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Particle Swarm Control
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SUMMARY

Controlling several and possibly independent moving agents in order to reach global goals is a tedious
task that has applications in many engineering elds such as robotics or computer animation. Together, the
different agents form a whole called swarm, which may display interesting collective behaviors. When the
agents are driven by their own dynamics, controlling this swarm is known as the particle swarm control
problem. In that context, several strategies, based on the control of individuals using simple rules, exist. This
paper defends a new and original method based on a centralized approach. More precisely, we propose a
framework to control several particles with constraints either expressed on a per-particle basis, or expressed
as a function of their environment. We refer to these two categories as respektigeyngianor Eulerian
constraints. The contributions of the paper are the followijnge show how to use optimal control recipes to
express an optimization process over a large state space including the dynamic information of the particles;
i) the relation between the Lagrangian state space and Eulerian values is conveniently expressed with graph
operators that make it possible to conduct all the mathematical operations required by the control process.
We show the effectiveness of our approach on classical and more original particle swarm control problems.

KEY WORDS: Particle Swarm Control ; Optimal control ; Variational assimilation ; Adjoint method ;
Graph operators

1. INTRODUCTION AND MOTIVATIONS

This paper focuses on the control of a set of particles which together form a whole, the latter
being called “swarm”. From individual properties, and depending on the nature and the state of
particles, collective behavior may appear from such entify 2]. Controlling these collective
behaviors together with individual particles is therefore a key issue which is explored in this
article. This problem can be found in the literature for several distinct application elds, such as
robot swarms 3, 4], simulation of schools and herds of animat§, [human crowd simulationg]

or even mobile networks with switching topology][ The control of a particle swarm has
mainly been focused on three different problemshe rendezvougproblem, also known as the
distributed consensus problef B], which aims at agreeing on and reaching a common location,

i) the formation problem whose goal is to keep a given formation between the different swarm
members 9, 10] and nally the iii) aggregationproblem, where the objective is for the agents to
group in a cohesive swarm], 12]. Other issues arise from economic load dispatchir& yvhich

looks for the optimal con guration of generators. Most of the previous works on particle swarm
control focus on the design of individual laws, usually based on potential elds (seelé.d5),

to de ne the control policy. The latter induces an emerging and global behavior of the swarm also
known asthe swarm intelligengewvhich has raised several important stability issuds 16, 17]. A

good review of those problems and the common associated recipes, along with stability results,
can be found in 15). In fact, those decentralized approaches performed at the particle level
are motivated by real world conditions (i.e. physical systems which can only communicate with
their local neighbors), but also because the global control problem is tedious, since it requires to
minimize non-convex energy functions, as it8], de ned over potentially very large state space,
with possibly chaotic behaviors. The particle swarm optimization (PSO) methéf which a

good overview can be found ir2(], allows the minimization of such functionals using sampling



methods for gradient descent, but is different in nature of the problem addressed in this paper. We
notably propose a new methodology where the swarm control operates globally to enforce a desired
consistency, and for which the gradient of the functional is computed, unlike the PSO methods. In
order to t to the different problems' nature above cited, the control objectives can be expressed
either on a per-particle basis or relatively to the environment. These two categories of aims are
illustrated in Fig.1 and will be respectively referred to &agrangianandEulerian constraints or

goals. However, nding an explicit correspondence between Lagrangian data and Eulerian quantities
(e.g. position of particles and its analog quantity density) is a non trivial task and calls for a dedicated
methodology.

Figure l.lllustrations of the different nature of constraints in the swarm control problem. From an initial con guration
(a), particles in blue can be controlled either to reach individual positions represented as red lcagtasgian
constraints (b) or to meet on a given arEalerianconstraint

Assuming that the particles are driven by an evolution model expressed as a system of partial
differential equations (PDE) (a generic model is given in Secitmillustrate our control method),
we propose to use a deterministic optimization technique from the optimal control fahjlgJ]:
the variational assimilation framework. Mostly based on the adjoint theory, it has been widely used
the last three decadegd, 24], mainly because of its convenient way to express the gradient of a
cost-function involving a large system state and the associated parameters. This method has most
of the time been used in a pure Eulerian framew@ P6] but some applications in the context of
Lagrangian setpoints can be fourit¥].

The contributions of the paper are then twofold:

we provide an original theoretical framework which makes it possible to derive a
correspondence between the Lagrangian and Eulerian space (SBatfoquantities related

to the swarm. This mapping is performed generically thanks to operators inspired from the
graph theory 28]. Those operators allow us to conduct mathematical operations such as
the linearization of the constraint operators required by the variational assimilation process
(Sectionb),

we recast the centralized swarm control problem within the optimal control theory, and show
the potential bene ts of this approach by solving several classical particle swarm control
problems (Sectio). Among these, we provide formation or aggregation control, and less
classical issues such as control with respect to high order dynamical quantities such as
divergence and vorticity of the swarm velocity.

Finally, a discussion and a conclusion end the paper (Sec}ion

2. NOTATIONS AND METHOD OVERVIEW

We rst begin by introducing in this section the terminology and the notations used in the remainder
of the paper. The control of a swarm of particles requires three main key points:

the way particles behave in a deterministic fashioni.e. how they move together subject to
given parameters. More formally, this corresponds to the migdethich drives the state of
all particlesX through the following evolution equation:

&,

at M(X)=0; 1)



external constraints applied to the swarm:the setpointsY . These constraints can be
expressed in a different space théras it is the case in the swarm control problem considered

in Fig. 1.c, where the particle density is used as a continuous constraint. In that context, ad-
hoc relations capable of linking the Lagrangian system space to such constraints have to be
de ned. As explained later in the paper, this is performed through graph operators which
formalism is very exible and valid for dimensiordim 2 f 1; 2; 3g;

the swarm control, thanks to the mathematical process combining the last two concepts. In
this paper, we apply the control theory to a system deriving fkbrto obtain speci ¢ states

X (t). A sensor is used to compare the system output to the reference signal. This error is
operated by a controller giving appropriate control variables for the system. Its integration
will lead to a corrected output. In our case, the controller corresponds tastimilation
process the system to the evolution moddl, and the sensor to the observation operetor

We noteY the reference signal, which can be considered as an observatioregtiaration
framework, or as a setpoint in the control approach presented in this pape® $hgws

the negative feedback control of the state with a user de ned signal. This control loop is

' control
Setpoint variable State

Y . . 1 X
Assimilation : System
T Sensor ‘
H(X) B

Figure 2.Functional scheme of the methodEach iterative loop computes the difference between the setpoantd
the observed statd(X ) in the setpoint space. The difference supplies the assimilation process deriving from the model
M which will give new stateX (t) all along time.

not expressed in the frequency domain, andannot be determined by one-pass analytical
means unlike many engineering control applications. The reason is the speci city of both the
assimilation controller and the system which contain time integration of equations.

