✐s s❤♦✇♥ ✐♥ ❬✶✼❪ t❤❛t θ̂ML ❝♦♥✈❡r❣❡s t♦ ❛ ❝❡♥t❡r❡❞ ●❛✉ss✐❛♥ r❛♥❞♦♠ ✈❡❝t♦r✳ ❚❤❡ ❛s②♠♣t♦t✐❝
❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐s t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❋✐s❤❡r ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐①✳ ❋♦r ✜①❡❞ n✱ t❤❡ ❋✐s❤❡r

✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐① ✐s t❤❡ p × p ♠❛tr✐① ✇✐t❤ ❡❧❡♠❡♥t (i, j) ❡q✉❛❧ t♦ 1
2Tr

(

R−1
θ0

∂Rθ0

∂θi
R−1

θ0

∂Rθ0

∂θj

)

✳

❙✐♥❝❡ t❤❡ ❧✐t❡r❛t✉r❡ ❤❛s ♥♦t ❛❞❞r❡ss❡❞ ②❡t t❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ θ̂ML ✐♥ ✐♥❝r❡❛s✐♥❣✲
❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s ✇✐t❤ r❛♥❞♦♠ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✱ ✇❡ ❣✐✈❡ ❝♦♠♣❧❡t❡ ♣r♦♦❢s ❛❜♦✉t ✐t ✐♥ s❡❝t✐♦♥
❆♣♣❡♥❞✐① ❆✳ ❖✉r t❡❝❤♥✐q✉❡s ❛r❡ ♦r✐❣✐♥❛❧ ❛♥❞ ♥♦t s♣❡❝✐✜❝❛❧❧② ♦r✐❡♥t❡❞ t♦✇❛r❞s ▼▲ ❝♦♥tr❛r② t♦
❬✸✸✱ ✶✼✱ ✼❪✱ s♦ t❤❛t t❤❡② ❛❧❧♦✇ ✉s t♦ ❛❞❞r❡ss t❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❈❱ ❡st✐♠❛t♦r ✐♥
t❤❡ s❛♠❡ ❢❛s❤✐♦♥✳

❚❤❡ ❈❱ ❡st✐♠❛t♦r ✐s ❞❡✜♥❡❞ ❜②

θ̂CV ∈ argmin
θ∈Θ

n
∑

i=1

{yi − ŷi,θ (y−i)}2, ✭✸✮

✺



✇❤❡r❡✱ ❢♦r 1 ≤ i ≤ n✱ ŷi,θ (y−i) := Eθ|X (yi|y1, ..., yi−1, yi+1, ..., yn) ✐s t❤❡ ❑r✐❣✐♥❣ ▲❡❛✈❡✲❖♥❡✲❖✉t
♣r❡❞✐❝t✐♦♥ ♦❢ yi ✇✐t❤ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs θ✳ Eθ|X ❞❡♥♦t❡s t❤❡ ❡①♣❡❝t❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
❞✐str✐❜✉t✐♦♥ ♦❢ Y ✇✐t❤ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ Kθ✱ ❣✐✈❡♥ X✳

❚❤❡ ❈❱ ❡st✐♠❛t♦r s❡❧❡❝ts t❤❡ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝r✐t❡r✐♦♥ ♦❢ t❤❡ ♣♦✐♥t✲
✇✐s❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦rs✳ ❚❤✐s ❝r✐t❡r✐♦♥ ❞♦❡s ♥♦t ✐♥✈♦❧✈❡ t❤❡ ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐✈❡ ✈❛r✐❛♥❝❡s✳ ❍❡♥❝❡✱
t❤❡ ❈❱ ❡st✐♠❛t♦r ♦❢ ✭✸✮ ❝❛♥♥♦t ❡st✐♠❛t❡ ❛ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ✐♠♣❛❝t✐♥❣ ♦♥❧② ♦♥ t❤❡ ✈❛r✐❛♥❝❡
♦❢ t❤❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛❧❧ t❤❡ ❝❧❛ss✐❝❛❧ ♣❛r❛♠❡tr✐❝ ♠♦❞❡❧s {Kθ, θ ∈ Θ} s❛t✐s❢② t❤❡
❞❡❝♦♠♣♦s✐t✐♦♥ θ =

(

σ2, θ̃t
)t

❛♥❞ {Kθ, θ ∈ Θ} = {σ2K̃θ̃, σ
2 > 0, θ̃ ∈ Θ̃}✱ ✇✐t❤ K̃θ̃ ❛ ❝♦rr❡❧❛t✐♦♥

❢✉♥❝t✐♦♥✳ ❍❡♥❝❡✱ ✐♥ t❤✐s ❝❛s❡✱ θ̃ ✇♦✉❧❞ ❜❡ ❡st✐♠❛t❡❞ ❜② ✭✸✮✱ ❛♥❞ σ2 ✇♦✉❧❞ ❜❡ ❡st✐♠❛t❡❞ ❜② t❤❡

❡q✉❛t✐♦♥ σ̂2
CV (θ̃) =

1
n

∑n
i=1

{yi−ŷ
i,θ̃

(y−i)}2

c2
i,−i,θ̃

✱ ✇❤❡r❡ c2
i,−i,θ̃

:= varθ̃|X (yi|y1, ..., yi−1, yi+1, ..., yn) ✐s

t❤❡ ❑r✐❣✐♥❣ ▲❡❛✈❡✲❖♥❡✲❖✉t ♣r❡❞✐❝t✐✈❡ ✈❛r✐❛♥❝❡ ❢♦r yi ✇✐t❤ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs σ2 = 1 ❛♥❞ θ̃✳
varθ̃|X ❞❡♥♦t❡s t❤❡ ✈❛r✐❛♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Y ✇✐t❤ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥

Kθ✱ θ = (1, θ̃t)t✱ ❣✐✈❡♥ X✳ ❚♦ s✉♠♠❛r✐③❡✱ t❤❡ ❣❡♥❡r❛❧ ❈❱ ♣r♦❝❡❞✉r❡ ✇❡ st✉❞② ✐s ❛ t✇♦✲st❡♣
♣r♦❝❡❞✉r❡✳ ■♥ ❛ ✜rst st❡♣✱ t❤❡ ❝♦rr❡❧❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ s❡❧❡❝t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ ♠❡❛♥ sq✉❛r❡
❡rr♦r ❝r✐t❡r✐♦♥✳ ■♥ ❛ s❡❝♦♥❞ st❡♣✱ t❤❡ ❣❧♦❜❛❧ ✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ✐s s❡❧❡❝t❡❞✱ s♦ t❤❛t t❤❡ ♣r❡❞✐❝t✐✈❡
✈❛r✐❛♥❝❡s ❛r❡ ❛❞❛♣t❡❞ t♦ t❤❡ ▲❡❛✈❡✲❖♥❡✲❖✉t ♣r❡❞✐❝t✐♦♥ ❡rr♦rs✳ ❍❡r❡✱ ✇❡ ❛❞❞r❡ss t❤❡ ✜rst st❡♣✱
s♦ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❈❱ ❡st✐♠❛t♦r ❞❡✜♥❡❞ ✐♥ ✭✸✮✳

❚❤❡ ❝r✐t❡r✐♦♥ ✭✸✮ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✇✐t❤ ❛ s✐♥❣❧❡ ♠❛tr✐① ✐♥✈❡rs✐♦♥✱ ❜② ♠❡❛♥s ♦❢ ✈✐rt✉❛❧ ▲❖❖
❢♦r♠✉❧❛s ✭s❡❡ ❡✳❣ ❬✷✺✱ ❝❤✳✺✳✷❪ ❢♦r t❤❡ ③❡r♦✲♠❡❛♥ ❝❛s❡ ❛❞❞r❡ss❡❞ ❤❡r❡✱ ❛♥❞ ❬✾❪ ❢♦r t❤❡ ✉♥✐✈❡rs❛❧
❑r✐❣✐♥❣ ❝❛s❡✮✳ ❚❤❡s❡ ✈✐rt✉❛❧ ▲❖❖ ❢♦r♠✉❧❛s ②✐❡❧❞

n
∑

i=1

{yi − ŷi,θ (y−i)}2 = ytR−1
θ diag

(

R−1
θ

)−2
R−1

θ y,

✇❤✐❝❤ ✐s ✉s❡❢✉❧ ❜♦t❤ ✐♥ ♣r❛❝t✐❝❡ ✭t♦ ❝♦♠♣✉t❡ q✉✐❝❦❧② t❤❡ ▲❖❖ ❡rr♦rs✮ ❛♥❞ ✐♥ t❤❡ ♣r♦♦❢s ♦♥ ❈❱✳
❲❡ t❤❡♥ ❞❡✜♥❡

CVθ :=
1

n
ytR−1

θ diag
(

R−1
θ

)−2
R−1

θ y

❛s t❤❡ ❈❱ ❝r✐t❡r✐♦♥✱ ✇❤❡r❡ ✇❡ ❞♦ ♥♦t ✇r✐t❡ ❡①♣❧✐❝✐t❧② t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ X✱ n✱ Y ❛♥❞ ǫ✳ ❍❡♥❝❡
✇❡ ❤❛✈❡✱ ❡q✉✐✈❛❧❡♥t❧② t♦ ✭✸✮✱ θ̂CV ∈ argminθ∈Θ CVθ✳

❙✐♥❝❡ t❤❡ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ▼▲ ❡st✐♠❛t♦r ✐s t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❋✐s❤❡r
✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐①✱ t❤✐s ❡st✐♠❛t♦r s❤♦✉❧❞ ❜❡ ✉s❡❞ ✇❤❡♥ θ0 ∈ Θ ❤♦❧❞s✱ ✇❤✐❝❤ ✐s t❤❡ ❝❛s❡ ♦❢
✐♥t❡r❡st ❤❡r❡✳ ❍♦✇❡✈❡r✱ ✐♥ ♣r❛❝t✐❝❡✱ ✐t ✐s ❧✐❦❡❧② t❤❛t t❤❡ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ●❛✉ss✐❛♥
♣r♦❝❡ss ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ t❤❡ ♣❛r❛♠❡tr✐❝ ❢❛♠✐❧② ✉s❡❞ ❢♦r t❤❡ ❡st✐♠❛t✐♦♥✳ ■♥ ❬✺❪✱ ✐t ✐s s❤♦✇♥ t❤❛t
❈❱ ✐s ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ ▼▲ ✐♥ t❤✐s ❝❛s❡✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ s❛♠♣❧✐♥❣ ✐s ♥♦t t♦♦ r❡❣✉❧❛r✳ ❍❡♥❝❡✱
t❤❡ ❈❱ ❡st✐♠❛t♦r ✐s r❡❧❡✈❛♥t ✐♥ ♣r❛❝t✐❝❡✱ ✇❤✐❝❤ ✐s ❛ r❡❛s♦♥ ❢♦r st✉❞②✐♥❣ ✐t ✐♥ t❤❡ ❝❛s❡ θ0 ∈ Θ
❛❞❞r❡ss❡❞ ❤❡r❡✳

■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ❝❛❧❧ t❤❡ ❝❛s❡ θ0 ∈ Θ t❤❡ ✇❡❧❧✲s♣❡❝✐✜❡❞ ❝❛s❡✱ ❛♥❞ ✇❡ ❝❛❧❧ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡
tr✉❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ Y ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ {Kθ, θ ∈ Θ} t❤❡ ♠✐ss♣❡❝✐✜❡❞ ❝❛s❡✱ ♦r t❤❡ ❝❛s❡
♦❢ ♠♦❞❡❧ ♠✐ss♣❡❝✐✜❝❛t✐♦♥✳

❍❡♥❝❡✱ ✇❡ ❛✐♠ ❛t st✉❞②✐♥❣ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ s♣❛t✐❛❧ s❛♠♣❧✐♥❣ ♦♥ ❈❱ ❛s ✇❡❧❧ ❛s ♦♥ ▼▲✱
✐♥ t❤❡ ✇❡❧❧✲s♣❡❝✐✜❡❞ ❝❛s❡ ❛❞❞r❡ss❡❞ ❤❡r❡✳ ❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ ✐t ✐s ❡①♣❡❝t❡❞ t❤❛t ▼▲ ♣❡r❢♦r♠s
❜❡tt❡r t❤❛♥ ❈❱ ✐♥ t❤❡ ✇❡❧❧✲s♣❡❝✐✜❡❞ ❝❛s❡✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ q✉❛♥t✐❢②✐♥❣ t❤✐s ❢❛❝t✳

✸✳ ❈♦♥s✐st❡♥❝② ❛♥❞ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t②

Pr♦♣♦s✐t✐♦♥ ✸✳✶ ❛❞❞r❡ss❡s t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ▼▲ ❡st✐♠❛t♦r✳ ❚❤❡ ♦♥❧② ❛ss✉♠♣t✐♦♥ ♦♥
t❤❡ ♣❛r❛♠❡tr✐❝ ❢❛♠✐❧② ♦❢ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s ✐s ❛♥ ✐❞❡♥t✐✜❛❜✐❧✐t② ❛ss✉♠♣t✐♦♥✳ ❇❛s✐❝❛❧❧②✱ ❢♦r ❛
✜①❡❞ ǫ✱ t❤❡r❡ s❤♦✉❧❞ ♥♦t ❡①✐st t✇♦ ❞✐st✐♥❝t ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs s♦ t❤❛t t❤❡ t✇♦ ❛ss♦❝✐❛t❡❞
❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s ❛r❡ t❤❡ s❛♠❡✱ ♦♥ t❤❡ s❡t ♦❢ ✐♥t❡r✲♣♦✐♥t ❞✐st❛♥❝❡s ❝♦✈❡r❡❞ ❜② t❤❡ r❛♥❞♦♠
s♣❛t✐❛❧ s❛♠♣❧✐♥❣✳ ❚❤❡ ✐❞❡♥t✐✜❛❜✐❧✐t② ❛ss✉♠♣t✐♦♥ ✐s ❝❧❡❛r❧② ♠✐♥✐♠❛❧✳

✻



Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞✳
❋♦r ǫ = 0✱ ✐❢ t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st θ 6= θ0 s♦ t❤❛t Kθ (v) = Kθ0 (v) ❢♦r ❛❧❧ v ∈ Z

d✱ t❤❡♥ t❤❡ ▼▲
❡st✐♠❛t♦r ✐s ❝♦♥s✐st❡♥t✳

❋♦r ǫ 6= 0✱ ✇❡ ❞❡♥♦t❡ Dǫ = ∪v∈Zd\0 (v + ǫCSX
)✱ ✇✐t❤ CSX

= {t1 − t2, t1 ∈ SX , t2 ∈ SX}✳
❚❤❡♥✱ ✐❢ t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st θ 6= θ0 s♦ t❤❛t Kθ = Kθ0 ❛✳s✳ ♦♥ Dǫ✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ▲❡❜❡s❣✉❡
♠❡❛s✉r❡ ♦♥ Dǫ✱ ❛♥❞ Kθ (0) = Kθ0 (0)✱ t❤❡♥ t❤❡ ▼▲ ❡st✐♠❛t♦r ✐s ❝♦♥s✐st❡♥t✳

■♥ ♣r♦♣♦s✐t✐♦♥ ✸✳✷✱ ✇❡ ❛❞❞r❡ss t❤❡ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ ▼▲✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✐s√
n✱ ❛s ✐♥ ❛ ❝❧❛ss✐❝❛❧ iid ❢r❛♠❡✇♦r❦✱ ❛♥❞ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❞❡t❡r♠✐♥✐st✐❝ ❛s②♠♣t♦t✐❝

❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢
√
nθ̂ML ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ r❡❣✉❧❛r✐t② ♣❛r❛♠❡t❡r ǫ✳ ■♥ ♣r♦♣♦s✐t✐♦♥

✸✳✸✱ ✇❡ ♣r♦✈❡ t❤❛t t❤✐s ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐s ♣♦s✐t✐✈❡✱ ❛s ❧♦♥❣ ❛s t❤❡ ❞✐✛❡r❡♥t ❞❡r✐✈❛t✐✈❡
❢✉♥❝t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ θ ❛t θ0 ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ❛r❡ ♥♦♥ r❡❞✉♥❞❛♥t ♦♥ t❤❡ s❡t ♦❢ ✐♥t❡r✲
♣♦✐♥t ❞✐st❛♥❝❡s ❝♦✈❡r❡❞ ❜② t❤❡ r❛♥❞♦♠ s♣❛t✐❛❧ s❛♠♣❧✐♥❣✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s ♠✐♥✐♠❛❧✱ s✐♥❝❡ ✇❤❡♥
t❤❡s❡ ❞❡r✐✈❛t✐✈❡s ❛r❡ r❡❞✉♥❞❛♥t✱ t❤❡ ❋✐s❤❡r ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐① ✐s s✐♥❣✉❧❛r ❢♦r ❛❧❧ ✜♥✐t❡ s❛♠♣❧❡✲
s✐③❡ n ❛♥❞ ✐ts ❦❡r♥❡❧ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ n✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞✳
❋♦r 1 ≤ i, j ≤ p✱ ❞❡✜♥❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ n × n ♠❛tr✐❝❡s✱ ✐♥❞❡①❡❞ ❜② n ∈ N

∗✱ M
i,j
ML ❜②✱

M
i,j
ML := 1

2R
−1 ∂R

∂θi
R−1 ∂R

∂θj
✳ ❚❤❡♥✱ t❤❡ r❛♥❞♦♠ tr❛❝❡ 1

n
Tr
(

M
i,j
ML

)

❤❛s ❛♥ ❛❧♠♦st s✉r❡ ❧✐♠✐t ❛s

n → +∞✳
❲❡ t❤✉s ❞❡✜♥❡ t❤❡ p×p ❞❡t❡r♠✐♥✐st✐❝ ♠❛tr✐① ΣML s♦ t❤❛t (ΣML)i,j ✐s t❤❡ ❛❧♠♦st s✉r❡ ❧✐♠✐t✱

❛s n → +∞✱ ♦❢ 1
n
Tr
(

M
i,j
ML

)

✳

❚❤❡♥✱ ✐❢ θ̂ML ✐s ❝♦♥s✐st❡♥t ❛♥❞ ✐❢ ΣML ✐s ♣♦s✐t✐✈❡✱ t❤❡♥

√
n
(

θ̂ML − θ0

)

→L N
(

0,Σ−1
ML

)

.

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞✳
❋♦r ǫ = 0✱ ✐❢ t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st vλ = (λ1, ..., λp)

t ∈ R
p✱ vλ ❞✐✛❡r❡♥t ❢r♦♠ ③❡r♦✱ s♦ t❤❛t

∑p
k=1 λk

∂
∂θk

Kθ0 (v) = 0 ❢♦r ❛❧❧ v ∈ Z
d✱ t❤❡♥ ΣML ✐s ♣♦s✐t✐✈❡✳

❋♦r ǫ 6= 0✱ ✇❡ ❞❡♥♦t❡ Dǫ = ∪v∈Zd\0 (v + ǫCSX
)✱ ✇✐t❤ CSX

= {t1 − t2, t1 ∈ SX , t2 ∈ SX}✳ ■❢

t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st vλ = (λ1, ..., λp)
t ∈ R

p✱ vλ ❞✐✛❡r❡♥t ❢r♦♠ ③❡r♦✱ s♦ t❤❛t
∑p

k=1 λk
∂

∂θk
Kθ0 (t) :

R
d → R ✐s ❛❧♠♦st s✉r❡❧② ③❡r♦ ♦♥ Dǫ✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ Dǫ✱ ❛♥❞ t❤❛t
∑p

k=1 λk
∂

∂θk
Kθ0 (0) ✐s ♥✉❧❧✱ t❤❡♥ ΣML ✐s ♣♦s✐t✐✈❡✳

❘❡♠❛r❦ ✸✳✶✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ M ✲❡st✐♠❛t♦rs ♦❢ t❤❡ r❡❣r❡ss✐♦♥ ♣❛r❛♠❡t❡rs ✐♥ ❛
❧✐♥❡❛r r❡❣r❡ss✐♦♥ ❢r❛♠❡✇♦r❦ ✇✐t❤ ❞❡♣❡♥❞❡♥t ❡rr♦rs✱ ✇✐t❤ ❛ st♦❝❤❛st✐❝ s❛♠♣❧✐♥❣✱ ❤❛s ❜❡❡♥ ❛❞✲
❞r❡ss❡❞ ✐♥ ❬✶✹❪✳ ■♥ t❤✐s r❡❢❡r❡♥❝❡✱ t❤❡ ♦❜s❡r✈❛t✐♦♥ ❡rr♦rs st❡♠ ❢r♦♠ ❛ ❣❡♥❡r❛❧ r❛♥❞♦♠ ✜❡❧❞✱ ❛♥❞
✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s ✐s ❛❞❞r❡ss❡❞✱ ❛s ✇❡❧❧ ❛s ♠✐①❡❞ ✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s✱ ✐♥
✇❤✐❝❤ ❜♦t❤ t❤❡ ♦❜s❡r✈❛t✐♦♥ ❞♦♠❛✐♥ ❛♥❞ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ❣♦ t♦ ✐♥✜♥✐t②✳ ■♥
❬✶✹❪✱ t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ r❡❣r❡ss✐♦♥ ♣❛r❛♠❡t❡rs ✐s ♥♦t t❤❡ sq✉❛r❡ r♦♦t
♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ❛♥②♠♦r❡✱ ❜✉t t❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥
❞♦♠❛✐♥✳ ❚❤✐s ✐s t❤❡ r❛t❡ ✇❡ ❛❧s♦ ✜♥❞ ✐♥ ♣r♦♣♦s✐t✐♦♥ ✸✳✷ ❢♦r t❤❡ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✱ ✐♥ t❤❡
♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s✱ ✇❤❡r❡ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ❣r♦✇s
❧✐❦❡ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥ ❞♦♠❛✐♥✳ ■t ✐s ♥❡✈❡rt❤❡❧❡ss ♣♦ss✐❜❧❡ t❤❛t t❤✐s ❛♥❛❧♦❣② ✇♦✉❧❞
♥♦t ❤❛♣♣❡♥ ✐♥ t❤❡ ♠✐①❡❞ ❞♦♠❛✐♥✲❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦✱ s✐♥❝❡ ✐t ✐s ❦♥♦✇♥ t❤❛t t❤❡ ❡st✐♠❛t✐♦♥ ♦❢
♠✐❝r♦❡r❣♦❞✐❝ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ❝❛♥ ❤❛✈❡ ❛

√
n r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❡✈❡♥ ✐♥ t❤❡ ✜①❡❞✲❞♦♠❛✐♥

❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦ ❬✸✻❪✳
◆♦t✐❝❡ ❛❧s♦ t❤❛t✱ s✐♠✐❧❛r❧② t♦ ✉s✱ ✐t ✐s ❡①♣❧✐❝✐t ✐♥ ❬✶✹❪ t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①

♦❢ t❤❡ ❡st✐♠❛t♦rs ❞❡♣❡♥❞s ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✳

Pr♦♣♦s✐t✐♦♥ ✸✳✹ ❛❞❞r❡ss❡s t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ❈❱ ❡st✐♠❛t♦r✳ ❚❤❡ ✐❞❡♥t✐✜❛❜✐❧✐t② ❛ss✉♠♣t✐♦♥
✐s r❡q✉✐r❡❞✱ ❧✐❦❡ ✐♥ t❤❡ ▼▲ ❝❛s❡✳ ❙✐♥❝❡ t❤❡ ❈❱ ❡st✐♠❛t♦r ✐s ❞❡s✐❣♥❡❞ ❢♦r ❡st✐♠❛t✐♥❣ ❝♦rr❡❧❛t✐♦♥
♣❛r❛♠❡t❡rs✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣❛r❛♠❡tr✐❝ ♠♦❞❡❧ {Kθ, θ ∈ Θ} ❝♦♥t❛✐♥s ♦♥❧② ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝✲
t✐♦♥s✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ❤♦❧❞s ✐♥ ♠♦st ❝❧❛ss✐❝❛❧ ❝❛s❡s✱ ❛♥❞ ②✐❡❧❞s r❡s✉❧ts t❤❛t ❛r❡ ❡❛s② t♦ ❡①♣r❡ss

✼



❛♥❞ ✐♥t❡r♣r❡t✳ ❚❤❡ ❝❛s❡ ♦❢ ❤②❜r✐❞ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✱ s♣❡❝✐❢②✐♥❣ ❜♦t❤ ❛ ✈❛r✐❛♥❝❡ ❛♥❞ ❛ ❝♦rr❡✲
❧❛t✐♦♥ str✉❝t✉r❡ s❤♦✉❧❞ ❜❡ ❝♦♥s✐st❡♥t❧② ❡st✐♠❛t❡❞ ❜② t❤❡ ❈❱ ❡st✐♠❛t♦r✳ ◆❡✈❡rt❤❡❧❡ss✱ s✐♥❝❡ s✉❝❤
❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ❞♦ ♥♦t ❡①✐st ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ❢❛♠✐❧✐❡s ♦❢ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s✱ ✇❡ ❞♦ ♥♦t
❛❞❞r❡ss t❤✐s ❝❛s❡✳

Pr♦♣♦s✐t✐♦♥ ✸✳✹✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞ ❛♥❞ t❤❛t ❢♦r ❛❧❧ θ ∈ Θ✱ Kθ (0) = 1✳
❋♦r ǫ = 0✱ ✐❢ t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st θ 6= θ0 s♦ t❤❛t Kθ (v) = Kθ0 (v) ❢♦r ❛❧❧ v ∈ Z

d✱ t❤❡♥ t❤❡ ❈❱
❡st✐♠❛t♦r ✐s ❝♦♥s✐st❡♥t✳

❋♦r ǫ 6= 0✱ ✇❡ ❞❡♥♦t❡ Dǫ = ∪v∈Zd\0 (v + ǫCSX
)✱ ✇✐t❤ CSX

= {t1 − t2, t1 ∈ SX , t2 ∈ SX}✳
❚❤❡♥✱ ✐❢ t❤❡✐r ❞♦❡s ♥♦t ❡①✐st θ 6= θ0 s♦ t❤❛t Kθ = Kθ0 ❛✳s✳ ♦♥ Dǫ✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡
♠❡❛s✉r❡ ♦♥ Dǫ✱ t❤❡ ❈❱ ❡st✐♠❛t♦r ✐s ❝♦♥s✐st❡♥t✳

Pr♦♣♦s✐t✐♦♥ ✸✳✺ ❣✐✈❡s t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❈❱
❝r✐t❡r✐♦♥ CVθ ❛♥❞ ♦❢ t❤❡ ♠❡❛♥ ♠❛tr✐① ♦❢ ✐ts ❍❡ss✐❛♥✳ ❚❤❡s❡ ♠♦♠❡♥ts ❛r❡ ❝❧❛ss✐❝❛❧❧② ✉s❡❞ ✐♥
st❛t✐st✐❝s t♦ ♣r♦✈❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥s ♦❢ ❝♦♥s✐st❡♥t ❡st✐♠❛t♦rs✳ ❲❡ ❛❧s♦ ♣r♦✈❡ t❤❡ ❝♦♥✈❡r✲
❣❡♥❝❡ ♦❢ t❤❡s❡ ♠♦♠❡♥ts✱ t❤❡ ❧✐♠✐t ♠❛tr✐❝❡s ❜❡✐♥❣ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ p × p ♠❛tr✐❝❡s ΣCV,1 ❛♥❞
ΣCV,2✱ ❢♦r ✇❤✐❝❤ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡✳ ❚❤❡s❡ ♠❛tr✐❝❡s ❛r❡ ❞❡t❡r♠✐♥✐st✐❝ ❛♥❞ ❞❡♣❡♥❞ ♦♥❧② ♦♥
t❤❡ r❡❣✉❧❛r✐t② ♣❛r❛♠❡t❡r ǫ✳

Pr♦♣♦s✐t✐♦♥ ✸✳✺✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞✳
❲✐t❤✱ ❢♦r 1 ≤ i ≤ p✱

M i
θ = R−1

θ diag
(

R−1
θ

)−2
{

diag

(

R−1
θ

∂Rθ

∂θi
R−1

θ

)

diag
(

R−1
θ

)−1 −R−1
θ

∂Rθ

∂θi

}

R−1
θ ,

✇❡ ❤❛✈❡✱ ❢♦r ❛❧❧ 1 ≤ i, j ≤ p✱
∂

∂θi
CVθ =

1

n
2ytM i

θy.

❲❡ ❞❡✜♥❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ n× n ♠❛tr✐❝❡s✱ ✐♥❞❡①❡❞ ❜② n ∈ N
∗✱ M i,j

CV,1 ❜②

M
i,j
CV,1 = 2

{

M i
θ0

+
(

M i
θ0

)t
}

Rθ0

{

M
j
θ0

+
(

M
j
θ0

)t
}

Rθ0 .

❚❤❡♥✱

cov

(√
n

∂

∂θi
CVθ0 ,

√
n

∂

∂θj
CVθ0 |X

)

=
1

n
Tr
(

M
i,j
CV,1

)

. ✭✹✮

❋✉rt❤❡r♠♦r❡✱ t❤❡ r❛♥❞♦♠ tr❛❝❡ 1
n
Tr
(

M
i,j
CV,1

)

❝♦♥✈❡r❣❡s ❛✳s✳ t♦ t❤❡ ❡❧❡♠❡♥t (ΣCV,1)i,j ♦❢ ❛ p× p

❞❡t❡r♠✐♥✐st✐❝ ♠❛tr✐① ΣCV,1 ❛s n → +∞✳
❉❡✜♥✐♥❣

M
i,j
CV,2 = −8 diag

(

R−1
θ0

)−3
diag

(

R−1
θ0

∂Rθ0

∂θi
R−1

θ0

)

R−1
θ0

∂Rθ0

∂θj
R−1

θ0

+2diag
(

R−1
θ0

)−2
R−1

θ0

∂Rθ0

∂θi
R−1

θ0

∂Rθ0

∂θj
R−1

θ0

+6diag
(

R−1
θ0

)−4
diag

(

R−1
θ0

∂Rθ0

∂θi
R−1

θ0

)

diag

(

R−1
θ0

∂Rθ0

∂θj
R−1

θ0

)

R−1
θ0

,

✇❡ ❛❧s♦ ❤❛✈❡

E

(

∂2

∂θi∂θj
CVθ0 |X

)

=
1

n
Tr
(

M
i,j
CV,2

)

. ✭✺✮

❋✉rt❤❡r♠♦r❡✱ t❤❡ r❛♥❞♦♠ tr❛❝❡ 1
n
Tr
(

M
i,j
CV,2

)

❝♦♥✈❡r❣❡s ❛✳s✳ t♦ t❤❡ ❡❧❡♠❡♥t (ΣCV,2)i,j ♦❢ ❛

p× p ❞❡t❡r♠✐♥✐st✐❝ ♠❛tr✐① ΣCV,2 ❛s n → +∞✳

✽



■♥ ♣r♦♣♦s✐t✐♦♥ ✸✳✻✱ ✇❡ ❛❞❞r❡ss t❤❡ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ ❈❱✳ ❚❤❡ ❝♦♥❞✐t✐♦♥s ❛r❡✱ ❛s ❢♦r
t❤❡ ❝♦♥s✐st❡♥❝②✱ ✐❞❡♥t✐✜❛❜✐❧✐t② ❛♥❞ t❤❛t t❤❡ s❡t ♦❢ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s ❝♦♥t❛✐♥s ♦♥❧② ❝♦rr❡❧❛t✐♦♥
❢✉♥❝t✐♦♥s✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✐s ❛❧s♦

√
n✱ ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❞❡t❡r♠✐♥✐st✐❝

❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢
√
nθ̂CV ✱ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦❢ t❤❡ ♠❛tr✐❝❡s ΣCV,1 ❛♥❞ ΣCV,2 ♦❢

♣r♦♣♦s✐t✐♦♥ ✸✳✺✳ ■♥ ♣r♦♣♦s✐t✐♦♥ ✸✳✼✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ ♠❛tr✐① ΣCV,2 ✐s ♣♦s✐t✐✈❡✳ ❚❤❡
♠✐♥✐♠❛❧ ❛ss✉♠♣t✐♦♥ ✐s✱ ❛s ❢♦r t❤❡ ▼▲ ❝❛s❡✱ t❤❛t t❤❡ ❞✐✛❡r❡♥t ❞❡r✐✈❛t✐✈❡ ❢✉♥❝t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦
θ ❛t θ0 ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ❛r❡ ♥♦♥ r❡❞✉♥❞❛♥t ♦♥ t❤❡ s❡t ♦❢ ✐♥t❡r✲♣♦✐♥t ❞✐st❛♥❝❡s ❝♦✈❡r❡❞
❜② t❤❡ r❛♥❞♦♠ s♣❛t✐❛❧ s❛♠♣❧✐♥❣✳

Pr♦♣♦s✐t✐♦♥ ✸✳✻✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞✳
■❢ θ̂CV ✐s ❝♦♥s✐st❡♥t ❛♥❞ ✐❢ ΣCV,2 ✐s ♣♦s✐t✐✈❡✱ t❤❡♥

√
n
(

θ̂CV − θ0

)

→L N
(

0,Σ−1
CV,2ΣCV,1Σ

−1
CV,2

)

❛s n → +∞.

