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Abstract

We study the two-dimensional joint distribution of the first hitting time of a con-
stant level by a continuous-state branching process with immigration and their primitive
stopped at this time. We show an explicit expression of its Laplace transform. Using this
formula, we study the polarity of zero and provide a necessary and sufficient criterion for
transience or recurrence. We follow the approach of Shiga, T. (1990) [A recurrence crite-
rion for Markov processes of Ornstein-Uhlenbeck type. Probability Theory and Related
Fields, 85(4), 425-447|, by finding some A-invariant functions for the generator.

Key words. Continuous-state branching processes, immigration, first hitting time, transience
and recurrence, polarity.
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1 Introduction and main results.

The continuous-state branching processes with immigration (CBI for short) are a class of time-
homogeneous Markov process with values in R,. They have been introduced by Kawazu and
Watanabe in 1971, see [12], as limits of rescaled Galton-Watson processes with immigration.
They form an important class of Markov processes which has received significant attention in
the literature. For an introduction to these processes, we refer to Li [17], [18] and Kyprianou

[14].
Any CBI process is characterized in law by a couple (U, ®) of Lévy-Khintchine functions :

1 o0
U(q) =g+ 502612 - / (™" — 1+ quliue(oyy)m(du), (1)
0

B(q) = bq + / T - e ™u(du) 2)
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where 0,0 > 0, v € R and v, 7 are two Lévy measures such that [°(1 A w)r(du) < oo
and [[°(1 A w?)w(du) < co. The measure m is the Lévy measure of a spectrally positive
Lévy process which characterizes the reproduction. The measure v characterizes the jumps
of the subordinator that describes the arrival of immigrants in the population. The non-
negative constants o2 and b correspond respectively to the continuous reproduction and the
continuous immigration. To shorten our notation, we denote by CBI(¥, ®) a continuous-state
branching process with reproduction mechanism ¥ and immigration mechanism ¢. Kawazu
and Watanabe [12| establish that a CBI(¥, ®) is a Feller process with generator the operator
L acting on C*(R,) as follows

Lf(x):= %xf”(:c) + (b —~x) f'(z) + :U/Ooo(f(a: +2)— f(x) — zl[o,l](z)f'(a:))ﬁ(dz)
T / T (fle k) - @) rdz). (3)

Apart if explicitly mentioned, to avoid the case of deterministic CBI processes, we shall always
assume that one of the three conditions holds: o # 0, m Z 0, or v #Z 0. Moreover, we assume
that there exists ¢ € R, such that U(¢) > 0 (i.e. —W¥ is not the Laplace exponent of a
subordinator). This is equivalent to assume that the effective drift d defined by

v+ fol zm(dz) if the process has bounded variation
d:= (4)
+o0 if the process has unbounded variation,

belongs to (0,00]. If not, the corresponding CBI process would be non-decreasing, and the
problems studied in the present work are trivial. Notation P, denotes the law of the pro-
cess started at © € R, and E, the corresponding expectation operator. Let (X;,t > 0) a
CBI(W, @), its one-dimensional marginal law satisfies:

e ) = exp (—nla) - [ @lun(a)as). )
with 82}5—£q) = —U(v(q)) and vo(q) = q.

Recall the following classification (see Chapter 12 of [14] for details) : the branching
mechanism W is said

e subcritical if ¥/(0+) > 0,

e critical if U/(0+) =0,

e supercritical if U'(0+) < 0.

Throughout the article, we take the convention that for any finite real number C, C'/oo = 0.
We adopt the following definition of recurrence and transience.