3. SWARM EVOLUTION MODEL

To demonstrate the ability of the method to stick with common physical systems, we chose to
consider a second order model, abiding by Newton's law of maotion. This choice is motivated by the
large variety of swarming phenomena these equations are able to model, like autonomous mobile
robots P9, 30], crowds dynamics€], or schools of sh B1]. We obtain for each particlg; the
system:

8
3 %{ -, (2a)
3 m%‘: = F. (2b)

In this model, an overall forcE; term is applied to every particig. We propose to decompose
this force into three main components:

I:i = Fsourcei + I:slow,i + Finteractioni (3)

The source term provides a uniform and constant displacement, and is composed by a direction
W; and an intensity ; given for every particle. This term reads:



Fsourcei = i Wi (4)

In order to limit the total kinetic energy of the system, it is common to add a friction force reading
for every particley;:
Fsiowi = kiui: %)

Providing an interaction term in the model demonstrates the power of the assimilation process in
reverberating corrections among a complex system like interactive swarm. One of the most simple
and yet potentially useful interactions is the repulsive force which has been widely used to model
social respect for both humans and animals. We consider it as decreasing with the distance between
particles and so take it as an inverse exponential func@ihrapd directed toward the particte:

ri>j/ = ae bky; Yikelj : (6)

It is clear that the above model dynamics is described at a particle level, which renders a global
description at a swarm level dif cult to achieve. It is also indeed dif cult to consider at this stage
high level constraints involving global properties (such as density or velocity). The purpose of the
next section is to present a new formalism based on graph operators aiming at bridging the gap
between those different levels of representations.

4. GRAPH REPRESENTATION

Formalizing Lagrangian dynamics requires to de ne equations at a particle level. When one
manipulates physical systems associated with continuous laws, such de nition can be tedious. Here
we propose to re-write such dynamics directly at the swarm level. The bene t of such approach is to
de ne inner swarm interactions. Furthermore, the graph formalism along with its accompanying
matrix provides excellent tools for derivation of Lagrangian functions. The de nitions of such
operators and Jacobian matrix needed by the variational assimilation, are suggested in this section.
We also propose to explicitly link particle data to discretized continuous quantities by viewing an
Eulerian grid as another graph. Neighboring conditions for particles are also de ned thanks to these
operators. Before entering into details, let us now present some generalities.

4.1. Generalities

We consider the swarm as a setfNfparticles, seen as vertices. We nbté¢he vertex space arte
the edge space.
The swarmV 2 VN has interconnections seen as edgesE? , whereZ is the number of edges
connecting two vertices of. In practice obviously we are not interested in connecting every particle
to all others but we are rather interested on some local interaction. Therefore we havwe?. We
obtain the de nition of the grapie = fV ; Egde ning in a row particles and their interactions. It
is important to note that each vertex carries different properties or quantities, usually denoted as:

. N | N
Foove ! F , with F = R in the case of a scalar quantity. For example, the position of

Vo7 (V)
particles, also called con guration, can be written as:
LI
yw- By -8t o
Yo

In order to write graph quantity expressions, we introduce the diagonalisation opevettazh
creates a pure diagonal matrix made of the vector values. For instangéves us a new graph
guantity being the product dfandy.



4.2. Connectivity

The connectivity of vertice¥ is de ned by the adjacency matrix 2 ZN N whereZ is the integer
domain, which captures the structure of the gr&pfhis matrix is de ned as:

Aj =1 if there exists an edge betwegnandp; ,

A= Ay =0 if there is no edge.

8

In most cases, relations between particles decrease with the distance: the connectivity depends on
the proximity. There exist several ways to set the proximity-based connectivity, such as connecting
vertices within a range, or connecting thenearest neighbors. Because of the potentially high
number of particles, we chose to use a neighboring condition in a regular grid embedding, which
makes it possible to perform computations more ef ciently only for a subset of neighboring
particles. The adjacency matrix often goes with the degree matrixZN N, which accounts

for the sum of connections for every vertex. This matrix is diagonal and is de ned as:

P
Di = Aj,

D = DiJ':O.

9)

Let us now take the example in a two dimension space of a given con guration of vertices with a
rst order neighboring condition described in Fig.

P4

B " nndm

pix ps

Figure 3.Example graph G. The swarm lies on an Eulerian gi@ Connectivity of particles is here de ned by meshes
proximity with emphasis on nodas .

The adjacency and degree matrix of grapére:

20110 T 23 000 C

1000 0200
A:ElOOO%,D:EOOlO%. (10)
0 00O 0 00O

11000 0000 2

In order to express explicitly the adjacency based on a Eulerian grid, we introduce the mesh
belonging matrixP (V) 2 ZN M, whereM is the number of meshesof grid C. P states for the
presence of a vertex in a mesh. We de ne:

Pimn =1 if y; isinside meslt,,,

P= Pim =0 otherwise.

(11)

Simultaneously we introduce the grid adjacency maitix 2 ZM M representing the connectivity
of meshes ab-th order. We de ne:

1 ifken aki o,

Mom = ¢ otherwise,

(12)



withc, ¢ the leap vector to go from meshto c,, . The combination of these two matrices gives
us the precise expression of the adjacency:

A=PM,PT. (13)
As for the example in Fig3, one can easily see thBf' gives the mesh to whicp; belongsM ;
gives the rst order neighbours of this mesh, tiegollects vertices belonging to this set of meshes.
4.3. Weighted relations

Even if the conditions of the connectivity are known, the intensity of the connection must be known
as well, since functionals will have to depend on and eventually drive vertices. Thus, the adjacency
matrix can be augmented by weights. These weigfits{pi); f (p;)) 2 W, orw! , create the matrix

w2 WN N which when combined to the adjacency matrix leads to:

I]’

Awe = Wi A, (14)
denoting the Hadamard, or entrywise, product. In practice, the quantity used by the wgight

is often a difference of the positiolys andy; , reading.wg = w(y(p;) Yy(pi)). As an example, if

taking the weight function as a Gaussian kef@eparameterized by its standard deviatigrsuch

as:
y _ ) _ 1 O vi)®
Gij = Gy, y) = We 27, (15)

one can express in a compact way the concentration of the particle's quantity, or particle density, of
G by writing:
=A Gy (Q, (16)

with the quantity of particleq(V) here set tol, meaning every particle counts fdr ptl .
Consequently the dimension of the concentration becomgs: pt:m 9™ . An example of this
density is proposed in Fi@. (left).