Pr♦♣♦s✐t✐♦♥ ✸✳✼✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞ ❛♥❞ t❤❛t ❢♦r ❛❧❧ θ ∈ Θ✱ Kθ (0) = 1✳
❋♦r ǫ = 0✱ ✐❢ t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st vλ = (λ1, ..., λp)

t ∈ R
p✱ vλ ❞✐✛❡r❡♥t ❢r♦♠ ③❡r♦✱ s♦ t❤❛t

∑p
k=1 λk

∂
∂θk

Kθ0 (v) = 0 ❢♦r ❛❧❧ v ∈ Z
d✱ t❤❡♥ ΣCV,2 ✐s ♣♦s✐t✐✈❡✳

❋♦r ǫ 6= 0✱ ✇❡ ❞❡♥♦t❡ Dǫ = ∪v∈Zd\0 (v + ǫCSX
)✱ ✇✐t❤ CSX

= {t1 − t2, t1 ∈ SX , t2 ∈ SX}✳ ■❢

t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st vλ = (λ1, ..., λp)
t ∈ R

p✱ vλ ❞✐✛❡r❡♥t ❢r♦♠ ③❡r♦✱ s♦ t❤❛t
∑p

k=1 λk
∂

∂θk
Kθ0 (t) :

R
d → R ✐s ❛❧♠♦st s✉r❡❧② ③❡r♦ ♦♥ Dǫ✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ Dǫ✱ t❤❡♥ ΣCV,2 ✐s

♣♦s✐t✐✈❡✳

❚❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦r ▼▲ ❛♥❞ ❈❱ ✐s t❤❛t✱ ❢♦r ❛❧❧ t❤❡ ♠♦st ❝❧❛ss✐❝❛❧ ♣❛r❛♠❡tr✐❝ ❢❛♠✐❧✐❡s ♦❢
❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s✱ ❝♦♥s✐st❡♥❝② ❛♥❞ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ❤♦❧❞✱ ✇✐t❤ ❞❡t❡r♠✐♥✐st✐❝ ♣♦s✐t✐✈❡
❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ t❤❡ r❡❣✉❧❛r✐t② ♣❛r❛♠❡t❡r ǫ✳ ❚❤❡r❡❢♦r❡✱ t❤❡s❡
❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ❛r❡ ❛♥❛❧②③❡❞ ✐♥ s❡❝t✐♦♥ ✹✱ t♦ ❛❞❞r❡ss t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ✐rr❡❣✉❧❛r✐t② ♦❢ t❤❡
s♣❛t✐❛❧ s❛♠♣❧✐♥❣ ♦♥ t❤❡ ▼▲ ❛♥❞ ❈❱ ❡st✐♠❛t✐♦♥✳

✹✳ ❆♥❛❧②s✐s ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s

❚❤❡ ❧✐♠✐t ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ▼▲ ❛♥❞ ❈❱ ❡st✐♠❛t♦rs ♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡ r❡❣✉❧❛r✐t② ♣❛r❛♠❡t❡r
ǫ t❤r♦✉❣❤ t❤❡ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ✐♥ ♣r♦♣♦s✐t✐♦♥s ✸✳✷ ❛♥❞ ✸✳✻✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥
✐s t♦ ♥✉♠❡r✐❝❛❧❧② st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ǫ ♦♥ t❤❡s❡ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s✳ ❲❡ ❛❞❞r❡ss
t❤❡ ❝❛s❡ d = 1✱ ✇✐t❤ p = 1 ✐♥ s✉❜s❡❝t✐♦♥s ✹✳✷ ❛♥❞ ✹✳✸ ❛♥❞ p = 2 ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✹✳

❚❤❡ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ♦❢ ♣r♦♣♦s✐t✐♦♥s ✸✳✷ ❛♥❞ ✸✳✻ ❛r❡ ❡①♣r❡ss❡❞ ❛s ❢✉♥❝t✐♦♥s ♦❢
❛✳s✳ ❧✐♠✐ts ♦❢ tr❛❝❡s ♦❢ s✉♠s✱ ♣r♦❞✉❝ts ❛♥❞ ✐♥✈❡rs❡s ♦❢ r❛♥❞♦♠ ♠❛tr✐❝❡s✳ ■♥ t❤❡ ❝❛s❡ ǫ = 0✱ ❢♦r
d = 1✱ t❤❡s❡ ♠❛tr✐❝❡s ❛r❡ ❞❡t❡r♠✐♥✐st✐❝ ❚♦❡♣❧✐t③ ♠❛tr✐❝❡s✱ s♦ t❤❛t t❤❡ ❧✐♠✐ts ❝❛♥ ❜❡ ❡①♣r❡ss❡❞
✉s✐♥❣ ❋♦✉r✐❡r tr❛♥s❢♦r♠ t❡❝❤♥✐q✉❡s ✭s❡❡ ❬✶✵❪✮✳ ■♥ s❡❝t✐♦♥ ❆♣♣❡♥❞✐① ❊✱ ✇❡ ❣✐✈❡ t❤❡ ❝❧♦s❡❞ ❢♦r♠
❡①♣r❡ss✐♦♥ ♦❢ ΣML✱ ΣCV,1 ❛♥❞ ΣCV,2 ❢♦r ǫ = 0 ❛♥❞ d = 1✳ ■♥ t❤❡ ❝❛s❡ ǫ 6= 0✱ t❤❡r❡ ❞♦❡s ♥♦t
❡①✐st✱ t♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ❛♥② r❛♥❞♦♠ ♠❛tr✐① t❡❝❤♥✐q✉❡ t❤❛t ✇♦✉❧❞ ❣✐✈❡ ❛ ❝❧♦s❡❞ ❢♦r♠
❡①♣r❡ss✐♦♥ ♦❢ ΣML✱ ΣCV,1 ❛♥❞ ΣCV,2✳ ❚❤❡r❡❢♦r❡✱ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ st✉❞② ✇✐t❤ ǫ 6= 0✱ t❤❡s❡
♠❛tr✐❝❡s ✇✐❧❧ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡ r❛♥❞♦♠ tr❛❝❡s ❢♦r ❧❛r❣❡ n✳

✹✳✶✳ ❚❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ ΣML✱ ΣCV,1 ❛♥❞ ΣCV,2

■♥ ♣r♦♣♦s✐t✐♦♥ ✹✳✷ ✇❡ s❤♦✇ t❤❛t✱ ✉♥❞❡r t❤❡ ♠✐❧❞ ❝♦♥❞✐t✐♦♥ ✹✳✶✱ t❤❡ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛✲
tr✐❝❡s ♦❜t❛✐♥❡❞ ❢r♦♠ ΣML✱ ΣCV,1 ❛♥❞ ΣCV,2✱ ♦❢ ♣r♦♣♦s✐t✐♦♥s ✸✳✷ ❛♥❞ ✸✳✻✱ ❛r❡ t✇✐❝❡ ❞✐✛❡r❡♥t✐❛❜❧❡
✇✐t❤ r❡s♣❡❝t t♦ ǫ✳ ❚❤✐s r❡s✉❧t ✐s ✉s❡❢✉❧ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ st✉❞② ♦❢ s✉❜s❡❝t✐♦♥ ✹✳✷✳

❈♦♥❞✐t✐♦♥ ✹✳✶✳ • ❈♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞✳

• Kθ(t) ❛♥❞
∂
∂θi

Kθ (t)✱ ❢♦r 1 ≤ i ≤ p✱ ❛r❡ t❤r❡❡ t✐♠❡s ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ t ❢♦r t 6= 0✳

✾



• ❋♦r ❛❧❧ T > 0✱ θ ∈ Θ✱ 1 ≤ i ≤ p✱ k ∈ {1, 2, 3}✱ i1, ..., ik ∈ {1, ..., d}k ✱ t❤❡r❡ ❡①✐sts CT < +∞
s♦ t❤❛t ❢♦r |t| ≥ T ✱

∣

∣

∣

∣

∂

∂ti1
, ...,

∂

∂tik
Kθ (t)

∣

∣

∣

∣

≤ CT

1 + |t|d+1
, ✭✻✮

∣

∣

∣

∣

∂

∂ti1
, ...,

∂

∂tik

∂

∂θi
Kθ (t)

∣

∣

∣

∣

≤ CT

1 + |t|d+1
.

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✹✳✶ ✐s s❛t✐s✜❡❞✳
▲❡t ✉s ✜① 1 ≤ i, j ≤ p✳ ❚❤❡ ❡❧❡♠❡♥ts (ΣML)i,j✱ (ΣCV,1)i,j ❛♥❞ (ΣCV,2)i,j ✭❛s ❞❡✜♥❡❞ ✐♥

♣r♦♣♦s✐t✐♦♥s ✸✳✷ ❛♥❞ ✸✳✺✮ ❛r❡ C2 ✐♥ ǫ ♦♥ [0, 1
2 )✳ ❋✉rt❤❡r♠♦r❡✱ ✇✐t❤ 1

n
Tr
(

M
i,j
ML

)

→a.s. (ΣML)i,j✱

1
n
Tr
(

M
i,j
CV,1

)

→a.s. (ΣCV,1)i,j ❛♥❞ 1
n
Tr
(

M
i,j
CV,2

)

→a.s. (ΣCV,2)i,j ✭♣r♦♣♦s✐t✐♦♥s ✸✳✷ ❛♥❞ ✸✳✺✮✱ ✇❡

❤❛✈❡✱ ❢♦r (Σ)i,j ❜❡✐♥❣ (ΣML)i,j✱ (ΣCV,1)i,j ♦r (ΣCV,2)i,j ❛♥❞ M i,j ❜❡✐♥❣ M
i,j
ML✱ M

i,j
CV,1 ♦r M i,j

CV,2✱

∂2

∂ǫ2
(Σ)i,j = lim

n→+∞
1

n
E

{

∂2

∂ǫ2
Tr
(

M i,j
)

}

.

Pr♦♣♦s✐t✐♦♥ ✹✳✷ s❤♦✇s t❤❛t ✇❡ ❝❛♥ ❝♦♠♣✉t❡ ♥✉♠❡r✐❝❛❧❧② t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ (ΣML)i,j ✱ (ΣCV,k)i,j ✱

k = 1, 2✱ ✇✐t❤ r❡s♣❡❝t t♦ ǫ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ M i,j
ML✱ M

i,j
CV,k✱ k = 1, 2✱ ❢♦r n ❧❛r❣❡✳

❚❤❡ ❢❛❝t t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❡①❝❤❛♥❣❡ t❤❡ ❧✐♠✐t ✐♥ n ❛♥❞ t❤❡ ❞❡r✐✈❛t✐✈❡ ✐♥ ǫ ✇❛s ♥♦t ❛ ♣r✐♦r✐
♦❜✈✐♦✉s✳

■♥ t❤❡ r❡st ♦❢ t❤❡ s❡❝t✐♦♥✱ ✇❡ ❛❞❞r❡ss s♣❡❝✐✜❝❛❧❧② t❤❡ ❝❛s❡ ✇❤❡r❡ d = 1✱ ❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥
♦❢ t❤❡ Xi✱ 1 ≤ i ≤ n✱ ✐s ✉♥✐❢♦r♠ ♦♥ [−1, 1]✳ ❲❡ ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ▼❛tér♥ ❝♦✈❛r✐❛♥❝❡
❢✉♥❝t✐♦♥✳ ■♥ ❞✐♠❡♥s✐♦♥ ♦♥❡✱ t❤✐s ❝♦✈❛r✐❛♥❝❡ ♠♦❞❡❧ ✐s ♣❛r❛♠❡t❡r✐③❡❞ ❜② t❤❡ ❝♦rr❡❧❛t✐♦♥ ❧❡♥❣t❤ ℓ

❛♥❞ t❤❡ s♠♦♦t❤♥❡ss ♣❛r❛♠❡t❡r ν✳ ❚❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ Kℓ,ν ✐s ▼❛tér♥ (ℓ, ν) ✇❤❡r❡

Kℓ,ν (t) =
1

Γ (ν) 2ν−1

(

2
√
ν
|t|
ℓ

)ν

Kν

(

2
√
ν
|t|
ℓ

)

, ✭✼✮

✇✐t❤ Γ t❤❡ ●❛♠♠❛ ❢✉♥❝t✐♦♥ ❛♥❞ Kν t❤❡ ♠♦❞✐✜❡❞ ❇❡ss❡❧ ❢✉♥❝t✐♦♥ ♦❢ s❡❝♦♥❞ ♦r❞❡r✳ ❙❡❡ ❡✳❣ ❬✸✶✱
♣✳✸✶❪ ❢♦r ❛ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ▼❛tér♥ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥✳

■♥ s✉❜s❡❝t✐♦♥s ✹✳✷ ❛♥❞ ✹✳✸✱ ✇❡ ❡st✐♠❛t❡ ν ✇❤❡♥ ℓ ✐s ❦♥♦✇♥ ❛♥❞ ❝♦♥✈❡rs❡❧②✳ ❚❤✐s ❝❛s❡ p = 1
❡♥❛❜❧❡s ✉s t♦ ❞❡❛❧ ✇✐t❤ ❛ s❝❛❧❛r ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡✱ ✇❤✐❝❤ ✐s ❛♥ ✉♥❛♠❜✐❣✉♦✉s ❝r✐t❡r✐♦♥ ❢♦r
❛❞❞r❡ss✐♥❣ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ✐rr❡❣✉❧❛r✐t② ♦❢ t❤❡ s♣❛t✐❛❧ s❛♠♣❧✐♥❣✳ ■♥ s✉❜s❡❝t✐♦♥ ✹✳✹✱ ✇❡ ❛❞❞r❡ss
t❤❡ ❝❛s❡ p = 2✱ ✇❤❡r❡ ℓ ❛♥❞ ν ❛r❡ ❥♦✐♥t❧② ❡st✐♠❛t❡❞✳

✹✳✷✳ ❙♠❛❧❧ r❛♥❞♦♠ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ r❡❣✉❧❛r ❣r✐❞

■♥ ♦✉r st✉❞②✱ t❤❡ t✇♦ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ℓ0, ν0 ✈❛r② ♦✈❡r 0.3 ≤ ℓ0 ≤ 3 ❛♥❞ 0.5 ≤
ν0 ≤ 5✳ ❲❡ ✇✐❧❧ s✉❝❝❡ss✐✈❡❧② ❛❞❞r❡ss t❤❡ t✇♦ ❝❛s❡s ✇❤❡r❡ ℓ ✐s ❡st✐♠❛t❡❞ ❛♥❞ ν ✐s ❦♥♦✇♥✱ ❛♥❞
✇❤❡r❡ ν ✐s ❡st✐♠❛t❡❞ ❛♥❞ ℓ ✐s ❦♥♦✇♥✳ ■t ✐s s❤♦✇♥ ✐♥ s❡❝t✐♦♥ ✹✳✶ t❤❛t ❢♦r ❜♦t❤ ▼▲ ❛♥❞ ❈❱✱ t❤❡
❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡s ❛r❡ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ♦❢ ǫ✳ ❚❤❡ q✉❛♥t✐t② ♦❢ ✐♥t❡r❡st ✐s t❤❡ r❛t✐♦ ♦❢ t❤❡ s❡❝♦♥❞
❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ ǫ ❛t ǫ = 0 ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ♦✈❡r ✐ts ✈❛❧✉❡ ❛t ǫ = 0✳ ❲❤❡♥
t❤✐s q✉❛♥t✐t② ✐s ♥❡❣❛t✐✈❡✱ t❤✐s ♠❡❛♥s t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r
❡st✐♠❛t♦r ❞❡❝r❡❛s❡s ✇✐t❤ ǫ✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤❛t ❛ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ r❡❣✉❧❛r ❣r✐❞ ✐♠♣r♦✈❡s
t❤❡ ❡st✐♠❛t✐♦♥✳ ❚❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ✐s ❝❛❧❝✉❧❛t❡❞ ❡①❛❝t❧② ❢♦r ▼▲✱ ✉s✐♥❣ t❤❡ r❡s✉❧ts ♦❢ s❡❝t✐♦♥
❆♣♣❡♥❞✐① ❊✱ ❛♥❞ ✐s ❛♣♣r♦①✐♠❛t❡❞ ❜② ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s ❢♦r n ❧❛r❣❡ ❢♦r ❈❱✳ Pr♦♣♦s✐t✐♦♥ ✹✳✷ ❡♥s✉r❡s
t❤❛t t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ♥✉♠❡r✐❝❛❧❧② ❝♦♥s✐st❡♥t ✭❜❡❝❛✉s❡ t❤❡ ❧✐♠✐ts ✐♥ n ❛♥❞ t❤❡ ❞❡r✐✈❛t✐✈❡s ✐♥
ǫ ❛r❡ ❡①❝❤❛♥❣❡❛❜❧❡✮✳

❖♥ ✜❣✉r❡ ✷✱ ✇❡ s❤♦✇ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ℓ✳ ❋✐rst ✇❡ s❡❡ t❤❛t t❤❡
r❡❧❛t✐✈❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ❞✉❡ t♦ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✐s ♠❛①✐♠✉♠ ✇❤❡♥ t❤❡ tr✉❡
❝♦rr❡❧❛t✐♦♥ ❧❡♥❣t❤ ℓ0 ✐s s♠❛❧❧✳ ■♥❞❡❡❞✱ t❤❡ ✐♥t❡r✲♦❜s❡r✈❛t✐♦♥ ❞✐st❛♥❝❡ ❜❡✐♥❣ 1✱ ❛ ❝♦rr❡❧❛t✐♦♥
❧❡♥❣t❤ ♦❢ ❛♣♣r♦①✐♠❛t✐✈❡❧② 0.3 ♠❡❛♥s t❤❛t t❤❡ ♦❜s❡r✈❛t✐♦♥s ❛r❡ ❛❧♠♦st ✐♥❞❡♣❡♥❞❡♥t✱ ♠❛❦✐♥❣ t❤❡
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❋✐❣✉r❡ ✷✿ ❊st✐♠❛t✐♦♥ ♦❢ ℓ✳ P❧♦t ♦❢ t❤❡ r❛t✐♦ ♦❢ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ♦✈❡r ✐ts ✈❛❧✉❡ ❛t
ǫ = 0✱ ❢♦r ▼▲ ✭❧❡❢t✮ ❛♥❞ ❈❱ ✭r✐❣❤t✮✳ ❚❤❡ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ✐s ▼❛tér♥ ✇✐t❤ ✈❛r②✐♥❣ ℓ0 ❛♥❞ ν0✳ ❲❡ r❡t❛✐♥
t❤❡ t✇♦ ♣❛rt✐❝✉❧❛r ♣♦✐♥ts (ℓ0 = 0.5, ν0 = 5) ❛♥❞ (ℓ0 = 2.7, ν0 = 1) ❢♦r ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✸
✭t❤❡s❡ ❛r❡ t❤❡ ❜❧❛❝❦ ❞♦ts✮✳

❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ✈❡r② ❤❛r❞✳ ❍❡♥❝❡✱ t❤❡ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ ❣r✐❞ ❝r❡❛t❡ ♣❛✐rs ♦❢
♦❜s❡r✈❛t✐♦♥s t❤❛t ❛r❡ ❧❡ss ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ s✉❜s❡q✉❡♥t❧② ❢❛❝✐❧✐t❛t❡ t❤❡ ❡st✐♠❛t✐♦♥✳ ❋♦r ❧❛r❣❡ ℓ0✱
t❤✐s ♣❤❡♥♦♠❡♥♦♥ ❞♦❡s ♥♦t t❛❦❡ ♣❧❛❝❡ ❛♥②♠♦r❡✱ ❛♥❞ t❤✉s t❤❡ r❡❧❛t✐✈❡ ❡✛❡❝t ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥s
✐s s♠❛❧❧❡r✳ ❙❡❝♦♥❞✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ❢♦r ▼▲ t❤❡ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥s ❛r❡ ❛❧✇❛②s ❛♥ ❛❞✈❛♥t❛❣❡ ❢♦r
t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ℓ✳ ❚❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ❢♦r ❈❱✱ ✇❤❡r❡ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ❝❛♥ ✐♥❝r❡❛s❡ ✇✐t❤
ǫ✳ ❋✐♥❛❧❧②✱ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ t✇♦ ♣❛rt✐❝✉❧❛r ♣♦✐♥ts (ℓ0 = 0.5, ν0 = 5) ❛♥❞ (ℓ0 = 2.7, ν0 = 1) ❛r❡
♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st✐♥❣ ❛♥❞ r❡♣r❡s❡♥t❛t✐✈❡✳ ■♥❞❡❡❞✱ (ℓ0 = 0.5, ν0 = 5) ❝♦rr❡s♣♦♥❞s t♦ ❝♦✈❛r✐❛♥❝❡
♣❛r❛♠❡t❡rs ❢♦r ✇❤✐❝❤ t❤❡ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ r❡❣✉❧❛r ❣r✐❞ ❤❛✈❡ ❛ str♦♥❣ ❛♥❞ ❢❛✈♦r❛❜❧❡
✐♠♣❛❝t ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ ❢♦r ▼▲ ❛♥❞ ❈❱✱ ✇❤✐❧❡ (ℓ0 = 2.7, ν0 = 1) ❝♦rr❡s♣♦♥❞s t♦ ❝♦✈❛r✐❛♥❝❡
♣❛r❛♠❡t❡rs ❢♦r ✇❤✐❝❤ t❤❡② ❤❛✈❡ ❛♥ ✉♥❢❛✈♦r❛❜❧❡ ✐♠♣❛❝t ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ ❢♦r ❈❱✳ ❲❡ r❡t❛✐♥
t❤❡s❡ t✇♦ ♣♦✐♥ts ❢♦r ❛ ❢✉rt❤❡r ❣❧♦❜❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ❢♦r 0 ≤ ǫ ≤ 0.45 ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✸✳

❖♥ ✜❣✉r❡ ✸✱ ✇❡ s❤♦✇ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ❢♦r
ℓ0 r❡❧❛t✐✈❡❧② s♠❛❧❧✱ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ ǫ ✭❢♦r s♠❛❧❧ ǫ✮✳ ❚❤✐s
❤❛♣♣❡♥s ❛♣♣r♦①✐♠❛t✐✈❡❧② ✐♥ t❤❡ ❜❛♥❞ 0.4 ≤ ℓ0 ≤ 0.6✱ ❛♥❞ ❢♦r ❜♦t❤ ▼▲ ❛♥❞ ❈❱✳ ❚❤❡r❡ ✐s ❛
♣❧❛✉s✐❜❧❡ ❡①♣❧❛♥❛t✐♦♥ ❢r♦♠ t❤✐s ❢❛❝t✱ ✇❤✐❝❤ ✐s ♥♦t ❡❛s② t♦ ✐♥t❡r♣r❡t ❛t ✜rst s✐❣❤t✳ ■t ❝❛♥ ❜❡ s❡❡♥
t❤❛t ❢♦r ℓ ≈ 0.73✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ▼❛tér♥ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ❛t t = 1 ✐s ❛❧♠♦st
✐♥❞❡♣❡♥❞❡♥t ♦❢ ν ❢♦r ν ∈ [1, 5]✳ ❆s ❛♥ ✐❧❧✉str❛t✐♦♥✱ ❢♦r ν = 2.5✱ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤✐s ✈❛❧✉❡ ✇✐t❤
r❡s♣❡❝t t♦ ν ✐s −3.7 × 10−5 ❢♦r ❛ ✈❛❧✉❡ ♦❢ 0.15✳ ❲❤❡♥ 0.4 ≤ ℓ0 ≤ 0.6✱ ℓ0 ✐s s♠❛❧❧ s♦ t❤❛t ♠♦st
♦❢ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❢♦r ❡st✐♠❛t✐♥❣ ν ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ♣❛✐rs ♦❢ s✉❝❝❡ss✐✈❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✳
P❡rt✉r❜✐♥❣ t❤❡ r❡❣✉❧❛r ❣r✐❞ ❝r❡❛t❡s ♣❛✐rs ♦❢ s✉❝❝❡ss✐✈❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts i + ǫxi, i + 1 + ǫxi+1

✈❡r✐❢②✐♥❣ |1+ǫ(xi+1−xi)|
ℓ0

≈ 1
0.73 ✱ s♦ t❤❛t t❤❡ ❝♦rr❡❧❛t✐♦♥ ♦❢ t❤❡ t✇♦ ♦❜s❡r✈❛t✐♦♥s ❜❡❝♦♠❡s ❛❧♠♦st

✐♥❞❡♣❡♥❞❡♥t ♦❢ ν✳ ❚❤✉s✱ ❞✉❡ t♦ ❛ s♣❡❝✐✜❝✐t② ♦❢ t❤❡ ▼❛tér♥ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✱ ❞❡❝r❡❛s✐♥❣ t❤❡
❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ s✉❝❝❡ss✐✈❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✉♥✐♥t✉✐t✐✈❡❧② r❡♠♦✈❡s ✐♥❢♦r♠❛t✐♦♥ ♦♥ ν✳

❋♦r 0.6 ≤ ℓ0 ≤ 0.8 ❛♥❞ ν0 ≥ 2✱ t❤❡ r❡❧❛t✐✈❡ ✐♠♣r♦✈❡♠❡♥t ✐s ♠❛①✐♠✉♠✳ ❚❤✐s ✐s ❡①♣❧❛✐♥❡❞ t❤❡
s❛♠❡ ✇❛② ❛s ❛❜♦✈❡✱ t❤✐s t✐♠❡ t❤❡ ❝❛s❡ ǫ = 0 ②✐❡❧❞s s✉❝❝❡ss✐✈❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ❢♦r ✇❤✐❝❤ t❤❡
❝♦rr❡❧❛t✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ν✱ ❛♥❞ ✐♥❝r❡❛s✐♥❣ ǫ ❝❤❛♥❣❡s t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ s✉❝❝❡ss✐✈❡
♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✱ ♠❛❦✐♥❣ t❤❡ ❝♦rr❡❧❛t✐♦♥ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s ❞❡♣❡♥❞❡♥t ♦❢ ν✳

■♥ t❤❡ ❝❛s❡ ℓ0 ≥ 0.8✱ t❤❡r❡ ✐s ♥♦ ♠♦r❡ ✐♠♣❛❝t ♦❢ t❤❡ s♣❡❝✐✜❝✐t② ♦❢ t❤❡ ❝❛s❡ ℓ0 ≈ 0.73 ❛♥❞ t❤❡
✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ✇❤❡♥ ǫ ✐♥❝r❡❛s❡s r❡♠❛✐♥s s✐❣♥✐✜❝❛♥t✱ t❤♦✉❣❤ s♠❛❧❧❡r✳ ❋✐♥❛❧❧②✱ ✇❡
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❋✐❣✉r❡ ✸✿ ❙❛♠❡ s❡tt✐♥❣ ❛s ✜❣✉r❡ ✷✱ ❜✉t ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν✳ ❲❡ r❡t❛✐♥ t❤❡ t❤r❡❡ ♣❛rt✐❝✉❧❛r ♣♦✐♥ts
(ℓ0 = 0.5, ν0 = 2.5)✱ (ℓ0 = 0.7, ν0 = 2.5) ❛♥❞ (ℓ0 = 2.7, ν0 = 2.5) ❢♦r ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✸✳

s❡❡ t❤❡ t❤r❡❡ ♣❛rt✐❝✉❧❛r ♣♦✐♥ts (ℓ0 = 0.5, ν0 = 2.5)✱ (ℓ0 = 0.7, ν0 = 2.5) ❛♥❞ (ℓ0 = 2.7, ν0 = 2.5)
❛s r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ t❤❡ ❞✐s❝✉ss✐♦♥ ❛❜♦✈❡✱ ❛♥❞ ✇❡ r❡t❛✐♥ t❤❡♠ ❢♦r ❢✉rt❤❡r ❣❧♦❜❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ❢♦r
0 ≤ ǫ ≤ 0.45 ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✸✳

✹✳✸✳ ▲❛r❣❡ r❛♥❞♦♠ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ r❡❣✉❧❛r ❣r✐❞

❖♥ ✜❣✉r❡s ✹ ❛♥❞ ✺✱ ✇❡ ♣❧♦t t❤❡ r❛t✐♦ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ❢♦r ǫ = 0 ♦✈❡r t❤❡ ❛s②♠♣t♦t✐❝
✈❛r✐❛♥❝❡ ❢♦r ǫ = 0.45✱ ✇✐t❤ ✈❛r②✐♥❣ ℓ0 ❛♥❞ ν0✱ ❢♦r ▼▲ ❛♥❞ ❈❱ ❛♥❞ ✐♥ t❤❡ t✇♦ ❝❛s❡s ✇❤❡r❡ ℓ ✐s
❡st✐♠❛t❡❞ ❛♥❞ ν ❦♥♦✇♥ ❛♥❞ ❝♦♥✈❡rs❡❧②✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤✐s r❛t✐♦ ✐s ❛❧✇❛②s ❧❛r❣❡r t❤❛♥ ♦♥❡
❢♦r ▼▲✱ t❤❛t ✐s str♦♥❣ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ r❡❣✉❧❛r ❣r✐❞ ❛r❡ ❛❧✇❛②s ❜❡♥❡✜❝✐❛❧ t♦ ▼▲ ❡st✐♠❛t✐♦♥✳
❚❤✐s ✐s t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♥✉♠❡r✐❝❛❧ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤✐s s❡❝t✐♦♥ ✹✳ ❆s ▼▲ ✐s t❤❡ ♣r❡❢❡r❛❜❧❡
♠❡t❤♦❞ t♦ ✉s❡ ✐♥ t❤❡ ✇❡❧❧✲s♣❡❝✐✜❡❞ ❝❛s❡ ❛❞❞r❡ss❡❞ ❤❡r❡✱ ✇❡ r❡❢♦r♠✉❧❛t❡ t❤✐s ❝♦♥❝❧✉s✐♦♥ ❜② s❛②✐♥❣
t❤❛t✱ ✐♥ ♦✉r ❡①♣❡r✐♠❡♥ts✱ ✉s✐♥❣ ♣❛✐rs ♦❢ ❝❧♦s❡❧② s♣❛❝❡❞ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✐s ❛❧✇❛②s ❜❡♥❡✜❝✐❛❧
❢♦r ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ❝♦♠♣❛r❡❞ t♦ ❡✈❡♥❧② s♣❛❝❡❞ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✳ ❚❤✐s ✐s ❛♥
✐♠♣♦rt❛♥t ♣r❛❝t✐❝❛❧ ❝♦♥❝❧✉s✐♦♥✱ t❤❛t ✐s ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ r❡❢❡r❡♥❝❡s ❬✸✶❪ ❛♥❞ ❬✹✵❪ ❞✐s❝✉ss❡❞
✐♥ s❡❝t✐♦♥ ✶✳

❋♦r ❈❱✱ ♦♥ t❤❡ ❝♦♥tr❛r②✱ ✇❡ ❡①❤✐❜✐t ❝❛s❡s ❢♦r ✇❤✐❝❤ str♦♥❣ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ r❡❣✉❧❛r ❣r✐❞
❞❡❝r❡❛s❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❡st✐♠❛t✐♦♥✱ ♣❛rt✐❝✉❧❛r❧② ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ℓ✳ ❚❤✐s ❝❛♥ ❜❡ ❞✉❡
t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ▲❡❛✈❡✲❖♥❡✲❖✉t ❡rr♦rs ✐♥ t❤❡ ❈❱ ❢✉♥❝t✐♦♥❛❧ ✭✸✮ ❛r❡ ✉♥♥♦r♠❛❧✐③❡❞✳ ❍❡♥❝❡✱
✇❤❡♥ t❤❡ r❡❣✉❧❛r ❣r✐❞ ✐s ♣❡rt✉r❜❡❞✱ r♦✉❣❤❧② s♣❡❛❦✐♥❣✱ ❡rr♦r t❡r♠s ❝♦♥❝❡r♥✐♥❣ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts
✇✐t❤ ❝❧♦s❡ ♥❡✐❣❤❜♦rs ❛r❡ s♠❛❧❧✱ ✇❤✐❧❡ ❡rr♦r t❡r♠s ❝♦♥❝❡r♥✐♥❣ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✇✐t❤♦✉t ❝❧♦s❡
♥❡✐❣❤❜♦rs ❛r❡ ❧❛r❣❡✳ ❍❡♥❝❡✱ t❤❡ ❈❱ ❢✉♥❝t✐♦♥❛❧ ♠❛✐♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❧❛r❣❡ ❡rr♦r t❡r♠s ❛♥❞
❤❡♥❝❡ ❤❛s ❛ ❧❛r❣❡r ✈❛r✐❛♥❝❡✳ ❚❤✐s ✐♥❝r❡❛s❡s t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❈❱ ❡st✐♠❛t♦r ♠✐♥✐♠✐③✐♥❣ ✐t✳

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ✜✈❡ ♣❛rt✐❝✉❧❛r ♣♦✐♥ts t❤❛t ✇❡ ❤❛✈❡ ❞✐s❝✉ss❡❞ ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✷✿ (ℓ0 =
0.5, ν0 = 5) ❛♥❞ (ℓ0 = 2.7, ν0 = 1) ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ℓ ❛♥❞ (ℓ0 = 0.5, ν0 = 2.5)✱ (ℓ0 = 0.7, ν0 = 2.5)
❛♥❞ (ℓ0 = 2.7, ν0 = 2.5) ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν✳ ❋♦r t❤❡s❡ ♣❛rt✐❝✉❧❛r ♣♦✐♥ts✱ ✇❡ ♣❧♦t t❤❡ ❛s②♠♣✲
t♦t✐❝ ✈❛r✐❛♥❝❡s ♦❢ ♣r♦♣♦s✐t✐♦♥s ✸✳✷ ❛♥❞ ✸✳✻ ❛s ❢✉♥❝t✐♦♥s ♦❢ ǫ ❢♦r −0.45 ≤ ǫ ≤ 0.45✳ ❚❤❡ ❛s②♠♣t♦t✐❝
✈❛r✐❛♥❝❡s ❛r❡ ❡✈❡♥ ❢✉♥❝t✐♦♥s ♦❢ ǫ s✐♥❝❡ (ǫXi)1≤i≤n ❤❛s t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❛s (−ǫXi)1≤i≤n✳
◆❡✈❡rt❤❡❧❡ss✱ t❤❡② ❛r❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② ❡♠♣✐r✐❝❛❧ ♠❡❛♥s ♦❢ iid r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ r❛♥❞♦♠ tr❛❝❡s
✐♥ ♣r♦♣♦s✐t✐♦♥s ✸✳✷ ❛♥❞ ✸✳✺✱ ❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤✳ ❍❡♥❝❡✱ t❤❡ ❢✉♥❝t✐♦♥s ✇❡ ♣❧♦t ❛r❡ ♥♦t ❡①❛❝t❧②
❡✈❡♥✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡② ❛r❡ ❛❧♠♦st ❡✈❡♥ ✐s ❛ ❣r❛♣❤✐❝❛❧ ✈❡r✐✜❝❛t✐♦♥ t❤❛t t❤❡ r❛♥❞♦♠ ✢✉❝t✉❛✲
t✐♦♥s ♦❢ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s✱ ❢♦r ✜♥✐t❡ ✭❜✉t ❧❛r❣❡✮ n✱ ❛r❡ ✈❡r② s♠❛❧❧✳ ❲❡ ❛❧s♦ ♣❧♦t t❤❡

✶✷
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❋✐❣✉r❡ ✹✿ ❊st✐♠❛t✐♦♥ ♦❢ ℓ✳ P❧♦t ♦❢ t❤❡ r❛t✐♦ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ❢♦r ǫ = 0 ♦✈❡r t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡
❢♦r ǫ = 0.45 ❢♦r ▼▲ ✭❧❡❢t✮ ❛♥❞ ❈❱ ✭r✐❣❤t✮✳ ❚❤❡ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ✐s ▼❛tér♥ ✇✐t❤ ✈❛r②✐♥❣ ℓ0 ❛♥❞ ν0✳ ❲❡
r❡t❛✐♥ t❤❡ t✇♦ ♣❛rt✐❝✉❧❛r ♣♦✐♥ts (ℓ0 = 0.5, ν0 = 5) ❛♥❞ (ℓ0 = 2.7, ν0 = 1) ❢♦r ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ ❜❡❧♦✇ ✐♥ t❤✐s
s✉❜s❡❝t✐♦♥ ✹✳✸ ✭t❤❡s❡ ❛r❡ t❤❡ ❜❧❛❝❦ ❞♦ts✮✳
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❋✐❣✉r❡ ✺✿ ❙❛♠❡ s❡tt✐♥❣ ❛s ✐♥ ✜❣✉r❡ ✹✱ ❜✉t ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν✳ ❲❡ r❡t❛✐♥ t❤❡ t❤r❡❡ ♣❛rt✐❝✉❧❛r ♣♦✐♥ts
(ℓ0 = 0.5, ν0 = 2.5)✱ (ℓ0 = 0.7, ν0 = 2.5) ❛♥❞ (ℓ0 = 2.7, ν0 = 2.5) ❢♦r ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ ❜❡❧♦✇ ✐♥ t❤✐s s✉❜s❡❝✲
t✐♦♥ ✹✳✸✳

✶✸



−0.4 −0.2 0.0 0.2 0.4

2
4

6
8

n=200
n=400
local expansion

epsilon

as
ym

pt
ot

ic
 v

ar
ia

nc
e

−0.4 −0.2 0.0 0.2 0.4

2
3

4
5

6
7

8
9

n=200
n=400
local expansion

epsilon
as

ym
pt

ot
ic

 v
ar

ia
nc

e

❋✐❣✉r❡ ✻✿ ●❧♦❜❛❧ ✐♥✢✉❡♥❝❡ ♦❢ ǫ ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❧❡♥❣t❤ ℓ✳ P❧♦t ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ❢♦r
▼▲ ✭❧❡❢t✮ ❛♥❞ ❈❱ ✭r✐❣❤t✮✱ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ ✈❛r②✐♥❣ n✱ ❛♥❞ ♦❢ t❤❡ s❡❝♦♥❞ ♦r❞❡r ❚❛②❧♦r s❡r✐❡s ❡①♣❛♥s✐♦♥ ❣✐✈❡♥ ❜②
t❤❡ ✈❛❧✉❡ ❛t ǫ = 0 ❛♥❞ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ❛t ǫ = 0✳ ❚❤❡ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ✐s ▼❛tér♥ ✇✐t❤ ℓ0 = 0.5 ❛♥❞
ν0 = 5✳

s❡❝♦♥❞✲♦r❞❡r ❚❛②❧♦r✲s❡r✐❡s ❡①♣❛♥s✐♦♥ ❣✐✈❡♥ ❜② t❤❡ ✈❛❧✉❡ ❛t ǫ = 0 ❛♥❞ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ❛t
ǫ = 0✳