Definition. We say that the process (X;,t > 0) is recurrent if there exists an © € R, such
that
P,(liminf | X; — 2| =0) = 1. (6)

t—o00



On the other hand, we say that the process is transient if

]P’x(tlith = 00) =1 for every x € R;. (7)
—00
When the reproduction mechanism reduces to ¥(q) = "2—2(]2 and ®(q) = bg, the process is

the Feller diffusion, also called Cox-Ingersoll-Ross model in the financial setting. This is the
unique solution to the stochastic equation :

t
X, = x+a/ v/ X dBg + bt,
0

where (By;,t > 0) is a Brownian motion. A standard method to study the hitting times as
well as the transience and recurrence of a general diffusion, is to use potential theory and
scale functions (see for instance pages 128-129 of It6 and Mckean [11]). This theory yields the
following classic result concerning the Feller diffusion (X;,¢ > 0) : if 2b > 02, then the point 0
is polar. If 2b > o2, the process is transient, otherwise the process is recurrent. In particular,
if 20 = 02, then 0 is polar and the process is recurrent (we refer to Chapter XI of Revuz-Yor
[24] for a proof).

We shall study these path-properties for the general CBI processes. The polarity of zero
has been studied in Foucart and Uribe Bravo [9]. However, this latter work focuses on the
zero-set and does not provide a criterion for transience or recurrence of the process. Moreover,
as we shall see zero may be polar and recurrent (in sense of (6)).

Denote by o, the first hitting time of the point «a :
0, = inf{t > 0; X; = a}. (8)

We highlight that the process has no downward jumps, therefore o, is also the time of
entrance in Ry N[0, a]. We will discuss the law of o, when the process starts from a state x
greater than a.

On the one hand, when the mechanism ¥ reduces to V(q) = ¢ with v > 0, the class of
CBI processes corresponds to positive Ornstein-Uhlenbeck processes. This class of processes
has been intensively studied. Hadjiev [10] get a formula for the hitting times of generalized
Ornstein-Uhlenbeck processes. Patie [20], [21], Novikov [19] apply potential theory to get
identities for the joint law of (oq, [;* X,ds), and for the first exit times. On the other hand,
when no immigration is taken into account (namely, with ® = 0), the corresponding CBI
process is simply a continuous-state branching process (CB process) for which many results
have been obtained using the Lamperti transform (we refer for instance to Chapter 10 of [14]).
We mention that a Lamperti-type representation for the CBI processes has been obtained by
Caballero et al. in [5]. However, our methods do not rely on this representation.

Our main objective is to generalize some of these results when immigration is taken into
account for a general reproduction mechanism W. In this framework, the integral from 0 to o,
of the process can be interpreted as the total population up to time o,. The results reveal the
interplay between ® and ¥ in some path properties of CBI processes. The first main theorem
is the following. Set v = % with d defined by (4).
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Theorem 1. Let x > a > v. For every A > 0 and pu > 0, we have

oa [ 22— exp ( xz+ [ <1>(z)+>\ du)
E, [exp{ — Ao, — ,u/ XtdtH — qo(:j) (z)—p - (9)
0 fq(u) (d)z exp ( —az+ [ (Z du )

where q(p) :=sup{q > 0: V(q) = p}, and 0 is an arbitrary constant larger than q(u).

When & is null or taken of the specific form W', some formulas are simplified and we recover
certain results on continuous-state branching processes.

The second theorem discuss the recurrence or transience property for a CBI(W, ®) process
when @ # 0.

Theorem 2. (a) In the critical or subcritical case, the process is recurrent or transient

according as
b odz L o(2)
_ 7 = ) 1
/0 ) exp{ /Z @(I)dx} +00 or < 400 (10)

(b) In the supercritical case, the CBI(V, ®) is transient.

The paper is organized as follows. We begin by studying the state space of a CBI in Section
2. We then prove a key lemma (Section 3) providing some A-invariant functions, and apply it
to establish Theorem 1. We derive from Theorem 1 a formula for the Laplace transform of the
hitting times and get a criterion for the polarity of zero. In Section 5, we establish firstly some
direct corollaries of Theorem 2. In particular we obtain the law of the minimum of a transient
CBI. We then proceed to the proof of Theorem 2 and show how to construct null-recurrent
CBIs. Eventually, we study the integral of the CBI process up to time o,,.

2 State space of CBI processes.

We study here the state space of a general CBI process. A trivial example of CBI process
which is not irreducible in R, is the deterministic one. Namely, if ®(q) = bg and ¥(q) = ¢

with v > 0, the associated CBI is X; = Xpe 7' + %(1 —e ). The path of this process is above

% as soon as Xy > % As already mentioned the case when —W is the Laplace exponent of

a subordinator is excluded. Recall d > 0 and v = %. We state a lower bound for any CBI
process.