4.4. Rewriting the evolution model with graph operators

At this stage, it is possible to rewrite the evolution model exposed in Seétiaith graph
operators. Recalling that every particles are submitted to a feroceomposed of three terms
Fi = Fsource + Fsiowi * Finteractioni » We rewrite the three different components in the following
way:

the source termwhich is is composed by a directiow (V) 2 RY N and an intensity
(V) 2 RN now reads in the graph's spad&oyrce= W ;
the friction termy which is composed by the particles velocitie® R? N and the friction
coef cientsk 2 RN nows reads in the graph's spaégjow = ku;
the interaction termwhich is composed of weighted relations between particles now reads in
the graph's spac&ineraction= Arv1;

which nally gives the following expression of the evolution model in the graph's space:

8

3 @t u=0, (17a)
P— l =

; ot m (,rW g{%+ Ary‘}t) 0, (17b)

F

in which one can recognize an evolution equation as de ned atlEq§Ve now examine the
possibilities offered by the graph operators to perform a link between the Lagrangian quantities

We noteptl the unit of the quantity of particles.



involved in the graph and Eulerian quantities relative to the environment. We recall again that this
can be useful if one wants to control the swarm with respect to constraints given at the swarm level
such as density or velocity.

4.5. Projection to Eulerian space

In addition to the grid neighboring condition, we also need to evaluate Lagrangian data in the
Eulerian space for the integration of continuous constraints in the control process. Knowing any
vertex quantity at the vertex location, we have to presume the values elsewhere, such as on the
grid C. We then need to estimate either the concentration of the quantity, or directly the quantity
which will act as an interpolation. Of course, every vertices will not be used for the estimation, and
we will useM (PT to select vertices on sight. The weights, however, are slightly different from
those used for graph adjacency. They mix the quantity of the vertices and the grid. By de ning
Whi o2 WM N the matrix of weights, withw; = w(f (p;) f(cn)), we can express the
convolution, or concentration here, @fthe density of particles o@ as follows:

C: G%’]] CcG M OPTq! (18)
providedy(cn) = X, , the center of meshy, . In the case of concentration, the weight has to be a

kernel function, such as gaussian The weight reads in this case:

(vj xm)?

1
G :G(Xm;Yj):ﬂgifdime 7z, (19)

Introducing the Eulerian adjacency matAy,: 2 WM N such as:

Aw = G, M oPT, (20)

CG

Eq. 18 can be simpli ed as follows:
c= Acvq. (21)
We present in Figd an example of calculation of the concentratiommaf a one dimension space,
and in Fig.5 (right) the calculation in a two dimension space.

~® particle data q
concentration of g
= grid

Figure 4.Concentration example Concentration of| on grid C obtained byAgy q. HereN =6, M =16,0= M,
and the standard deviation Gf is set as the size of the meshe<Cof

To get the quantity value elsewhere other than on vertices, we use the Eulerian adjacency weights
as interpolation weights. For eaph we divide the convolution by the sum of weights applied. This
normalization can be done with the introduction of the Eulerian degree nmagisv™ M | de ned
as: p

_ Dmm = j Anm,
b= Dm =0.

In the end, lettinguc 2 RY™ M pe the Eulerian velocity expressed on g@dwe obtain the
expression:

(22)

Uc = DWE'AWV u. (23)



Pa Pa

| ST N

P -
"\ A\
P2

2

Figure 5.Example graph G. Left) The density is expressed on graptby Eq. 16, right) the density is expressed on
gridChy Eqg.21L

This acts as an inverse distance weighted interpolation where the number of samples used equals
M oP 1, and providedv), decreasesds;  Xc, k grows.

The choice ofv is critical, and can lead to very different results. It has to be chosen and con gured
with respect to the expected smoothing degree, and the desired extrapolation type when away from
the swarm. Ideally, the perfeat should match the following requirements:

accuracy: the evaluated quantity at an available data is itself. This fgads:xc, ) uj =

Ue, ), w(0)=1;

vacuum relevance and stability: when far from the available data (i.e. the swarm), the
evaluated quantity corresponds to the average of the available data;

smoothness: as we deal with continuous data, the quantity has to be smooth;

simple mathematical derivation for computation ease.

The inverse distance weight functiom’ = m despite its accuracy and the fact that
it appears to be a rational choice is likely to generate high variations potentially leading to
discontinuities ifN M . For the sake of robustness, we instead chose to use the gaussian kernel
function G, again despite the fact it causes small accuracy discrepancy. It amounts to determine a
range of interpolation depending on the particles to grid elements distance. In addition, this weight
function turns out to be powerful if the particle density is used for the calculation of its standard
deviation at each positiox., . To illustrate this, we present in Fi§.an example of the evaluation

of uc comparing this method to a xed standard deviation, showing how the density-based method
provides a more robust evaluation for the natural interpretation that can be made of the underlying
continuous quantity. However, with such Gaussian kernel, the derivafrunfortunately gets a

little more complicated.

4.6. Differenciation

For particle control purposes, we will be led to derive equations by some vectorial vertex data noted
f 2 RIm N _Eq.16 shows how the adjacency can be used to estimate new vertex quantities. To
help differenciate graph equations, we slightly modify this notation by setting the multiplied vector
inside the adjacency matrix, therefore yielding a new weighting type. Consideramgdd 2 RN

as scalar data, we write:

= Aud=AugT, (24)

where the functional matrix is de ned such a&;,.q = w{j di . We will denote the weight

@V\ff @"\fﬁ dim
@ - o 2 wam

derivationwij@ =



~-® particle data u

evaluation of u
: density-based evaluation of u
o o o Y ® grid

Figure 6.Evaluation example using particles densityEvaluation ofu on gridC obtained byD 4 T Agyu.HereN =6,
M =16, 0= M. The standard deviation & is set as the size of the meshe<dbr the simple evaluation, and as the
inverse of two times the particle densiBA(c y 1) for the density-based evaluation.