❖♥ ✜❣✉r❡ ✻✱ ✇❡ s❤♦✇ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ℓ ✇✐t❤ (ℓ0 = 0.5, ν0 = 5)✳
❚❤❡ ✜rst ♦❜s❡r✈❛t✐♦♥ ✐s t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ✐s s❧✐❣❤t❧② ❧❛r❣❡r ❢♦r ❈❱ t❤❛♥ ❢♦r ▼▲✳ ❚❤✐s
✐s ❡①♣❡❝t❡❞✿ ✐♥❞❡❡❞ ✇❡ ❛❞❞r❡ss ❛ ✇❡❧❧✲s♣❡❝✐✜❡❞ ❝❛s❡✱ s♦ t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ♦❢ ▼▲ ✐s
t❤❡ ❛❧♠♦st s✉r❡ ❧✐♠✐t ♦❢ t❤❡ ❈r❛♠❡r✲❘❛♦ ❜♦✉♥❞✳ ❚❤❡r❡❢♦r❡✱ t❤✐s ♦❜s❡r✈❛t✐♦♥ t✉r♥s ♦✉t t♦ ❜❡ tr✉❡
✐♥ ❛❧❧ t❤❡ s✉❜s❡❝t✐♦♥✱ ❛♥❞ ✇❡ ✇✐❧❧ ♥♦t ❝♦♠♠❡♥t ♦♥ ✐t ❛♥②♠♦r❡✳ ❲❡ s❡❡ t❤❛t✱ ❢♦r ❜♦t❤ ▼▲ ❛♥❞
❈❱✱ t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ❣✐✈❡♥ ❜② t❤❡ ✐rr❡❣✉❧❛r✐t② ♦❢ t❤❡ s♣❛t✐❛❧ s❛♠♣❧✐♥❣ ✐s tr✉❡
❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ ǫ✳ ❖♥❡ ❝❛♥ ✐♥❞❡❡❞ ❣❛✐♥ ✉♣ t♦ ❛ ❢❛❝t♦r s✐① ❢♦r t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡s✳ ❚❤✐s
✐s ❡①♣❧❛✐♥❡❞ ❜② t❤❡ r❡❛s♦♥ ♠❡♥t✐♦♥❡❞ ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✷✱ ❢♦r ℓ0 s♠❛❧❧✱ ✐♥❝r❡❛s✐♥❣ ǫ ②✐❡❧❞s ♣❛✐rs ♦❢
♦❜s❡r✈❛t✐♦♥s t❤❛t ❜❡❝♦♠❡ ❞❡♣❡♥❞❡♥t✱ ❛♥❞ ❤❡♥❝❡ ❣✐✈❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ str✉❝t✉r❡✳

❖♥ ✜❣✉r❡ ✼✱ ✇❡ s❤♦✇ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ℓ ✇✐t❤ (ℓ0 = 2.7, ν0 = 1)✳ ❋♦r
▼▲✱ t❤❡r❡ ✐s ❛ s❧✐❣❤t ❣❧♦❜❛❧ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ✇✐t❤ t❤❡ ✐rr❡❣✉❧❛r✐t② ♦❢ t❤❡ s♣❛t✐❛❧
s❛♠♣❧✐♥❣✳ ❍♦✇❡✈❡r✱ ❢♦r ❈❱✱ t❤❡r❡ ✐s ❛ s✐❣♥✐✜❝❛♥t ❞❡❣r❛❞❛t✐♦♥ ♦❢ t❤❡ ❡st✐♠❛t✐♦♥✳ ❍❡♥❝❡ t❤❡
✐rr❡❣✉❧❛r✐t② ♦❢ t❤❡ s♣❛t✐❛❧ s❛♠♣❧✐♥❣ ❤❛s ♠♦r❡ r❡❧❛t✐✈❡ ✐♥✢✉❡♥❝❡ ♦♥ ❈❱ t❤❛♥ ♦♥ ▼▲✳ ❋✐♥❛❧❧②✱ t❤❡
❛❞✈❛♥t❛❣❡ ♦❢ ▼▲ ♦✈❡r ❈❱ ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ✐s ❜② ❛ ❢❛❝t♦r s❡✈❡♥✱ ❝♦♥tr❛r② t♦ t❤❡ ❝❛s❡ ℓ0 = 0.5✱
✇❤❡r❡ t❤✐s ❢❛❝t♦r ✇❛s ❝❧♦s❡ t♦ ♦♥❡✳

❖♥ ✜❣✉r❡ ✽✱ ✇❡ s❤♦✇ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν ✇✐t❤ (ℓ0 = 0.5, ν0 = 2.5)✳
❚❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛r❡ s✐♠✐❧❛r ❢♦r ▼▲ ❛♥❞ ❈❱✳ ❋♦r ǫ s♠❛❧❧✱ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ✐s ✈❡r②
❧❛r❣❡✱ ❜❡❝❛✉s❡✱ ℓ0 ❜❡✐♥❣ s♠❛❧❧✱ t❤❡ ♦❜s❡r✈❛t✐♦♥s ❛r❡ ❛❧♠♦st ✐♥❞❡♣❡♥❞❡♥t✱ ❛s t❤❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts
❛r❡ ❢✉rt❤❡r ❛♣❛rt t❤❛♥ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❧❡♥❣t❤✱ ♠❛❦✐♥❣ ✐♥❢❡r❡♥❝❡ ♦♥ t❤❡ ❞❡♣❡♥❞❡♥❝❡ str✉❝t✉r❡ ✈❡r②
❞✐✣❝✉❧t✳ ❲❡ s❡❡ t❤❛t✱ ❢♦r ǫ = 0✱ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ✐s s❡✈❡r❛❧ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❧❛r❣❡r
t❤❛♥ ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ℓ ✐♥ ✜❣✉r❡ ✻✱ ✇❤❡r❡ ℓ0 ❤❛s t❤❡ s❛♠❡ ✈❛❧✉❡✳ ■♥❞❡❡❞✱ ✐♥ t❤❡ ▼❛tér♥
♠♦❞❡❧✱ ν ✐s ❛ s♠♦♦t❤♥❡ss ♣❛r❛♠❡t❡r✱ ❛♥❞ ✐ts ❡st✐♠❛t✐♦♥ ✐s ✈❡r② s❡♥s✐t✐✈❡ t♦ t❤❡ ❛❜s❡♥❝❡ ♦❢
♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✇✐t❤ s♠❛❧❧ s♣❛❝✐♥❣✳ ❲❡ ♦❜s❡r✈❡✱ ❛s ❞✐s❝✉ss❡❞ ✐♥ ✜❣✉r❡ ✸✱ t❤❛t ❢♦r ǫ ∈ [0, 0.2]✱
t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ✐♥❝r❡❛s❡s ✇✐t❤ ǫ ❜❡❝❛✉s❡ ♣❛✐rs ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ❝❛♥ r❡❛❝❤ t❤❡ st❛t❡
✇❤❡r❡ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦❢ t❤❡ t✇♦ ♦❜s❡r✈❛t✐♦♥s ✐s ❛❧♠♦st ✐♥❞❡♣❡♥❞❡♥t ♦❢ ν✳ ❋♦r ǫ ∈ [0.2, 0.5)✱ ❛
t❤r❡s❤♦❧❞ ✐s r❡❛❝❤❡❞ ✇❤❡r❡ ♣❛✐rs ♦❢ s✉❜s❡q✉❡♥t❧② ❞❡♣❡♥❞❡♥t ♦❜s❡r✈❛t✐♦♥s st❛rt t♦ ❛♣♣❡❛r✱ ❣r❡❛t❧②
r❡❞✉❝✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν✳

✶✹
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❋✐❣✉r❡ ✽✿ ❙❛♠❡ s❡tt✐♥❣ ❛s ✐♥ ✜❣✉r❡ ✻ ❜✉t ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν ❛♥❞ ✇✐t❤ ℓ0 = 0.5 ❛♥❞ ν0 = 2.5✳
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❋✐❣✉r❡ ✾✿ ❙❛♠❡ s❡tt✐♥❣ ❛s ✐♥ ✜❣✉r❡ ✻ ❜✉t ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν ❛♥❞ ✇✐t❤ ℓ0 = 0.7 ❛♥❞ ν0 = 2.5✳

❖♥ ✜❣✉r❡ ✾✱ ✇❡ s❤♦✇ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν ✇✐t❤ (ℓ0 = 0.7, ν0 = 2.5)✳
❚❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛r❡ s✐♠✐❧❛r ❢♦r ▼▲ ❛♥❞ ❈❱✳ ❙✐♠✐❧❛r❧② t♦ ✜❣✉r❡ ✽✱ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡
✐s ✈❡r② ❧❛r❣❡✱ ❜❡❝❛✉s❡ t❤❡ ♦❜s❡r✈❛t✐♦♥s ❛r❡ ❛❧♠♦st ✐♥❞❡♣❡♥❞❡♥t✳ ❋♦r ǫ = 0✱ ✐t ✐s ❡✈❡♥ ❧❛r❣❡r t❤❛♥
✐♥ ✜❣✉r❡ ✻ ❜❡❝❛✉s❡ ✇❡ ❛r❡ ✐♥ t❤❡ st❛t❡ ✇❤❡r❡ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ s✉❝❝❡ss✐✈❡ ♦❜s❡r✈❛t✐♦♥s
✐s ❛❧♠♦st ✐♥❞❡♣❡♥❞❡♥t ♦❢ ν✳ ❆s ❛♥ ✐❧❧✉str❛t✐♦♥✱ ❢♦r ℓ = 0.7 ❛♥❞ ν = 2.5✱ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤✐s
❝♦✈❛r✐❛♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ ν ✐s −1.3× 10−3 ❢♦r ❛ ✈❛❧✉❡ ♦❢ 0.13 ✭1% r❡❧❛t✐✈❡ ✈❛r✐❛t✐♦♥✮✱ ✇❤✐❧❡ ❢♦r
ℓ = 0.5 ❛♥❞ ν = 2.5✱ t❤✐s ❞❡r✐✈❛t✐✈❡ ✐s −5 × 10−3 ❢♦r ❛ ✈❛❧✉❡ ♦❢ 0.037 ✭13% r❡❧❛t✐✈❡ ✈❛r✐❛t✐♦♥✮✳
❍❡♥❝❡✱ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ✐s ❣❧♦❜❛❧❧② ❞❡❝r❡❛s✐♥❣ ✇✐t❤ ǫ ❛♥❞ t❤❡ ❞❡❝r❡❛s❡ ✐s ✈❡r② str♦♥❣ ❢♦r
s♠❛❧❧ ǫ✳ ❚❤❡ ✈❛r✐❛♥❝❡ ✐s s❡✈❡r❛❧ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ s♠❛❧❧❡r ❢♦r ❧❛r❣❡ ǫ✱ ✇❤❡r❡ ♣❛✐rs ♦❢ ❞❡♣❡♥❞❡♥t
♦❜s❡r✈❛t✐♦♥s st❛rt t♦ ❛♣♣❡❛r✳

❖♥ ✜❣✉r❡ ✶✵✱ ✇❡ s❤♦✇ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν ✇✐t❤ (ℓ0 = 2.7, ν0 = 2.5)✳
❋♦r ❜♦t❤ ▼▲ ❛♥❞ ❈❱✱ t❤❡r❡ ✐s ❛ ❣❧♦❜❛❧ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ✇✐t❤ t❤❡ ✐rr❡❣✉❧❛r✐t② ♦❢
t❤❡ s♣❛t✐❛❧ s❛♠♣❧✐♥❣✳ ▼♦r❡♦✈❡r✱ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ▼▲ ♦✈❡r ❈❱ ❢♦r t❤❡ ❡st✐♠❛t✐♦♥✱ ✐s ❜② ❛ ❢❛❝t♦r
s❡✈❡♥✱ ❝♦♥tr❛r② t♦ ✜❣✉r❡s ✽ ❛♥❞ ✾✱ ✇❤❡r❡ t❤✐s ❢❛❝t♦r ✇❛s ❝❧♦s❡ t♦ ♦♥❡✳

✹✳✹✳ ❊st✐♠❛t✐♥❣ ❜♦t❤ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❧❡♥❣t❤ ❛♥❞ t❤❡ s♠♦♦t❤♥❡ss ♣❛r❛♠❡t❡r

■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✹✳✹✱ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❥♦✐♥t ❡st✐♠❛t✐♦♥ ♦❢ ℓ ❛♥❞ ν ✐s ❛❞❞r❡ss❡❞✳ ❲❡ ❞❡♥♦t❡✱
❢♦r ▼▲ ❛♥❞ ❈❱✱ Vℓ✱ Vν ❛♥❞ Cℓ,ν ✱ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡s ♦❢

√
nℓ̂ ❛♥❞

√
nν̂ ❛♥❞ t❤❡ ❛s②♠♣t♦t✐❝

❝♦✈❛r✐❛♥❝❡ ♦❢
√
nℓ̂ ❛♥❞

√
nν̂ ✭♣r♦♣♦s✐t✐♦♥s ✸✳✷ ❛♥❞ ✸✳✻✮✳

❙✐♥❝❡ ✇❡ ❤❡r❡ ❛❞❞r❡ss 2× 2 ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s✱ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ✐rr❡❣✉❧❛r✐t② ♣❛r❛♠❡t❡r ǫ
♦♥ t❤❡ ❡st✐♠❛t✐♦♥ ✐s ♥♦✇ ♠♦r❡ ❝♦♠♣❧❡① t♦ ❛ss❡ss✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥❝r❡❛s✐♥❣ ǫ ❝♦✉❧❞ ✐♥❝r❡❛s❡ Vℓ

❛♥❞ ❛t t❤❡ s❛♠❡ t✐♠❡ ❞❡❝r❡❛s❡ Vν ✳ ❚❤✉s✱ ✐t ✐s ❞❡s✐r❛❜❧❡ t♦ ❜✉✐❧❞ s❝❛❧❛r ❝r✐t❡r✐❛✱ ❞❡✜♥❡❞ ✐♥ t❡r♠s
♦❢ Vℓ✱ Vν ❛♥❞ Cℓ,ν ✱ ♠❡❛s✉r✐♥❣ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ❡st✐♠❛t✐♦♥✳ ■♥ ❬✹✵❪✱ t❤❡ ❝r✐t❡r✐♦♥ ✉s❡❞ ✐s t❤❡
❛✈❡r❛❣❡✱ ♦✈❡r ❛ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦♥ (ℓ0, ν0)✱ ♦❢ log (VℓVν − C2

ℓ,ν)✱ t❤❛t ✐s t❤❡ ❛✈❡r❛❣❡❞ ❧♦❣❛r✐t❤♠
♦❢ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✳ ❚❤✐s ❝r✐t❡r✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ D✲♦♣t✐♠❛❧✐t② ✐♥
st❛♥❞❛r❞ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ✇✐t❤ ✉♥❝♦rr❡❧❛t❡❞ ❡rr♦rs✱ ❛s ♥♦t❡❞ ✐♥ ❬✹✵❪✳ ■♥ ♦✉r ❝❛s❡✱ ✇❡ ❦♥♦✇ t❤❡
tr✉❡ (ℓ0, ν0)✱ s♦ t❤❛t t❤❡ ❇❛②❡s✐❛♥ ❛✈❡r❛❣❡ ✐s ♥♦t ♥❡❡❞❡❞✳ ❚❤❡ ✜rst s❝❛❧❛r ❝r✐t❡r✐♦♥ ✇❡ st✉❞② ✐s
t❤✉s Dℓ,ν := VℓVν − C2

ℓ,ν ✳ ❚❤✐s ❝r✐t❡r✐♦♥ ✐s ✐♥t❡r♣r❡t❡❞ ❛s ❛ ❣❡♥❡r❛❧ ♦❜❥❡❝t✐✈❡✲❢r❡❡ ❡st✐♠❛t✐♦♥
❝r✐t❡r✐♦♥✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ♦♥ ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐♦♥s t❤❛t ✇♦✉❧❞ ❜❡
♠❛❞❡ ❛❢t❡r✇❛r❞✱ ♦♥ ♥❡✇ ✐♥♣✉t ♣♦✐♥ts✱ ✐s ♥♦t ❞✐r❡❝t❧② ❛❞❞r❡ss❡❞ ✐♥ Dℓ,ν ✳
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❋✐❣✉r❡ ✶✵✿ ❙❛♠❡ s❡tt✐♥❣ ❛s ✐♥ ✜❣✉r❡ ✻ ❜✉t ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν ❛♥❞ ✇✐t❤ ℓ0 = 2.7 ❛♥❞ ν0 = 2.5✳

❖♥❡ ❝♦✉❧❞ ❜✉✐❧❞ ♦t❤❡r s❝❛❧❛r ❝r✐t❡r✐❛✱ ❡①♣❧✐❝✐t❧② ❛❞❞r❡ss✐♥❣ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡
❢✉♥❝t✐♦♥ ❡st✐♠❛t✐♦♥ ❡rr♦r✱ ♦♥ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐♦♥s t❤❛t ❛r❡ ♠❛❞❡ ❛❢t❡r✇❛r❞✳
■♥ ❬✹✵❪✱ t❤❡ ❝r✐t❡r✐♦♥ st✉❞✐❡❞ ❢♦r t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r ✐s t❤❡ ✐♥t❡❣r❛❧ ♦✈❡r t❤❡ ♣r❡❞✐❝t✐♦♥ ❞♦♠❛✐♥

♦❢ E

[

(

Ŷθ0(t)− Ŷ
θ̂
(t)
)2
]

✱ ✇❤❡r❡ Ŷθ(t) ✐s t❤❡ ♣r❡❞✐❝t✐♦♥ ♦❢ Y (t)✱ ❢r♦♠ t❤❡ ♦❜s❡r✈❛t✐♦♥ ✈❡❝t♦r✱

❛♥❞ ✉♥❞❡r ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ Kθ✳ ❚❤✐s ❝r✐t❡r✐♦♥ ✐s t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ ✐♥t❡❣r❛t❡❞ ♣r❡❞✐❝t✐♦♥ ♠❡❛♥
sq✉❛r❡ ❡rr♦r✱ ❜❡t✇❡❡♥ t❤❡ ❡st✐♠❛t❡❞ ❛♥❞ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s✳ ■♥ ❬✷❪ ❛♥❞ ✐♥ ❬✹✵❪✱ t✇♦ ❞✐✛❡r❡♥t
❛s②♠♣t♦t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤✐s ❝r✐t❡r✐♦♥ ❛r❡ st✉❞✐❡❞✳ ■♥ ❬✹✵❪✱ ❛♥♦t❤❡r ❝r✐t❡r✐♦♥✱ ❢♦❝✉s✐♥❣ ♦♥

t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐✈❡ ✈❛r✐❛♥❝❡s ❜✉✐❧t ❢r♦♠ θ̂✱ ✐s ❛❧s♦ tr❡❛t❡❞✱ t♦❣❡t❤❡r ✇✐t❤ ❛
❝♦rr❡s♣♦♥❞✐♥❣ ❛s②♠♣t♦t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥✳ ■♥ ❬✺❪✱ ❛ ❝r✐t❡r✐♦♥ ❢♦r t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❑r✐❣✐♥❣
♣r❡❞✐❝t✐✈❡ ✈❛r✐❛♥❝❡s✱ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛♥ ❡st✐♠❛t♦r ♦❢ t❤❡ ✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r✱ ✐s st✉❞✐❡❞✱ ✇❤❡♥ t❤❡
❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ✜①❡❞ ❛♥❞ ♠✐ss♣❡❝✐✜❡❞✳ ❙✐♥❝❡ ✇❡ s♣❡❝✐✜❝❛❧❧② ❛❞❞r❡ss t❤❡ ❝❛s❡ ♦❢ ❑r✐❣✐♥❣
♣r❡❞✐❝t✐♦♥ ✐♥ t❤❡ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦ ❛❞❞r❡ss❡❞ ❤❡r❡ ✐♥ s❡❝t✐♦♥ ✺✳✷✱ ✇❡ r❡❢❡r t♦ ❬✷✱ ✹✵✱ ✺❪ ❢♦r
❞❡t❛✐❧s ♦♥ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❝r✐t❡r✐❛✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✹✳✹✱ ✇❡ st✉❞② t❤❡ ❡st✐♠❛t✐♦♥ ❝r✐t❡r✐❛
Vℓ✱ Vν ✱ Cℓ,ν ❛♥❞ Dℓ,ν ✳

■♥ ✜❣✉r❡ ✶✶✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ▼▲ ❡st✐♠❛t✐♦♥✱ ✇✐t❤ ✈❛r②✐♥❣ (ℓ0, ν0)✳ ❲❡ st✉❞② t❤❡ r❛t✐♦ ♦❢
Vℓ✱ Vν ❛♥❞ Dℓ,ν ✱ ❜❡t✇❡❡♥ ǫ = 0 ❛♥❞ ǫ = 0.45✳ ❲❡ ✜rst ♦❜s❡r✈❡ t❤❛t Vν ✐s ❛❧✇❛②s s♠❛❧❧❡r ❢♦r
ǫ = 0.45 t❤❛♥ ❢♦r ǫ = 0✱ t❤❛t ✐s t♦ s❛② t❤❡r❡ ✐s ❛♥ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν ✇❤❡♥ ✉s✐♥❣
❛ str♦♥❣❧② ✐rr❡❣✉❧❛r s❛♠♣❧✐♥❣✳ ❋♦r Vℓ✱ t❤✐s ✐s t❤❡ s❛♠❡✱ ❡①❝❡♣t ✐♥ ❛ t❤✐♥ ❜❛♥❞ ❛r♦✉♥❞ ℓ0 ≈ 0.73✳
❖✉r ❡①♣❧❛♥❛t✐♦♥ ❢♦r t❤✐s ❢❛❝t ✐s t❤❡ s❛♠❡ ❛s ❢♦r ❛ s✐♠✐❧❛r s✐♥❣✉❧❛r✐t② ✐♥ ✜❣✉r❡ ✸✳ ❋♦r ℓ0 = 0.73
❛♥❞ ǫ = 0✱ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦ s✉❝❝❡ss✐✈❡ ♣♦✐♥ts ✐s ❛♣♣r♦①✐♠❛t✐✈❡❧② ♦♥❧② ❛ ❢✉♥❝t✐♦♥
♦❢ ℓ✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤✐s ❝♦rr❡❧❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ν ❛t ℓ = 0.73, ν = 2.5 ✐s
−3.7 × 10−5 ❢♦r ❛ ❝♦rr❡❧❛t✐♦♥ ♦❢ 0.15✳ ❚❤✉s✱ t❤❡ ✈❡r② ❧❛r❣❡ ✉♥❝❡rt❛✐♥t② ♦♥ ν ❤❛s ♥♦ ♥❡❣❛t✐✈❡
✐♠♣❛❝t ♦♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❜r♦✉❣❤t ❜② t❤❡ ♣❛✐rs ♦❢ s✉❝❝❡ss✐✈❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ♦♥ ℓ ❢♦r ǫ = 0✳
❚❤❡s❡ ♣❛✐rs ♦❢ s✉❝❝❡ss✐✈❡ ♣♦✐♥ts ❜r✐♥❣ ♠♦st ♦❢ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✱ s✐♥❝❡
ℓ0 ✐s s♠❛❧❧✳ ❲❤❡♥ ǫ = 0.45✱ t❤✐s ❢❛✈♦r❛❜❧❡ ❝❛s❡ ✐s ❜r♦❦❡♥ ❜② t❤❡ r❛♥❞♦♠ ♣❡rt✉r❜❛t✐♦♥s✱ ❛♥❞ t❤❡
❧❛r❣❡ ✉♥❝❡rt❛✐♥t② ♦♥ ν ❤❛s ❛ ♥❡❣❛t✐✈❡ ✐♠♣❛❝t ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ℓ✱ ❡✈❡♥ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡
♣❛✐rs ♦❢ s✉❝❝❡ss✐✈❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✳

◆❡✈❡rt❤❡❧❡ss✱ ✐♥ t❤❡ ❜❛♥❞ ❛r♦✉♥❞ ℓ0 ≈ 0.73✱ ✇❤❡♥ ❣♦✐♥❣ ❢r♦♠ ǫ = 0 t♦ ǫ = 0.45✱ t❤❡
✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν ✐s ♠✉❝❤ str♦♥❣❡r t❤❛♥ t❤❡ ❞❡❣r❛❞❛t✐♦♥ ♦❢ t❤❡ ❡st✐♠❛t✐♦♥
♦❢ ℓ✳ ❚❤✐s ✐s ❝♦♥✜r♠❡❞ ❜② t❤❡ ♣❧♦t ♦❢ Dℓ,ν ✱ ✇❤✐❝❤ ❛❧✇❛②s ❞❡❝r❡❛s❡s ✇❤❡♥ ❣♦✐♥❣ ❢r♦♠ ǫ = 0 t♦
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❋✐❣✉r❡ ✶✶✿ ❋♦r ▼▲✱ ♣❧♦t ♦❢ t❤❡ r❛t✐♦✱ ❜❡t✇❡❡♥ ǫ = 0 ❛♥❞ ǫ = 0.45✱ ♦❢ Vℓ ✭❧❡❢t✮✱ Vν ✭❝❡♥t❡r✮ ❛♥❞ Dℓ,ν ✭r✐❣❤t✮✳ ❚❤❡
tr✉❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ✐s ▼❛tér♥ ✇✐t❤ ✈❛r②✐♥❣ ℓ0 ❛♥❞ ν0✳ ❲❡ ❥♦✐♥t❧② ❡st✐♠❛t❡ ℓ ❛♥❞ ν✳ ❲❡ r❡t❛✐♥ t❤❡ ♣❛rt✐❝✉❧❛r
♣♦✐♥t (ℓ0 = 0.73, ν0 = 2.5) ❢♦r ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ ❜❡❧♦✇ ✐♥ t❤✐s s✉❜s❡❝t✐♦♥ ✹✳✹✳
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❋✐❣✉r❡ ✶✷✿ ❙❛♠❡ s❡tt✐♥❣ ❛s ✐♥ ✜❣✉r❡ ✶✶ ❜✉t ❢♦r ❈❱✳ ❲❡ r❡t❛✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ♣♦✐♥t (ℓ0 = 1.7, ν0 = 5) ❢♦r ❢✉rt❤❡r
✐♥✈❡st✐❣❛t✐♦♥ ❜❡❧♦✇ ✐♥ t❤✐s s✉❜s❡❝t✐♦♥ ✹✳✹✳

ǫ = 0.45✳ ❚❤✉s✱ ✇❡ ❝♦♥✜r♠ ♦✉r ❣❧♦❜❛❧ ❝♦♥❝❧✉s✐♦♥ ♦❢ s✉❜s❡❝t✐♦♥ ✹✳✸✿ str♦♥❣ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡
r❡❣✉❧❛r ❣r✐❞ ❝r❡❛t❡ ♣❛✐rs ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✇✐t❤ s♠❛❧❧ s♣❛❝✐♥❣✱ ✇❤✐❝❤ ✐s ❛❧✇❛②s ❜❡♥❡✜❝✐❛❧ ❢♦r
▼▲ ✐♥ t❤❡ ❝❛s❡s ✇❡ ❛❞❞r❡ss✳

❋✐♥❛❧❧②✱ ♥♦t✐❝❡ t❤❛t ✇❡ ❤❛✈❡ ❞✐s❝✉ss❡❞ ❛ ❝❛s❡ ✇❤❡r❡ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ❛ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r
✐s ❞❡❣r❛❞❡❞✱ ✇❤✐❧❡ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♦t❤❡r ♦♥❡ ✐s ✐♠♣r♦✈❡❞✳ ❚❤✐s ❥✉st✐✜❡s t❤❡ ✉s❡ ♦❢ s❝❛❧❛r
❝r✐t❡r✐❛ ♦❢ t❤❡ ❡st✐♠❛t✐♦♥✱ s✉❝❤ ❛s Dℓ,ν ✱ ♦r t❤❡ ♦♥❡s r❡❧❛t❡❞ ✇✐t❤ ♣r❡❞✐❝t✐♦♥ ❞✐s❝✉ss❡❞ ❛❜♦✈❡✳

❲❡ r❡t❛✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ♣♦✐♥t (ℓ0 = 0.73, ν0 = 2.5)✱ t❤❛t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ ❣♦✐♥❣
❢r♦♠ ǫ = 0 t♦ ǫ = 0.45 ❞❡❝r❡❛s❡s Vν ❛♥❞ ✐♥❝r❡❛s❡s Vℓ✱ ❢♦r ❢✉rt❤❡r ❣❧♦❜❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ✐♥ ✜❣✉r❡
✶✸✳

■♥ ✜❣✉r❡ ✶✷✱ ✇❡ ❛❞❞r❡ss t❤❡ s❛♠❡ s❡tt✐♥❣ ❛s ✐♥ ✜❣✉r❡ ✶✶✱ ❜✉t ❢♦r t❤❡ ❈❱ ❡st✐♠❛t✐♦♥✳ ❲❡
♦❜s❡r✈❡ t❤❛t ❣♦✐♥❣ ❢r♦♠ ǫ = 0 t♦ ǫ = 0.45 ❝❛♥ ✐♥❝r❡❛s❡ Dℓ,ν ✳ ❚❤✐s ✐s ❛ ❝♦♥✜r♠❛t✐♦♥ ♦❢ ✇❤❛t
✇❛s ♦❜s❡r✈❡❞ ✐♥ ✜❣✉r❡ ✹✿ str♦♥❣ ✐rr❡❣✉❧❛r✐t✐❡s ♦❢ t❤❡ s♣❛t✐❛❧ s❛♠♣❧✐♥❣ ❝❛♥ ❣❧♦❜❛❧❧② ❞❛♠❛❣❡
t❤❡ ❈❱ ❡st✐♠❛t✐♦♥✳ ❚❤❡ ❥✉st✐✜❝❛t✐♦♥ ✐s t❤❡ s❛♠❡ ❛s ❜❡❢♦r❡✿ t❤❡ ▲❖❖ ❡rr♦r ✈❛r✐❛♥❝❡s ❜❡❝♦♠❡
❤❡t❡r♦❣❡♥❡♦✉s ✇❤❡♥ t❤❡ r❡❣✉❧❛r ❣r✐❞ ✐s ♣❡rt✉r❜❡❞✳

❲❡ ❛❧s♦ ♦❜s❡r✈❡ ❛♥ ❤②❜r✐❞ ❝❛s❡✱ ✐♥ ✇❤✐❝❤ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ℓ ❛♥❞ ν ✐s ✐♠♣r♦✈❡❞ ❜② t❤❡
✐rr❡❣✉❧❛r✐t②✱ ❜✉t t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡✐r ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐♥❝r❡❛s❡s✱ ❜❡❝❛✉s❡ t❤❡
❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡✐r ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ❞❡❝r❡❛s❡s✳ ❚❤✐s ❝❛s❡ ❤❛♣♣❡♥s ❢♦r ✐♥st❛♥❝❡ ❛r♦✉♥❞
t❤❡ ♣♦✐♥t (ℓ0 = 1.7, ν0 = 5)✱ t❤❛t ✇❡ r❡t❛✐♥ ❢♦r ❛ ❢✉rt❤❡r ❣❧♦❜❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ✐♥ ✜❣✉r❡ ✶✹✳

■♥ ✜❣✉r❡ ✶✸✱ ❢♦r ℓ0 = 0.73, ν0 = 2.5 ❛♥❞ ❢♦r ▼▲✱ ✇❡ ♣❧♦t Vℓ✱ Vν ❛♥❞ Dℓ,ν ✇✐t❤ r❡s♣❡❝t t♦ ǫ✱
❢♦r ǫ ∈ [0, 0.45]✳ ❲❡ ❝♦♥✜r♠ t❤❛t ✇❤❡♥ ǫ ✐♥❝r❡❛s❡s✱ t❤❡ ❞❡❝r❡❛s❡ ♦❢ Vν ✐s ♠✉❝❤ str♦♥❣❡r t❤❛♥
t❤❡ ✐♥❝r❡❛s❡ ♦❢ Vℓ✳ ❆s ❛ r❡s✉❧t✱ t❤❡r❡ ✐s ❛ str♦♥❣ ❞❡❝r❡❛s❡ ♦❢ Dℓ,ν ✳ ❚❤✐s ✐s ❛ ❝♦♥✜r♠❛t✐♦♥ ♦❢ ♦✉r

✶✽
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❋✐❣✉r❡ ✶✸✿ ❏♦✐♥t ❡st✐♠❛t✐♦♥ ♦❢ ℓ ❛♥❞ ν ❜② ▼▲✳ ℓ0 = 0.73 ❛♥❞ ν0 = 2.5✳ P❧♦t ♦❢ Vℓ ✭❧❡❢t✮✱ Vν ✭❝❡♥t❡r✮ ❛♥❞ Dℓ,ν

✭r✐❣❤t✮ ✇✐t❤ r❡s♣❡❝t t♦ ǫ✳

♠❛✐♥ ❝♦♥❝❧✉s✐♦♥ ♦♥ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ s♣❛t✐❛❧ s❛♠♣❧✐♥❣ ♦♥ t❤❡ ❡st✐♠❛t✐♦♥✿ ✉s✐♥❣ ♣❛✐rs ♦❢ ❝❧♦s❡❧②
s♣❛❝❡❞ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✐♠♣r♦✈❡s t❤❡ ▼▲ ❡st✐♠❛t✐♦♥✳

■♥ ✜❣✉r❡ ✶✹✱ ❢♦r ℓ0 = 1.7, ν0 = 5 ❛♥❞ ❢♦r ❈❱✱ ✇❡ ♣❧♦t Vℓ✱ Vν ✱ Cℓ,ν ❛♥❞ Dℓ,ν ✇✐t❤ r❡s♣❡❝t
t♦ ǫ✱ ❢♦r ǫ ∈ [0, 0.45]✳ ❲❡ ♦❜s❡r✈❡ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♠❡♥t✐♦♥❡❞ ✐♥ ✜❣✉r❡ ✶✷✱ ✐♥ ✇❤✐❝❤ t❤❡
❡st✐♠❛t✐♦♥ ♦❢ ℓ ❛♥❞ ν ✐s ✐♠♣r♦✈❡❞ ❜② t❤❡ ✐rr❡❣✉❧❛r✐t②✱ ❜✉t t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡✐r ❛s②♠♣t♦t✐❝
❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐♥❝r❡❛s❡s✱ ❜❡❝❛✉s❡ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡✐r ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ❞❡❝r❡❛s❡s✳
❚❤✐s ♣❛rt✐❝✉❧❛r ❝❛s❡ ✐s ❛❣❛✐♥ ❛ ❝♦♥✜r♠❛t✐♦♥ t❤❛t t❤❡ ❝r✐t❡r✐❛ Vℓ ❛♥❞ Vν ❝❛♥ ❜❡ ✐♥s✉✣❝✐❡♥t ❢♦r
❡✈❛❧✉❛t✐♥❣ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ✐rr❡❣✉❧❛r✐t② ♦♥ t❤❡ ❡st✐♠❛t✐♦♥✱ ✐♥ ❛ ❝❛s❡ ♦❢ ❥♦✐♥t ❡st✐♠❛t✐♦♥✳