Proposition 3. Let X be a CBI(V, ®) process started at x € (0,00). Then, P, almost surely,
for allt >0,
X, >e %r 4o (1- e ). (11)

In particular, this implies liminf X; > v.
t—00

Proof. Firstly, one can notice that when X has unbounded variation, then d = co and v = 0.
The lower bound in the lemma is then null and the statement is clear. We then focus on the
case of bounded variation and denote, for all t > 0, z; := e Y2 + v (1 - e_dt). Using the
cadlag regularity, it will be sufficient to prove that for a fixed ¢ € (0, c0),

P, (X, < 2;) = 0. (12)

4



Let X be a CBI(¥, ®), where ®()\) = bA. We have then for all X,
i t
E,[e %] = exp (—:pvt()\) — b/ vs()\)ds) :
0

thus E,[e *¥t] > E,[e=**], and therefore P, (X, < ;) < P,(X; < z;). We will show that the
latter probability is 0.

It is well-known that for a fixed ¢ > 0, the map A — v,()) is the Laplace exponent of a
subordinator (see for instance Bertoin-Le Gall [2|). More precisely the underlying subordinator
has for drift e~ (see Duquesne and Labbé in [8] Section 2.1 for details). Consider the Laplace
exponent of the driftless subordinator :

wt<)\) = Ut<)\> — eidt)\.
One can write t
Ex[e_AXt] = exp (—)\x‘t — .th<)\) - b/ U}S<)\)d8)) ) (13)
0

and

B foxp(~A(%, — )] = exp (w3 -0 [ t () ). (14

One can plainly check that the map A — zw,(\) + b fot ws(A)ds is the Laplace exponent of a
non-negative random variable. We deduce Xt > x4, Pp-a.s., and thus (12). O

Remark 2.1. Alternatively, one can use stochastic calculus. Consider the case of bounded
variation for which o = 0 and fol xm(dr) < oco. Let Ny(ds,du) and Ni(ds,dz,du) be two
independent Poisson random measures on (0,00)% and (0,00)* with intensity dsv(dz) and
dsm(dz)du, respectively. For each x > 0 there is a pathwise unique positive strong solution to
the following stochastic equation :

t 0o t 00 Xs—
Xy=z+ / (b —dX;)ds + / 2zNo(ds,dz) + / / / zNy(ds, dz, du).
0 0 o Jo Jo

By Ité’s formula, the solution (Xt > 0) is a CBI (V,®) with 0 = 0; See Theorem 3.1 of
Dawson and Li [7]. On the other hand,

t
Ty =1+ / (b — dxy)ds.
0

It follows from Theorem 2.2 of Dawson and Li [7] that P,(X; > xy for all t > 0) = 1.

In the (sub)critical case, a necessary and sufficient condition for the existence of a stationary
distribution was announced by Pinsky [23] and obtained by Li :
Theorem 4 (Theorem 3.20 in Li [18]).  4) If fol %du < 00, then the CBI(¥,®) process,
(X, t > 0), has an invariant probability distribution. In the subcritical case (V'(0+) >
0), this integral condition is equivalent to

/1 " log(w)v(du) < 0.



i) If fol iggdu = o0, then for all z,b € R,

lim P, (X, < b) =0.

t—o00

Remark 2.2. The second statement of Theorem / is not plainly stated in [18]. Nevertheless,
one can observe in the proof of Theorem 3.20 in[18] that if fol ) 4y = 00, then E, [e? %] —

W (u) t—o0

0. We refer also to the Appendiz A of Keller-Ressel and Mijatovic [13].

It follows from Theorem 4 and Proposition 4.4 of [13] that either (X;,¢ > 0) has the non-

degenerate limit distribution with support [v,00) or X; % 50 as t — oo. Thus, applying
Fatou’s lemma, it is not hard to see that

Px(limsup X, = oo) =1, for any z € R, (15)

t—o00

if & # 0. Starting from a point in S = [v, 00), the process stays in S, so we shall work with S
as the state space. Following the usual classification of Markov processes, a CBI process with
a non-degenerate limit distribution is said to be positive recurrent. We shall see in the sequel
that any positive recurrent process is indeed recurrent in the sense of (6).