The derivation% 2 W4 N N ready:

% _ @A, d (25)
2 Py 3
P {\‘ Wl] dl
: @E Bk Z (26)
p
jN wy; 6
2 P N . f P N f P N
@1Phwg-jdl @ZPNW]}JdJ @N P{\lejdl
- E@l i wy g @, ij2j d @ sz d 27)
P P
@21 Iﬂ WNJ dJ @z i WNJ d] @N ] WNJ dJ
J.N Wg d Wé%dg wg dy
- § Wi ) v (28)
P
Wy'1d1 5 w,d; : i W'(\% d
= Yw@d g+ wld (29)

One can identify the degree and adjacency matrix out of this expression, leading to the equation:

%: DW@':d+Aw@‘:d- (30)
Using the graph Laplacian = D A, we nally obtain:
@
@ - L wae@ -d - (31)

It becomes also possible to simply write swarm PDEs describing the behavior of particles. In the
cased = 1, one can notice thdt, e« is symmetric.

YConsideringA independent of, which is an approximation in case= y as seen in EqL3, where it depends on the
mesh belonging matriR .
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The derivation of Eulerian quantities. is different since the weight function depends in part
on the grid meshes instead of double vertex dependency for classical graph weights. Therefore, the
degree matrix does not appear and the derivation of the convolutidoofC simply reads:

(32)

5. OPTIMAL CONTROL

The evolution modeM of Eqg. 1 aims at giving a rst assumption of the particle behavior. The
evolution of the system state(t) can be directly inferred from this model by integrating it over
time. The assimilation process is in charge of modifying this state trajectory by taking into account
setpoints (or observations) at given times. As a result, the control is de ned as a tradeoff between
what can be expected from the model and what is actually required by external conatréints

In fact, the degree of freedom allowing to modify the evolution of the particles predictdd isy

de ned by the levels of con dence in the model, the setpoints, and the initial state conditions. In the
assimilation process, these levels are related to the covariance matrices. This is explained thoroughly
in the next section.

5.1. Problem statement

Assuming the swarm being coarsely driven by the evolution mbtiebne can add an unknown
additive control variabley, relative to the noise on the evolution, leading to:

&,
@t
The setpoint dat¥ (t) have to be compared to the model output), as seen in Fig2. This
comparison can be direct or not, for example through higher level constraints such as differential

particles con guration or local density (as seen in Flj. The relation from such data ¥ is
therefore not direct, and leads to introducing an observation opétatormalizing:

M(X)= . (33)

HX)=Y + 4, (34)

where y stands for an error on the setpoint. Note that a direct observation correspdhds|t@ls
the identity.
Finally, as for the initial condition, we also assume its value to be uncertain, leading to:

X(to) = Xo+ o (35)

Therefore, the problem consists in extractiigthat satis es the system of relatior®3, 34 and

35. This is thecontrol issue: how to extract a solution of lower energy on variablgsand ¢

(i.e. abiding by as much as possible the natural mdadeind the initial conditionX ¢) such that

the computed state along time ts the actual setpoihiaup to the authorized error. This leads to
extractingX (t) that corresponds to the lowest discrepancy between the external constraints and the
original trajectory in state space. These conditions can be expressed through the minimization of
the cost functiod de ned as:

Z, Z,
1 1
J(wm; 0= > kMsz 1dt+§ kosz Ldt
2 K (36)
5 kY H(X)kZ .dt.

to

whereQ, B andR are respectively the error covariance matrices associated to ngisesand
n. The expressiok:k. ; stands for the induced norm of the inner product *:;: whereC is
an endomorphism.
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These covariances are of high importance in the control process, in the sense that they
parameterize the trade-off between the deterministic model and the setpoints. For example, the
initial con guration of the swarm at, can be set as fully trusted, and so not modi able, by
parameterizing the associated error to zero and therefore associating an error covariance matrix
suchthatB =+ 1 . Similar behaviors hold for matric& andR.

From a mathematical point of view, in practice, the optimization of Eg.leads to some
dif culties in reason of the potentially large size of the system state and to the complexity of the
evolution model. A solution to face this problem is to use an adjoint formulation, as presented in the
next section.

5.2. Adjoint formulation

As mentioned, the estimation o ( o; ) is in practice unfeasible for a large system's state
(herexX 2 R?9m N) As a matter of fact, such an evaluation would require computing perturbations
of the state variables along all the components of the control vari@blgs o) and all along the
temporal grid — i.e. integrating our evolution model for all perturbed components of the control
variables which is computationally completely unrealistic. An elegant solution of this problem
consists in relying on aadjoint formulation[21] by adding an adjoint variable to the derived
model @/. With the help of a few expansions and properties, and by de ning the linearisation
@M 2 R2dm N 2dm N of gperatoM (also known as Gateaux derivative) by:

M(X + dX) M(X)

(@M)dXx = Iim0 (37)
and the adjoint linearised operat@ M) 2 R2dmN 2dm N gy ch as:
H@M)dx; i = dX;(@M) (38)

it can be demonstrated that solving the assimilation problem in an incremental framework consists
in performing the following algorithnl on the basis of the solutioX (t) given by the model
integration.

Algorithm 1: Incremental variational data assimilation
Data: TrajectoryX (t)
Result Optimal solution
Perform integration oM with initial conditionX (tp) = X

while No convergencdo

Set (t;)=0
Backward integration of the adjoint linearised model:

%t+(@|\/|) =(@H) R (Y H(X) (39)

From adjoint trajectory (t; R):

— computedX (to) = d o = =B (to)

— computed y(t) = Q (t)

Forward integration of the linearised model:

%+(@M)dX:dM (40)

Update trajectorX (t) by adding computedX (t)

end
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The method rst consists in obtaining the state traject(y) abiding by the evolution modé
with respect to the given initial conditioXy.

At this stage of the process, the assimilation controller of Bjgand detailed in the above
Fig. 7 (left), is in charge of computing the control variables of the system.