✹✳✺✳ ❉✐s❝✉ss✐♦♥

❲❡ ❤❛✈❡ s❡❡♥ t❤❛t ❧♦❝❛❧ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ r❡❣✉❧❛r ❣r✐❞ ❝❛♥ ❞❛♠❛❣❡ ❜♦t❤ t❤❡ ▼▲ ❛♥❞ t❤❡
❈❱ ❡st✐♠❛t✐♦♥ ✭✜❣✉r❡ ✸✮✳ ❚❤❡ ❈❱ ❡st✐♠❛t✐♦♥ ❝❛♥ ❡✈❡♥ ❜❡ ❞❛♠❛❣❡❞ ❢♦r str♦♥❣ ♣❡rt✉r❜❛t✐♦♥s
♦❢ t❤❡ r❡❣✉❧❛r ❣r✐❞ ✭✜❣✉r❡ ✹✮✳ ❆s ✇❡ ❤❛✈❡ ❞✐s❝✉ss❡❞✱ ♦✉r ✐♥t❡r♣r❡t❛t✐♦♥ ✐s t❤❛t ♣❡rt✉r❜✐♥❣ t❤❡
r❡❣✉❧❛r ❣r✐❞ ❝r❡❛t❡s ▲❖❖ ❡rr♦rs ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ✈❛r✐❛♥❝❡s ✐♥ ✭✸✮✱ ✐♥❝r❡❛s✐♥❣ t❤❡ ✈❛r✐❛♥❝❡ ♦❢
t❤❡ ❈❱ ❡st✐♠❛t♦r ♠✐♥✐♠✐③✐♥❣ t❤❡✐r s✉♠ ♦❢ sq✉❛r❡s✳

❖✉r ♠❛✐♥ ❝♦♥❝❧✉s✐♦♥ ✐s t❤❛t str♦♥❣ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ r❡❣✉❧❛r ❣r✐❞ ✭ǫ = 0.45✮ ❛r❡ ❜❡♥❡✜❝✐❛❧
t♦ t❤❡ ▼▲ ❡st✐♠❛t✐♦♥ ✐♥ ❛❧❧ t❤❡ ❝❛s❡s ✇❡ ❤❛✈❡ ❛❞❞r❡ss❡❞ ✭✜❣✉r❡s ✹✱ ✺✱ ✶✶✮✳ ❋✉rt❤❡r♠♦r❡✱ ▼▲ ✐s
s❤♦✇♥ t♦ ❜❡ t❤❡ ♣r❡❢❡r❛❜❧❡ ❡st✐♠❛t♦r ✐♥ t❤❡ ✇❡❧❧✲s♣❡❝✐✜❡❞ ❝❛s❡ ❛❞❞r❡ss❡❞ ❤❡r❡✳ ❚❤✐s ♠❛✐♥ r❡s✉❧t
✐s ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ r❡❢❡r❡♥❝❡s ❬✸✶✱ ✹✵✱ ✶✶❪ ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✶✳ ❚❤❡ ❣❧♦❜❛❧ ❝♦♥❝❧✉s✐♦♥ ✐s
t❤❛t ✉s✐♥❣ ❣r♦✉♣s ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✇✐t❤ s♠❛❧❧ s♣❛❝✐♥❣✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥t
❞❡♥s✐t② ✐♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ❞♦♠❛✐♥✱ ✐s ❜❡♥❡✜❝✐❛❧ ❢♦r ❡st✐♠❛t✐♦♥✳

◆♦t✐❝❡ ❛❧s♦ t❤❛t✱ ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❬✺❪ ❛❞❞r❡ss✐♥❣ t❤❡ ♠✐ss♣❡❝✐✜❡❞ ❝❛s❡✱ ✐t ✐s s❤♦✇♥ t❤❛t ✉s✐♥❣ ❛
s♣❛rs❡ r❡❣✉❧❛r ❣r✐❞ ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✱ ❝♦♠♣❛r❡❞ t♦ ❛ s❛♠♣❧✐♥❣ ✇✐t❤ iid ✉♥✐❢♦r♠ ♦❜s❡r✈❛t✐♦♥
♣♦✐♥ts✱ str♦♥❣❧② ❞❛♠❛❣❡s t❤❡ ❈❱ ❡st✐♠❛t✐♦♥✱ ❛♥❞ ❤❛s ❝♦♥s✐❞❡r❛❜❧② ❧❡ss ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ▼▲
❡st✐♠❛t✐♦♥✳ ❚❤✐s r❡s✉❧t ✐s ❛❧s♦ ❛♥ ❛r❣✉♠❡♥t ❛❣❛✐♥st ✉s✐♥❣ ♦♥❧② ❡✈❡♥❧② s♣❛❝❡❞ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✱
❢r♦♠ ❛♥ ❡st✐♠❛t✐♦♥ ♣♦✐♥t ♦❢ ✈✐❡✇✳

✺✳ ❆♥❛❧②s✐s ♦❢ t❤❡ ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐♦♥

❚❤❡ ❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s ♦❢ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ s♣❛t✐❛❧ s❛♠♣❧✐♥❣ ♦♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r
❡st✐♠❛t✐♦♥ ❜❡✐♥❣ ❝♦♠♣❧❡t❡✱ ✇❡ ♥♦✇ ❛❞❞r❡ss t❤❡ ❝❛s❡ ♦❢ t❤❡ ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐♦♥ ❡rr♦r✱ ❛♥❞ ✐ts
✐♥t❡r❛❝t✐♦♥ ✇✐t❤ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ❡st✐♠❛t✐♦♥✳ ■♥ s❤♦rt ✇♦r❞s✱ ✇❡ st✉❞② ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐♦♥
✇✐t❤ ❡st✐♠❛t❡❞ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ❬✸✶❪✳

■♥ s✉❜s❡❝t✐♦♥ ✺✳✶✱ ✇❡ s❤♦✇ t❤❛t ❛♥② ✜①❡❞✱ ❝♦♥st❛♥t✱ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ❡rr♦r ❤❛s ❛ ♥♦♥✲
③❡r♦ ❛s②♠♣t♦t✐❝ ✐♠♣❛❝t ♦♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r✳ ❚❤✐s ❢❛❝t ✐s ✐♥t❡r❡st✐♥❣ ✐♥ t❤❛t t❤❡ ❝♦♥❝❧✉s✐♦♥
✐s ❞✐✛❡r❡♥t ✐♥ ❛ ✜①❡❞✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝ ❝♦♥t❡①t✱ ❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡ ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✶
t❤❛t t❤❡r❡ ❡①✐st ♥♦♥✲♠✐❝r♦❡r❣♦❞✐❝ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs t❤❛t ❤❛✈❡ ♥♦ ❛s②♠♣t♦t✐❝ ✐♥✢✉❡♥❝❡ ♦♥

✶✾
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❋✐❣✉r❡ ✶✹✿ ❏♦✐♥t ❡st✐♠❛t✐♦♥ ♦❢ ℓ ❛♥❞ ν ❜② ❈❱✳ ℓ0 = 1.7 ❛♥❞ ν0 = 5✳ P❧♦t ♦❢ Vℓ ✭t♦♣✲❧❡❢t✮✱ Vν ✭t♦♣✲r✐❣❤t✮✱ Cℓ,ν

✭❜♦tt♦♠✲❧❡❢t✮ ❛♥❞ Dℓ,ν ✭❜♦tt♦♠✲r✐❣❤t✮ ✇✐t❤ r❡s♣❡❝t t♦ ǫ✳

✷✵



♣r❡❞✐❝t✐♦♥✳ ■♥ s✉❜s❡❝t✐♦♥ ✺✳✷✱ ✇❡ s❤♦✇ t❤❛t✱ ✐♥ t❤❡ ❡①♣❛♥s✐♦♥✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝ ❝♦♥t❡①t ✇❡
❛❞❞r❡ss✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❤❛s✱ ❤♦✇❡✈❡r✱ ♥♦ ✐♠♣❛❝t ♦♥ t❤❡ ♣r❡❞✐❝t✐♦♥
❡rr♦r✱ ❛s ❧♦♥❣ ❛s ✐t ✐s ❝♦♥s✐st❡♥t✳ ❚❤✉s✱ t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r ✐s ❛ ♥❡✇ ❝r✐t❡r✐♦♥ ❢♦r t❤❡ s♣❛t✐❛❧
s❛♠♣❧✐♥❣✱ t❤❛t ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ❝r✐t❡r✐❛ ✇❡ ❛❞❞r❡ss ✐♥ s❡❝t✐♦♥ ✹✳ ■♥ s✉❜s❡❝t✐♦♥
✺✳✸✱ ✇❡ st✉❞② ♥✉♠❡r✐❝❛❧❧②✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ▼❛tér♥ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✱ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡
r❡❣✉❧❛r✐t② ♣❛r❛♠❡t❡r ǫ ♦♥ t❤❡ ♠❡❛♥ sq✉❛r❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r ♦♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ❞♦♠❛✐♥✳

✺✳✶✳ ■♥✢✉❡♥❝❡ ♦❢ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ♠✐ss♣❡❝✐✜❝❛t✐♦♥ ♦♥ ♣r❡❞✐❝t✐♦♥

■♥ ♣r♦♣♦s✐t✐♦♥ ✺✳✶✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ♠✐ss♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❝♦rr❡❧❛t✐♦♥ ♣❛r❛♠❡t❡rs ❤❛s ❛♥ ❛s②♠♣✲
t♦t✐❝ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦rs✳ ■♥❞❡❡❞✱ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ▲❡❛✈❡✲❖♥❡✲❖✉t
♠❡❛♥ sq✉❛r❡ ❡rr♦rs✱ ❜❡t✇❡❡♥ ✐♥❝♦rr❡❝t ❛♥❞ ❝♦rr❡❝t ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✱ ✐s ❧♦✇❡r ❛♥❞ ✉♣♣❡r
❜♦✉♥❞❡❞ ❜② ✜♥✐t❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts t✐♠❡s t❤❡ ✐♥t❡❣r❛t❡❞ sq✉❛r❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦
❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞ ❛♥❞ t❤❛t ❢♦r ❛❧❧ θ ∈ Θ✱ Kθ(0) = 1✳
▲❡t✱ ❢♦r 1 ≤ i ≤ n✱ ŷi,θ (y−i) := Eθ|X (yi|y1, ..., yi−1, yi+1, ..., yn) ❜❡ t❤❡ ❑r✐❣✐♥❣ ▲❡❛✈❡✲❖♥❡✲

❖✉t ♣r❡❞✐❝t✐♦♥ ♦❢ yi ✇✐t❤ ❝♦✈❛r✐❛♥❝❡✲♣❛r❛♠❡t❡r θ✳ ❲❡ t❤❡♥ ❞❡♥♦t❡

Dp(θ, θ0) := E

[

1

n

n
∑

i=1

{yi − ŷi,θ(y−i)}2
]

− E

[

1

n

n
∑

i=1

{yi − ŷi,θ0(y−i)}2
]

.

❚❤❡♥ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts 0 < A < B < +∞ s♦ t❤❛t✱ ❢♦r ǫ = 0✱

A
∑

v∈Zd

{Kθ(v)−Kθ0(v)}2 ≤ lim
n→+∞

Dp(θ, θ0)

❛♥❞
lim

n→+∞
Dp(θ, θ0) ≤ B

∑

v∈Zd

{Kθ(v)−Kθ0(v)}2 .

❋♦r ǫ 6= 0✱ ✇❡ ❞❡♥♦t❡ Dǫ = ∪v∈Zd\0 (v + ǫCSX
)✱ ✇✐t❤ CSX

= {t1 − t2, t1 ∈ SX , t2 ∈ SX}✳ ❚❤❡♥

A

∫

Dǫ

{Kθ(t)−Kθ0(t)}2 dt ≤ lim
n→+∞

Dp(θ, θ0)

❛♥❞

lim
n→+∞

Dp(θ, θ0) ≤ B

∫

Dǫ

{Kθ(t)−Kθ0(t)}2 dt.

Pr♦♦❢✳ ❚❤❡ ♠✐♥♦r❛t✐♦♥ ✐s ♣r♦✈❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✹✳ ❚❤❡ ♠❛❥♦r❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞
✇✐t❤ s✐♠✐❧❛r t❡❝❤♥✐q✉❡s✳

✺✳✷✳ ■♥✢✉❡♥❝❡ ♦❢ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♦♥ ♣r❡❞✐❝t✐♦♥

■♥ ♣r♦♣♦s✐t✐♦♥ ✺✳✷✱ ♣r♦✈❡❞ ✐♥ s❡❝t✐♦♥ ❆♣♣❡♥❞✐① ❈✱ ✇❡ ❛❞❞r❡ss t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❝♦✈❛r✐❛♥❝❡
♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♦♥ ♣r❡❞✐❝t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞ ❛♥❞ t❤❛t t❤❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss Y ✱ ✇✐t❤
❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ Kθ0(t)✱ ②✐❡❧❞s ❛❧♠♦st s✉r❡❧② ❝♦♥t✐♥✉♦✉s tr❛❥❡❝t♦r✐❡s✳ ❆ss✉♠❡ ❛❧s♦ t❤❛t ❢♦r
❡✈❡r② θ ∈ Θ✱ 1 ≤ i ≤ p✱ ∂

∂θi
Kθ(t) ✐s ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t✳ ▲❡t Ŷθ(t) ❜❡ t❤❡ ❑r✐❣✐♥❣ ♣r❡❞✐❝✲

t✐♦♥ ♦❢ t❤❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss Y ❛t t✱ ✉♥❞❡r ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ Kθ ❛♥❞ ❣✐✈❡♥ t❤❡ ♦❜s❡r✈❛t✐♦♥s
y1, ..., yn✳ ❋♦r ❛♥② n✱ ❧❡t N1,n s♦ t❤❛t Nd

1,n ≤ n < (N1,n + 1)d✳ ❉❡✜♥❡

Eǫ,θ :=
1

Nd
1,n

∫

[0,N1,n]d

(

Ŷθ(t)− Y (t)
)2

dt. ✭✽✮

❈♦♥s✐❞❡r ❛ ❝♦♥s✐st❡♥t ❡st✐♠❛t♦r θ̂ ♦❢ θ0✳ ❚❤❡♥

|Eǫ,θ0 − E
ǫ,θ̂

| = op(1). ✭✾✮

❋✉rt❤❡r♠♦r❡✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t A > 0 s♦ t❤❛t ❢♦r ❛❧❧ n✱

E (Eǫ,θ0) ≥ A. ✭✶✵✮

✷✶



■♥ ♣r♦♣♦s✐t✐♦♥ ✺✳✷✱ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss Y ②✐❡❧❞s ❝♦♥t✐♥✉♦✉s tr❛❥❡❝t♦r✐❡s
✐s ♥♦t r❡str✐❝t✐✈❡ ✐♥ ♣r❛❝t✐❝❡✱ ❛♥❞ ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ✉s✐♥❣ ❡✳❣✳ ❬✸❪✳ ■♥ ♣r♦♣♦s✐t✐♦♥ ✺✳✷✱ ✇❡ s❤♦✇ t❤❛t
t❤❡ ♠❡❛♥ sq✉❛r❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r✱ ♦✈❡r t❤❡ ♦❜s❡r✈❛t✐♦♥ ❞♦♠❛✐♥✱ ✇✐t❤ ❛ ❝♦♥s✐st❡♥t❧② ❡st✐♠❛t❡❞
❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r✱ ✐s ❛s②♠♣t♦t✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡rr♦r ✇❤❡♥ t❤❡ tr✉❡
❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ✐s ❦♥♦✇♥✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ t❤✐s ♣r❡❞✐❝t✐♦♥ ❡rr♦r ✇✐t❤ t❤❡
tr✉❡ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ❞♦❡s ♥♦t ✈❛♥✐s❤ ✇❤❡♥ n → +∞✳ ❚❤✐s ✐s ✐♥t✉✐t✐✈❡ ❜❡❝❛✉s❡ t❤❡ ❞❡♥s✐t②
♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✐♥ t❤❡ ❞♦♠❛✐♥ ✐s ❝♦♥st❛♥t✳

❍❡♥❝❡✱ ❡①♣❛♥s✐♦♥✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s ②✐❡❧❞s ❛ s✐t✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ❣♦❡s t♦
③❡r♦✱ ❜✉t t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r ❞♦❡s ♥♦t✱ ❜❡❝❛✉s❡ t❤❡ ♣r❡❞✐❝t✐♦♥ ❞♦♠❛✐♥ ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ ♥✉♠❜❡r
♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✳ ❚❤✉s✱ ✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝ ❝♦♥t❡①t ❡♥❛❜❧❡s ✉s t♦ ❛❞❞r❡ss t❤❡
♣r❡❞✐❝t✐♦♥ ❛♥❞ ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠s s❡♣❛r❛t❡❧②✱ ❛♥❞ t❤❡ ❝♦♥❝❧✉s✐♦♥s ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠
❛r❡ ❢r✉✐t❢✉❧✱ ❛s ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ s❡❝t✐♦♥s ✸ ❛♥❞ ✹✳ ❍♦✇❡✈❡r✱ t❤✐s ❝♦♥t❡①t ❞♦❡s ♥♦t ❡♥❛❜❧❡ ✉s t♦
st✉❞② t❤❡♦r❡t✐❝❛❧❧② ❛❧❧ t❤❡ ♣r❛❝t✐❝❛❧ ❛s♣❡❝ts ♦❢ t❤❡ ❥♦✐♥t ♣r♦❜❧❡♠ ♦❢ ♣r❡❞✐❝t✐♦♥ ✇✐t❤ ❡st✐♠❛t❡❞
❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞ ♦♥ t❤❡ ♣r❡❞✐❝t✐♦♥
❡rr♦r ✐s ❛s②♠♣t♦t✐❝❛❧❧② ③❡r♦ ✉♥❞❡r t❤✐s t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦✱ ❛♥❞ ✉s✐♥❣ ❛ ❝♦♥st❛♥t ♣r♦♣♦rt✐♦♥
♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ❢♦r ❡st✐♠❛t✐♦♥ r❛t❤❡r t❤❛♥ ♣r❡❞✐❝t✐♦♥ ❝❛♥♥♦t ❞❡❝r❡❛s❡ t❤❡ ❛s②♠♣t♦t✐❝
♣r❡❞✐❝t✐♦♥ ❡rr♦r ✇✐t❤ ❡st✐♠❛t❡❞ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✳

❚❤❡ t✇♦ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ♣r❛❝t✐❝❛❧ ♣r♦❜❧❡♠s ✇♦✉❧❞ ❜❡♥❡✜t ❢r♦♠ ❛♥ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦ t❤❛t
✇♦✉❧❞ ❢✉❧❧② r❡♣r♦❞✉❝❡ t❤❡♠✱ ❜② ❣✐✈✐♥❣ ❛ str♦♥❣❡r ✐♠♣❛❝t t♦ t❤❡ ❡st✐♠❛t✐♦♥ ♦♥ t❤❡ ♣r❡❞✐❝t✐♦♥✳
P♦ss✐❜❧❡ ❝❛♥❞✐❞❛t❡s ❢♦r t❤✐s ❢r❛♠❡✇♦r❦ ❛r❡ t❤❡ ♠✐①❡❞ ✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦✱
❛❞❞r❡ss❡❞ ❢♦r ✐♥st❛♥❝❡ ✐♥ ❬✶✸❪ ❛♥❞ ❬✶✹❪✱ ❛♥❞ ❞✐s❝✉ss❡❞ ✐♥ r❡♠❛r❦ ✸✳✶✱ ❛♥❞ ✜①❡❞✲❞♦♠❛✐♥ ❛s②♠♣✲
t♦t✐❝s✳ ■♥ ❜♦t❤ ❢r❛♠❡✇♦r❦s✱ t❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦r✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥
♣♦✐♥ts✱ ✐s ❧❛r❣❡r ❛♥❞ t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r ✐s s♠❛❧❧❡r✱ t❤✉s ❣✐✈✐♥❣ ❤♦♣❡ ❢♦r ♠♦r❡ ✐♠♣❛❝t ♦❢ t❤❡
❡st✐♠❛t✐♦♥ ♦♥ t❤❡ ♣r❡❞✐❝t✐♦♥✳ ◆❡✈❡rt❤❡❧❡ss✱ ❡✈❡♥ ✐♥ ✜①❡❞✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s✱ ♥♦t✐❝❡ t❤❛t ✐♥
❬✷✸❪ ❛♥❞ r❡❢❡rr✐♥❣ t♦ ❬✸✹❪✱ ✐t ✐s s❤♦✇♥ t❤❛t✱ ❢♦r t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t❤❡ t❡♥s♦r ♣r♦❞✉❝t ❡①♣♦♥❡♥✲
t✐❛❧ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ✐♥ t✇♦ ❞✐♠❡♥s✐♦♥s✱ t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r✱ ✉♥❞❡r ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs
❡st✐♠❛t❡❞ ❜② ▼▲✱ ✐s ❛s②♠♣t♦t✐❝❛❧❧② ❡q✉❛❧ t♦ t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r ✉♥❞❡r t❤❡ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ♣❛✲
r❛♠❡t❡rs✳ ❚❤✐s ✐s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✐♥ ✇❤✐❝❤ ❡st✐♠❛t✐♦♥ ❤❛s ♥♦ ✐♠♣❛❝t ♦♥ ♣r❡❞✐❝t✐♦♥✱ ❡✈❡♥ ✉♥❞❡r
✜①❡❞✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s✳

✺✳✸✳ ❆♥❛❧②s✐s ♦❢ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ s♣❛t✐❛❧ s❛♠♣❧✐♥❣ ♦♥ t❤❡ ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐♦♥

■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✺✳✸✱ ✇❡ st✉❞② t❤❡ ♣r❡❞✐❝t✐♦♥ ♠❡❛♥ sq✉❛r❡ ❡rr♦r E (Eǫ,ℓ0,ν0) ♦❢ ♣r♦♣♦s✐t✐♦♥
✺✳✷✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ǫ✱ ℓ0 ❛♥❞ ν0✱ ❢♦r t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ▼❛tér♥ ♠♦❞❡❧✱ ❛♥❞ ❢♦r ❧❛r❣❡ n✳ ❚❤✐s
❢✉♥❝t✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❡st✐♠❛t✐♦♥✱ ❛s ✇❡ ❤❛✈❡ s❡❡♥✱ s♦ t❤❡r❡ ✐s ♥♦✇ ♥♦ ♣♦✐♥t ✐♥ ❞✐st✐♥✲
❣✉✐s❤✐♥❣ ❜❡t✇❡❡♥ ▼▲ ❛♥❞ ❈❱✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜❣✉r❡s✱ t❤❡ ❢✉♥❝t✐♦♥ E (Eǫ,ℓ0,ν0

) ✐s ❛♣♣r♦①✐♠❛t❡❞
❜② t❤❡ ❛✈❡r❛❣❡ ♦❢ iid r❡❛❧✐③❛t✐♦♥s ♦❢ ✐ts ❝♦♥❞✐t✐♦♥❛❧ ♠❡❛♥ ✈❛❧✉❡ ❣✐✈❡♥ X = x✱

1

n

∫ n

0

(

1− rtℓ0,ν0
(t)R−1

ℓ0,ν0
rℓ0,ν0(t)

)

dt,

✇❤❡r❡ (rℓ0,ν0(t))i = Kℓ0,ν0(i+ ǫxi − t) ❛♥❞ (Rℓ0,ν0)i,j = Kℓ0,ν0(i− j + ǫ[xi − xj ])✳

❖♥ ✜❣✉r❡ ✶✺✱ ✇❡ ♣❧♦t t❤❡ r❛t✐♦ ♦❢ t❤❡ ♠❡❛♥ sq✉❛r❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r E (Eǫ,ℓ0,ν0
)✱ ❜❡t✇❡❡♥

ǫ = 0 ❛♥❞ ǫ = 0.45✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ℓ0 ❛♥❞ ν0✱ ❢♦r n = 100 ✭✇❡ ♦❜s❡r✈❡❞ t❤❡ s❛♠❡ r❡s✉❧ts ❢♦r
n = 50✮✳ ❲❡ s❡❡ t❤❛t t❤✐s r❛t✐♦ ✐s ❛❧✇❛②s s♠❛❧❧❡r t❤❛♥ ♦♥❡✱ ♠❡❛♥✐♥❣ t❤❛t str♦♥❣❧② ♣❡rt✉r❜✐♥❣
t❤❡ r❡❣✉❧❛r ❣r✐❞ ❛❧✇❛②s ✐♥❝r❡❛s❡s t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r✳ ❚❤✐s r❡s✉❧t ✐s ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡
❝♦♠♠♦♥ ♣r❛❝t✐❝❡s ♦❢ ✉s✐♥❣ r❡❣✉❧❛r✱ ❛❧s♦ ❝❛❧❧❡❞ s♣❛❝❡ ✜❧❧✐♥❣✱ s❛♠♣❧✐♥❣s ❢♦r ♦♣t✐♠✐③✐♥❣ t❤❡ ❑r✐❣✐♥❣
♣r❡❞✐❝t✐♦♥s ✇✐t❤ ❦♥♦✇♥ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✉r❡ 3 ♦❢ ❬✹✵❪✳ ❙✐♠✐❧❛r❧②✱ t❤❡
✇✐❞❡❧② ✉s❡❞ ♣r❡❞✐❝t✐♦♥✲♦r✐❡♥t❡❞ ♠❛①✐♠✐♥ ❛♥❞ ♠✐♥✐♠❛① ❞❡s✐❣♥s ✭s❡❡ ❡✳❣ ❝❤❛♣t❡r ✺ ✐♥ ❬✷✼❪✮ ②✐❡❧❞
❡✈❡♥❧② s♣❛❝❡❞ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✳

■♥ ✜❣✉r❡ ✶✻✱ ✇❡ ✜① t❤❡ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ℓ0 = 0.5✱ ν0 = 2.5✱ ❛♥❞ ✇❡ st✉❞② t❤❡
✈❛r✐❛t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ ǫ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ▼▲ ❡st✐♠❛t✐♦♥ ♦❢ ν✱ ✇❤❡♥ ℓ0 ✐s
❦♥♦✇♥ ✭✜❣✉r❡ ✽✮✱ ❛♥❞ ♦❢ t❤❡ ♣r❡❞✐❝t✐♦♥ ♠❡❛♥ sq✉❛r❡ ❡rr♦r E (Eǫ,ℓ0,ν0

)✱ ❢♦r n = 50 ❛♥❞ n = 100✳
❚❤❡ r❡s✉❧ts ❛r❡ t❤❡ s❛♠❡ ❢♦r n = 50 ❛♥❞ n = 100✳ ❲❡ ✜rst ♦❜s❡r✈❡ t❤❛t E (Eǫ,ℓ0,ν0

) ✐s ❣❧♦❜❛❧❧②
❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ ǫ✳ ■♥ ❢❛❝t✱ ✇❡ ♦❜s❡r✈❡ t❤❡ s❛♠❡ ❣❧♦❜❛❧ ✐♥❝r❡❛s❡ ♦❢ E (Eǫ,ℓ0,ν0)✱ ❢♦r

✷✷
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❋✐❣✉r❡ ✶✺✿ ❘❛t✐♦ ♦❢ t❤❡ ♠❡❛♥ sq✉❛r❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r E
(

Eǫ,ℓ0,ν0

)

✐♥ ♣r♦♣♦s✐t✐♦♥ ✺✳✷✱ ❜❡t✇❡❡♥ ǫ = 0 ❛♥❞ ǫ = 0.45✱
❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ℓ0 ❛♥❞ ν0✱ ❢♦r n = 100✳

n = 50 ❛♥❞ n = 100✱ ✇✐t❤ r❡s♣❡❝t t♦ ǫ✱ ❢♦r ❛❧❧ t❤❡ ✈❛❧✉❡s (0.5, 5)✱ (2.7, 1)✱ (0.5, 2.5)✱ (0.7, 2.5)✱
(2.7, 2.5)✱ (0.73, 2.5) ❛♥❞ (1.7, 5)✱ ❢♦r (ℓ0, ν0)✱ t❤❛t ✇❡ ❤❛✈❡ st✉❞✐❡❞ ✐♥ s❡❝t✐♦♥ ✹✳ ❚❤✐s ✐s ❛❣❛✐♥ ❛
❝♦♥✜r♠❛t✐♦♥ t❤❛t✱ ✐♥ t❤❡ ✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦ tr❡❛t❡❞ ❤❡r❡✱ ❡✈❡♥❧② s♣❛❝❡❞
♦❜s❡r✈❛t✐♦♥s ♣❡r❢♦r♠ ❜❡st ❢♦r ♣r❡❞✐❝t✐♦♥✳ ❚❤✐s ❝♦♥❝❧✉s✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝♦♠♠♦♥ ♣r❛❝t✐❝❡
♦❢ ✉s✐♥❣ s♣❛❝❡ ✜❧❧✐♥❣ s❛♠♣❧✐♥❣s ❢♦r ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐♦♥ ✇✐t❤ ❦♥♦✇♥ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✳

❚❤❡ s❡❝♦♥❞ ❝♦♥❝❧✉s✐♦♥ t❤❛♥ ❝❛♥ ❜❡ ❞r❛✇♥ ❢♦r ✜❣✉r❡ ✶✻ ✐s t❤❛t t❤❡r❡ ✐s ✐♥❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥
❡st✐♠❛t✐♦♥ ✭▼▲ ✐♥ t❤✐s ❝❛s❡✮ ❛♥❞ ♣r❡❞✐❝t✐♦♥✳ ■♥❞❡❡❞✱ t❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ✜rst ✐♥❝r❡❛s❡s ❛♥❞
t❤❡♥ ❞❡❝r❡❛s❡s ✇✐t❤ r❡s♣❡❝t t♦ ǫ✱ ✇❤✐❧❡ t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r ❣❧♦❜❛❧❧② ❞❡❝r❡❛s❡s✳ ❍❡♥❝❡✱ ✐♥ ✜❣✉r❡
✶✻✱ t❤❡ r❡❣✉❧❛r ❣r✐❞ st✐❧❧ ❣✐✈❡s ❜❡tt❡r ♣r❡❞✐❝t✐♦♥✱ ❛❧t❤♦✉❣❤ ✐t ❧❡❛❞s t♦ ❧❡ss ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡
t❤❛♥ ♠✐❧❞❧② ✐rr❡❣✉❧❛r s❛♠♣❧✐♥❣s✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ✐s ♥♦ s✐♠♣❧❡ ❛♥t❛❣♦♥✐st✐❝ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥
t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ✐rr❡❣✉❧❛r✐t② ♦❢ t❤❡ s♣❛t✐❛❧ s❛♠♣❧✐♥❣ ♦♥ ❡st✐♠❛t✐♦♥ ❛♥❞ ♦♥ ♣r❡❞✐❝t✐♦♥✳
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❋✐❣✉r❡ ✶✻✿ ℓ0 = 0.5✱ ν0 = 2.5✳ ▲❡❢t✿ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ❢♦r t❤❡ ▼▲ ❡st✐♠❛t✐♦♥ ♦❢ ν✱ ✇❤❡♥ ℓ ✐s ❦♥♦✇♥✱ ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ ǫ ✭s❛♠❡ s❡tt✐♥❣ ❛s ✐♥ ✜❣✉r❡ ✽✮✳ ❘✐❣❤t✿ ♣r❡❞✐❝t✐♦♥ ♠❡❛♥ sq✉❛r❡ ❡rr♦r E

(

Eǫ,ℓ0,ν0

)

✐♥ ♣r♦♣♦s✐t✐♦♥ ✺✳✷ ❛s
❛ ❢✉♥❝t✐♦♥ ♦❢ ǫ✳

✻✳ ❈♦♥❝❧✉s✐♦♥

❲❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ ❛♥ ✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦ t♦ ❛❞❞r❡ss t❤❡ ✐♥✢✉❡♥❝❡ ♦❢
t❤❡ ✐rr❡❣✉❧❛r✐t② ♦❢ t❤❡ s♣❛t✐❛❧ s❛♠♣❧✐♥❣ ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✳ ❚❤✐s
❢r❛♠❡✇♦r❦ ✐s ❜❛s❡❞ ♦♥ ❛ r❛♥❞♦♠ s❡q✉❡♥❝❡ ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✱ ❢♦r ✇❤✐❝❤ t❤❡ ❞❡✈✐❛t✐♦♥ ❢r♦♠
t❤❡ r❡❣✉❧❛r ❣r✐❞ ✐s ❝♦♥tr♦❧❧❡❞ ❜② ❛ s✐♥❣❧❡ s❝❛❧❛r r❡❣✉❧❛r✐t② ♣❛r❛♠❡t❡r ǫ✳

❲❡ ❤❛✈❡ ♣r♦✈❡❞ ❝♦♥s✐st❡♥❝② ❛♥❞ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ❢♦r t❤❡ ▼▲ ❛♥❞ ❈❱ ❡st✐♠❛t♦rs✱ ✉♥❞❡r
r❛t❤❡r ♠✐♥✐♠❛❧ ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ❛r❡ ❞❡t❡r♠✐♥✐st✐❝ ❢✉♥❝t✐♦♥s ♦❢
t❤❡ r❡❣✉❧❛r✐t② ♣❛r❛♠❡t❡r ♦♥❧②✳ ❍❡♥❝❡✱ t❤❡② ❛r❡ t❤❡ ♥❛t✉r❛❧ t♦♦❧ t♦ ❛ss❡ss t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡
✐rr❡❣✉❧❛r✐t② ♦❢ t❤❡ s♣❛t✐❛❧ s❛♠♣❧✐♥❣ ♦♥ t❤❡ ▼▲ ❛♥❞ ❈❱ ❡st✐♠❛t♦rs✳

❚❤✐s ✐s ❝❛rr✐❡❞ ♦✉t ❜② ♠❡❛♥s ♦❢ ❛♥ ❡①❤❛✉st✐✈❡ st✉❞② ♦❢ t❤❡ ▼❛tér♥ ♠♦❞❡❧✳ ■t ✐s s❤♦✇♥
t❤❛t ♠✐❧❞❧② ♣❡rt✉r❜✐♥❣ t❤❡ r❡❣✉❧❛r ❣r✐❞ ❝❛♥ ❞❛♠❛❣❡ ❜♦t❤ ▼▲ ❛♥❞ ❈❱ ❡st✐♠❛t✐♦♥✱ ❛♥❞ t❤❛t
❈❱ ❡st✐♠❛t✐♦♥ ❝❛♥ ❛❧s♦ ❜❡ ❞❛♠❛❣❡❞ ✇❤❡♥ str♦♥❣❧② ♣❡rt✉r❜✐♥❣ t❤❡ r❡❣✉❧❛r ❣r✐❞✳ ❍♦✇❡✈❡r✱ ✇❡
♣✉t ✐♥t♦ ❡✈✐❞❡♥❝❡ t❤❛t str♦♥❣❧② ♣❡rt✉r❜✐♥❣ t❤❡ r❡❣✉❧❛r ❣r✐❞ ❛❧✇❛②s ✐♠♣r♦✈❡s t❤❡ ▼▲ ❡st✐♠❛t✐♦♥✱
✇❤✐❝❤ ✐s ❛ ♠♦r❡ ❡✣❝✐❡♥t ❡st✐♠❛t♦r t❤❛♥ ❈❱✱ ✐♥ t❤❡ ✇❡❧❧✲s♣❡❝✐✜❡❞ ❝❛s❡ ❛❞❞r❡ss❡❞ ❤❡r❡✳ ❍❡♥❝❡✱
✇❡ ❝♦♥✜r♠ t❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ ❬✸✶❪ ❛♥❞ ❬✹✵❪ t❤❛t ✉s✐♥❣ ❣r♦✉♣s ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✇✐t❤ s♠❛❧❧
s♣❛❝✐♥❣✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♦❜s❡r✈❛t✐♦♥ ❞❡♥s✐t② ✐♥ t❤❡ ♦❜s❡r✈❛t✐♦♥ ❞♦♠❛✐♥✱ ✐♠♣r♦✈❡s t❤❡ ❝♦✈❛r✐❛♥❝❡
❢✉♥❝t✐♦♥ ❡st✐♠❛t✐♦♥✳ ■♥ ❣❡♦st❛t✐st✐❝s✱ s✉❝❤ ❣r♦✉♣s ♦❢ ♣♦✐♥ts ❛r❡ ❛❧s♦ ❛❞❞❡❞ t♦ r❡❣✉❧❛r s❛♠♣❧✐♥❣s
✐♥ ♣r❛❝t✐❝❡ ❬✶✶❪✳