3 Proof of Theorem 1.

Recall L the infinitesimal generator of a CBI(¥, ®) stated in (3). Let x> 0 and set ¥(q) =
U (q) — p1. Denote L the generator of (X;,t > 0), a CBI(¥, ®). For all f € C*(R,)

Lf(z) = Lf(z) — paf(x).

Recall g(p) = sup{q > 0: ¥(q) = u}. Note that g(u) < oo since by assumption there exists ¢
such that W(q) > 0. We fix a constant 6§ = 0(u) € (q(12), 00). The next Lemma provides some
invariant functions for the generator L.

Lemma 5. Let A, > 0. Define, for z € (q(u), 00),

and

Frou(z) ::/ e gy u(z)dz.
q(p)

If X\ > 0, the function fy, is a C*-function decreasing on (v,00) such that

Ef)x,u - )‘fA,u-

Proof of Lemma 5. Let A > 0, u > 0. Firstly, we check that f) ,(x) is well-defined for z > v.
We have

D(u)  P(u) u é:'v
U(u)—p  u \If(u)—uu:)ood o

=
o W(u)—p " o

therefore

IS
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Since * > v and ¥(z) — p > Cz with large enough z, and a constant C' > 0, we get for all

A>0 . Z
/9 \I,dé) exp {—sz +/9 %du] < 00. (17)

It remains to verify the integrability at ¢(u). We have

[ amgee [ [ stan] < [ e[ [ gmrmm]

Consider A > 0, an antiderivative of the integrand in the right hand side is

R %exp {—A/j mdu] | (18)

This takes a finite value at ¢(u) and yields the wished integrability.

Remark that g, , solves the ordinary differential equation

U(2)gau(z) + (U(2) — ) g;#(z) = (P(2) + Nagrpu(2), Vze (g(p),00). (19)

For all z, define h,(z) = e **, one can easily check that

We compute

Lfxu(x) = Mau(x) =

- : e (2(B(2) — 1) — B(=) — ) gau(2)dlz
- : e (W(2)gan(2) + (U(2) — g () — (B(2) + Ngru(2)) de

The third equality follows from integration by parts. Indeed, we have

T P(u)+ A
(V(x) — p)grulz) = exp (/g mdu) 0 0
because fq(u) N % = 00, since W(u) — u is always sub-linear near ¢(u). The last equality
holds true because of the ODE (19). O

We establish now Theorem 1.

Proof of Theorem 1. Consider a CBI(W, ®) process (X;,t > 0) and define [; := fot Xsds. The
family (e #*,¢t > 0) is a continuous multiplicative functional of (X;,¢ > 0). Denote the
subordinate semi-group (in the terminology of Blumenthal and Getoor [4]) by @, and the
subprocess by (X;,t > 0). We have for all f € C?(R,)

Quf (v) = E[f(Xy)] == Ea[f (Xp)e ™).

7



We refer the reader to Theorem 3.3 and 3.12 pages 106 and 110 of Blumenthal and Getoor [4].
The bivariate process ((Xi, I;);t > 0) is a Markov process. Similarly as Patie [22] (see Lemma
7), one can see by Itd’s formula that for any function f € C*(R,),

Xy o Xods — f(z) - /Ot e o X (LX) = X, f(X,))ds

is a local martingale. Theorem 4.1.2 in [17] applies and ensures that (X;,¢ > 0) is a CBI(\V, ®)
process. Firstly we consider a > v, and recall o, = ir_lf{t > 0,X; = a}. From Lemma 5, one
can apply Dynkin’s formula to the Markov process (X;,t > 0) killed at time o,, we get

E, [G_AaaAthw(XOa/\t)] = fau (),

and thus
E, [6_“1"““G_MGMfA,u(Xo-a/\t)] = faulz).