Y control
| variables
U

! Assimilation Controller (

X | X

————

t
'y Adjoint Adjoint ) dl o, dl Linearised
Ilnearlsed sensor linearised model @ 0 'M model
* * (. .
H) (! XM) X:ty) . ! XM(X,d! od C

____________________________________________________________

Figure 7.Details of the assimilation controller and the system of Fig2 in an incremental framework.

Around the state trajectory, the backward integration of the adjoint linearised model 89 g.
in charge of computing which can be seen as an error variable along time. The evolutionf
in fact:

powered by a discrepancy measure between the setpaamid the state observatiéi(X);
and guided by the adjoint linearised mo¢@ M) .

The variations of the control variableg and \ (t) are then calculated using, thus allowing to
compute the variation of the state trajectoby (t) by the forward integration of Egl0 as shown
in Fig. 7 (right). Finally, the state correction is added to last obtained state trajexta)y and the
overall process is iteratively repeated until convergence.

It is important to notice that both the linearized model and its adjoint evolve around the updated
state. To start the control we then must dispose of a rst assumptid(©f which is done thanks
to the direct integration d¥1(X ), and to an initial conditiorX o.

The details of this derived models are now presented, and will be followed by several sensors
presentation along with their linearisation.

5.3. Linearized model

The model being de ned by the equation systémtheir expression therefore read:

1 o0 0o 1
@M= 5 n1 @F @F " (41)
T
@w = {25 o a: (42)

One can observe that the task consists in correctly expressing the linearization and the transposed
linearization of force$. Thanks to Eql7band Eq.31, we get:

@F= La, (43)
@F= k. (44)

Sincerﬁ is a vector, its derivative is a matri2 RY 9). Considering the distance between two
particlesDY = ky; yik, the repulsion force is of forh(D} )ef withf : R! R. The derivation
for any distance-based interaction force, includili‘ég then reads:

I‘? = f(D ) € j  orthoradial f(D ) € i radial (45)

projection projection

which is a symmetric matrix. In the end, transposals of the above linearisations simply give the
adjoint linearised terms by reading

(@F)'
@r)’

QF, (46)
@F. (47)
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5.4. Observation operators

One easily understands that the sensor of Figansforms the stat¥ to a data lying in the same
domain asY . Therefore any user de ned setpoint must be associated to an observation operator
H(X). If the setpoint is directly connected to the system'’s state, this operator is trivial. For example
in our case, a full state setpoint reads:

v="% ) Hx)= Y ) (@H = g

0
Usp u 1°

(48)
In case of higher level observations, the expressidt afd its linearisation can take various forms.

In the following we present some observation operators that appear to be useful in the context of
particle swarm control.

5.4.1. Lagrangian setpointi addition to the trivial Lagrangian observation lately presented, we
propose two operators based on inter particles relations.

The rst operator consists in imposing speci ¢ relationships between particles. When such
relationships correspond to distances, this observation operator describes $hhrg fve note
that other shape-description possibilities could have been used (see for exa#ipl€He relation
between a single particig and others is de ned through a weight functianand a state quantity
f. Assuming the relation between particles de ned through a mitrig 2 WN N, we can extract
the vector of relations of thie-th particle, the desired spatial relations, by writing:

k .
Y =Mg 2WN, (49)

with | 2 ZN . This setpoint has to be compared to the state by the sensor and through the adjacency
matrix de ned by weighted connectioms and one of the state's quantitiebelonging toX , leading
to:

k .
H(X)= Ay k- (50)
In the rest of the paper we call thikespeci ¢ adjacencyperator (KSA) associated to tkespeci ¢

vector of adjacencieé:wf 2 WN | In order to derive the observation operator, we also introduce the
k-speci c Laplacian matrix:
k _ @Wf

lwer = =g (51)
which can be seen askadecomposition of the Laplacian matrixe.:
X «
lwe = Lye . (52)
k
This operator reads:
8
k . . .
% lwey =w@ ifi=]
k
k L= @ ifi=
|y = II(W@f;.J wi ifj =k (53)
g lyerj =0 ifi = | = k since@, wi, =0
k
"o lyey; =0 otherwise

For example, if such a setpoint is applied to every partiglehe control process will amount to
nd f that minimizeskM s, A« k. Alternatively, in casav 2 R is a distance function between
dataf of the nodes of the graph, this operator is invariant to the shape's translation and rotation.
The second operatoiis quite the same as the last one. It however introduces a degree of freedom
by adding a normalization: the scale of the setpoint is now unspeci ed. Instead of explicitly impose
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Table |.Overview of the three Lagangian observation operators

Y setpoint H(X) observation operator (@ H) adjoint linearised observation operatt

state X sp X In

k-speci ¢ Mo K k T

adjacency Pk Ayt lwer

k-speci ¢ 1 k ! K K Kk Tk 1
. . M ¢, D ! k

normalized adjacency © - Ms» k  dw A lwa  H  @dy Oyt

relations between particles with s, we only desire here to respect the proportion of relation. We
name this operatde-speci ¢ normalized adjacenayperator (KSNA). WithD y, ., 2 WN N being
the degree matrix d¥1 , we thus write:

k . k )
Y =M SpDMlsp woand H(X)= AuD ! L. (54)

k .
In other words, by notind,, = KD, L 2 W thek-speci c degree, we obtain:

k K k

H(X)= ayr dyr : (55)
and its derivation gives:
K k 2 K k Ty
@H = dyf ant @dyr t+  dys lwet s
56
k 1o« K k (56)
= de IW@ H @dwf

The KSA and KSNA operators, alike the direct state operator, are applied to Lagrangian setpoints.
This is summarized in Tal. We will now turn to the management of environment data into the
sensor process, that we refer as Eulerian constraints.

5.4.2. Eulerian setpoint$n some speci ¢ applications, it is also of great interest to control the
swarm by continuous data. For example, one can impose at a given time the concentration of
particles to respect a continuous constraint de ned on a@ritbr the sake of clarity, let us consider
a system driven by the mod& whose properties ang, u and q the quantity of particles (the
system's state being composedygfu). To control the system either on the basis of the position,
velocity or quantity, we need to de ne two operators: thensity observation operatorthat links
the system state to a continuous quantity de ned on the grid andibiection observation
operator that is in charge of estimating the values of the given component on a grid. These two
operators are detailed below.