❲❡ ❤❛✈❡ ❛❧s♦ st✉❞✐❡❞ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ s♣❛t✐❛❧ s❛♠♣❧✐♥❣ ♦♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r✳ ❘❡❣✉❧❛r
s❛♠♣❧✐♥❣s ✇❡r❡ s❤♦✇♥ t♦ ❜❡ t❤❡ ♠♦st ❡✣❝✐❡♥t ❛s r❡❣❛r❞s t♦ t❤✐s ❝r✐t❡r✐♦♥✳ ❚❤✐s ✐s ✐♥ ❛❣r❡❡♠❡♥t
✇✐t❤✱ ❡✳❣✳ ❬✹✵❪ ❛♥❞ ✇✐t❤ ❬✷✷❪ ✇❤❡r❡ s❛♠♣❧✐♥❣s ❢♦r ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐♦♥ ✇✐t❤ ❦♥♦✇♥ ❝♦✈❛r✐❛♥❝❡
♣❛r❛♠❡t❡rs ❛r❡ s❡❧❡❝t❡❞ ❜② ♦♣t✐♠✐③✐♥❣ ❛ s♣❛❝❡ ✜❧❧✐♥❣ ❝r✐t❡r✐♦♥✳

❚❤❡ ✉❧t✐♠❛t❡ ❣♦❛❧ ♦❢ ❛ ❑r✐❣✐♥❣ ♠♦❞❡❧ ✐s ♣r❡❞✐❝t✐♦♥ ✇✐t❤ ❡st✐♠❛t❡❞ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✳
❍❡♥❝❡✱ ❡✣❝✐❡♥t s❛♠♣❧✐♥❣s ❢♦r t❤✐s ❝r✐t❡r✐♦♥ ♠✉st ❛❞❞r❡ss t✇♦ ❝r✐t❡r✐❛ t❤❛t ❤❛✈❡ ❜❡❡♥ s❤♦✇♥ t♦ ❜❡
❛♥t❛❣♦♥✐st✐❝✳ ■♥ t❤❡ ❧✐t❡r❛t✉r❡✱ t❤❡r❡ s❡❡♠s t♦ ❜❡ ❛ ❝♦♠♠♦♥❧② ❛❞♠✐tt❡❞ ♣r❛❝t✐❝❡ ❢♦r s♦❧✈✐♥❣ t❤✐s
✐ss✉❡ ❬✹✵✱ ✷✷❪✳ ❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ ❢♦r s❡❧❡❝t✐♥❣ ❛♥ ❡✣❝✐❡♥t s❛♠♣❧✐♥❣ ❢♦r ♣r❡❞✐❝t✐♦♥ ✇✐t❤ ❡st✐♠❛t❡❞
❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✱ ♦♥❡ ♠❛② s❡❧❡❝t ❛ r❡❣✉❧❛r s❛♠♣❧✐♥❣ ❢♦r ♣r❡❞✐❝t✐♦♥ ✇✐t❤ ❦♥♦✇♥ ❝♦✈❛r✐❛♥❝❡
♣❛r❛♠❡t❡rs ❛♥❞ ❛✉❣♠❡♥t ✐t ✇✐t❤ ❛ s❛♠♣❧✐♥❣ ❢♦r ❡st✐♠❛t✐♦♥ ✭✇✐t❤ ❝❧♦s❡❧② s♣❛❝❡❞ ♦❜s❡r✈❛t✐♦♥
♣♦✐♥ts✮✳ ❚❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ ♣♦✐♥ts ❢♦r t❤❡ t✇♦ s❛♠♣❧✐♥❣s ✐s ♦♣t✐♠✐③❡❞ ✐♥ t❤❡ t✇♦ ❛❢♦r❡♠❡♥t✐♦♥❡❞

✷✹



r❡❢❡r❡♥❝❡s ❜② ♦♣t✐♠✐③✐♥❣ ❛ ❝r✐t❡r✐♦♥ ❢♦r ♣r❡❞✐❝t✐♦♥ ✇✐t❤ ❡st✐♠❛t❡❞ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✳ ❚❤✐s
❝r✐t❡r✐♦♥ ✐s ♠♦r❡ ❡①♣❡♥s✐✈❡ t♦ ❝♦♠♣✉t❡✱ ❜✉t ✐s ♥♦t ♦♣t✐♠✐③❡❞ ✐♥ ❛ ❧❛r❣❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ■♥
❬✹✵✱ ✷✷❪✱ t❤❡ ♠❛❥♦r✐t② ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ❜❡❧♦♥❣ t♦ t❤❡ r❡❣✉❧❛r s❛♠♣❧✐♥❣ ❢♦r ♣r❡❞✐❝t✐♦♥
✇✐t❤ ❦♥♦✇♥ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✳ ❚❤✐s ✐s s✐♠✐❧❛r ✐♥ t❤❡ ❣❡♦st❛t✐st✐❝❛❧ ❝♦♠♠✉♥✐t② ❬✶✶❪✱ ✇❤❡r❡
r❡❣✉❧❛r s❛♠♣❧✐♥❣s✱ ❛✉❣♠❡♥t❡❞ ✇✐t❤ ❢❡✇ ❝❧♦s❡❧② s♣❛❝❡❞ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✱ ♠❛❦✐♥❣ t❤❡ ✐♥♣✉ts
✈❛r② ♠✐❧❞❧②✱ ❛r❡ ✉s❡❞✳ ■♥ ✈✐❡✇ ♦❢ ♦✉r t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♣r❛❝t✐❝❛❧ r❡s✉❧ts ♦❢ s❡❝t✐♦♥s ✹ ❛♥❞ ✺✱ ✇❡ ❛r❡
✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤✐s ♠❡t❤♦❞ ❢♦r ❜✉✐❧❞✐♥❣ s❛♠♣❧✐♥❣s ❢♦r ♣r❡❞✐❝t✐♦♥ ✇✐t❤ ❡st✐♠❛t❡❞ ❝♦✈❛r✐❛♥❝❡
♣❛r❛♠❡t❡rs✳

❆♥ ✐♠♣♦rt❛♥t ❧✐♠✐t❛t✐♦♥ ✇❡ s❡❡✱ t❤♦✉❣❤✱ ✐♥ t❤❡ ❡①♣❛♥s✐♦♥✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦ ✇❡
❛❞❞r❡ss✱ ✐s t❤❛t ♣r❡❞✐❝t✐♦♥ ✇✐t❤ ❡st✐♠❛t❡❞ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ❝♦rr❡s♣♦♥❞s ❛s②♠♣t♦t✐❝❛❧❧②
t♦ ♣r❡❞✐❝t✐♦♥ ✇✐t❤ ❦♥♦✇♥ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✳ ❙❛✐❞ ❞✐✛❡r❡♥t❧②✱ t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ ♦❜s❡r✈❛t✐♦♥
♣♦✐♥ts ❛❞❞r❡ss✐♥❣ ❡st✐♠❛t✐♦♥✱ ✐♥ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ tr❛❞❡✲♦✛✱ ✇♦✉❧❞ ❣♦ t♦ ③❡r♦✳ ❆s ✇❡ ❞✐s❝✉ss
❛❢t❡r ♣r♦♣♦s✐t✐♦♥ ✺✳✷✱ ♠✐①❡❞ ✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ♦r ✜①❡❞✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s ❝♦✉❧❞ ❣✐✈❡ ♠♦r❡
✐♠♣♦rt❛♥❝❡ t♦ t❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♣r❡❞✐❝t✐♥❣ ✇✐t❤ ❦♥♦✇♥
❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✳

❙✐♥❝❡ ♦✉r s❛♠♣❧✐♥❣ ✐s ❜✉✐❧t ❜② ♣❡rt✉r❜✐♥❣ ❛ r❡❣✉❧❛r ❣r✐❞✱ ✐t ♠❛② ♥♦t ❡♥❛❜❧❡ ✉s t♦ ❛❞❞r❡ss ✈❡r②
❤✐❣❤ ❞❡❣r❡❡ ♦❢ ✐rr❡❣✉❧❛r✐t②✱ s✉❝❤ ❛s t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞ ❢r♦♠ iid r❛♥❞♦♠ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✇✐t❤
♥♦♥✲✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ❬✶✸✱ ✶✹❪✳ ◆❡✈❡rt❤❡❧❡ss✱ ✉s✐♥❣ ❞✐r❡❝t❧② iid r❛♥❞♦♠ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts
♠❛❦❡s ✐t ❞✐✣❝✉❧t t♦ ♣❛r❛♠❡t❡r✐③❡ t❤❡ ✐rr❡❣✉❧❛r✐t② ♦❢ t❤❡ s❛♠♣❧✐♥❣✱ ✇❤✐❝❤ ❤❛✈❡ ❡♥❛❜❧❡❞ ✉s t♦
♣❡r❢♦r♠ ❡①❤❛✉st✐✈❡ ♥✉♠❡r✐❝❛❧ st✉❞✐❡s✱ ✐♥ ✇❤✐❝❤ ❝♦♠♣❛r✐♥❣ t❤❡ ✐rr❡❣✉❧❛r✐t② ♦❢ t✇♦ s❛♠♣❧✐♥❣s
✇❛s ✉♥❛♠❜✐❣✉♦✉s✳ ❆ ♣❛r❛♠❡t❡r✐③❡❞ s❛♠♣❧✐♥❣ ❢❛♠✐❧② ✇❡ s❡❡ ❛s ✐♥t❡r❡st✐♥❣ ✇♦✉❧❞ ❜❡ s❛♠♣❧✐♥❣s
✐♥ ✇❤✐❝❤ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ❛r❡ iid r❡❛❧✐③❛t✐♦♥s st❡♠♠✐♥❣ ❢r♦♠ ❛ ❣✐✈❡♥ ❞✐str✐❜✉t✐♦♥✱ ❜✉t
❝♦♥❞✐t✐♦♥❛❧❧② t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ♠✐♥✐♠✉♠ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❞✐✛❡r❡♥t ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✐s
❧❛r❣❡r t❤❛♥ ❛ r❡❣✉❧❛r✐t② ♣❛r❛♠❡t❡r ǫ′✳ ■♥ t❤✐s ❢r❛♠❡✇♦r❦✱ ǫ′ = 0 ✇♦✉❧❞ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♠♦st
✐rr❡❣✉❧❛r s❛♠♣❧✐♥❣✳ ■♥❝r❡❛s✐♥❣ ǫ′ ✇♦✉❧❞ ❝♦rr❡s♣♦♥❞ t♦ ✐♥❝r❡❛s❡ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ s❛♠♣❧✐♥❣✳ ■t
s❡❡♠s t♦ ✉s t❤❛t ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥ s✐♠✐❧❛r t♦ ♣r♦♣♦s✐t✐♦♥s ✸✳✷ ❛♥❞ ✸✳✻ ❝♦✉❧❞ ❜❡ ♦❜t❛✐♥❡❞
✐♥ t❤✐s s❡tt✐♥❣✱ ✉s✐♥❣ s✐♠✐❧❛r ♠❡t❤♦❞s✱ t❤♦✉❣❤ t❡❝❤♥✐❝❛❧ ❛s♣❡❝ts ♠❛② ❜❡ ❛❞❞r❡ss❡❞ ❞✐✛❡r❡♥t❧②✳

❚❤❡ ❈❱ ❝r✐t❡r✐♦♥ ✇❡ ❤❛✈❡ st✉❞✐❡❞ ✐s ❛ ♠❡❛♥ sq✉❛r❡ ❡rr♦r ❝r✐t❡r✐♦♥✳ ❚❤✐s ✐s ❛ ❝❧❛ss✐❝❛❧ ❈❱
❝r✐t❡r✐♦♥ t❤❛t ✐s ✉s❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ❬✷✼❪ ✇❤❡♥ t❤❡ ❈❱ ❛♥❞ ▼▲ ❡st✐♠❛t✐♦♥s ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡
♣❛r❛♠❡t❡rs ❛r❡ ❝♦♠♣❛r❡❞✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤✐s ❈❱ ❡st✐♠❛t♦r ❝❛♥ ❤❛✈❡ ❛ ❝♦♥s✐❞❡r❛❜❧②
❧❛r❣❡r ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ t❤❛♥ t❤❡ ▼▲ ❡st✐♠❛t♦r✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❛♥❞ ❝❛♥ ❜❡ s❡♥s✐t✐✈❡ t♦ t❤❡
✐rr❡❣✉❧❛r✐t② ♦❢ t❤❡ s♣❛t✐❛❧ s❛♠♣❧✐♥❣✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✳ ❆❧t❤♦✉❣❤ t❤✐s ❡st✐♠❛t♦r ♣❡r❢♦r♠s ❜❡tt❡r
t❤❛♥ ▼▲ ✐♥ ❝❛s❡s ♦❢ ♠♦❞❡❧ ♠✐ss♣❡❝✐✜❝❛t✐♦♥ ❬✺❪✱ ❢✉rt❤❡r r❡s❡❛r❝❤ ♠❛② ❛✐♠ ❛t st✉❞②✐♥❣ ❛❧t❡r♥❛t✐✈❡
❈❱ ❝r✐t❡r✐❛ t❤❛t ✇♦✉❧❞ ❤❛✈❡ ❛ ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡ ✐♥ t❤❡ ✇❡❧❧✲s♣❡❝✐✜❡❞ ❝❛s❡✳

❖t❤❡r ❈❱ ❝r✐t❡r✐❛ ❛r❡ ♣r♦♣♦s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ❢♦r ✐♥st❛♥❝❡ t❤❡ ▲❖❖ ❧♦❣✲♣r❡❞✐❝t✐✈❡ ♣r♦❜✲
❛❜✐❧✐t② ✐♥ ❬✷✹❪ ❛♥❞ t❤❡ ●❡✐ss❡r✬s ♣r❡❞✐❝t✐✈❡ ♠❡❛♥ sq✉❛r❡ ❡rr♦r ✐♥ ❬✸✷❪✳ ■t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦
st✉❞②✱ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤✐s ♣❛♣❡r✱ t❤❡ ✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s ❢♦r t❤❡s❡ ❡st✐♠❛t♦rs
❛♥❞ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ✐rr❡❣✉❧❛r✐t② ♦❢ t❤❡ s♣❛t✐❛❧ s❛♠♣❧✐♥❣✳

■♥ s❡❝t✐♦♥ ✹✱ ✇❡ ♣♦✐♥t❡❞ ♦✉t t❤❛t✱ ✇❤❡♥ t❤❡ s♣❛t✐❛❧ s❛♠♣❧✐♥❣ ✐s ✐rr❡❣✉❧❛r✱ t❤❡ ♠❡❛♥ sq✉❛r❡ ❡r✲
r♦r ❈❱ ❝r✐t❡r✐♦♥ ❝♦✉❧❞ ❜❡ ❝♦♠♣♦s❡❞ ♦❢ ▲❖❖ ❡rr♦rs ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ✈❛r✐❛♥❝❡s✱ ✇❤✐❝❤ ✐♥❝r❡❛s❡s
t❤❡ ❈❱ ❡st✐♠❛t✐♦♥ ✈❛r✐❛♥❝❡✳ ▼❡t❤♦❞s t♦ ♥♦r♠❛❧✐③❡ t❤❡ ▲❖❖ ❡rr♦rs ✇♦✉❧❞ ❜❡ ❛♥ ✐♥t❡r❡st✐♥❣ r❡✲
s❡❛r❝❤ ❞✐r❡❝t✐♦♥ t♦ ❡①♣❧♦r❡✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts

❚❤❡ ❛✉t❤♦r ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❤✐s ❛❞✈✐s♦rs ❏♦ss❡❧✐♥ ●❛r♥✐❡r ✭❯♥✐✈❡rs✐t② P❛r✐s ❉✐❞❡r♦t✮ ❛♥❞
❏❡❛♥✲▼❛r❝ ▼❛rt✐♥❡③ ✭❋r❡♥❝❤ ❆❧t❡r♥❛t✐✈❡ ❊♥❡r❣✐❡s ❛♥❞ ❆t♦♠✐❝ ❊♥❡r❣② ❈♦♠♠✐ss✐♦♥ ✲ ◆✉❝❧❡❛r
❊♥❡r❣② ❉✐✈✐s✐♦♥ ❛t ❈❊❆✲❙❛❝❧❛②✱ ❉❊◆✱ ❉▼✷❙✱ ❙❚▼❋✱ ▲●▲❙✮ ❢♦r t❤❡✐r ❛❞✈✐❝❡s ❛♥❞ s✉❣❣❡st✐♦♥s✳
❚❤❡ ❛✉t❤♦r ❛❝❦♥♦✇❧❡❞❣❡s ❢r✉✐t❢✉❧ r❡♣♦rts ❢r♦♠ t❤❡ t✇♦ ❛♥♦♥②♠♦✉s r❡✈✐❡✇❡rs✱ t❤❛t ❤❡❧♣❡❞ t♦ ✐♠✲
♣r♦✈❡ ❛♥ ❡❛r❧✐❡r ✈❡rs✐♦♥ ♦❢ t❤❡ ♠❛♥✉s❝r✐♣t✳ ❚❤❡ ❛✉t❤♦r ♣r❡s❡♥t❡❞ t❤❡ ❝♦♥t❡♥ts ♦❢ t❤❡ ♠❛♥✉s❝r✐♣t
❛t t✇♦ ✇♦r❦s❤♦♣s ♦❢ t❤❡ ❘❡❉■❈❊ ❝♦♥s♦rt✐✉♠✱ ✇❤❡r❡ ❤❡ ❜❡♥❡✜t❡❞ ❢r♦♠ ❝♦♥str✉❝t✐✈❡ ❝♦♠♠❡♥ts
❛♥❞ s✉❣❣❡st✐♦♥s✳

✷✺



❆♣♣❡♥❞✐① ❆✳ Pr♦♦❢s ❢♦r s❡❝t✐♦♥ ✸

■♥ t❤❡ ♣r♦♦❢s✱ ✇❡ ❞✐st✐♥❣✉✐s❤ t❤r❡❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡s✳
(ΩX ,FX , PX) ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ r❛♥❞♦♠ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ r❡❣✉❧❛r

❣r✐❞✳ (Xi)i∈N∗ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ iid SX ✲✈❛❧✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❞❡✜♥❡❞ ♦♥ (ΩX ,FX , PX)✱ ✇✐t❤
❞✐str✐❜✉t✐♦♥ LX ✳ ❲❡ ❞❡♥♦t❡ ❜② ωX ❛♥ ❡❧❡♠❡♥t ♦❢ ΩX ✳

(ΩY ,FY , PY ) ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss✳ Y ✐s ❛ ❝❡♥t❡r❡❞
●❛✉ss✐❛♥ ♣r♦❝❡ss ✇✐t❤ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ Kθ0 ❞❡✜♥❡❞ ♦♥ (ΩY ,FY , PY )✳ ❲❡ ❞❡♥♦t❡ ❜② ωY ❛♥
❡❧❡♠❡♥t ♦❢ ΩY ✳

(Ω,F ,P) ✐s t❤❡ ♣r♦❞✉❝t s♣❛❝❡ (ΩX × ΩY ,FX ⊗ FY , PX × PY )✳ ❲❡ ❞❡♥♦t❡ ❜② ω ❛♥ ❡❧❡♠❡♥t
♦❢ Ω✳

❆❧❧ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ♣r♦♦❢s ❝❛♥ ❜❡ ❞❡✜♥❡❞ r❡❧❛t✐✈❡❧② t♦ t❤❡ ♣r♦❞✉❝t s♣❛❝❡ (Ω,F ,P)✳
❍❡♥❝❡✱ ❛❧❧ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ st❛t❡♠❡♥ts ✐♥ t❤❡ ♣r♦♦❢s ❤♦❧❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤✐s ♣r♦❞✉❝t s♣❛❝❡✱
✉♥❧❡ss ✐t ✐s st❛t❡❞ ♦t❤❡r✇✐s❡✳

■♥ t❤❡ ♣r♦♦❢s✱ ✇❤❡♥ (fn)n∈N∗ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ r❡❛❧ ❢✉♥❝t✐♦♥s ♦❢ X = (Xi)
n
i=1✱ fn ✐s ❛❧s♦ ❛

s❡q✉❡♥❝❡ ♦❢ r❡❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ♦♥ (ΩX ,FX , PX)✳ ❲❤❡♥ ✇❡ ✇r✐t❡ t❤❛t fn ✐s ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧②
✐♥ n ❛♥❞ x✱ ✇❡ ♠❡❛♥ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ ❝♦♥st❛♥t K s♦ t❤❛t supn supx∈Sn

X
|fn(x)| ≤ K✳

❲❡ t❤❡♥ ❤❛✈❡ t❤❛t fn ✐s ❜♦✉♥❞❡❞ PX ✲❛✳s✳✱ ✐✳❡✳ supn fn ≤ K ❢♦r ❛✳❡✳ ωX ∈ ΩX ✳ ❲❡ ♠❛②
❛❧s♦ ✇r✐t❡ t❤❛t fn ✐s ❧♦✇❡r✲❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧② ✐♥ n ❛♥❞ x ✇❤❡♥ t❤❡r❡ ❡①✐sts a > 0 s♦ t❤❛t
infn infx∈Sn

X
fn(x) ≥ a✳ ❲❤❡♥ fn ❛❧s♦ ❞❡♣❡♥❞s ♦♥ θ✱ ✇❡ s❛② t❤❛t fn ✐s ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧② ✐♥ n✱

x ❛♥❞ θ ✇❤❡♥ supθ∈Θ fn ✐s ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧② ✐♥ n ❛♥❞ x✳ ❲❡ ❛❧s♦ s❛② t❤❛t fn ✐s ❧♦✇❡r✲❜♦✉♥❞❡❞
✉♥✐❢♦r♠❧② ✐♥ n✱ x ❛♥❞ θ ✇❤❡♥ infθ∈Θ fn ✐s ❧♦✇❡r✲❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧② ✐♥ n ❛♥❞ x✳

❲❤❡♥ ✇❡ ✇r✐t❡ t❤❛t fn ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ✉♥✐❢♦r♠❧② ✐♥ x✱ ✇❡ ♠❡❛♥ t❤❛t supx∈Sn
X
|fn(x)| →n→+∞

0✳ ❖♥❡ t❤❡♥ ❤❛✈❡ t❤❛t fn ❝♦♥✈❡r❣❡s t♦ ③❡r♦ PX ✲❛✳s✳ ❲❤❡♥ fn ❛❧s♦ ❞❡♣❡♥❞s ♦♥ θ✱ ✇❡ s❛② t❤❛t fn
❝♦♥✈❡r❣❡s t♦ ③❡r♦ ✉♥✐❢♦r♠❧② ✐♥ n✱ x ❛♥❞ θ ✇❤❡♥ supθ∈Θ fn ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ✉♥✐❢♦r♠❧② ✐♥ n ❛♥❞
x✳

❲❤❡♥ fn ✐s ❛ s❡q✉❡♥❝❡ ♦❢ r❡❛❧ ❢✉♥❝t✐♦♥s ♦❢ X ❛♥❞ Y ✱ fn ✐s ❛❧s♦ ❛ s❡q✉❡♥❝❡ ♦❢ r❡❛❧ r❛♥❞♦♠
✈❛r✐❛❜❧❡s ♦♥ (Ω,F ,P)✳ ❲❤❡♥ ✇❡ s❛② t❤❛t fn ✐s ❜♦✉♥❞❡❞ ✐♥ ♣r♦❜❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥❛❧❧② t♦X = x ❛♥❞
✉♥✐❢♦r♠❧② ✐♥ x✱ ✇❡ ♠❡❛♥ t❤❛t✱ ❢♦r ❡✈❡r② δ > 0✱ t❤❡r❡ ❡①✐stM ✱ N s♦ t❤❛t supn≥N supx∈Sn

X
P(|fn| ≥

M |X = x) ≤ δ✳ ❖♥❡ t❤❡♥ ❤❛✈❡ t❤❛t fn ✐s ❜♦✉♥❞❡❞ ✐♥ ♣r♦❜❛❜✐❧✐t② ✭❞❡✜♥❡❞ ♦♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡✮✳

❆♣♣❡♥❞✐① ❆✳✶✳ Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✶

Pr♦♦❢✳ ❲❡ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐st s❡q✉❡♥❝❡s ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ❞❡✜♥❡❞ ♦♥ (ΩX ,FX , PX)✱
Dθ,θ0 ❛♥❞ D2,θ,θ0 ✭❢✉♥❝t✐♦♥s ♦❢ n ❛♥❞ X✮✱ s♦ t❤❛t supθ |(Lθ − Lθ0)−Dθ,θ0 | →p 0 ✭✐♥ ♣r♦❜❛✲
❜✐❧✐t② ♦❢ t❤❡ ♣r♦❞✉❝t s♣❛❝❡✮ ❛♥❞ Dθ,θ0 ≥ BD2,θ,θ0 PX ✲❛✳s✳ ❢♦r ❛ ❝♦♥st❛♥t B > 0✳ ❲❡ t❤❡♥
s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts D∞,θ,θ0 ✱ ❛ ❞❡t❡r♠✐♥✐st✐❝ ♥♦♥✲♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥ ♦❢ θ, θ0 ♦♥❧②✱ s♦ t❤❛t
supθ |D2,θ,θ0 −D∞,θ,θ0 | = op (1) ❛♥❞ ❢♦r ❛♥② α > 0✱

inf
|θ−θ0|≥α

D∞,θ,θ0 > 0. ✭❆✳✶✮

❚❤✐s ✐♠♣❧✐❡s ❝♦♥s✐st❡♥❝②✳
❲❡ ❤❛✈❡ Lθ = 1

n
log {det (Rθ)}+ 1

n
ytR−1

θ y✳ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Rθ ❛♥❞ R−1
θ ❜❡✐♥❣ ❜♦✉♥❞❡❞

✉♥✐❢♦r♠❧② ✐♥ n ❛♥❞ x ✭❧❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✺✮✱ var (Lθ|X = x) ❝♦♥✈❡r❣❡s t♦ 0 ✉♥✐❢♦r♠❧② ✐♥ x✱
❛♥❞ s♦ Lθ − E (Lθ|X) ❝♦♥✈❡r❣❡s ✐♥ ♣r♦❜❛❜✐❧✐t② P t♦ ③❡r♦✳

❚❤❡♥✱ ✇✐t❤ z = R
− 1

2

θ0
y✱

sup
k∈{1,...,p},θ∈Θ

∣

∣

∣

∣

∂Lθ

∂θk

∣

∣

∣

∣

= sup
k∈{1,...,p},θ∈Θ

1

n

{

Tr

(

R−1
θ

∂Rθ

∂θk

)

+ ztR
1
2

θ0
R−1

θ

∂Rθ

∂θk
R−1

θ R
1
2

θ0
z

}

≤ sup
k∈{1,...,p},θ∈Θ

{

max

(

∣

∣

∣

∣R−1
θ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∂Rθ

∂θk

∣

∣

∣

∣

∣

∣

∣

∣

, ||Rθ0 ||
∣

∣

∣

∣R−2
θ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∂Rθ

∂θk

∣

∣

∣

∣

∣

∣

∣

∣

)}(

1 +
1

n
|z|2
)

,

❛♥❞ ✐s ❤❡♥❝❡ ❜♦✉♥❞❡❞ ✐♥ ♣r♦❜❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥❛❧❧② t♦ X = x✱ ✉♥✐❢♦r♠❧② ✐♥ x✱ ❜❡❝❛✉s❡ ♦❢ ❧❡♠♠❛
❆♣♣❡♥❞✐① ❉✳✺ ❛♥❞ t❤❡ ❢❛❝t t❤❛t z ∼ N (0, In) ❣✐✈❡♥ X = x✳

✷✻



❇❡❝❛✉s❡ ♦❢ t❤❡ s✐♠♣❧❡ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s✱ supθ |Lθ−E (Lθ|X) | →p

0✳ ❲❡ t❤❡♥ ❞❡♥♦t❡ Dθ,θ0 := E (Lθ|X)−E (Lθ0 |X)✳ ❲❡ t❤❡♥ ❤❛✈❡ supθ | (Lθ − Lθ0)−Dθ,θ0 | →p 0✳
❲❡ ❤❛✈❡ E (Lθ|X) = 1

n
log {det (Rθ)}+ 1

n
Tr
(

R−1
θ Rθ0

)

❛♥❞ ❤❡♥❝❡✱ PX ✲❛✳s✳

Dθ,θ0 =
1

n
log {det (Rθ)}+

1

n
Tr
(

R−1
θ Rθ0

)

− 1

n
log {det (Rθ0)} − 1

=
1

n

n
∑

i=1

[

− log
{

φi

(

R
1
2

θ0
R−1

θ R
1
2

θ0

)}

+ φi

(

R
1
2

θ0
R−1

θ R
1
2

θ0

)

− 1
]

.

❯s✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✹ ❛♥❞ ❧❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✺✱ t❤❡r❡ ❡①✐st 0 < a < b < +∞
s♦ t❤❛t ❢♦r ❛❧❧ x✱ n✱ θ✱ a < φi

(

R
1
2

θ0
R−1

θ R
1
2

θ0

)

< b✳ ❲❡ ❞❡♥♦t❡ f (t) = − log (t) + t − 1✳ ❆s f ✐s

♠✐♥✐♠❛❧ ✐♥ 1✱ f ′ (1) = 0 ❛♥❞ f ′′ (1) = 1✱ t❤❡r❡ ❡①✐sts A > 0 s♦ t❤❛t✱ ❢♦r t ∈ [a, b]✱ f (t) ✐s ❧❛r❣❡r

t❤❛♥ A (t− 1)
2
✳ ❚❤❡♥✱

Dθ,θ0 ≥ A
1

n

n
∑

i=1

{

1− φi

(

R
1
2

θ0
R−1

θ R
1
2

θ0

)}2

= A
1

n
Tr

{

(

I −R
1
2

θ0
R−1

θ R
1
2

θ0

)2
}

= A
∣

∣

∣
R

− 1
2

θ (Rθ −Rθ0)R
− 1

2

θ

∣

∣

∣

2

.

❚❤❡♥✱ ❛s t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ R
− 1

2

θ ❛r❡ ❧❛r❣❡r t❤❛♥ c > 0✱ ✉♥✐❢♦r♠❧② ✐♥ n✱ x ❛♥❞ θ✱ ❛♥❞ ✇✐t❤
|MN |2 ≥ infi φ

2
i (M) |N |2 ❢♦r M s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡✱ ✇❡ ♦❜t❛✐♥✱ ❢♦r s♦♠❡ B > 0✱ ❛♥❞ ✉♥✐❢♦r♠❧②

✐♥ n✱ x ❛♥❞ θ✱
Dθ,θ0 ≥ B|Rθ −Rθ0 |2 := BD2,θ,θ0 .

❋♦r ǫ = 0✱ D2,θ,θ0 ✐s ❞❡t❡r♠✐♥✐st✐❝ ❛♥❞ ✇❡ s❤♦✇ t❤❛t ✐t ❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠❧② ✐♥ θ t♦

D∞,θ,θ0 :=
∑

v∈Zd

{Kθ (v)−Kθ0 (v)}2 . ✭❆✳✷✮

■♥❞❡❡❞✱

∣

∣|Rθ −Rθ0 |2 −D∞,θ,θ0

∣

∣ ≤ 1

n

n
∑

i=1

∣

∣

∣

∣

∣

∣

n
∑

j=1

{Kθ(vi − vj)−Kθ0(vi − vj)}2 −
∑

v∈Zd

{Kθ (v)−Kθ0 (v)}2
∣

∣

∣

∣

∣

∣

.

◆♦✇✱ ✉s✐♥❣ ❧❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✶ ❛♥❞ ✭✶✮✱ supθ∈Θ,1≤i≤n

∑

v∈(N∗)d {Kθ (vi − v)−Kθ0 (vi − v)}2
✐s ❜♦✉♥❞❡❞ ❜② C < +∞✱ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ n✳ ▲❡t δ > 0✳ ❯s✐♥❣ ❧❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✸ ❛♥❞ ✭✶✮✱

t❤❡r❡ ❡①✐sts T < +∞ s♦ t❤❛t supθ∈Θ,1≤i≤n

∑

v∈(N∗)d,|v−vi|∞≥T {Kθ (vi − v)−Kθ0 (vi − v)}2 ✐s
❜♦✉♥❞❡❞ ❜② δ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ n✳ ❋✐♥❛❧❧②✱ ❢♦r ❛♥② n✱ ❧❡t En ❜❡ t❤❡ s❡t ♦❢ ♣♦✐♥ts vi✱ 1 ≤ i ≤ n✱
s♦ t❤❛t

∏d
k=1 {(vi)k − T, ..., (vi)k + T} 6⊂ {vi, 1 ≤ i ≤ n}✳ ❚❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ En ✐s ❞❡♥♦t❡❞ ❜②

n1,n ❛♥❞ ✐s s♦ t❤❛t
n1,n

n
→n→+∞ 0✳

t❤❡♥✱

∣

∣|Rθ −Rθ0 |2 −D∞,θ,θ0

∣

∣ ≤ 1

n

∑

1≤i≤n,vi∈En

∣

∣

∣

∣

∣

∣

n
∑

j=1

{Kθ(vi − vj)−Kθ0(vi − vj)}2 −
∑

v∈Zd

{Kθ (v)−Kθ0 (v)}2
∣

∣

∣

∣

∣

∣

+
1

n

∑

1≤i≤n,vi 6∈En

∣

∣

∣

∣

∣

∣

n
∑

j=1

{Kθ(vi − vj)−Kθ0(vi − vj)}2 −
∑

v∈Zd

{Kθ (v)−Kθ0 (v)}2
∣

∣

∣

∣

∣

∣

≤ n1,n

n
(2C) +

1

n

∑

1≤i≤n,vi 6∈En

∑

v∈(N∗)d,|v−vi|∞≥T

{Kθ (vi − v)−Kθ0 (vi − v)}2

≤ n1

n
(2C) + δ.