If we start from a point x > a, since the process has no downward jumps, X; > a for all
time t < 0,, and f) ,(Xino,) < fru(a). Therefore the left hand side of the above equality is
bounded and when ¢ — oo, we get

S I ~ )

with the convention e~ = 0. To prove the formula in the case a = v, we notice that o, is
increasing towards o,, when a | v, by quasi-left continuity of the CBI. The result follows by
monotonicity. 0

o0

4 Hitting times and polarity of the boundary point.

By a slight abuse of notation, define f\ := fyo and gy := gy, that is to say

and fy(z) = f;(f)) e "*g\(z)dz. As a direct consequence of Theorem 1, when p goes to 0, we
get the following corollary.

Corollary 6. For all A € (0,00), and x > a > v

==

Remark 4.1. We stress that the process (e fi(X;),t > 0) is not a martingale. For instance
applying the optional stopping theorem to the first-exit time 7, := inf{t > 0, X; > b} yields
a contradiction. In the same vein as scale functions for Lévy processes, one has to stop the
process to get a martingale. This issue comes from the fact that f\ is not in the domain of
the generator associated to the CBI(W, ®) process. Indeed, we can plainly check that for any
mechanisms U, ®: | f1(0)] = oo.

(21)



To the best of our knowledge these functions do not appear in the literature even when no
immigration is taken into account. Consider that particular case and assume here that & = 0.
The CBI is then a CB(W) process. In the supercritical case, an easy calculation of the limit
when A goes to 0 yields

P, (0, < o0) = exp (—(x — a)q(0)), Va €]0,z].

Note that this equality holds for a = 0 under the Grey’s condition (see for instance Theorem
3.8 in [18]). Furthermore, the function f, has a simpler expression. Indeed, since Z) —

U(z
1/d € [0,00) as z — o0, there exists k > 0 such that for z > 0,

e " exp <)\ /{: \Ii:i)) <e "Fexp ()\k /{: d%) = e " (z/0)M - 0.

Since ¥'(¢(0)) < oo, we also have e~** exp ()\ N %) — 0 as z — ¢(0). Integrating by parts,

a notable cancellation occurs, we get :

x [T .. ? du
Hlz) = X /q(O) e " exp ()\/0 \If(u)) dz,

oo —xz Z du
- qu(o) e~ exp ()\ Ik W) dz
Lle 2] = .
afq(o) e—9% exp ()\ Ik %) dz

We return to the general case for which ® # 0. When v = 0, Corollary 6 provides the
Laplace transform of o, the hitting time of 0. We study now the polarity of the boundary.
Recall that a point a € S is said to be polar if for all z € § such as x # a,

and then for z > a > v,

P, (0, < 00) = 0.

We recover and complete some results of [9] through more classic techniques relying on
Corollary 6.

Corollary 7. The only point that may be polar is v. If d < oo then v is polar. In the
unbounded variation case, v =0 and 0 is polar if and only if

[ aee ] st =

Remark 4.2. The integrability condition feoo ﬁdz < 0o 1mplies that d = oo, which entails

that v = 0. However, it is worth mentioning that none of these implications are equivalences.

Proof of Corollary 7. Let A > 0. From Corollary 6, the point a is polar if and only if f\(a) =
oo. We have seen that fy(x) € (0,00) for any = € (v,00). Thus only v may be polar. Firstly,
if d < oo, note that

U(z) b (2) {d /000(1 — e ")r(du) + b/ooo(l — e~ ™)r(du) | > 0.

9




Then

| el [‘”Z o iixi d‘”} e [ el

and therefore we have fy(v) = oc.

Assume now d = oo (thus v = 0) and [;° \I,d(zz) exp [f; (z) dx] = oo. We have f,(0) = oo

V()
and the same arguments hold.