Density observation operator.In this case, we seek to express the concentration of partjadas
the grid. The observation operator seen inEgs such asH(X) = = Agyv(q, and its derivation
by X simply reads:

_ @H _ AG@/Q
@QH = QH - 0 . (57)

Projection observation operator.As mentioned above, its goal is to evaluate on a @rsbme
variables. The velocity accounts for a rational data to estimate@rand its projection on it is
already given in EQ3such asH(X) = uc = D,,+Ayy u. Its derivation byX reads:

_ @H Dy AweU UcAye
@H= an Dyt Auo (58)
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Table Il. Eulerian observation operators

Y setpoint H(X) observation operator (@ H) adjoint linearised observation operator

. 9Al o
density Cisp Acv(Q ) Eq.21 ~ 0 ) EQq.57
velocity — Ucsp D, fAwu ) Eq.23 S/g@;“y:“ D, & ) Eq.58
T
divergence ¢y, r uc ) EQ.59 Eg%ﬂz% ) Eq.61
@Ir_ 1uc)!
. . .62
curl Cisp [r Juc ) EqQ.60 @rr ]uC)T ) EQ.6

where for clarity sakes, we have introduced the EuledawiationoperatorSye.q = Ayed
dcAye allowing to expressing derivations in a more compact way.

In addition to these operators inspired from particles concentration and velocity, we propose
higher level setpoints based on the derivatives of the velocity. More precisely, we use:

thedivergence which expresses the dynamic of dilatation or concentration of particles:
H(X)= ¢=r_uc= Dy (DyDyeAw A ,e)u, (59)
andvorticity (or rotational or curl), related to the dynamic of whirling of the particles:
H(X)= ¢=[r_ Juc=Dui(r_ JAw + Dy [Dye JAw)u. (60)
The result of the derivation of these operators is directly expressed as follows:

for divergence:

1 2 1
D WyicAW@/ + DWY DW@/ SW@/:u D wY SW@ZV;U

; 61
DW}(DW}}DW@/ AWV A W@/) ( )

_ @H
@ H - @H
for vorticity:

@H - @H - D WyliAW@/ + DWYZDW@YisW@f:u D wylsw@zy u (62)
@H Dwyl(DWy1 [Dwe JAw +[r_ JAw) .

These observation operators, along with their derivation required by the control process,
illustrate the variety of possible phenomena relative to a Lagrangian model. The Eulerian ones are
summarized in Tall. Let us now turn to the experiment results.

6. RESULTS

In this section, we test and validate our control approach by imposing Lagrangian and Eulerian
setpoints to a particle swarm submitted to the dynamical model presented in S&cBeffore
describing these experiments, we rst discuss some practical aspects in the next paragraph.

6.1. General considerations for experiments

Below are some general settings:

for the ease of presentation, the experiments are performed in 2D spader(i=e2);
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the simulations oM, @ M, and(@ M) are performed using the 4-th order Runge-Kutta
time integration to guarantee stable trajectories, and the time step isOsesto

we use agricCof 32 32meshes, each one siziagp  1m;

the mass of particles is set tol kg for every experiment.

As for the error covariance matrices:

as the relation of Eql7abetween particles positions and velocities is considered as perfect,
we setQy null. As a consequence, onfy, related to the error covariance matrix on the
dynamic modeling in EqL7bwill be non null;

covariances are parameterized for a slow convergence to avoid oscillations and so improve
clarity of method's behavior;

concerning the initial condition, in order to stick with a constrained initial position, we set it
nullin this paper for botfB, andB,.

Regarding computation performances, each control loop duration of the examples presented
lasted averagely between 10 and 30 seconds on a 2.3 Ghz laptop. Let us also specify that we
used thestore all method consisting of saving the states (positions and velocities) all along the
sequence. In case of very big state space, for instance here a large number of particles, and/or
very large number of time steps, the needed memory can become signi cant, which may appear as a
drawback of this method, but did not appear as a critical issue in the following experiments. We now
turn to experiments with Lagrangian observations. All the experimentations are performed with the
parameter values of Tall .

6.2. Lagrangian observations

In this example, the goal is to impose a relative relationship between particles. To that end, the
KSNA operator detailed in Sectiof.4.1 will be used. Although it is formalized for any graph
data and any weight function, we will show, for the sake of clarity and in order to have a better
understanding of the assimilation process, the results by takingy andw{j = D?j’ = ky; vk,
the Euclidean distance function. Considering a spatial con guration of particles (a pattern), we
can build its adjacency matrix following Sectiéré and obtairM s, de ning the distance of every
particle to all others. The experiment, therefore, consists in bending the Madedbtain at a given
timets, a spatial con guration of the particles being as close as possible to the targeted pattern with
respect to the modé.

We consider an adjacency matrix of distandés, built thanks to a given swarm pattern, and
will apply the KSNA operator for every particlpc. The setpoint pattern will be the worBAC
(standing forTensorial Adjoint Contrglatts, = 12 s. It is built of ine and constituted oN = 46
particles. The initial condition on positionys, is taken as the desired pattern but at a smaller scale
as compared to the repulsion magnitedand the duration lasting up to the setpoint. Therefore,
the integration of the evolution model will signi cantly disperse particles over time. This leaves
trajectories of particles which can be used to easily highlight the way the solution converges. So
far, we would obtain ats, a con guration of particles which relative positions do not need to be
exchanged. A small randomization aroung is added to break this arrangement and solicit more
hardly the repulsive term of the model during the control.