✷✼



❚❤✉s✱
∣

∣|Rθ −Rθ0 |2 −D∞,θ,θ0

∣

∣ ✐s s♠❛❧❧❡r t❤❛♥ 2δ ❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤✳
❋♦r ǫ = 0✱ D∞,θ,θ0 ✐s ❝♦♥t✐♥✉♦✉s ✐♥ θ ❜❡❝❛✉s❡ t❤❡ s❡r✐❡s ♦❢ t❡r♠ supθ |Kθ (v) |2✱ v ∈ Z

d

✐s s✉♠♠❛❜❧❡ ✉s✐♥❣ ✭✶✮ ❛♥❞ ❧❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✶✳ ❍❡♥❝❡✱ ✐❢ t❤❡r❡ ❡①✐sts α > 0 s♦ t❤❛t
inf |θ−θ0|≥α D∞,θ,θ0 = 0✱ ✇❡ ❝❛♥✱ ✉s✐♥❣ ❛ ❝♦♠♣❛❝✐t② ❛♥❞ ❝♦♥t✐♥✉✐t② ❛r❣✉♠❡♥t✱ ❤❛✈❡ θ∞ 6= θ0
s♦ t❤❛t ✭❆✳✷✮ ✐s ♥✉❧❧✳ ❍❡♥❝❡ ✇❡ s❤♦✇❡❞ ✭❆✳✶✮ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✱ ✇❤✐❝❤ s❤♦✇s t❤❡ ♣r♦♣♦s✐t✐♦♥ ❢♦r
ǫ = 0✳

❋♦r ǫ 6= 0✱ D2,θ,θ0 = 1
n
Tr
{

(Rθ −Rθ0)
2
}

✳ ❲✐t❤ ✜①❡❞ θ✱ ✉s✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼✱

D2,θ,θ0 ❝♦♥✈❡r❣❡s ✐♥ PX ✲♣r♦❜❛❜✐❧✐t② t♦ D∞,θ,θ0 := limn→∞ EX (D2,θ,θ0)✳ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡
∂Rθ

∂θi
✱ 1 ≤ i ≤ n✱ ❜❡✐♥❣ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧② ✐♥ n✱ θ✱ x✱ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ r❡s♣❡❝t t♦ θ ♦❢

D2,θ,θ0 ❛r❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ n✱ θ ❛♥❞ x✳ ❍❡♥❝❡ supθ |D2,θ,θ0 −D∞,θ,θ0 | = op (1)✳ ❚❤❡♥

D∞,θ,θ0 = lim
n→+∞

1

n

∑

1≤i,j≤n,i 6=j

[

∫

ǫCSX

{Kθ (vi − vj + t)−Kθ0 (vi − vj + t)}2 fT (t) dt

]

+{Kθ (0)−Kθ0 (0)}2 ,

✇✐t❤ fT (t) t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ ǫ (Xi −Xj)✱ i 6= j✳ ❲❡ t❤❡♥ s❤♦✇✱

D∞,θ,θ0 =
∑

v∈Zd\0

[

∫

ǫCSX

{Kθ (v + t)−Kθ0 (v + t)}2 fT (t) dt

]

+ {Kθ (0)−Kθ0 (0)}2

=

∫

Dǫ

{Kθ (t)−Kθ0 (t)}2 f̃T (t) dt+ {Kθ (0)−Kθ0 (0)}2 , ✭❆✳✸✮

✇❤❡r❡ f̃T ✐s ❛ ♣♦s✐t✐✈❡✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥✱ ❛❧♠♦st s✉r❡❧② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥
Dǫ✳ ❆s supθ |Kθ (t) |2 ✐s s✉♠♠❛❜❧❡ ♦♥ Dǫ✱ ✉s✐♥❣ ✭✶✮✱ D∞,θ,θ0 ✐s ❝♦♥t✐♥✉♦✉s✳ ❍❡♥❝❡✱ ✐❢ t❤❡r❡ ❡①✐sts
α > 0 s♦ t❤❛t inf |θ−θ0|≥α D∞,θ,θ0 = 0✱ ✇❡ ❝❛♥✱ ✉s✐♥❣ ❛ ❝♦♠♣❛❝✐t② ❛♥❞ ❝♦♥t✐♥✉✐t② ❛r❣✉♠❡♥t✱ s❤♦✇
t❤❛t t❤❡r❡ ❡①✐sts θ∞ 6= θ0 s♦ t❤❛t ✭❆✳✸✮ ✐s ♥✉❧❧✳ ❍❡♥❝❡ ✇❡ ♣r♦✈❡❞ ✭❆✳✶✮ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ ✇❤✐❝❤
♣r♦✈❡s t❤❡ ♣r♦♣♦s✐t✐♦♥ ❢♦r ǫ 6= 0✳

❆♣♣❡♥❞✐① ❆✳✷✳ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✷

Pr♦♦❢✳ ❋♦r 1 ≤ i, j ≤ p✱ ✇❡ ✉s❡ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼ t♦ s❤♦✇ t❤❛t 1
n
Tr
(

R−1 ∂R
∂θi

R−1 ∂R
∂θj

)

❤❛s ❛ PX ✲❛❧♠♦st s✉r❡ ❧✐♠✐t ❛s n → +∞✳

❲❡ ❝❛❧❝✉❧❛t❡ ∂
∂θi

Lθ = 1
n

{

Tr
(

R−1
θ

∂Rθ

∂θi

)

− ytR−1
θ

∂Rθ

∂θi
R−1

θ y
}

✳ ❲❡ ✉s❡ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐①

❉✳✾ ✇✐t❤ Mi = R−1
θ

∂Rθ

∂θi
❛♥❞ Ni = −R−1

θ
∂Rθ

∂θi
R−1

θ ✱ t♦❣❡t❤❡r ✇✐t❤ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼✱ t♦
s❤♦✇ t❤❛t √

n
∂

∂θ
Lθ0 →L N (0, 4ΣML) .

❲❡ ❝❛❧❝✉❧❛t❡

∂2

∂θi∂θj
Lθ0 =

1

n
Tr

(

−R−1 ∂R

∂θi
R−1 ∂R

∂θj
+R−1 ∂2R

∂θi∂θj

)

+
1

n
yt
(

2R−1 ∂R

∂θi
R−1 ∂R

∂θj
R−1 −R−1 ∂2R

∂θi∂θj
R−1

)

y.

❍❡♥❝❡✱ ✉s✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✽✱ ∂2

∂θ2Lθ0 ❝♦♥✈❡r❣❡s t♦ 2ΣML ✐♥ t❤❡ ♠❡❛♥ sq✉❛r❡
s❡♥s❡ ✭♦♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡✮✳

❋✐♥❛❧❧②✱ ∂3

∂θi∂θj∂θk
Lθ̃ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s 1

n

{

Tr
(

Mθ̃

)

+ ztNθ̃z
}

✱ ✇❤❡r❡ Mθ̃ ❛♥❞ Nθ̃ ❛r❡ s✉♠s ♦❢

♠❛tr✐❝❡s ♦❢ Mθ̃ ✭♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼✮ ❛♥❞ ✇❤❡r❡ z ❞❡♣❡♥❞s ♦♥ X ❛♥❞ Y ❛♥❞ L (z|X) =

N (0, In)✳ ❍❡♥❝❡✱ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡s ♦❢ Mθ̃ ❛♥❞ Nθ̃ ❛r❡ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧② ✐♥ θ̃✱ n ❛♥❞ x✱ ❛♥❞ s♦

supi,j,kθ̃
∂3

∂θi∂θj∂θk
Lθ̃ ✐s ❜♦✉♥❞❡❞ ❜② a + b 1

n
|z|2✱ ✇✐t❤ ❝♦♥st❛♥t a, b < +∞ ❛♥❞ ✐s ❤❡♥❝❡ ❜♦✉♥❞❡❞

✐♥ ♣r♦❜❛❜✐❧✐t②✳ ❍❡♥❝❡ ✇❡ ❛♣♣❧② ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✶✵ t♦ ❝♦♥❝❧✉❞❡✳

✷✽



❆♣♣❡♥❞✐① ❆✳✸✳ Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✸

Pr♦♦❢✳ ❲❡ ✜rst❧② ♣r♦✈❡ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐♥ t❤❡ ❝❛s❡ p = 1✱ ✇❤❡♥ ΣML ✐s ❛ s❝❛❧❛r✳ ❲❡ t❤❡♥ s❤♦✇
❤♦✇ t♦ ❣❡♥❡r❛❧✐③❡ t❤❡ ♣r♦♣♦s✐t✐♦♥ t♦ t❤❡ ❝❛s❡ p > 1✳

❋♦r p = 1 ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t 1
n
Tr
(

R−1
θ0

∂Rθ0

∂θ
R−1

θ0

∂Rθ0

∂θ

)

→PX
2ΣML✳ ❚❤❡♥

1

n
Tr

(

R−1
θ0

∂Rθ0

∂θ
R−1

θ0

∂Rθ0

∂θ

)

=
1

n
Tr

(

R
− 1

2

θ0

∂Rθ0

∂θ
R

− 1
2

θ0
R

− 1
2

θ0

∂Rθ0

∂θ
R

− 1
2

θ0

)

=

∣

∣

∣

∣

R
− 1

2

θ0

∂Rθ0

∂θ
R

− 1
2

θ0

∣

∣

∣

∣

2

≥ inf
i,n,x

φi

(

R
− 1

2

θ0

)4
∣

∣

∣

∣

∂Rθ0

∂θ

∣

∣

∣

∣

2

.

❇② ❧❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✺✱ t❤❡r❡ ❡①✐sts a > 0 s♦ t❤❛t infi,n,x φi

(

R
− 1

2

θ0

)4

≥ a✳ ❲❡ t❤❡♥ s❤♦✇✱

s✐♠✐❧❛r❧② t♦ t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✶✱ t❤❛t t❤❡ ❧✐♠✐t ♦❢
∣

∣

∣

∂Rθ0

∂θ

∣

∣

∣

2

✐s ♣♦s✐t✐✈❡✳

❲❡ ♥♦✇ ❛❞❞r❡ss t❤❡ ❝❛s❡ p > 1✳ ▲❡t vλ = (λ1, ..., λp)
t ∈ R

p✱ vλ ❞✐✛❡r❡♥t ❢r♦♠ ③❡r♦✳ ❲❡ ❞❡✜♥❡
t❤❡ ♠♦❞❡❧ {Kδ, δ ∈ [δinf , δsup]}✱ ✇✐t❤ δinf < 0 < δsup ❜② Kδ = K(θ0)1+δλ1,...,(θ0)p+δλp

✳ ❚❤❡♥

Kδ=0 = Kθ0 ✳ ❲❡ ❤❛✈❡ ∂
∂δ
Kδ=0 (t) =

∑p
k=1 λk

∂
∂θk

Kθ0 (t)✱ s♦ t❤❡ ♠♦❞❡❧ {Kδ, δ ∈ [δinf , δsup]}
✈❡r✐✜❡s t❤❡ ❤②♣♦t❤❡s❡s ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ❢♦r p = 1✳ ❍❡♥❝❡✱ t❤❡ P✲♠❡❛♥ sq✉❛r❡ ❧✐♠✐t ♦❢ ∂2

∂δ2
Lδ=0

✐s ♣♦s✐t✐✈❡✳ ❲❡ ❝♦♥❝❧✉❞❡ ✇✐t❤ ∂2

∂δ2
Lδ=0 = vtλ

(

∂2

∂θ2Lθ0

)

vλ✳

❆♣♣❡♥❞✐① ❆✳✹✳ Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✹

Pr♦♦❢✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❞❡✜♥❡❞ ♦♥ (ΩX ,FX , PX)
Dθ,θ0 s♦ t❤❛t supθ | (CVθ − CVθ0)−Dθ,θ0 | →p 0 ❛♥❞ C > 0 s♦ t❤❛t PX ✲❛✳s✳

Dθ,θ0 ≥ C|Rθ −Rθ0 |2. ✭❆✳✹✮

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐s t❤❡♥ ❝❛rr✐❡❞ ♦✉t s✐♠✐❧❛r❧② t♦ t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✶✳
❙✐♠✐❧❛r❧② t♦ t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✶✱ ✇❡ ✜rst❧② s❤♦✇ t❤❛t supθ |CVθ −E (CVθ|X) | →p 0✳

❲❡ t❤❡♥ ❞❡♥♦t❡ Dθ,θ0 = E (CVθ|X)− E (CVθ0 |X)✳ ❲❡ ❞❡❝♦♠♣♦s❡✱ ❢♦r ❛❧❧ i ∈ {1, ..., n}✱ ✇✐t❤ Pi

t❤❡ ♠❛tr✐① t❤❛t ❡①❝❤❛♥❣❡s ❧✐♥❡s 1 ❛♥❞ i ♦❢ ❛ ♠❛tr✐①✱

PiRθP
t
i =

(

1 rti,θ
ri,θ R−i,θ

)

.

❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥s ❜❡✐♥❣ ✐♥❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ♥✉♠❜❡r✐♥❣ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s✱ ✇❡ ❤❛✈❡✱
✉s✐♥❣ t❤❡ ❑r✐❣✐♥❣ ❡q✉❛t✐♦♥s

Dθ,θ0 =
1

n

n
∑

i=1

E

{

(

rti,θR
−1
−i,θy−i − rti,θ0R

−1
−i,θ0

y−i

)2

|X
}

=
1

n

n
∑

i=1

(

rti,θR
−1
−i,θ − rti,θ0R

−1
−i,θ0

)

R−i,θ0

(

R−1
−i,θri,θ −R−1

−i,θ0
ri,θ0

)

.

❙✐♠✐❧❛r❧② t♦ ❧❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✺✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ R−i,θ0 ❛r❡ ❧❛r❣❡r
t❤❛♥ ❛ ❝♦♥st❛♥t A > 0✱ ✉♥✐❢♦r♠❧② ✐♥ n ❛♥❞ x✳ ❚❤❡♥

Dθ,θ0 ≥ A
1

n

n
∑

i=1

∣

∣

∣

∣

∣

∣

(

rti,θR
−1
−i,θ − rti,θ0R

−1
−i,θ0

)∣

∣

∣

∣

∣

∣

2

.

✷✾



❯s✐♥❣ t❤❡ ✈✐rt✉❛❧ ❈r♦ss ❱❛❧✐❞❛t✐♦♥ ❡q✉❛t✐♦♥s ❬✷✺✱ ❝❤✳✺✳✷❪✱ t❤❡ ✈❡❝t♦r R−1
−i,θri,θ ✐s t❤❡ ✈❡❝t♦r ♦❢ t❤❡

(R−1
θ )

i,j

(R−1
θ )

i,i

❢♦r 1 ≤ j ≤ n✱ j 6= i✳ ❍❡♥❝❡ PX ✲❛✳s✳

Dθ,θ0 ≥ A
1

n

n
∑

i=1

∑

j 6=i

{(

R−1
θ

)

i,j
(

R−1
θ

)

i,i

−
(

R−1
θ0

)

i,j
(

R−1
θ0

)

i,i

}2

= A
1

n

∣

∣

∣
diag

(

R−1
θ

)−1
R−1

θ − diag
(

R−1
θ0

)−1
R−1

θ0

∣

∣

∣

2

≥ AB
1

n

∣

∣

∣
diag

(

R−1
θ0

)

diag
(

R−1
θ

)−1
R−1

θ −R−1
θ0

∣

∣

∣

2

, ✇✐t❤ B = infi,n,x φ
2
i

{

diag
(

R−1
θ0

)−1
}

✱ B > 0✳

❚❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ diag
(

R−1
θ0

)

diag
(

R−1
θ

)−1
❛r❡ ❜♦✉♥❞❡❞ ❜❡t✇❡❡♥ a > 0 ❛♥❞ b < ∞ ✉♥✐❢♦r♠❧②

✐♥ n ❛♥❞ x✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡✱ ✇✐t❤ Dλ t❤❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇✐t❤ ✈❛❧✉❡s λ1, ..., λn✱

Dθ,θ0 ≥ AB inf
a≤λ1,...,λn≤b

∣

∣DλR
−1
θ −R−1

θ0

∣

∣

2

≥ ABC inf
a≤λ1,...,λn≤b

|D 1
λ
Rθ −Rθ0 |2, ✉s✐♥❣ ❬✶✵❪ t❤❡♦r❡♠ ✶✱

≥ ABC inf
λ1,...,λn

|DλRθ −Rθ0 |2,

✇✐t❤ C = 1
b
infn,x,θ

1
||Rθ||2

1
||Rθ0

||2 ✱ C > 0✳ ❚❤❡♥

Dθ,θ0 ≥ ABC
1

n
inf

λ1,...,λn

n
∑

i,j=1

(λiRθ,i,j −Rθ0,i,j)
2

= ABC
1

n

n
∑

i=1

inf
λ

n
∑

j=1

(λRθ,i,j −Rθ0,i,j)
2

= ABC
1

n

n
∑

i=1

inf
λ







(λ− 1)
2
+
∑

j 6=i

(λRθ,i,j −Rθ0,i,j)
2







.

▲❡♠♠❛ ❆♣♣❡♥❞✐① ❆✳✶✳ ❋♦r ❛♥② a1, ..., an ❛♥❞ b1, ..., bn ∈ R✱

inf
λ

{

(λ− 1)
2
+

n
∑

i=1

(ai − λbi)
2

}

≥
∑n

i=1 (ai − bi)
2

1 +
∑n

i=1 b
2
i

.

Pr♦♦❢✳

(λ− 1)
2
+

n
∑

i=1

(ai − λbi)
2
= λ2

(

1 +

n
∑

i=1

b2i

)

− 2λ

(

1 +

n
∑

i=1

aibi

)

+

(

1 +

n
∑

i=1

a2i

)

.

❚❤❡ ♠✐♥✐♠✉♠ ✐♥ x ♦❢ ax2 − 2bx+ c✱ ✐s − b2

a
+ c✱ ❤❡♥❝❡

(λ− 1)
2
+

n
∑

i=1

(ai − λbi)
2 ≥

(

1 +

n
∑

i=1

a2i

)

− (1 +
∑n

i=1 aibi)
2

(1 +
∑n

i=1 b
2
i )

=

∑n
i=1 (ai − bi)

2 − (
∑n

i=1 aibi)
2
+
(
∑n

i=1 a
2
i

) (
∑n

i=1 b
2
i

)

1 +
∑n

i=1 b
2
i

≥
∑n

i=1 (ai − bi)
2

1 +
∑n

i=1 b
2
i

, ✉s✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛rt③ ✐♥❡q✉❛❧✐t②✳

✸✵



❯s✐♥❣ ❧❡♠♠❛ ❆♣♣❡♥❞✐① ❆✳✶✱ t♦❣❡t❤❡r ✇✐t❤ ✭✶✮ ❛♥❞ ❧❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✶ ✇❤✐❝❤ ❡♥s✉r❡s

t❤❛t
∑

j 6=i (Rθ,i,j)
2 ≤ c < +∞ ✉♥✐❢♦r♠❧② ✐♥ i✱ θ ❛♥❞ x✱ ✇❡ ♦❜t❛✐♥

Dθ,θ0 ≥ ABC
1

1 + c

1

n

n
∑

i=1

∑

j 6=i

(Rθ,i,j −Rθ0,i,j)
2

= ABC
1

1 + c
|Rθ −Rθ0 |2, ❜❡❝❛✉s❡ Rθ,i,i = 1 = Rθ0,i,i✱

✇❤✐❝❤ ♣r♦✈❡s ✭❆✳✹✮ ❛♥❞ ❡♥❞s t❤❡ ♣r♦♦❢✳

❆♣♣❡♥❞✐① ❆✳✺✳ Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✺

Pr♦♦❢✳ ■t ✐s s❤♦✇♥ ✐♥ ❬✺❪ t❤❛t ∂
∂θi

CVθ = 2
n
ytM i

θy = 1
n
yt
{

M i
θ +

(

M i
θ

)t
}

y✳ ❲❡ t❤❡♥ s❤♦✇ t❤❛t

cov (ytAy, ytBy|X) = 2Tr (ARθ0BRθ0) ❢♦r s②♠♠❡tr✐❝ ♠❛tr✐❝❡s A ❛♥❞ B✱ ✇❤✐❝❤ s❤♦✇s ✭✹✮✳
❆ str❛✐❣❤t❢♦r✇❛r❞ ❜✉t r❡❧❛t✐✈❡❧② ❧♦♥❣ ❝❛❧❝✉❧❛t✐♦♥ t❤❡♥ s❤♦✇s

∂2

∂θi∂θj
CVθ = −4

1

n
ytR−1

θ

∂Rθ

∂θj
R−1

θ diag
(

R−1
θ

)−3
diag

(

R−1
θ

∂Rθ

∂θi
R−1

θ

)

R−1
θ y

−4
1

n
ytR−1

θ

∂Rθ

∂θi
R−1

θ diag
(

R−1
θ

)−3
diag

(

R−1
θ

∂Rθ

∂θj
R−1

θ

)

R−1
θ y

+2
1

n
ytR−1

θ

∂Rθ

∂θj
R−1

θ diag
(

R−1
θ

)−2
R−1

θ

∂Rθ

∂θi
R−1

θ y

+6
1

n
ytR−1

θ diag
(

R−1
θ

)−4
diag

(

R−1
θ

∂Rθ

∂θj
R−1

θ

)

diag

(

R−1
θ

∂Rθ

∂θi
R−1

θ

)

R−1
θ y

−4
1

n
ytR−1

θ diag
(

R−1
θ

)−3
diag

(

R−1
θ

∂Rθ

∂θi
R−1

θ

∂Rθ

∂θj
R−1

θ

)

R−1
θ y

+2
1

n
ytR−1

θ diag
(

R−1
θ

)−3
diag

(

R−1
θ

∂2Rθ

∂θi∂θj
R−1

θ

)

R−1
θ y

+2
1

n
ytR−1

θ diag
(

R−1
θ

)−2
R−1

θ

∂Rθ

∂θj
R−1

θ

∂Rθ

∂θi
R−1

θ y

+2
1

n
ytR−1

θ diag
(

R−1
θ

)−2
R−1

θ

∂Rθ

∂θi
R−1

θ

∂Rθ

∂θj
R−1

θ y

−2
1

n
ytR−1

θ diag
(

R−1
θ

)−2
R−1

θ

∂2Rθ

∂θi∂θj
R−1

θ y.

❲❡ t❤❡♥ ❤❛✈❡✱ ✉s✐♥❣ E (ytAy|X) = Tr (ARθ0) ❛♥❞ ❢♦r ♠❛tr✐❝❡s D✱ M1 ❛♥❞ M2✱ ✇✐t❤ D

❞✐❛❣♦♥❛❧✱ Tr {M1D diag (M2)} = Tr {M2D diag (M1)} ❛♥❞ Tr (DM1) = Tr (DM t
1)✱

✸✶



E

(

∂2

∂θi∂θj
CVθ0 |X

)

= −8
1

n
Tr

{

∂Rθ0

∂θj
R−1

θ0
diag

(

R−1
θ0

)−3
diag

(

R−1
θ0

∂Rθ0

∂θi
R−1

θ0

)

R−1
θ0

}

✭❆✳✺✮

+2
1

n
Tr

{

∂Rθ0

∂θj
R−1

θ0
diag

(

R−1
θ0

)−2
R−1

θ0

∂Rθ0

∂θi
R−1

θ0

}

+6
1

n
Tr

{

diag
(

R−1
θ0

)−4
diag

(

R−1
θ0

∂Rθ0

∂θj
R−1

θ0

)

diag

(

R−1
θ0

∂Rθ0

∂θi
R−1

θ0

)

R−1
θ0

}

−4
1

n
Tr

{

diag
(

R−1
θ0

)−3
diag

(

R−1
θ0

∂Rθ0

∂θi
R−1

θ0

∂Rθ0

∂θj
R−1

θ0

)

R−1
θ0

}

+2
1

n
Tr

{

diag
(

R−1
θ0

)−3
diag

(

R−1
θ0

∂2Rθ0

∂θi∂θj
R−1

θ0

)

R−1
θ0

}

+4
1

n
Tr

{

diag
(

R−1
θ0

)−2
R−1

θ0

∂Rθ0

∂θi
R−1

θ0

∂Rθ0

∂θj
R−1

θ0

}

−2
1

n
Tr

{

diag
(

R−1
θ0

)−2
R−1

θ0

∂2Rθ0

∂θi∂θj
R−1

θ0

}

.

❚❤❡ ❢♦✉rt❤ ❛♥❞ s✐①t❤ t❡r♠s ♦❢ ✭❆✳✺✮ ❛r❡ ♦♣♣♦s✐t❡ ❛♥❞ ❤❡♥❝❡ ❝❛♥❝❡❧ ❡❛❝❤ ♦t❤❡r✳ ■♥❞❡❡❞✱

Tr

{

diag
(

R−1
θ0

)−3
diag

(

R−1
θ0

∂Rθ0

∂θi
R−1

θ0

∂Rθ0

∂θj
R−1

θ0

)

R−1
θ0

}

=

n
∑

i=1

(

R−1
θ0

)−3

i,i

(

R−1
θ0

∂Rθ0

∂θi
R−1

θ0

∂Rθ0

∂θj
R−1

θ0

)

i,i

(

R−1
θ0

)

i,i

=

n
∑

i=1

(

R−1
θ0

)−2

i,i

(

R−1
θ0

∂Rθ0

∂θi
R−1

θ0

∂Rθ0

∂θj
R−1

θ0

)

i,i

= Tr

{

diag
(

R−1
θ0

)−2
R−1

θ0

∂Rθ0

∂θi
R−1

θ0

∂Rθ0

∂θj
R−1

θ0

}

.

❙✐♠✐❧❛r❧② t❤❡ ✜❢t❤ ❛♥❞ s❡✈❡♥t❤ t❡r♠s ♦❢ ✭❆✳✺✮ ❝❛♥❝❡❧ ❡❛❝❤ ♦t❤❡r✳

❍❡♥❝❡✱ ✇❡ s❤♦✇ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ E
(

∂2

∂θi∂θj
CVθ0 |X

)

♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳

❲❡ ✉s❡ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼ t♦ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ΣCV,1 ❛♥❞ ΣCV,2✳

❆♣♣❡♥❞✐① ❆✳✻✳ Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✻
Pr♦♦❢✳ ❲❡ ✉s❡ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✾✱ ✇✐t❤ M i

θ0
t❤❡ ♥♦t❛t✐♦♥ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✺ ❛♥❞

Ni = −
{

M i
θ0

+
(

M i
θ0

)t
}

,

t♦❣❡t❤❡r ✇✐t❤ ♣r♦♣♦s✐t✐♦♥s ❆♣♣❡♥❞✐① ❉✳✼ ❛♥❞ ✸✳✺ t♦ s❤♦✇ t❤❛t

√
n
∂

∂θ
CVθ0 →L N (0,ΣCV,1) .

❲❡ ❤❛✈❡ s❡❡♥ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✺ t❤❛t t❤❡r❡ ❡①✐st ♠❛tr✐❝❡s Pi,j ✐♥ Mθ0 ✭♣r♦♣♦s✐t✐♦♥

❆♣♣❡♥❞✐① ❉✳✼✮✱ s♦ t❤❛t ∂2

∂θi∂θj
CVθ0 = 1

n
ytPi,jy✱ ✇✐t❤ 1

n
Tr (Pi,jR) → (ΣCV,2)i,j PX ✲❛❧♠♦st

s✉r❡❧②✳ ❍❡♥❝❡✱ ✉s✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✽✱ ∂2

∂θ2Lθ0 ❝♦♥✈❡r❣❡s t♦ ΣCV,2 ✐♥ t❤❡ ♠❡❛♥ sq✉❛r❡
s❡♥s❡ ✭♦♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡✮✳

❋✐♥❛❧❧②✱ ∂3

∂θi∂θj∂θk
CVθ̃ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s 1

n

(

ztN
i,j,k

θ̃
z
)

✱ ✇❤❡r❡ N
i,j,k

θ̃
❛r❡ s✉♠s ♦❢ ♠❛tr✐❝❡s ♦❢

Mθ̃ ✭♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼✮ ❛♥❞ z ❞❡♣❡♥❞✐♥❣ ♦♥ X ❛♥❞ Y ✇✐t❤ L (z|X) = N (0, In)✳ ❚❤❡

s✐♥❣✉❧❛r ✈❛❧✉❡s ♦❢ N i,j,k

θ̃
❛r❡ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧② ✐♥ θ̃✱ n ❛♥❞ x ❛♥❞ s♦ supi,j,k,θ̃

(

∂3

∂θi∂θj∂θk
CVθ̃

)

✐s ❜♦✉♥❞❡❞ ❜② b 1
n
ztz✱ b < +∞✱ ❛♥❞ ✐s ❤❡♥❝❡ ❜♦✉♥❞❡❞ ✐♥ ♣r♦❜❛❜✐❧✐t②✳ ❲❡ ❛♣♣❧② ♣r♦♣♦s✐t✐♦♥

❆♣♣❡♥❞✐① ❉✳✶✵ t♦ ❝♦♥❝❧✉❞❡✳

✸✷



❆♣♣❡♥❞✐① ❆✳✼✳ Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✼

Pr♦♦❢✳ ❲❡ s❤♦✇ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐♥ t❤❡ ❝❛s❡ p = 1✱ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ t♦ t❤❡ ❝❛s❡ p > 1 ❜❡✐♥❣
t❤❡ s❛♠❡ ❛s ✐♥ ♣r♦♣♦s✐t✐♦♥ ✸✳✸✳

❙✐♠✐❧❛r❧② t♦ t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✶✱ ✇❡ s❤♦✇ t❤❛t
∣

∣

∣

∂2

∂θ2CVθ0 − E

(

∂2

∂θ2CVθ0 |X
)∣

∣

∣
→p 0✳

❲❡ ✇✐❧❧ t❤❡♥ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts C > 0 s♦ t❤❛t PX ✲❛✳s✳✱

E

(

∂2

∂θ2
CVθ0 |X

)

≥ C

∣

∣

∣

∣

∂Rθ

∂θ

∣

∣

∣

∣

2

. ✭❆✳✻✮

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✇✐❧❧ ❤❡♥❝❡ ❜❡ ❝❛rr✐❡❞ ♦✉t s✐♠✐❧❛r❧② ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥
✸✳✶✳

∂2

∂θ2CVθ0 ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ztMz ✇✐t❤ z ❞❡♣❡♥❞✐♥❣ ♦♥ X ❛♥❞ Y ❛♥❞ L (z|X) = N (0, In)✱ ❛♥❞
M ❛ s✉♠ ♦❢ ♠❛tr✐❝❡s ♦❢ Mθ0 ✭♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼✮✳ ❍❡♥❝❡✱ ✉s✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐①

❉✳✼✱ ✉♥✐❢♦r♠❧② ✐♥ n✱ supθ

∣

∣

∣

∂2

∂θ2CVθ

∣

∣

∣
≤ a 1

n
ztz ✇✐t❤ a < +∞✳ ❍❡♥❝❡✱ ❢♦r ✜①❡❞ n✱ ✇❡ ❝❛♥ ❡①❝❤❛♥❣❡

❞❡r✐✈❛t✐✈❡s ❛♥❞ ♠❡❛♥s ❝♦♥❞✐t✐♦♥❛❧❧② t♦ X ❛♥❞ s♦

E

(

∂2

∂θ2
CVθ0 |X

)

=
∂2

∂θ2
E (CVθ0 |X) .

❚❤❡♥✱ ✇✐t❤ ri,θ✱ R−i,θ ❛♥❞ y−i t❤❡ ♥♦t❛t✐♦♥ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✹✱

E (CVθ|X) =
1

n

n
∑

i=1

[

1− rti,θ0R
−1
−i,θ0

ri,θ0 + E

{

(

rti,θ0R
−1
−i,θ0

y−i − rti,θR
−1
−i,θy−i

)2

|X
}]

=
1

n

n
∑

i=1

(

1− rti,θ0R
−1
−i,θ0

ri,θ0

)

+
1

n

n
∑

i=1

(

rti,θR
−1
−i,θ − rti,θ0R

−1
−i,θ0

)

R−i,θ0

(

R−1
−i,θri,θ −R−1

−i,θ0
ri,θ0

)

.

❇② ❞✐✛❡r❡♥t✐❛t✐♥❣ t✇✐❝❡ ✇✐t❤ r❡s♣❡❝t t♦ θ ❛♥❞ t❛❦✐♥❣ t❤❡ ✈❛❧✉❡ ❛t θ0 ✇❡ ♦❜t❛✐♥

E

(

∂2

∂θ2
CVθ0 |X

)

=
1

n

n
∑

i=1

{

∂

∂θ

(

R−1
−i,θ0

rti,θ0

)

}t

R−i,θ0

{

∂

∂θ

(

R−1
−i,θ0

rti,θ0

)

}

≥ A
1

n

n
∑

i=1

∣

∣

∣

∣

∣

∣

∣

∣

{

∂

∂θ

(

R−1
−i,θ0

rti,θ0

)

}
∣

∣

∣

∣

∣

∣

∣

∣

2

✇✐t❤ A = infn,i,x φ
2
i (R−i,θ0)✱ A > 0,

t❤❡♥✱ ✉s✐♥❣ t❤❡ ✈✐rt✉❛❧ ❈❱ ❢♦r♠✉❧❛s ❬✷✺✱ ✾❪✱

E

(

∂2

∂θ2
CVθ0 |X

)

≥ A
1

n

n
∑

i=1

∑

j 6=i

[

∂

∂θ

{
(

R−1
θ0

)

i,j
(

R−1
θ0

)

i,i

}]2

= A

∣

∣

∣

∣

∂

∂θ

{

diag
(

R−1
θ0

)−1
R−1

θ0

}

∣

∣

∣

∣

2

= A

∣

∣

∣

∣

diag
(

R−1
θ0

)−1
diag

(

R−1
θ0

∂Rθ0

∂θ
R−1

θ0

)

diag
(

R−1
θ0

)−1
R−1

θ0
− diag

(

R−1
θ0

)−1
(

R−1
θ0

∂Rθ0

∂θ
R−1

θ0

)
∣

∣

∣

∣

2

≥ A2B

∣

∣

∣

∣

diag

(

R−1
θ0

∂Rθ0

∂θ
R−1

θ0

)

diag
(

R−1
θ0

)−1 −R−1
θ0

∂Rθ0

∂θ

∣

∣

∣

∣

2

✇✐t❤ B = infi,n,x φi

(

R−1
θ0

)

✱ B > 0

≥ A2B inf
λ1,...,λn

∣

∣

∣

∣

Dλ −R−1
θ0

∂Rθ0

∂θ

∣

∣

∣

∣

2

≥ A2B2 inf
λ1,...,λn

∣

∣

∣

∣

Rθ0Dλ − ∂Rθ0

∂θ

∣

∣

∣

∣

2

.

✸✸



❚❤❡♥✱ ❛s Kθ (0) = 1 ❢♦r ❛❧❧ θ✱ ❛♥❞ ❤❡♥❝❡ ∂
∂θ
Kθ0 (0) = 0✱

E

(

∂2

∂θ2
CVθ0 |X

)

≥ A2B2 inf
λ1,...,λn

1

n

n
∑

i=1



λ2
i +

∑

j 6=i

{

λi (Rθ0)i,j −
(

∂Rθ0

∂θ

)

i,j

}2




= A2B2 1

n

n
∑

i=1

inf
λ



λ2 +
∑

j 6=i

{

λ (Rθ0)i,j −
(

∂Rθ0

∂θ

)

i,j

}2


 .

❲❡ t❤❡♥ s❤♦✇✱ s✐♠✐❧❛r❧② t♦ ❧❡♠♠❛ ❆♣♣❡♥❞✐① ❆✳✶✱ t❤❛t

λ2 +

n
∑

i=1

(ai − λbi)
2 ≥

∑n
i=1 a

2
i

1 +
∑n

i=1 b
2
i

. ✭❆✳✼✮

❍❡♥❝❡✱ ✇✐t❤ C ∈ [1,+∞)✱ ❜② ✉s✐♥❣ ✭✶✮ ❛♥❞ ❧❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✶✱

E

(

∂2

∂θ2
CVθ0 |X

)

≥ A2B2

C

1

n

n
∑

i=1

∑

j 6=i

{

(

∂Rθ0

∂θ

)

i,j

}2

=
A2B2

C

∣

∣

∣

∣

∂Rθ0

∂θ

∣

∣

∣

∣

2

❜❡❝❛✉s❡ ∂
∂θ
Kθ0(0) = 0.