We show now that if fe [fe () dx] < 00, then

e )
P.[oo < o0] > 0.
Writing
Zgxn(z)dz
Ex[e_)\aa] - f ( )
f e “Zg,\(z)dz
f e~ gy(z)dz (1 + [, e " ga(z)dz/ fe(o e‘”g,\(z)dz) )
f e aZgA(z)dZ (1+f€°0 e—ang dZ/f e ang )dZ)
for @ = 0, one can see that imE,[e=*?°] > 0 since
A—=0
! /Oog (2)dz — ! /Oog(z)dze[o 00|
— A — 0 ; 00
fq(o) g)\(z)dz 0 A=0 q(O gO( )dz
U

5 Recurrence and transience.

5.1 Criterion of transience/recurrence and properties of transient
CBIs.

We restate Theorem 2 and provide some corollaries. We stress that in the (sub)critical case,
q(0) = 0 and we choose 6 = 1.

Theorem 2.

(a) In the critical or subcritical case, the process is recurrent or transient according as

[l ]

(b) In the supercritical case, the CBI(¥, ®) is transient.

10



Remark 5.1. e In light of Theorem 4, if the CBI(W,®) process verifies fol igg dzr < oo,
then the process is recurrent.

e In the criterion, when the mechanism V is subcritical, one can replace ® by the map
g [Z(1—e)v(dz). In other words, neither the continuous immigration nor its
small jumps play a role for the process to be transient. Moreover, we should mention that
when W(q) = ~q, the criterion coincides with that of Shiga [26]. Note that a subcritical
CBI with ®(q) = bq is always recurrent.

o [f the state 0 is not polar, that is

* dz * d(x)
ex dx

| s U V()
then one has the same necessary and sufficient conditions for both neighborhood-recurrence
and point-recurrence (studied in [9]) of the state 0. Indeed, if (X, t > 0) is recurrent,
then fol go(z)dx = oo and rewriting (22), we get P,(09 < o00) = 1 for every x € R,.

Since P, (limsup,_, ., X; = 00) = 1, we have that (X;,t > 0) hit 0 infinitely many times
at arbitrary large times a.s.

Example 5.1. Consider ¥(q) = dq¢®, ®(q) = d'q® with o € (1,2] and 5 € (0,1).

< 00

o If B> a —1, the process is positive recurrent and 0 is polar.
o If B < a—1, the process is transient and 0 is not polar.

o If f =a—1 and a € (1,2), the process is recurrent if d'/d < a—1 and transient if
d/d > a—1. The point 0 is polar if and only if d'/d > o—1. We highlight that if
d/d = a—1, 0 is polar but li{n inf X, = 0. We point out that in this case, the CBI

—00

process is selfsimilar. Patie in [22] obtained the condition for 0 to be polar via other
arguments.

Assume that the process (X, ¢ > 0) is transient. One can plainly check that the function

folz) = /q:) \Ifd(z) exp (—xz + /ez igg du)

takes finite values for all z > v. Applying Corollary 6 and Theorem 2, we obtain the following
proposition.

Proposition 8. Denote the overall infimum of the transient process (X;,t > 0) by I. We have

P, (I < a) = P, (0, < 00) = 20
fo(a)
If fo(0) = chzc(’)) % exp (f; igzg du) < 00 (i.e 0 is not polar and the process is transient) then

the law of I has an atom at 0.

Proof. Firstly, note that P,[I < a| = P.[o, < oc|. By Theorem 2, the integrability condition
needed to define fj is satisfied. Taking A = 0, in the formula for the Laplace transform of o,

yields P, [0, < o0] = fcgg :

O
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The CB(W¥) process conditioned to be non extinct is an important example of CBI process.
As a direct corollary of Theorem 2, we recover and complete some results due to Lambert (see
Theorem 4.2-1 in [16]).

Corollary 9. The critical CB process conditioned to be non extinct is transient. Moreover, if
the process starts at x, its minimum is uniformly distributed over [0, z|. The subcritical CB(¥)
process conditioned to be non extinct is recurrent or transient according to

Ldz /1 1 1 1 N .
— X — — u = o or .
o 2 P AT \wronu T v e

Proof. Let ¥ be a critical reproduction mechanism. Consider the case ® = V', the CBI(V, ®)
process has the same law as the CB(¥) process conditioned to the non extinction. In that

case, we have clearly [7 \I\;((S)) du = log(V(z)) — log(¥(1)), and therefore

/1 dz (/ \I!’(u)du) Lo
X = —— :
o @) Ty W) ) T ()
In order to deal with the minimum, one can readily check that fo(x) = 1/x. Thus, the

random variable I is uniformly distributed over [0,z]. For the subcritical case, plugging
¢ = U — U'(0+) in the integral of Theorem 2, yields easily the statement. O