The result of the experiment appears in FigThe rst step (i.e. simulation of the model) in Fig.
8(a) shows that the swarm has no other behavior than diffusion due to particle repulsion. After a
few control loops , the swarm changes its whole state quickly and a new behavior appears, as shown
on the trajectories of Fig3(b). With 200 assimilation iterations (Fi@(c)), the word TAC appears
clearly from a qualitative point of view. However the swarm begins to encounter dif culties due to
particles impediment and the rate of evolution over control loops start to considerably slowdown, as
the normalized Root Means Square (RMSHgX) Y shows in Fig8(d). Actually, at this stage,
the swarm is struggling to overcome the model which does not easily allow for recon guration of
the swarm, since the initial condition has broken the ideal one as said previously. This is why at
convergence, in Fig3(c) we can observe particles switching their position by a careful rotation, as
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(a) Model integration (b) Control after 10 assimilation iterations

(c) Control after 200 assimilation iterations
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Figure 8.KSNA experimentation. Red dots represent swarm con gurationtat 12 s, blue dots ato = 0's. Dashed
lines are particle trajectories over sequence duration. Covariances are tuned for a slow and steady convergence to preserve
the dynamic of the swarm.
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in the left side of theC letter. The two closest particles (top of letfgrare still trying to switch their
position. They are pushed toward each other by the adjoint linearised observation ofi@r&tpr,

but repulsed by the model. This is a typical local minimum case and drawback of the method
These patrticles are stuck in a bad con guration regarding to the setpoint, and cause the others'
positioning to be polluted, since the problem is over constrained when the setpoint patigis

fully connected. Using other shape descriptors by advanced multiresolution strategies or stochastic
gradients could for instance lower this problem by minimizing the number of local minima. However
this is out of the scope of this paper. Another possibility to overcome this dif culty under the
proposed framework would be to decrease the con dence in the model, or increase the setpoint
con dence by adjusting the covariance matrices. It is also possible to sparse the latter one in order
to relax the control problem.

Last, we obviously notice that scale orientation and positioning of the pattern obtained at
convergence correspond to the apparently closest solution in reference to the simulation (a focus on
orientation reveals that the obtained pattern is not horizontally oriented) which proves the ef ciency
of our approach.

6.3. Eulerian observation

In this section, we present experiments with two kinds of Eulerian setpoints based on density and
on divergence plus vorticity.

6.3.1. Aggregation density contrétroblem statement.The aggregation problem is well-known

when dealing with robot swarm®,[33]. The problem can be stated akow particles have to

move in order to be found in an area at a speci c timag ?”. We propose to answer this question

by using the density observation operator. The control issue then states how to bend th&model

in order to nd a speci ¢ concentration of particles &}. We will consider the aggregation case
illustrated in Fig.9(a), where the swarm has to be located at gélaen ared while heading East.

These locations have been chosen with high inconsistencies regarding the model dynamics in order
to highlight the contribution of the control approach. As shown in Bjgve add to these setpoints

a density gradient in order to also control the way particles are aggregated.

5 e

(a) Aggregation problem (b) for areaAtsp =12 s (c) for areaB,tsp =20 s

Figure 9.Aggregation problem Instead of being driven only by the evolution mod#| we also impose the swarm
to reach areaé andB. The two observations A and B are horizontally symmetric, and maximum value in red reaches
1:3pt:m 2. Grid Cis only displayed here for further clarity's sake.

The pitch of the grid Im) provides the nest relevant standard deviation that we neteThis
value is de ned as the high resolution and is used for the Gaussian kernel needed by the density
observation operator of EQ1L. One can understand thanks to Fiythat this value is low as
compared to the distance between the initial swarm trajectory and aggregation areas. Therefore,
the Gaussian derivative driving the density adjoint linearised observation operator (s8¢ iSadf.
low intensity in the rst control iterations, and is not able to provide enough power to the adjoint
model (see Eq39) in the scope of attracting the swarm to aggregation areas. It will in fact be the
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most ef cient for particles being at am distance of aggregation information. Consequently, we
suggest embedding the process of sensing with the following technique.

A Multiresolution framework is achieved using a spectrum of standard deviation, instead
of the unique usage of;. This allows the particles to capture information at different ranges
where the setpoint remains unful lled. The spectrum is taken,as f1m;2m; 4m; 8 m; 16mg,
guaranteeing the distance from a partipjeto a meshc,, always varies in the range of two
standard deviation® ; < ky; X, k< 2 4. We also convolute the setpoiMt of Fig. 9 for
these resolutions in order to provide reachable data to the assimilation process, since the input
densities provided for the setpoints are not reachable for a Gaussian kernel convolution, and more
widely by any kernel whose derivation is not null. Fig) shows these convolutions.

@ =1m (b) =2m (c) =4m (d =8m (e) =16m
Figure 10 for different resolutions. Setpoint for theA area atsp =12 s

So far, the multiresolution operators and the adjoints of their linearisation correspond to a Itering,
whose power is diffused essentially between distaitcesand2 ;. In the same purpose, if we
consider the observed density after the integration of mbdeshown in Fig.11, and consider the
difference between maps of Figé0(e)and11(e) we observe that the differende H(X) is of
low intensity, and we easily presume this difference will be much higher for high resolutions once
the swarm has reached the afeand its neighborhood.

(& =1m (b) =2m ) =4m (d =8m (e) =16m
Figure 11 H(X) for different resolutions right after model integration .

In fact the covarianc® of the setpoint errory strongly depends on the observation operator
H(X). It is meant to amplify the intensity of the adjoint linearised observation opef@adt) .
Indeed, the con dence in the observation is necessarily higher for low resolutions and we suppose
it proportional to the mean density squatretherefore we state:

R=k3G (0)%In, (63)

with kg being a user coef cient same for every resolution. We present inlzig. global behavior
of multiresolution adjoint linearised observation opergt@ H) amplied by R ! by plotting
G%(x)G (0) 2 for the considered standard deviation.

Results. We present in Figl3 the results of the experiment by showing the evolution of
trajectories of the particled 8(a)- 13(c) through the control. One can see that the initial trajectories

ZWe remind the reader that the covariance de nition states among offirs:[ H]?, with [;] being the quantity
dimension operator
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Figure 12 Behavior of multiresolution density adjoint linearised observation operatorG° (x)G (0) 2 ampli ed
by R 1. Peak of power is reached atand intensity grows as resolution decreases

are straight, the swarm has no other purpose than heading East with particles pushing each other
back. After 10 assimilation iterations, the trajectories are bended. It is dif cult for the swarm to be
present at areAand only8 seconds later at ar@ Therefore, the 'bending’ of the model is hard and
requires more control loops in order to ful Il reasonably the input densities. After 300 iterations, the
swarm has clearly reached the desired areas and the density gradient appears. The particles which
were the farthest from the areas managed to get a little clogeanalB but did not reach it sinc¥
is almost ful lled.The error is by then too low to bend their trajectories enough. This is the concern
of the lowest resolution adjoint observation operators, and we see in Eg&fg)to 13(e)that the
observations are reached faster at these resolutions than at the highest one. 1I3f)de.13()) it
can be seen that the densities observed at near convergence are very close to the demanded setpoints
in Figs. 10(a)to 10(e) In addition, it is remarkable that the dynamic has been preserved as much as
possible: particles still repulse each other, even if the swarm is asked to be more concentrated than
usual.