❲❡ t❤❡♥ s❤♦✇❡❞ ✭❆✳✻✮✱ ✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ✐♥ t❤❡ ❝❛s❡ p = 1✳

❆♣♣❡♥❞✐① ❇✳ Pr♦♦❢s ❢♦r s❡❝t✐♦♥ ✹

❆♣♣❡♥❞✐① ❇✳✶✳ Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✹✳✷

Pr♦♦❢✳ ■t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❡ ♣r♦♣♦s✐t✐♦♥ ❢♦r ǫ ∈ [0, α] ❢♦r ❛❧❧ α < 1
2 ✳ ❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣

❧❡♠♠❛✳

▲❡♠♠❛ ❆♣♣❡♥❞✐① ❇✳✶✳ ▲❡t fn ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ C2 ❢✉♥❝t✐♦♥s ♦♥ ❛ s❡❣♠❡♥t ♦❢ R✳ ❲❡ ❛ss✉♠❡
fn →unif f ✱ f ′

n →unif g✱ f ′′
n →unif h✳ ❚❤❡♥✱ f ✐s C2✱ f ′ = g✱ ❛♥❞ f ′′ = h✳

❲❡ ❞❡♥♦t❡ fn (ǫ) =
1
n
E
{

Tr
(

M i,j
)}

✇❤❡r❡ (M i,j)n∈N∗ ✐s ❛ r❛♥❞♦♠ ♠❛tr✐① s❡q✉❡♥❝❡ ❞❡✜♥❡❞
♦♥ (ΩX ,FX , PX) ✇❤✐❝❤ ❜❡❧♦♥❣s t♦ Mθ ✭♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼✮✳ ❲❡ s❤♦✇❡❞ ✐♥ ♣r♦♣♦s✐✲
t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼ t❤❛t fn ❝♦♥✈❡r❣❡s s✐♠♣❧② t♦ Σi,j ♦♥ [0, α]✳ ❲❡ ✜rst❧② ✉s❡ t❤❡ ❞♦♠✐♥❛t❡❞
❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ t♦ s❤♦✇ t❤❛t fn ✐s C2 ❛♥❞ t❤❛t f ′

n ❛♥❞ f ′′
n ❛r❡ ♦❢ t❤❡ ❢♦r♠

E

{

1

n
Tr
(

N i,j
)

}

, ✭❇✳✶✮

✇✐t❤ N i,j ❛ s✉♠ ♦❢ r❛♥❞♦♠ ♠❛tr✐① s❡q✉❡♥❝❡s ♦❢ M̃θ0 ✳ M̃θ0 ✐s s✐♠✐❧❛r t♦ Mθ0 ✭♣r♦♣♦s✐t✐♦♥
❆♣♣❡♥❞✐① ❉✳✼✮✱ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ ♠❛tr✐❝❡s ✇✐t❤ r❡s♣❡❝t t♦ ǫ✳ ❲❡ ❝❛♥ t❤❡♥✱
✉s✐♥❣ ✭✻✮✱ ❛❞❛♣t ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼ t♦ s❤♦✇ t❤❛t f ′

n ❛♥❞ f ′′
n ❝♦♥✈❡r❣❡ s✐♠♣❧② t♦ s♦♠❡

❢✉♥❝t✐♦♥s g ❛♥❞ h ♦♥ [0, α]✳
❋✐♥❛❧❧②✱ st✐❧❧ ❛❞❛♣t✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼✱ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡s ♦❢ N i,j ❛r❡ ❜♦✉♥❞❡❞

✉♥✐❢♦r♠❧② ✐♥ x ❛♥❞ n✳ ❍❡♥❝❡✱ ✉s✐♥❣ Tr (A) ≤ n||A||✱ ❢♦r ❛ s②♠♠❡tr✐❝ ♠❛tr✐① A✱ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢
fn✱ f

′
n ❛♥❞ f ′′

n ❛r❡ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧② ✐♥ n✱ s♦ t❤❛t t❤❡ s✐♠♣❧❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♠♣❧✐❡s t❤❡ ✉♥✐❢♦r♠
❝♦♥✈❡r❣❡♥❝❡✳ ❚❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❧❡♠♠❛ ❆♣♣❡♥❞✐① ❇✳✶ ❛r❡ ❤❡♥❝❡ ❢✉❧✜❧❧❡❞✳

✸✹



❆♣♣❡♥❞✐① ❈✳ Pr♦♦❢s ❢♦r s❡❝t✐♦♥ ✺

❆♣♣❡♥❞✐① ❈✳✶✳ Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✺✳✷

Pr♦♦❢✳ ▲❡t ✉s ✜rst s❤♦✇ ✭✾✮✳ ❈♦♥s✐❞❡r ❛ ❝♦♥s✐st❡♥t ❡st✐♠❛t♦r θ̂ ♦❢ θ0✳ ❙✐♥❝❡ |θ̂ − θ0| = op(1)✱ ✐t
✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t sup1≤i≤p,θ∈Θ | ∂

∂θi
Eǫ,θ| = Op(1)✳

❈♦♥s✐❞❡r ❛ ✜①❡❞ n✳ ❇❡❝❛✉s❡ t❤❡ tr❛❥❡❝t♦r② Y (t) ✐s ❛❧♠♦st s✉r❡❧② ❝♦♥t✐♥✉♦✉s ♦♥ [0, N1,n]
d✱

❜❡❝❛✉s❡ ❢♦r ❡✈❡r② θ ∈ Θ✱ 1 ≤ i ≤ p✱ ∂
∂θi

Kθ(t) ✐s ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t ❛♥❞ ❜❡❝❛✉s❡✱

❢r♦♠ ✭✶✮✱ supθ∈Θ,1≤i≤p

∣

∣

∣

∂
∂θi

Kθ(t)
∣

∣

∣
✐s ❜♦✉♥❞❡❞✱ ✇❡ ❝❛♥ ❛❧♠♦st s✉r❡❧② ❡①❝❤❛♥❣❡ ✐♥t❡❣r❛t✐♦♥ ❛♥❞

❞❡r✐✈❛t✐♦♥ ✇✳r✳t✳ θi ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ Eǫ,θ✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ ❛❧♠♦st s✉r❡❧②

∂

∂θi
Eǫ,θ =

1

Nd
1,n

∫

[0,N1,n]d

∂

∂θi

(

(

Y (t)− Ŷθ(t)
)2
)

dt

=
2

Nd
1,n

∫

[0,N1,n]d

(

Y (t)− Ŷθ(t)
)

(

−∂rtθ(t)

∂θi
R−1

θ + rtθ(t)R
−1
θ

∂Rθ

∂θi
R−1

θ

)

ydt,

✇✐t❤ (rθ(t))j = Kθ(vj + ǫxj − t)✳ ❚❤❡♥

E

(

sup
θ∈Θ

∣

∣

∣

∣

∂

∂θi
Eǫ,θ

∣

∣

∣

∣

)

≤ 2

Nd
1,n

∫

[0,N1,n]d
E

(

sup
θ∈Θ

{

∣

∣

∣
Y (t)− Ŷθ(t)

∣

∣

∣

∣

∣

∣

∣

(

∂rtθ(t)

∂θi
R−1

θ − rtθ(t)R
−1
θ

∂Rθ

∂θi
R−1

θ

)

y

∣

∣

∣

∣

})

dt

≤ 2

Nd
1,n

√

∫

[0,N1,n]d
E

(

sup
θ∈Θ

{

(

Y (t)− Ŷθ(t)
)2
})

×

√

√

√

√

∫

[0,N1,n]d
E

(

sup
θ∈Θ

{

((

∂rtθ(t)

∂θi
R−1

θ − rtθ(t)R
−1
θ

∂Rθ

∂θi
R−1

θ

)

y

)2
})

dt

≤ 2

Nd
1,n

√

2

∫

[0,N1,n]d
E ({Y (t)2}) + 2

∫

[0,N1,n]d
E

(

sup
θ∈Θ

{

(

Ŷθ(t)
)2
})

×

√

√

√

√

∫

[0,N1,n]d
E

(

sup
θ∈Θ

{

((

∂rtθ(t)

∂θi
R−1

θ − rtθ(t)R
−1
θ

∂Rθ

∂θi
R−1

θ

)

y

)2
})

dt

=
2

Nd
1,n

√

2Kθ0(0)N
d
1,n + 2

∫

[0,N1,n]d
E

(

sup
θ∈Θ

{

(

Ŷθ(t)
)2
})

×

√

√

√

√

∫

[0,N1,n]d
E

(

sup
θ∈Θ

{

((

∂rtθ(t)

∂θi
R−1

θ − rtθ(t)R
−1
θ

∂Rθ

∂θi
R−1

θ

)

y

)2
})

dt. ✭❈✳✶✮

■♥ ✭❈✳✶✮✱ t❤❡ t✇♦ s✉♣r❡♠✉♠s ❝❛♥ ❜❡ ✇r✐tt❡♥

E

(

sup
θ∈Θ

{

(

wθ(t)
ty
)2
}

)

,

✇✐t❤ wθ(t) ❛ ❝♦❧✉♠♥ ✈❡❝t♦r ♦❢ s✐③❡ n✱ ♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥ y✳
❋✐① t ∈ [0, N1,n]

d✳ ❲❡ ♥♦✇ ✉s❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ t❤❡♦r❡♠ ♦♥ t❤❡ s♣❛❝❡ Θ✱ ❡q✉✐♣♣❡❞
✇✐t❤ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ ❚❤✐s t❤❡♦r❡♠ ✐♠♣❧✐❡s t❤❛t ❢♦r f : Θ → R✱ supθ∈Θ |f(θ)| ≤
Cp

∫

Θ

(

|f(θ)|p +∑p
j=1

∣

∣

∣

∂
∂θj

f(θ)
∣

∣

∣

p)

dθ✱ ✇✐t❤ Cp ❛ ✜♥✐t❡ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ p ❛♥❞ Θ✳

✸✺



❇② ❛♣♣❧②✐♥❣ t❤✐s ✐♥❡q✉❛❧✐t② t♦ t❤❡ C1 ❢✉♥❝t✐♦♥ ♦❢ θ✱ (wθ(t)
ty)

2
✱ ✇❡ ♦❜t❛✐♥

E

(

sup
θ∈Θ

{

(

wθ(t)
ty
)2
}

)

≤ E

(

Cp

∫

Θ

p
∑

i=1

∣

∣

∣

∣

∂

∂θi

((

wθ(t)
ty
))2
∣

∣

∣

∣

p

dθ

)

+ E

(

Cp

∫

Θ

∣

∣

∣

((

wθ(t)
ty
))2
∣

∣

∣

p

dθ

)

= 2Cp

p
∑

i=1

∫

Θ

E

(
∣

∣

∣

∣

(

wθ(t)
ty
)

(

∂

∂θi

(

wθ(t)
t
)

y

)
∣

∣

∣

∣

p)

dθ + Cp

∫

Θ

E

(

{

wθ(t)
ty
}2p
)

dθ

≤ 2Cp

p
∑

i=1

√

∫

Θ

E

(

{(wθ(t)ty)}2p
)

dθ

√

√

√

√

∫

Θ

E

(

{(

∂

∂θi
(wθ(t)t) y

)}2p
)

dθ

+Cp

∫

Θ

E

(

{

wθ(t)
ty
}2p
)

dθ.

❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C ′
p✱ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ p s♦ t❤❛t✱ ❢♦r Z ❛ ❝❡♥t❡r❡❞ ●❛✉ss✐❛♥ ✈❛r✐❛❜❧❡✱

E(Z2p) = C ′
p var(Z)p✳ ❚❤✉s✱ ✇❡ ♦❜t❛✐♥

E

(

sup
θ∈Θ

{

(

wθ(t)
ty
)2
}

)

≤ 2CpC
′
p

p
∑

i=1

√

∫

Θ

[

E

(

{wθ(t)ty}2
)]p

dθ

√

√

√

√

∫

Θ

[

E

(

{

∂

∂θi
(wθ(t)t) y

}2
)]p

dθ

+ CpC
′
p

∫

Θ

[

E

(

{

wθ(t)
ty
}2
)]p

dθ. ✭❈✳✷✮

❋✐① 1 ≤ i ≤ p ✐♥ ✭❈✳✷✮✳ ❇② ✉s✐♥❣ ✭✶✮✱ ❛ s❧✐❣❤t ♠♦❞✐✜❝❛t✐♦♥ ♦❢ ❧❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✶ ❛♥❞
❧❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✺✱ supθ∈Θ,t∈[0,N1,n]d |wθ(t)|2 ≤ A ❛♥❞ supθ∈Θ,t∈[0,N1,n]d | ∂

∂θi
wθ(t)|2 ≤ A✱

✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ n ❛♥❞ x ❛♥❞ ❢♦r ❛ ❝♦♥st❛♥t A < +∞✳ ❚❤✉s✱ ✐♥ ✭❈✳✷✮✱ E

(

{wθ(t)
ty}2

)

=

EX (wθ(t)
tRθ0wθ(t)

t) ≤ AB✱ ✇✐t❤B = supn,x ||Rθ0 ||✳ ❲❡ s❤♦✇ ✐♥ t❤❡ s❛♠❡ ✇❛② E

(

{

∂
∂θi

(wθ(t)
t) y
}2
)

≤
AB✳ ❍❡♥❝❡✱ ❢r♦♠ ✭❈✳✶✮ ❛♥❞ ✭❈✳✷✮✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t✱ ❢♦r 1 ≤ i ≤ p✱

E

(

sup
θ∈Θ

∣

∣

∣

∣

∂

∂θi
Eǫ,θ

∣

∣

∣

∣

)

✐s ❜♦✉♥❞❡❞ ✐♥♣❡♥❞❡♥t❧② ♦❢ n✳ ❍❡♥❝❡ supθ∈Θ,1≤i≤p | ∂
∂θi

Eǫ,θ| = Op(1)✱ ✇❤✐❝❤ ♣r♦✈❡s ✭✾✮✳
▲❡t ✉s ♥♦✇ ♣r♦✈❡ ✭✶✵✮✳

E (Eǫ,θ0) = E

(

1

(N1,n)d

∫

[0,N1,n]d

(

Y (t)− Ŷθ0(t)
)2

dt

)

=
1

(N1,n)d

∫

[0,N1,n]d
EX

(

1− rtθ0(t)R
−1
θ0

rθ0(t)
)

dt.

◆♦✇✱ ❧❡t R̃θ0(t) ❜❡ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ (Y (t), y1, ..., yn)
t✱ ✉♥❞❡r ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ Kθ0 ✳

❚❤❡♥✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ✈✐rt✉❛❧ ▲❡❛✈❡✲❖♥❡✲❖✉t ❢♦r♠✉❧❛s ❬✷✺✱ ❝❤✳✺✳✷❪✱

E (Eǫ,θ0) =
1

(N1,n)d

∫

[0,N1,n]d
EX

(

1

(R̃−1
θ0

(t))1,1

)

dt

≥ 1

Nd
1,n

n
∑

i=1

∫

∏
d
k=1[(vi)k+ǫ+ 1

2 (
1
2−ǫ),(vi)k+1−ǫ− 1

2 (
1
2−ǫ)]

EX

(

1

(R̃−1
θ0

(t))1,1

)

dt

✸✻



◆♦✇✱ ❢♦r t ∈∏d
k=1[(vi)k+ ǫ+ 1

2 (
1
2 − ǫ), (vi)k+1− ǫ− 1

2 (
1
2 − ǫ)]✱ infn,1≤j≤n,x∈Sn

X
|t−vj − ǫxj |∞ ≥

1
2

(

1
2 − ǫ

)

✳ ❚❤✉s✱ ✇❡ ❝❛♥ ❛❞❛♣t ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✹ t♦ s❤♦✇ t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ R̃θ0(t)

❛r❡ ❧❛r❣❡r t❤❛♥ A > 0✱ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ n✱ x ❛♥❞ t ∈ ∪1≤i≤n

∏d
k=1[(vi)k + ǫ+ 1

2 (
1
2 − ǫ), (vi)k +

1− ǫ− 1
2 (

1
2 − ǫ)]✳ ❚❤✐s ②✐❡❧❞s

E (Eǫ,θ0) ≥
A

Nd
1,n

Nd
1,n

(

1

2
− ǫ

)d

,

✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

❆♣♣❡♥❞✐① ❉✳ ❚❡❝❤♥✐❝❛❧ r❡s✉❧ts

■♥ s✉❜s❡❝t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✶ ✇❡ st❛t❡ s❡✈❡r❛❧ t❡❝❤♥✐❝❛❧ r❡s✉❧ts t❤❛t ❛r❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢s ♦❢
t❤❡ r❡s✉❧ts ♦❢ s❡❝t✐♦♥s ✸✱ ✹ ❛♥❞ ✺✳ Pr♦♦❢s ❛r❡ ❣✐✈❡♥ ✐♥ s✉❜s❡❝t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✷✳

❆♣♣❡♥❞✐① ❉✳✶✳ ❙t❛t❡♠❡♥t ♦❢ t❤❡ t❡❝❤♥✐❝❛❧ r❡s✉❧ts

▲❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✶✳ ▲❡t f : Rd → R
+✱ s♦ t❤❛t f (t) ≤ 1

1+|t|d+1
∞

✳ ❚❤❡♥✱ ❢♦r ❛❧❧ i ∈ N
∗✱

ǫ ∈ (− 1
2 ,

1
2 ) ❛♥❞ (xi)i∈N∗ ∈ SN

∗

X ✱

∑

j∈N∗,j 6=i

f {vi − vj + ǫ (xi − xj)} ≤ 2dd
∑

j∈N

(

j + 3
2

)d−1

1 + jd+1
.

▲❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✷✳ ▲❡t f : Rd → R
+✱ s♦ t❤❛t f (t) ≤ 1

1+|t|d+1
∞

✳ ❲❡ ❝♦♥s✐❞❡r δ < 1
2 ✳

❚❤❡♥✱ ❢♦r ❛❧❧ i ∈ N
∗✱ a > 0✱ ǫ ∈ [−δ, δ] ❛♥❞ (xi)i∈N∗ ∈ SN

∗

X ✱

∑

j∈N∗,j 6=i

f [a {vi − vj + ǫ (xi − xj)}] ≤ 2dd
∑

j∈N

(

j + 3
2

)d−1

1 + ad+1 (j + 1− 2δ)
d+1

.

Pr♦♦❢✳ ❙✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ ❧❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✶✳

▲❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✸✳ ▲❡t f : Rd → R
+✱ s♦ t❤❛t f (t) ≤ 1

1+|t|d+1
∞

✳ ❚❤❡♥✱ ❢♦r ❛❧❧ i ∈ N
∗✱

N ∈ N
∗ ❛♥❞ (xi)i∈N∗ ∈ SN

∗

X ✱

∑

j∈N∗,|vi−vj |∞≥N

f {vi − vj + ǫ (xi − xj)} ≤ 2dd
∑

j∈N,j≥N−1

(

j + 3
2

)d−1

1 + jd+1
.

Pr♦♦❢✳ ❙✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ ❧❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✶✳

Pr♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✹✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞✳
❋♦r ❛❧❧ 0 ≤ δ < 1

2 ✱ t❤❡r❡ ❡①✐sts Cδ > 0 s♦ t❤❛t ❢♦r ❛❧❧ |ǫ| ≤ δ✱ ❢♦r ❛❧❧ θ ∈ Θ✱ ❢♦r ❛❧❧ n ∈ N
∗

❛♥❞ ❢♦r ❛❧❧ x ∈ (SX)
n
✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Rθ ❛r❡ ❧❛r❣❡r t❤❛♥ Cδ✳

▲❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✺✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞✳
❋♦r ❛❧❧ |ǫ| < 1

2 ❛♥❞ ❢♦r ❛❧❧ K ∈ N✱ t❤❡r❡ ❡①✐sts Cǫ,K s♦ t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ R−1
θ ❛♥❞ ♦❢

∂qRθ

∂θi1 ,...,∂θiq
✱ 0 ≤ q ≤ K✱ 1 ≤ i1, ..., iq ≤ p✱ ❛r❡ ❜♦✉♥❞❡❞ ❜② Cǫ,K ✱ ✉♥✐❢♦r♠❧② ✐♥ n ∈ N✱ x ∈ (SX)

n

❛♥❞ θ ∈ Θ✳

Pr♦♦❢✳ ❯s✐♥❣✱ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✹✱ ✇❡ ❝♦♥tr♦❧ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ R−1
θ ✉♥✐❢♦r♠❧② ✐♥ x ❛♥❞

θ✳
❲✐t❤ ✭✶✮ ❛♥❞ ❧❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✶✱ ❛♥❞ ✉s✐♥❣ ●❡rs❤❣♦r✐♥ ❝✐r❝❧❡ t❤❡♦r❡♠✱ ✇❡ ❝♦♥tr♦❧ t❤❡

❡✐❣❡♥✈❛❧✉❡s ♦❢ ∂qRθ

∂θi1 ,...,∂θiq
✳

✸✼



▲❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✻✳ ❋♦r M s②♠♠❡tr✐❝ r❡❛❧ ♥♦♥✲♥❡❣❛t✐✈❡ ♠❛tr✐①✱ infi φi(diag(M)) ≥
infi φi(M) ❛♥❞ supi φi(diag(M)) ≤ supi φi(M)✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ ❢♦r t✇♦ s❡q✉❡♥❝❡s ♦❢ s②♠♠❡tr✐❝
♠❛tr✐❝❡s Mn ❛♥❞ Nn✱ Mn ∼ Nn✱ t❤❡♥ diag (Mn) ∼ diag (Nn)✳

Pr♦♦❢✳ ❲❡ ✉s❡ Mi,i = etiMei✱ ✇❤❡r❡ (ei)i=1...n ✐s t❤❡ st❛♥❞❛r❞ ❜❛s✐s ♦❢ Rn✳ ❍❡♥❝❡ infi φi(M) ≤
Mi,i ≤ supi φi(M) ❢♦r ❛ s②♠♠❡tr✐❝ r❡❛❧ ♥♦♥✲♥❡❣❛t✐✈❡ ♠❛tr✐① M ✳ ❲❡ ❛❧s♦ ✉s❡ |diag (M)| ≤
|M |✳

❚❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ❣✐✈❡s ❛ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs ❢♦r t❤❡ ♠❛tr✐❝❡s t❤❛t ❝❛♥ ❜❡ ✇r✐tt❡♥ ✉s✐♥❣

♦♥❧② ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥s✱ t❤❡ ♠❛tr✐① R−1
θ ✱ t❤❡ ♠❛tr✐❝❡s ∂k

∂θi1 ,...,∂θik
Rθ✱ ❢♦r i1, ..., ik ∈ {1, ..., p}✱

t❤❡ diag ♦♣❡r❛t♦r ❛♣♣❧✐❡❞ t♦ t❤❡ s②♠♠❡tr✐❝ ♣r♦❞✉❝ts ♦❢ ♠❛tr✐❝❡s Rθ✱ R
−1
θ ❛♥❞ ∂k

∂θi1 ,...,∂θik
Rθ✱ ❛♥❞

t❤❡ ♠❛tr✐① diag
(

R−1
θ

)−1
✳ ❊①❛♠♣❧❡s ♦❢ s✉♠s ♦❢ t❤❡s❡ ♠❛tr✐❝❡s ❛r❡ t❤❡ ♠❛tr✐❝❡s M

i,j
ML✱ M

i,j
CV,1

❛♥❞ M
i,j
CV,2 ♦❢ ♣r♦♣♦s✐t✐♦♥s ✸✳✷ ❛♥❞ ✸✳✺✳

Pr♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞✳
▲❡t θ ∈ Θ✳ ❲❡ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ♠✉❧t✐✲✐♥❞❡①❡s Sp := ∪k∈{0,1,2,3} {1, ..., p}k✳ ❋♦r I =

(i1, ..., ik) ∈ Sp✱ ✇❡ ❞❡♥♦t❡ m (I) = k✳ ❚❤❡♥✱ ✇❡ ❞❡♥♦t❡ ❢♦r I ∈ Sp ∪ {−1}✱

RI
θ :=

{

∂m(I)

∂θi1 ,...,∂θim(I)

Rθ ✐❢ I ∈ Sp

R−1
θ ✐❢ I = −1

.

❲❡ t❤❡♥ ❞❡♥♦t❡

• M I
nd = RI

θ ❢♦r I ∈ Snd := (Sp ∪ {−1})

• M1
sd = diag

(

R−1
θ

)−1

• M I
bd = diag

(

RI1
θ ...R

Im(I)

θ

)

❢♦r I ∈ Sbd := ∪k∈N∗Sk
nd

❲❡ t❤❡♥ ❞❡✜♥❡ Mθ ❛s t❤❡ s❡t ♦❢ s❡q✉❡♥❝❡s ♦❢ r❛♥❞♦♠ ♠❛tr✐❝❡s ✭❞❡✜♥❡❞ ♦♥ (ΩX ,FX , PX)✮✱ ✐♥✲
❞❡①❡❞ ❜② n ∈ N

∗✱ ❞❡♣❡♥❞❡♥t ♦♥ X✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ M I1
d1
...M IK

dK
✇✐t❤ {d1, I1}, ..., {dK , IK} ∈

({nd} × Snd) ∪ ({sd} × {1}) ∪ ({bd} × Sbd)✱ ❛♥❞ s♦ t❤❛t✱ ❢♦r t❤❡ ♠❛tr✐❝❡s M
Ij
dj
✱ s♦ t❤❛t dj = bd✱

t❤❡ ♠❛tr✐① R
(Ij)1
θ ...R

(Ij)m(Ij)
θ ✐s s②♠♠❡tr✐❝✳

❚❤❡♥✱ ❢♦r ❡✈❡r② ♠❛tr✐① M I1
d1
...M IK

dK
♦❢ Mθ✱ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡s ♦❢ M I1

d1
...M IK

dK
❛r❡ ❜♦✉♥❞❡❞

✉♥✐❢♦r♠❧② ✐♥ θ✱ n ❛♥❞ x ∈ (SX)
n
✳ ❚❤❡♥✱ ❞❡♥♦t✐♥❣ Sn := 1

n
Tr
(

M I1
d1
...M IK

dK

)

✱ t❤❡r❡ ❡①✐sts ❛

❞❡t❡r♠✐♥✐st✐❝ ❧✐♠✐t S✱ ✇❤✐❝❤ ♦♥❧② ❞❡♣❡♥❞s ♦♥ ǫ✱ θ ❛♥❞ (d1, I1) , ..., (dK , IK)✱ s♦ t❤❛t Sn → S

PX✲❛❧♠♦st s✉r❡❧②✳ ❍❡♥❝❡ Sn → S ✐♥ q✉❛❞r❛t✐❝ ♠❡❛♥ ❛♥❞ var (Sn) → 0 ❛s n → +∞✳

Pr♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✽✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞✳
▲❡tM ∈ Mθ ✭♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼✮✳ ❚❤❡♥✱ 1

n
ytMy ❝♦♥✈❡r❣❡s t♦ Σ := limn→+∞

1
n
Tr (MRθ0)✱

✐♥ t❤❡ ♠❡❛♥ sq✉❛r❡ s❡♥s❡ ✭♦♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡✮✳

Pr♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✾✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞✳
❲❡ r❡❝❛❧❧ X ∼ L⊗n

X ❛♥❞ yi = Y (i+ ǫXi)✱ 1 ≤ i ≤ n✳ ❲❡ ❝♦♥s✐❞❡r s②♠♠❡tr✐❝ ♠❛tr✐①
s❡q✉❡♥❝❡s M1, ...,Mp ❛♥❞ N1, ..., Np ✭❞❡✜♥❡❞ ♦♥ (ΩX ,FX , PX)✮✱ ❢✉♥❝t✐♦♥s ♦❢ X✱ s♦ t❤❛t t❤❡
❡✐❣❡♥✈❛❧✉❡s ♦❢ N1, ..., Np ❛r❡ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧② ✐♥ n ❛♥❞ x ∈ (SX)

n
✱ Tr (Mi +NiR) = 0 ❢♦r

1 ≤ i ≤ p ❛♥❞ t❤❡r❡ ❡①✐sts ❛ p × p ♠❛tr✐① Σ s♦ t❤❛t 1
n
Tr (NiRNjR) → (Σ)i,j PX✲❛❧♠♦st

s✉r❡❧②✳ ❚❤❡♥ t❤❡ s❡q✉❡♥❝❡ ♦❢ p✲❞✐♠❡♥s✐♦♥❛❧ r❛♥❞♦♠ ✈❡❝t♦rs ✭❞❡✜♥❡❞ ♦♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡✮
(

1√
n
{Tr (Mi) + ytNiy}

)

i=1...p
❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ ❛ ●❛✉ss✐❛♥ r❛♥❞♦♠ ✈❡❝t♦r ✇✐t❤ ♠❡❛♥

③❡r♦ ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① 2Σ✳

✸✽



Pr♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✶✵✳ ❲❡ r❡❝❛❧❧ X ∼ L⊗n
X ❛♥❞ yi = Y (i+ ǫXi)✱ 1 ≤ i ≤ n✳ ❲❡

❝♦♥s✐❞❡r ❛ ❝♦♥s✐st❡♥t ❡st✐♠❛t♦r θ̂ ∈ R
p s♦ t❤❛t P

(

c
(

θ̂
)

= 0
)

→ 1✱ ❢♦r ❛ ❢✉♥❝t✐♦♥ c : Θ → R
p✱

❞❡♣❡♥❞❡♥t ♦♥ X ❛♥❞ Y ✱ ❛♥❞ t✇✐❝❡ ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ θ✳ ❲❡ ❛ss✉♠❡ t❤❛t
√
nc (θ0) →L N (0,Σ1)✱ ❢♦r

❛ p×p ♠❛tr✐① Σ1 ❛♥❞ t❤❛t t❤❡ ♠❛tr✐① ∂c(θ0)
∂θ

❝♦♥✈❡r❣❡s ✐♥ ♣r♦❜❛❜✐❧✐t② t♦ ❛ p×p ♣♦s✐t✐✈❡ ♠❛tr✐① Σ2

✭❝♦♥✈❡r❣❡♥❝❡s ❛r❡ ❞❡✜♥❡❞ ♦♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡✮✳ ❋✐♥❛❧❧② ✇❡ ❛ss✉♠❡ t❤❛t supθ̃,i,j,k

∣

∣

∣

∂2

∂θi∂θj
ck

(

θ̃
)
∣

∣

∣

✐s ❜♦✉♥❞❡❞ ✐♥ ♣r♦❜❛❜✐❧✐t②✳
❚❤❡♥ √

n
(

θ̂ − θ0

)

→L N
(

0,Σ−1
2 Σ1Σ

−1
2

)

.

Pr♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✶✵ ❝❛♥ ❜❡ ♣r♦✈❡❞ ✉s✐♥❣ st❛♥❞❛r❞ M ✲❡st✐♠❛t♦r t❡❝❤♥✐q✉❡s✳ ■♥
s✉❜s❡❝t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✷ ✇❡ ❣✐✈❡ ❛ s❤♦rt ♣r♦♦❢ ❢♦r ❝♦♥s✐st❡♥❝②✳

❆♣♣❡♥❞✐① ❉✳✷✳ Pr♦♦❢ ♦❢ t❤❡ t❡❝❤♥✐❝❛❧ r❡s✉❧ts

Pr♦♦❢ ♦❢ ❧❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✶✳

Pr♦♦❢✳
∑

j∈N,j 6=i

f {vi − vj + ǫ (xi − xj)} ≤
∑

v∈Zd,v 6=0

sup
δv∈[−1,1]d

f (v + δv)

=
∑

j∈N

∑

v∈{−j−1,...,j+1}d\{−j,...,j}d

sup
δv∈[−1,1]d

f (v + δv) .

❋♦r v ∈ {−j−1, ..., j+1}d\{−j, ..., j}d✱ |v+ δv|∞ ≥ j✳ ❚❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ t❤❡ s❡t {−j−1, ..., j+
1}d\{−j, ..., j}d ✐s

(2j + 3)
d − (2j + 1)

d
=

∫ 2j+3

2j+1

d.td−1dt ≤ 2d (2j + 3)
d−1

= 2dd

(

j +
3

2

)d−1

.

❍❡♥❝❡
∑

j∈N

f {vi − vj + ǫ (xi − xj)} ≤
∑

j∈N

2dd

(

j +
3

2

)d−1
1

1 + jd+1
.

Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✹✳

Pr♦♦❢✳ ▲❡t h : Rd → R s♦ t❤❛t ĥ(f) =
∏d

i=1 ĥi(fi)✱ ✇✐t❤ ĥi(fi) = 1f2
i
∈[0,1] exp

(

− 1
1−f2

i

)

✳ ❋♦r

1 ≤ i ≤ n✱ ĥi : R → R ✐s C∞✱ ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt✱ s♦ t❤❡r❡ ❡①✐sts C > 0 s♦ t❤❛t |hi(ti)| ≤
C

1
d

1+|ti|d+1 ✳ ◆♦✇✱ s✐♥❝❡ t❤❡ ✐♥✈❡rs❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢
∏d

i=1 ĥi(fi) ✐s
∏d

i=1 hi(ti)✱ ✇❡ ❤❛✈❡

|h(t)| ≤ C

d
∏

i=1

1

1 + |ti|d+1
≤ C

1 + |t|d+1
∞

.

❍❡♥❝❡✱ ❢r♦♠ ❧❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✷✱ ❢♦r ❛❧❧ i ∈ N ❛♥❞ a > 0✱

∑

j∈N,j 6=i

|h [a {vi − vj + ǫ (xi − xj)}]| ≤ C2dd
∑

j∈N

(

j + 3
2

)d−1

1 + ad+1 (j + 1− 2δ)
d+1

. ✭❉✳✶✮

❚❤❡ r✐❣❤t✲❤❛♥❞ t❡r♠ ✐♥ ✭❉✳✶✮ ❣♦❡s t♦ ③❡r♦ ✇❤❡♥ a → +∞✳ ❆❧s♦✱ h(0) ✐s ♣♦s✐t✐✈❡✱ ❜❡❝❛✉s❡ ĥ ✐s
♥♦♥✲♥❡❣❛t✐✈❡ ❛♥❞ ✐s ♥♦t ❛❧♠♦st s✉r❡❧② ③❡r♦ ♦♥ R

d ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ ❚❤✉s✱
t❤❡r❡ ❡①✐sts 0 < a < ∞ s♦ t❤❛t ❢♦r ❛❧❧ i ∈ N✱

∑

j∈N,j 6=i

|h [a {vi − vj + ǫ (xi − xj)}]| ≤
1

2
h (0) . ✭❉✳✷✮

✸✾



❯s✐♥❣ ●❡rs❤❣♦r✐♥ ❝✐r❝❧❡ t❤❡♦r❡♠✱ ❢♦r ❛♥② n ∈ N
∗✱ x1, ..., xn ∈ SX ✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡

s②♠♠❡tr✐❝ ♠❛tr✐❝❡s (h [a {vi − vj + ǫ (xi − xj)}])1≤i,j≤n
❜❡❧♦♥❣ t♦ t❤❡ ❜❛❧❧s ✇✐t❤ ❝❡♥t❡r h(0)

❛♥❞ r❛❞✐✉s
∑

1≤j≤n,j 6=i |h [a {vi − vj + ǫ (xi − xj)}]|✳ ❚❤✉s✱ ❜❡❝❛✉s❡ ♦❢ ✭❉✳✷✮✱ t❤❡s❡ ❡✐❣❡♥✈❛❧✉❡s

❜❡❧♦♥❣ t♦ t❤❡ s❡❣♠❡♥t [h(0)− 1
2h(0), h(0) +

1
2h(0)] ❛♥❞ ❛r❡ ❧❛r❣❡r t❤❛♥ 1

2h(0)✳
❍❡♥❝❡✱ ❢♦r ❛❧❧ n✱ t1, ..., tn ∈ R✱ x1, ..., xn ∈ SX ✱

1

2
h (0)

n
∑

i=1

t2i ≤
n
∑

i,j=1

titjh [a {vi − vj + ǫ (xi − xj)}]

=
n
∑

i,j=1

titj
1

ad

∫

Rd

ĥ

(

f

a

)

eif ·{vi−vj+ǫ(xi−xj)}df

=
1

ad

∫

Rd

ĥ

(

f

a

)

∣

∣

∣

∣

∣

n
∑

i=1

tie
if ·(vi+ǫxi)

∣

∣

∣

∣

∣

2

df.