Remark 5.2. The fact that the minimum of a critical CBI(V, V') is uniformly distributed can
be obtained alternatively from Proposition 3 in Chaumont [6], which states the corresponding
result for Lévy processes conditioned to stay positive. Indeed, Lambert, in [15], shows that the
CB process conditioned to be mon-extinct has the same law as a time-changed Lévy process
conditioned to stay positive.

5.2 Proof of Theorem 2.

Firstly, we establish statement (a). The proof relies on the study of the Laplace transform of
the hitting times provided by Corollary 6. Recall

it [ %550

Equation (17) ensures that for z > v,

/ e “*go(z)dz < 0.
1

[T

)\Ua] )

Recurrence. Assume that

For every x > a,

P,loa < o0] = /l\ir%Ex le”
—
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Rewriting Equation (22), we have for all a > v,

fol e gy(z)dz (1 + [ e ga(2)dz/ fol e*“g,\(z)dz>

fol e~9%g,(2)dz (1 + [T e 22 ga(2)dz/ fol e*azg,\(z)dz)

— 1.
A—0

E, [e*’\"“] =

We deduce that P,(0, < o) = 1 for any z > a > v, which implies P, (litm inf X; < v) = 1.
—00

The lower bound of Lemma 11 then entails P, (litm inf X; = v) = 1, so the process is recurrent
— 00

in sense of (6).

Transience. We now work under the assumption

/O 1 \pd(zz) exp (— / 1 i% du) < . (23)

Let a > v :=b/d. We show that P, (litm inf X; < a) = 0. One has
—00

P, (lim inf X; < a) < lim P, (0, 0 6; < 00) (24)
t—r00 t—o0
= tlggl() E, [Px, (0, < 00)].
Moreover one can write that,
E, [Px, (0, < 00)] <P, (X < a) + E, [1{x,>a}Px, (0. < 00)]. (25)

Firstly, under (23), one has fol %du = 00. According to ii) in Theorem 4, it implies that

u

ImP, (X; <a)=0.
t—0

Thus, the first term in (25) goes to 0 when ¢ — oo. We focus now on the second term.
Under (23), one can take A = 0 in Corollary 6. For x > a > v,

0 dz z d(u)
Iy +5 exp (—:cz + I v du) i~
0 T(z) 1 w( )) _ Ca/ go(z)efzvzdz. (26)
0

o _dz z d(u
fO V(z) exp <—G,Z + fl \I/Eu) du)

P, (0, < 0) =

Hence,
Es [1pxsa Py, (0a < 00)] = ey {1{Xt>a}/ go(z)ezxtdz]
0

e / 0()Es [1pxesape*] do. (27)
0

Moreover, B, [1(x,5q3¢ "] < €72 and by (23) and (17), [, go(z)e **dz < co. Furthermore,

since f0+ igzg du = oo,

_ _ “ D(u)
E, [1ix,sare "] < E, [e7**] = exp (—xv (2) —/ du) — 0. (28)
[ {Xt>a} ] [ ] t ve(2) U(u) A
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Thus, by dominated convergence, the integral (27) tends to 0, which entails the desired result.
Therefore the process is transient in the sense of Definition (7).

In order to prove statement (b) (transience in the supercritical case), one has just to adapt

the proof above. Indeed, we have f 0) qj exp( fe igz du) < 00, so we can write (26).
Moreover, one can use that [ g CI)(Z du — Joo) CI)(” ydu = oo in (28). O
— 00

5.3 Construction of subcritical null-recurrent CBI processes.

We look here for examples of null recurrent CBI processes. Assume that U(q) = ¢, with
v > 0. The following computations remains valid if W is subcritical with W'(0+4) > 0, because
only the behav1our of ¥ at 0 matters. To avoid positive recurrence, we need to choose ® such
that fo ; dq = 00, which is equivalent to