This experiment demonstrates the ability of the approach to generate consistent trajectories with
speci ¢ constraints on densities. Let us now turn to constraints on divergence and vorticity.

6.3.2. Divergence and vorticity contrdh addition to the aggregation problem, we propose
Eulerian setpoint of even higher level based on the divergence and vorticity. As mentioned above,
these quantities are specially interesting to study since they embed key dynamic properties.
Moreover, producing a vector eld starting from divergence and vorticity maps is not immediate
since it requires solving Poisson equations (for instance with the help of the Fourier transform)
which is a tricky task. Producing consistent trajectories where speci ¢ values of divergence and
vorticity are targeted, without explicitly computing the motion eld, is then a very appealing and
original task that we suggest to solve by using the assimilation process.

In this example we seek to create a swarm dipole made of symmetric homogeneous vorticity and
null divergence. Figl4(a,b) shows an overview of the control.

For the experiment, we use the adaptive density based evaluation presented it peéstpresent
in Fig. 14 the results of the experiment by showing again trajectories of the particles, the evolution
of error y and the observed Eulerian values. Fig(b) shows the setpoint for vorticity which
is not homogeneous. Indeed, the kernel function used for estimation being the Gaussian function,
the setpoint has to be pre-smoothed (as for density observation) to stick with an homogeneous
Lagrangian vorticity. The divergence setpoint, being null, is located in the same area as vorticity. The
observed vorticityH(X ) (Fig. 14(g) after 150 assimilation iterations clearly stick to the setpoint
Y (Fig. 14(b)). Divergence is also maintained to a low value as showed in i) The error
on vorticity exponentially decreases (Fig}(c)), except in the early iterations while the swarm is
not located yet in the setpoint area. One can also notice this experiment has a behavior similar to
the aggregation experiment. The swarm looks attracted to the observation area, without any other
speci cation than vorticity and divergence. Actually, the less costly way for particles to create
vorticity somewhere is to have a low velocity in the demanded area, instead of high velocity far
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(b) Control after 10 assimilation

(a) Model Integration
iterations

7 W X
\
Z
W7 \
7 \
S 1A 70 VAN
/A i 1 \b\\ N
Y yss I VNSO~
1/ 10 b\\\ \\\ =
(AT e
W o~
|G o
}\> Ay ~_
S i o
Py G
P s cos N
RN
RS | -
= \
\
3
N
SN
AN
TR RN
N\ é\ NS
SRR

(c) Control after 300 assimilation iterations
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Figure 13Aggregation experimentation Green dots represent con gurationtat 12 s, red dots at = 20 s, and
blues ato = 0 s. Figs. 13(f) to 13(j) showH(X) after 470 assimilation iterations.
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from it. Lastly, it is of prime importance to note that the axis of vorticity (low velocity value in
Fig. 14(i)) is not located in the middle of each sub-swarm, which would cause the average velocity
to be null. Instead, the axis is naturally set on the periphery to maintain the initial average velocity
of the swarm {m:s ! East).

The initial and targeted divergence being both very low, the evolution of the error along iterations
is not relevant, and is essentially consequence of vorticity control.

7. CONCLUSION AND DISCUSSION

In this paper we have proposed a complete framework to deal with the control of dynamic particle
swarm using the variational assimilation theory. This theoretical framework is able to manage both
an evolution model and setpoints related to the environment, making it possible to produce complex
swarm behaviors while conserving the particle dynamics.

As the usual data assimilation formalism can become heavy in a Lagrangian space, we have
proposed an enhanced graph formalism to deal with numerous data, operators and spaces in a
uni ed, compact and generic way. This last part is in itself, to our opinion, a key contribution since
it opens new convenient ways to deal with Lagrangian-Eulerian interactions.

The proposed setpoints in this paper are related to common issues essentially based on spatial
con guration like formation or aggregation of the swarm. We have also introduced higher level
observation operators like velocity divergence and vorticity that are de ned in an Eulerian space in
order to demonstrate the ability of the method to deal with highly complex demands.

The variety of experimented observation operators, and the ability of the method to reach the
associated setpoints while still preserving as much as possible the particle dynamic, suggests that
a large spectrum of other swarm behavior can be reached. This paper also proposes insights on the
management of potentially tricky operators like density, by introducing a multiresolution approach.

A re exion on covariance has also been conducted, transposable to other types of operators that
were not considered in this paper.

If the particle swarm control by assimilation has proved to be powerful, there exists nonetheless
some drawbacks. The rst one comes from the assimilation theory which is based on gradient
descent. The control is therefore strongly exposed to local minima and we have no assurance to
extracting an optimal solution. This is specially true in the Lagrangian space as compared to the
Eulerian initial background of assimilation, where particle interaction can impede each other and
create energy walls impossible to overcome. The presented results also suggest that the Lagrangian
control essentially acts as bending dynamics if referring to the evolution of trajectories along the
control loops. Indeed, one can consider them as thin rigid material on which setpoints act as external
forces, and particles interactions as internal forces. In addition, the minimization rate depends on
covariances which can be tricky to parameterize. For instance, it is hard to compare the model
error's covariance with those of the setpoints errors which do not lie in the same quantity space. As
a consequence, applying the control privileging one of them with a meaningful factor and with a
given minimization speed is almost unfeasible.

In the scope of future work, this approach can be extended to diverse situations and domains. For
example, a derivable environment potential can simply be added to the model to guide the swarm
instead of having a constant source term. In a larger scope, the state can be composed of more
abstract data as compared to position and velocity, and the model can be more advanced than a
simple drive-repulse evolution. It can also be considered as perfect, the control thus providing an
estimation of unknown model parameters using various real world observations in place of user-
de ned setpoints.

As for the different applications, our approach can be applied to diverse situations where the
management of graph data is of high importance. One can for instance mention the environmental
sciences (meteorology or oceanography) where it is sometimes useful to represent a scalar quantity
with Lagrangianparticles that correspond to a key event (like a vortex). In that case, as the
underlying dynamics is continuous and as some local observations are available with dedicated
probes, the proposed framework is well adapted. Lastly, the presented technique dealing with
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