❍❡♥❝❡✱ ❛s K̂θ (f) : (Θ×R
d) → R ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ♣♦s✐t✐✈❡✱ ✉s✐♥❣ ❛ ❝♦♠♣❛❝✐t② ❛r❣✉♠❡♥t✱ t❤❡r❡

❡①✐sts C2 > 0 s♦ t❤❛t ❢♦r ❛❧❧ θ ∈ Θ✱ f ∈ [−a, a]d✱ K̂θ (f) ≥ C2ĥ
(

f
a

)

✳ ❍❡♥❝❡✱

1

2
h (0)

n
∑

i=1

t2i ≤ 1

adC2

∫

Rd

K̂θ (f)

∣

∣

∣

∣

∣

n
∑

i=1

tie
if ·(vi+ǫxi)

∣

∣

∣

∣

∣

2

df,

=
1

adC2

n
∑

i,j=1

titjKθ {vi − vj + ǫ (xi − xj)} .

Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼✳

Pr♦♦❢✳ ▲❡t M I1
d1
...M IK

dK
∈ Mθ ❜❡ ✜①❡❞ ✐♥ t❤❡ ♣r♦♦❢✳

❚❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ RI
θ ✱ I ∈ Snd✱ ❛r❡ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧② ✇✐t❤ r❡s♣❡❝t t♦ n✱ θ ❛♥❞ x ✭❧❡♠♠❛

❆♣♣❡♥❞✐① ❉✳✺✮✳ ❚❤❡♥✱ ✉s✐♥❣ ❧❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✺ ♦♥ Rθ ❛♥❞ R−1
θ ❛♥❞ ✉s✐♥❣ ❧❡♠♠❛ ❆♣♣❡♥❞✐①

❉✳✻✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ diag
(

R−1
θ

)−1
❛r❡ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧② ✐♥ x✱ n ❛♥❞ θ✳ ❚❤❡♥✱

❢♦r M I
bd = diag

(

RI1
θ ...R

Im(I)

θ

)

✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ RI1
θ ...R

Im(I)

θ ❛r❡ ❜♦✉♥❞❡❞ ❜② t❤❡ ♣r♦❞✉❝t ♦❢

t❤❡ ♠❛①✐♠✉♠ ❡✐❣❡♥✈❛❧✉❡s ♦❢ RI1
θ , ..., R

Im(I)

θ ✳ ❆s t❤❡ ♥✉♠❜❡r ♦❢ t❡r♠ ✐♥ t❤✐s ♣r♦❞✉❝t ✐s ✜①❡❞
❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ n✱ t❤❡ r❡s✉❧t✐♥❣ ❜♦✉♥❞ ✐s ✜♥✐t❡ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ n✳ ❍❡♥❝❡ ✇❡ ✉s❡ ❧❡♠♠❛
❆♣♣❡♥❞✐① ❉✳✻ t♦ s❤♦✇ t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ M I

bd ❛r❡ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧② ✐♥ n✱ θ ❛♥❞ x✳ ❋✐♥❛❧❧②

✇❡ ✉s❡ ||A1...AK || ≤ ||A1||...||AK || t♦ s❤♦✇ t❤❛t ||M I1
d1
...M IK

dK
|| ✐s ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧② ✐♥ n✱ θ ❛♥❞

x✳
❲❡ ❞❡❝♦♠♣♦s❡ n ✐♥t♦ n = Nd

1n2 + r ✇✐t❤ N1, n2, r ∈ N ❛♥❞ r < Nd
1 ✳ ❲❡ ❞❡✜♥❡ C (vi) ❛s t❤❡

✉♥✐q✉❡ u ∈ N
d s♦ t❤❛t vi ∈ Eu :=

∏d
k=1{N1uk + 1, ..., N1 (uk + 1)}✳

❲❡ t❤❡♥ ❞❡✜♥❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♠❛tr✐❝❡s R̃θ ❜②
(

R̃θ

)

i,j
= (Rθ)i,j 1C(vi)=C(vj)✳ ❲❡ ❞❡♥♦t❡

M̃ I1
d1
...M̃ IK

dK
t❤❡ ♠❛tr✐① ❜✉✐❧t ❜② r❡♣❧❛❝✐♥❣ Rθ ❜② R̃θ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ M I1

d1
...M IK

dK
✭✇❡ ❛❧s♦

♠❛❦❡ t❤❡ s✉❜st✐t✉t✐♦♥ ❢♦r t❤❡ ✐♥✈❡rs❡ ❛♥❞ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s✮✳

▲❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✶✶✳

∣

∣

∣
M̃ I1

d1
...M̃ IK

dK
−M I1

d1
...M IK

dK

∣

∣

∣

2

→ 0✱ ✉♥✐❢♦r♠❧② ✐♥ x ∈ (SX)
n
✱ ✇❤❡♥

N1, n2 → ∞✳

✹✵



Pr♦♦❢✳ ▲❡t δ > 0 ❛♥❞ N s♦ t❤❛t TN := C2
02

2dd2
∑

j∈N,j≥N−1
(j+ 3

2 )
2(d−1)

(1+jd+1)2
≤ δ✳ ❚❤❡♥✿

∣

∣

∣
R̃θ −Rθ

∣

∣

∣

2

=
1

n

n
∑

i,j=1

{

(Rθ)i,j −
(

R̃θ

)

i,j

}2

,

=
1

n

∑

1≤i,j≤n,C(vi) 6=C(vj)

K2
θ {vi − vj + ǫ (xi − xj)} ,

≤ 1

n

n
∑

i=1

∑

j∈N∗,C(vi) 6=C(vj)

K2
θ {vi − vj + ǫ (xi − xj)} .

❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ a s♦ t❤❛t (aN1)
d ≤ n < {(a+ 1)N1}d✳ ❆♠♦♥❣ t❤❡ n ♦❜s❡r✈❛t✐♦♥

♣♦✐♥ts✱ (aN1)
d
❛r❡ ✐♥ t❤❡ Eu✱ ❢♦r u ∈ {1, ..., a}d✳ ❚❤❡ ♥✉♠❜❡r ♦❢ r❡♠❛✐♥✐♥❣ ♣♦✐♥ts ✐s ❧❡ss

t❤❛♥ dN1 {(a+ 1)N1}d−1
✳ ❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ ✭✶✮✱

∣

∣

∣
R̃θ −Rθ

∣

∣

∣

2

≤ 1

n

∑

u∈{1,...,a}d

∑

1≤i≤n,vi∈Eu

∑

j∈N∗,C(vj) 6=C(vi)

K2
θ {vi − vj + ǫ (xi − xj)}+

1

n
dN1 {(a+ 1)N1}d−1

T0,

=
1

n

∑

u∈{1,...,a}d

∑

1≤i≤n,vi∈Eu

∑

j∈N∗,C(vj) 6=C(vi)

K2
θ {vi − vj + ǫ (xi − xj)}+ o (1) .

❚❤❡♥✱ ❢♦r ✜①❡❞ u✱ t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ t❤❡ s❡t ♦❢ t❤❡ ✐♥t❡❣❡rs i ∈ {1, ..., n}✱ s♦ t❤❛t vi ∈ Eu ❛♥❞

t❤❡r❡ ❡①✐sts j ∈ N
∗ s♦ t❤❛t C(vi) 6= C(vj) ❛♥❞ |vi − vj |∞ ≤ N ✐s Nd

1 − (N1 − 2N)
d
❛♥❞ ✐s ❧❡ss

t❤❛♥ 2NdNd−1
1 ✳ ❍❡♥❝❡✱ ✉s✐♥❣ ✭✶✮✱ ❧❡♠♠❛s ❆♣♣❡♥❞✐① ❉✳✶ ❛♥❞ ❆♣♣❡♥❞✐① ❉✳✸✱

∣

∣

∣
R̃θ −Rθ

∣

∣

∣

2

≤ 1

n

∑

u∈{1,...,a}d

(

2NdNd−1
1 T0 +Nd

1 TN

)

+ o (1)

≤ 1

adNd
1

ad
{(

2NdNd−1
1 T0 +Nd

1 TN

)}

+ o (1) .

❚❤✐s ❧❛st t❡r♠ ✐s s♠❛❧❧❡r t❤❛♥ 2δ ❢♦rN1 ❛♥❞ n2 ❧❛r❣❡ ❡♥♦✉❣❤✳ ❍❡♥❝❡ ✇❡ s❤♦✇❡❞
∣

∣

∣
R̃θ −Rθ

∣

∣

∣
→ 0

✉♥✐❢♦r♠❧② ✐♥ x✱ ✇❤❡♥ N1, n2 → ∞✳ ❲❡ ❝❛♥ s❤♦✇ t❤❡ s❛♠❡ r❡s✉❧t ❢♦r ∂kRθ

∂θi1 ,...,∂θik
❛♥❞ ∂kR̃θ

∂θi1 ,...,∂θik
✳

❋✐♥❛❧❧② ✇❡ ✉s❡ ❬✶✵❪ t❤❡♦r❡♠ ✶ t♦ s❤♦✇ t❤❛t
∣

∣

∣
R̃−1

θ −R−1
θ

∣

∣

∣
→ 0 ✉♥✐❢♦r♠❧② ✐♥ x✱ ✇❤❡♥ N1, n2 → ∞✳

❍❡♥❝❡✱ ✉s✐♥❣ ❬✶✵❪✱ t❤❡♦r❡♠ ✶ ❛♥❞ ❧❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✻✱ |M̃ I
d −M I

d | ❝♦♥✈❡r❣❡s t♦ 0 ✉♥✐❢♦r♠❧②
✐♥ x ✇❤❡♥ N1, n2 → ∞✱ ❢♦r d ∈ {nd, sd, bd} ❛♥❞ I ∈ Snd ∪ {1} ∪ Sbd✳ ❲❡ ❝♦♥❝❧✉❞❡ ✉s✐♥❣ ❬✶✵❪✱
t❤❡♦r❡♠ ✶✳

❲❡ ❞❡♥♦t❡✱ ❢♦r ❡✈❡r② N1, n2 ❛♥❞ r✱ ✇✐t❤ 0 ≤ r < Nd
1 ✱ n = Nd

1n2 + r ❛♥❞ SN1,n2
:=

1
n
Tr
(

M̃ I1
d1
...M̃ IK

dK

)

✱ ✇❤✐❝❤ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ r❡❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❞❡✜♥❡❞ ♦♥ (ΩX ,FX , PX) ❛♥❞

✐♥❞❡①❡❞ ❜② N1✱ n2 ❛♥❞ r✳ ❯s✐♥❣ ❬✶✵❪✱ ❝♦r♦❧❧❛r② ✶ ❛♥❞ ❧❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✶✶✱ |Sn −SN1,n2
| → 0

✉♥✐❢♦r♠❧② ✐♥ x ✇❤❡♥ N1, n2 → ∞ ✭✉♥✐❢♦r♠❧② ✐♥ r✮✳ ❆s t❤❡ ♠❛tr✐❝❡s ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ SN1,n2

❛r❡ ❜❧♦❝❦ ❞✐❛❣♦♥❛❧✱ ✇❡ ❝❛♥ ✇r✐t❡ SN1,n2
= 1

n2

∑n2

l=1 S
l
Nd

1
+o
(

1
n2

)

✱ ✇❤❡r❡ t❤❡ Sl
Nd

1
❛r❡ iid r❛♥❞♦♠

✈❛r✐❛❜❧❡s ❞❡✜♥❡❞ ♦♥ (ΩX ,FX , PX) ✇✐t❤ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ SNd
1
✳ ❲❡ ❞❡♥♦t❡ S̄Nd

1
:= EX

(

SNd
1

)

✳

❚❤❡♥✱ ✉s✐♥❣ t❤❡ str♦♥❣ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs✱ ❢♦r ✜①❡❞ N1✱ SN1,n2
→ S̄Nd

1
PX ✲❛❧♠♦st s✉r❡❧② ✇❤❡♥

n2 → ∞ ✭✉♥✐❢♦r♠❧② ✐♥ r✮✳
❋♦r ❡✈❡r② N1, pN1 , n2 ∈ N

∗✱ t❤❡r❡ ❡①✐st t✇♦ ✉♥✐q✉❡ n′
2, r ∈ N s♦ t❤❛t 0 ≤ r < Nd

1 ❛♥❞

✹✶



(N1 + pN1
)
d
n2 = Nd

1n
′
2 + r✳ ❚❤❡♥ ✇❡ ❤❛✈❡

|S̄(N1)
d − S̄

(N1+pN1)
d | ≤ |S̄(N1)

d − SN1,n
′

2
|+ |SN1,n

′

2
− SNd

1 n
′

2+r| ✭❉✳✸✮

+|SNd
1 n

′

2+r − S
(N1+pN1)

d
n2
|+ |S

(N1+pN1)
d
n2

− SN1+pN1
,n2

|+ |SN1+pN1
,n2

− S̄
(N1+pN1)

d |
= A+B + C +D + E.

❇❡❝❛✉s❡ n′
2 ❛♥❞ r ❞❡♣❡♥❞ ♦♥ N1✱ pN1 ❛♥❞ n2✱ A✱ B✱ C✱ D ❛♥❞ E ❛r❡ s❡q✉❡♥❝❡s ♦❢ r❛♥❞♦♠

✈❛r✐❛❜❧❡s ❞❡✜♥❡❞ ♦♥ (ΩX ,FX , PX) ❛♥❞ ✐♥❞❡①❡❞ ❜② N1✱ pN1 ❛♥❞ n2✳ ❲❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡r❡
❡①✐sts Ω̃X ⊂ ΩX ✱ ✇✐t❤ PX(Ω̃X) = 1 s♦ t❤❛t ❢♦r ωX ∈ Ω̃X ✱ ✇❤❡♥ N1, n2 → +∞✱ ✇❡ ❛❧s♦ ❤❛✈❡
N1 + pN1

, n′
2 → +∞✱ ❛♥❞ s♦ B ❛♥❞ D ❝♦♥✈❡r❣❡ t♦ ③❡r♦✳

◆♦✇✱ ❢♦r ❡✈❡r② N1 ∈ N
∗✱ ❧❡t ΩX,N1

❜❡ s♦ t❤❛t PX(ΩX,N1
) = 1 ❛♥❞ ❢♦r ❛❧❧ ωX ∈ ΩX,N1

✱

SN1,n2
→n2→+∞ S̄Nd

1
✳ ▲❡t ˜̃ΩX = ∩N1∈N∗ΩX,N1

✳ ❚❤❡♥ PX( ˜̃ΩX) = 1 ❛♥❞ ❢♦r ❛❧❧ ωX ∈ ˜̃ΩX ✱ ❢♦r

❛❧❧ N1 ∈ N
∗✱ SN1,n2

→n2→+∞ S̄Nd
1
✳

❲❡ ✇✐❧❧ ♥♦✇ s❤♦✇ t❤❛t t❤❡ N1✲✐♥❞❡①❡❞ s❡q✉❡♥❝❡ S̄Nd
1
✐s ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡✳ ▲❡t δ > 0✳

PX( ˜̃Ω∩ Ω̃) = 1 s♦ t❤✐s s❡t ✐s ♥♦♥✲❡♠♣t②✳ ▲❡t ✉s ✜① ωX ∈ ˜̃Ω∩ Ω̃✳ ■♥ ✭❉✳✸✮✱ C ✐s ♥✉❧❧✳ ❚❤❡r❡ ❡①✐st
N̄1 ❛♥❞ N̄2 s♦ t❤❛t ❢♦r ❡✈❡r② N1 ≥ N̄1✱ n2 ≥ n̄2✱ pN1

> 0✱ B ❛♥❞ D ❛r❡ s♠❛❧❧❡r t❤❛♥ δ✳ ▲❡t ✉s
♥♦✇ ✜① ❛♥② N1 ≥ N̄1✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② pN1

> 0✱ ✇✐t❤ n2 ≥ n̄2 ❧❛r❣❡ ❡♥♦✉❣❤✱ A ❛♥❞ E ❛r❡ s♠❛❧❧❡r
t❤❛♥ δ✳

❍❡♥❝❡✱ ✇❡ s❤♦✇❡❞✱ ❢♦r t❤❡ ωX ∈ ˜̃Ω × Ω̃ ✇❡ ✇❡r❡ ❝♦♥s✐❞❡r✐♥❣✱ t❤❛t t❤❡ N1✲✐♥❞❡①❡❞ s❡q✉❡♥❝❡
S̄Nd

1
✐s ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡ ❛♥❞ ✇❡ ❞❡♥♦t❡ ✐ts ❧✐♠✐t ❜② S✳ ❙✐♥❝❡ t❤✐s s❡q✉❡♥❝❡ ✐s ❞❡t❡r♠✐♥✐st✐❝✱ S

✐s ❞❡t❡r♠✐♥✐st✐❝ ❛♥❞ S̄(N1)
d →N1→+∞ S✳

❋✐♥❛❧❧②✱ ❧❡t n = Nd
1n2 + r ✇✐t❤ N1, n2 → ∞✳ ❚❤❡♥

|Sn − S| ≤ |Sn − SN1,n2
|+ |SN1,n2

− S̄Nd
1
|+ |S̄Nd

1
− S|.

❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ❜❡❢♦r❡✱ ✇❡ s❤♦✇ t❤❛t✱ PX ✲❛✳s✳✱ |Sn − S| → 0 ❛s n → +∞✳

Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✽✳

Pr♦♦❢✳ E
(

1
n
ytMy

)

= E
{

E
(

1
n
ytMy|X

)}

= E
{

1
n
Tr (MR0)

}

→ Σ✳ ❋✉rt❤❡r♠♦r❡ var
(

1
n
ytMy

)

=

E
{

var
(

1
n
ytMy|X

)}

+ var
{

E
(

1
n
ytMy|X

)}

✳ var
(

1
n
ytMy|X = x

)

✐s ❛ O
(

1
n

)

✱ ✉♥✐❢♦r♠❧② ✐♥ x✱

✉s✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼ ❛♥❞ ||A + B|| ≤ ||A|| + ||B||✳ ❚❤❡r❡❢♦r❡ var
(

1
n
ytMy|X

)

✐s

❜♦✉♥❞❡❞ ❜② O( 1
n
) PX ✲❛✳s✳ var

{

E
(

1
n
ytMy|X

)}

= var
{

1
n
Tr (MRθ0)

}

→ 0✱ ✉s✐♥❣ ♣r♦♣♦s✐t✐♦♥
❆♣♣❡♥❞✐① ❉✳✼✳ ❍❡♥❝❡ 1

n
ytMy ❝♦♥✈❡r❣❡s t♦ Σ ✐♥ t❤❡ ♠❡❛♥ sq✉❛r❡ s❡♥s❡✳

Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✾✳

Pr♦♦❢✳ ▲❡t vλ = (λ1, ..., λp)
t ∈ R

p✳

E

(

exp

[

i

p
∑

k=1

λk

1√
n

{

Tr (Mk) + ytNky
}

])

= E

{

E

(

exp

[

i

p
∑

k=1

λk

1√
n

{

Tr (Mk) + ytNky
}

]

∣

∣X

)}

.

❋♦r ✜①❡❞ x = (x1, ..., xn)
t ∈ (SX)

n
✱ ❞❡♥♦t✐♥❣

∑p
k=1 λkR

1
2NkR

1
2 = P tDP ✱ ✇✐t❤ P tP = In

❛♥❞D ❞✐❛❣♦♥❛❧✱ zx = PR− 1
2 y ✭✇❤✐❝❤ ✐s ❛ ✈❡❝t♦r ♦❢ iid st❛♥❞❛r❞ ●❛✉ss✐❛♥ ✈❛r✐❛❜❧❡s✱ ❝♦♥❞✐t✐♦♥❛❧❧②

t♦ X = x✮✱ ✇❡ ❤❛✈❡

p
∑

k=1

λk

1√
n

{

Tr (Mk) + ytNky
}

=
1√
n

[

Tr

(

p
∑

k=1

λkMk

)

+

n
∑

i=1

φi

(

p
∑

k=1

λkR
1
2NkR

1
2

)

(zx)
2
i

]

=
1√
n

[

n
∑

i=1

φi

(

p
∑

k=1

λkR
1
2NkR

1
2

)

{

(zx)
2
i − 1

}

]

.
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❍❡♥❝❡

var

[

p
∑

k=1

λk

1√
n

{

Tr (Mk) + ytNky
} ∣

∣X

]

=
2

n

n
∑

i=1

φ2
i

(

p
∑

k=1

λkR
1
2NkR

1
2

)

=
2

n

p
∑

k=1

p
∑

l=1

λkλlTr (RNkRNl)

→
n→+∞

vtλ (2Σ) vλ ❢♦r ❛✳❡✳ ωX .

❍❡♥❝❡✱ ❢♦r ❛❧♠♦st ❡✈❡r② ωX ✱ ✇❡ ❝❛♥ ❛♣♣❧② ▲✐♥❞❡❜❡r❣✲❋❡❧❧❡r ❝r✐t❡r✐♦♥ t♦ t❤❡ ΩY ✲♠❡❛s✉r❛❜❧❡ ✈❛r✐✲

❛❜❧❡s 1√
n
φi

(

∑p
k=1 λkR

1
2NkR

1
2

){

(zx)
2
i − 1

}

✱ 1 ≤ i ≤ n✱ t♦ s❤♦✇ t❤❛t
∑p

k=1 λk
1√
n
{Tr (Mk) + ytNky}

❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦N (0, vtλ (2Σ) vλ)✳ ❍❡♥❝❡✱ E
(

exp
[

i
∑p

k=1 λk
1√
n
{Tr (Mk) + ytNky}

]

∣

∣X
)

❝♦♥✈❡r❣❡s ❢♦r ❛❧♠♦st ❡✈❡r② ωX t♦ exp
(

− 1
2v

t
λ (2Σ) vλ

)

✳ ❯s✐♥❣ t❤❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠

♦♥ (ΩX ,FX , PX)✱ E
(

exp
[

i
∑p

k=1 λk
1√
n
{Tr (Mk) + ytNky}

])

❝♦♥✈❡r❣❡s t♦ exp
{

− 1
2v

t
λ (2Σ) vλ

}

✳

Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✶✵✳

Pr♦♦❢✳ ■t ✐s ❡♥♦✉❣❤ t♦ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ c
(

θ̂
)

= 0✱ t❤❡ ❝❛s❡ P
{

c
(

θ̂
)

= 0
}

→ 1 ❜❡✐♥❣ ❞❡❞✉❝❡❞

❢r♦♠ ✐t ❜② ♠♦❞✐❢②✐♥❣ c ♦♥ ❛ s❡t ✇✐t❤ ✈❛♥✐s❤✐♥❣ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❛✛❡❝t t❤❡
❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥✳ ❋♦r ❛❧❧ 1 ≤ k ≤ p

0 = ck

(

θ̂
)

= ck (θ0) +

{

∂

∂θ
ck (θ0)

}t
(

θ̂ − θ0

)

+ r,

✇✐t❤ r❛♥❞♦♠ r✱ s♦ t❤❛t |r| ≤ supθ̃,i,j,k

∣

∣

∣

∂2

∂θi∂θj
ck

(

θ̃
)
∣

∣

∣
× |θ̂ − θ0|2✳ ❍❡♥❝❡ r = op

(

|θ̂ − θ0|
)

✳ ❲❡

t❤❡♥ ❤❛✈❡

−ck (θ0) =

[

{

∂

∂θ
ck (θ0)

}t

+ op (1)

]

(

θ̂ − θ0

)

,

❛♥❞ s♦
(

θ̂ − θ0

)

= −
{

∂

∂θ
c (θ0) + op (1)

}−1

c (θ0) . ✭❉✳✹✮

❲❡ ❝♦♥❝❧✉❞❡ ✉s✐♥❣ ❙❧✉ts❦② ❧❡♠♠❛✳

❘❡♠❛r❦✳ ❖♥❡ ❝❛♥ s❤♦✇ t❤❛t✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❣♦✐♥❣ t♦ ♦♥❡ ❛s n → +∞✱ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❤❛s ❛
✉♥✐q✉❡ ❣❧♦❜❛❧ ♠✐♥✐♠✐③❡r✳ ■♥❞❡❡❞✱ ✇❡ ✜rst ♥♦t✐❝❡ t❤❛t t❤❡ s❡t ♦❢ t❤❡ ♠✐♥✐♠✐③❡rs ✐s ❛ s✉❜s❡t ♦❢
❛♥② ♦♣❡♥ ❜❛❧❧ ♦❢ ❝❡♥t❡r θ0 ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❣♦✐♥❣ t♦ ♦♥❡✳ ❋♦r ❛ s♠❛❧❧ ❡♥♦✉❣❤ ♦♣❡♥ ❜❛❧❧✱ t❤❡
♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥ ✐s str✐❝t❧② ❝♦♥✈❡① ✐♥ t❤✐s ♦♣❡♥ ❜❛❧❧ ❝♦♥✈❡r❣❡s t♦ ♦♥❡✳
❚❤✐s ✐s ❜❡❝❛✉s❡ ♦❢ t❤❡ t❤✐r❞✲♦r❞❡r r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ✇✐t❤ r❡s♣❡❝t t♦ θ✱ ❛♥❞ ❜❡❝❛✉s❡ t❤❡
❧✐♠✐t ♦❢ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ♠❛tr✐① ♦❢ t❤❡ ▲✐❦❡❧✐❤♦♦❞ ❛t θ0 ✐s ♣♦s✐t✐✈❡✳

❆♣♣❡♥❞✐① ❊✳ ❊①❛❝t ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡s ❛t ǫ = 0 ❢♦r d = 1

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♦♥❧② ❛❞❞r❡ss t❤❡ ❝❛s❡ d = 1 ❛♥❞ p = 1✱ ✇❤❡r❡ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts
vi+ ǫXi✱ 1 ≤ i ≤ n✱ n ∈ N

∗✱ ❛r❡ t❤❡ i+ ǫXi✱ ✇❤❡r❡ Xi ✐s ✉♥✐❢♦r♠ ♦♥ [−1, 1]✱ ❛♥❞ Θ = [θinf , θsup]✳
❲❡ ❞❡✜♥❡ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ❢✉♥❝t✐♦♥ ŝ (.) ♦❢ ❛ s❡q✉❡♥❝❡ sn ♦❢ Z ❜② ŝ (f) =

∑

n∈Z
sne

isnf

❛s ✐♥ ❬✶✵❪✳ ❚❤✐s ❢✉♥❝t✐♦♥ ✐s 2π ♣❡r✐♦❞✐❝ ♦♥ [−π, π]✳ ❚❤❡♥

• ❚❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ Kθ0 (i)✱ i ∈ Z✱ ❤❛s ❋♦✉r✐❡r tr❛♥s❢♦r♠ f ✇❤✐❝❤ ✐s ❡✈❡♥ ❛♥❞ ♥♦♥✲♥❡❣❛t✐✈❡
♦♥ [−π, π]✳
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• ❚❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ ∂
∂θ
Kθ0 (i)✱ i ∈ Z✱ ❤❛s ❋♦✉r✐❡r tr❛♥s❢♦r♠ fθ ✇❤✐❝❤ ✐s ❡✈❡♥ ♦♥ [−π, π]✳

• ❚❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ ∂
∂t
Kθ0 (i)1i 6=0✱ i ∈ Z✱ ❤❛s ❋♦✉r✐❡r tr❛♥s❢♦r♠ ift ✇❤✐❝❤ ✐s ♦❞❞ ❛♥❞

✐♠❛❣✐♥❛r② ♦♥ [−π, π]✳

• ❚❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ ∂
∂t

∂
∂θ
Kθ0 (i)1i 6=0✱ i ∈ Z✱ ❤❛s ❋♦✉r✐❡r tr❛♥s❢♦r♠ ift,θ ✇❤✐❝❤ ✐s ♦❞❞ ❛♥❞

✐♠❛❣✐♥❛r② ♦♥ [−π, π]✳

• ❚❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ ∂2

∂t2
Kθ0 (i)1i 6=0✱ i ∈ Z✱ ❤❛s ❋♦✉r✐❡r tr❛♥s❢♦r♠ ft,t ✇❤✐❝❤ ✐s ❡✈❡♥ ♦♥

[−π, π]✳

• ❚❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ ∂2

∂t2
∂
∂θ
Kθ0 (i)1i 6=0✱ i ∈ Z✱ ❤❛s ❋♦✉r✐❡r tr❛♥s❢♦r♠ ft,t,θ ✇❤✐❝❤ ✐s ❡✈❡♥ ♦♥

[−π, π]✳

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛ss✉♠❡ ✐♥ ❝♦♥❞✐t✐♦♥ ❆♣♣❡♥❞✐① ❊✳✶ t❤❛t ❛❧❧ t❤❡s❡ s❡q✉❡♥❝❡s ❛r❡ ❞♦♠✐♥❛t❡❞
❜② ❛ ❞❡❝r❡❛s✐♥❣ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥✱ s♦ t❤❛t t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠s ❛r❡ C∞✳ ❚❤✐s ❝♦♥❞✐t✐♦♥
❝♦✉❧❞ ❜❡ ✇❡❛❦❡♥❡❞✱ ❜✉t ✐t s✐♠♣❧✐✜❡s t❤❡ ♣r♦♦❢s✱ ❛♥❞ ✐t ✐s s❛t✐s✜❡❞ ✐♥ ♦✉r ❢r❛♠❡✇♦r❦✳

❈♦♥❞✐t✐♦♥ ❆♣♣❡♥❞✐① ❊✳✶✳ ❚❤❡r❡ ❡①✐st C < ∞ ❛♥❞ a > 0 s♦ t❤❛t t❤❡ s❡q✉❡♥❝❡s ♦❢ ❣❡♥❡r❛❧

t❡r♠s Kθ0 (i)✱
∂
∂θ
Kθ0 (i)✱

∂
∂t
Kθ0 (i)1i 6=0✱

∂
∂t

∂
∂θ
Kθ0 (i)1i 6=0✱

∂2

∂t2
Kθ0 (i)1i 6=0✱

∂2

∂t2
∂
∂θ
Kθ0 (i)1i 6=0✱

i ∈ Z✱ ❛r❡ ❜♦✉♥❞❡❞ ❜② Ce−a|i|✳

❋♦r ❛ 2π✲♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥ f ♦♥ [−π, π]✱ ✇❡ ❞❡♥♦t❡ ❜② M (f) t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ f ♦♥ [−π, π]✳
❚❤❡♥✱ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❊✳✷ ❣✐✈❡s t❤❡ ❝❧♦s❡❞ ❢♦r♠ ❡①♣r❡ss✐♦♥s ♦❢ ΣML✱ ΣCV,1✱ ΣCV,2

❛♥❞ ∂2

∂ǫ2
ΣML

∣

∣

∣

ǫ=0
✳

Pr♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❊✳✷✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥s ✷✳✶ ❛♥❞ ❆♣♣❡♥❞✐① ❊✳✶ ❛r❡ ✈❡r✐✜❡❞✳
❋♦r ǫ = 0✱

ΣML =
1

2
M

(

f2
θ

f2

)

,

ΣCV,1 = 8M

(

1

f

)−6

M

(

fθ

f2

)2

M

(

1

f2

)

+8M

(

1

f

)−4

M

(

f2
θ

f4

)

−16M

(

1

f

)−5

M

(

fθ

f2

)

M

(

fθ

f3

)

,

ΣCV,2 = 2M

(

1

f

)−3
{

M

(

f2
θ

f3

)

M

(

1

f

)

−M

(

fθ

f2

)2
}

,

✹✹



❛♥❞

∂2

∂ǫ2
ΣML

∣

∣

∣

∣

ǫ=0

=
2

3
M

(

fθ

f2

)

M

(

f2
t fθ

f2

)

−4

3
M

(

1

f

)

M

(

ft,θ ft fθ

f2

)

− 4

3
M

(

fθ

f2

)

M

(

ft,θ ft

f

)

+
2

3
M

(

1

f

)

M

(

f2
t f2

θ

f3

)

+
2

3
M

(

f2
θ

f3

)

M

(

f2
t

f

)

−2

3
M

(

ft,t f
2
θ

f3

)

+
2

3
M

(

1

f

)

M

(

f2
t,θ

f

)

+
2

3
M

(

ft,t,θ fθ

f2

)

.

Pr♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❊✳✷ ✐s ♣r♦✈❡❞ ✐♥ t❤❡ s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧✳
❆♥ ✐♥t❡r❡st✐♥❣ r❡♠❛r❦ ❝❛♥ ❜❡ ♠❛❞❡ ♦♥ ΣCV,2✳ ❯s✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛rt③ ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥

ΣCV,2 = 2M

(

1

f

)−3
[

M

{

(

fθ

f
3
2

)2
}

M

{

(

1

f
1
2

)2
}

−M

{

fθ

f
3
2

1

f
1
2

}2
]

≥ 0,

s♦ t❤❛t t❤❡ ❧✐♠✐t ♦❢ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ θ ♦❢ t❤❡ ❈❱ ❝r✐t❡r✐♦♥ ❛t θ0 ✐s ✐♥❞❡❡❞
♥♦♥✲♥❡❣❛t✐✈❡✳ ❋✉rt❤❡r♠♦r❡✱ ❢♦r t❤❡ ❧✐♠✐t t♦ ❜❡ ③❡r♦✱ ✐t ✐s ♥❡❝❡ss❛r② t❤❛t fθ

f
3
2
❜❡ ♣r♦♣♦rt✐♦♥❛❧ t♦

1

f
1
2
✱ t❤❛t ✐s t♦ s❛② fθ ❜❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ f ✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦

∂Kθ0

∂θ
❜❡✐♥❣ ♣r♦♣♦rt✐♦♥❛❧ t♦

Kθ0 ♦♥ Z✱ ✇❤✐❝❤ ❤❛♣♣❡♥s ♦♥❧② ✇❤❡♥ ❛r♦✉♥❞ θ0✱ Kθ (i) = θ
θ0
Kθ0 (i)✱ ❢♦r i ∈ Z✳ ❍❡♥❝❡ ❛r♦✉♥❞

θ0✱ θ ✇♦✉❧❞ ❜❡ ❛ ❣❧♦❜❛❧ ✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❢♦r t❤❡ r❡❣✉❧❛r ❣r✐❞
✐♥ ❞✐♠❡♥s✐♦♥ ♦♥❡✱ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ✐s ♣♦s✐t✐✈❡✱ ❛s ❧♦♥❣ ❛s θ ✐s ♥♦t ♦♥❧② ❛ ❣❧♦❜❛❧ ✈❛r✐❛♥❝❡
♣❛r❛♠❡t❡r✳

❘❡❢❡r❡♥❝❡s
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❬✽❪ ❏✳ ❉✉✱ ❍✳ ❩❤❛♥❣✱ ❱✳ ▼❛♥❞r❡❦❛r✱ ❋✐①❡❞ ❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s ♣r♦♣❡rt✐❡s ♦❢ t❛♣❡r❡❞ ♠❛①✐♠✉♠
❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t♦rs✱ ❚❤❡ ❆♥♥❛❧s ♦❢ ❙t❛t✐st✐❝s ✸✼ ✭✷✵✵✾✮ ✸✸✸✵✕✸✸✻✶✳
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