/ log(u)v(du) = oc. (29)
Moreover, to get a recurrent process, we know from Theorem 2 that & has to satisfy

From condition (29), we know that the example of ® we are looking for is not a deterministic
drift. Moreover, when v is not null, the value of the drift coefficient b has no influence for
(30) to be fulfilled. Therefore, we will take b = 0 and we will exhibit a sufficient condition
involving the Lévy measure v to get (30). Denote 7(u) := v ([u, 00)) and recall from Chapter
IIT of Bertoin [1] that there exists a universal constant x such that

®(q)/q < kJo(1/q),¥Yq >0, where Jp(x):= / 7(u)du, z > 0.
0

Thus, we have

/Zl %du < 3/1 Jo(1/u)du = S/ll/z Jo(u) /u2du

K 1/2_
-2 (J¢<1> — (V)2 + [ u(u)/udu> ,

by integration by parts. Hence, a sufficient condition to get (30) is

1 ds K (17 B
e (—5 / u(u)/udu) = oo. (31)

Example 1. We consider a € R and define v such that

1/z
/ 7(u)/udu = aloglog1/z up to an add. constant., (32)
1

14



so that the integral in (31) is of the same nature as [ TToa( de The integral will be infinite

1/2)%e 7 -
if a is chosen such that ka/y < 1. We can get (32) taking 7(u) := au-loglogu =

log u
on [100, co], that is v(du) = #ﬁul[loo,w]dlh We can easily check that v is a Lévy measugre
and that the condition (29) is satisfied. This example is related to that given by Sato and
Yamazato in Section 7 of [25], in which the authors highlight as remarkable that the null
recurrence or transience of the process is function of x/v. The form of the criterion (30) and
the role played by Bertrand’s integrals provide a better understanding of the criterion. In the

next example, the value of vy has no influence.

Example 2. We choose v such that

1/z
/ 7(u)/udu = logloglog1/z up to an add. constant., (33)
1
so that the integral in (30) is [, Zloglogdw = 00. We can get (33) taking
() = u-Lloglog] ! (100, o0]
v(u) := u— logloglogu = ———— on 00
du 8108108 log uloglogu’ Y
that is v(du) = Ml[loo,m] du. The density of the last Lévy measure is equivalent at

ulog? ulog?(log u)
oo to

(29).

m. Hence, we can check that v is indeed a Lévy measure and that it satisfies

6 Total population.

As already said, one can see the integral foaa X,ds as the total population up to time o,. In the
case of the CB(¥) (® = 0), and a = 0, this is known as the total progeny. The corresponding
integral fot X,ds happens to be the time change in the Lamperti transform relating a CB(W)
process with a spectrally positive Lévy process of Laplace exponent W. This allows ones to
transfer the study of foa" X,ds to that of the hitting time of a Lévy process. See Bingham
[3] and Corollary 10.9 in Kyprianou [14]. In what follows, we recover the latter corollary and
obtain its analogue with immigration.

Proposition 10. Let x > a > v, and assume that ® = 0. For all > 0,

£, [exp{ — s / " xar}] = exp (~(a — a)a(u) (34)

Proof. Firstly, let A > 0. Integrating by parts, we have

/Ooidz ep( a:z—l—/zi)\ du) /Oodz:ce“ep( xz—l—/zi)\ du)
X _ — X — )
o) Y(2) — 1 o W(u)—p a(w) o W(u)—p

which tends to cha) dz ze™"* = exp (—zq(p)), as A goes to 0. Thus, let a > v > 0. The desired
result follows from Theorem 1, with & = 0, letting A — 0. One can obtain now the case a = v
by monotonicity and quasi-left continuity. O

More generally, we have the following corollary of Theorem 1.
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Corollary 11. Let x > a > v, and assume that ® Z 0. For all u > 0,

a [ gr=— exp (—SL’Z—l—fZ q)u(“_) du)
Ex[exp{ _M/ Xtdt}] _ Jal) ¥E)—n 0 Vw-n ) (35)
0 [ s —exp (—az + [} 2% _dy
q(w) ¥(z)—p P 0 T(u)—p
In the particular case of the CBI(V, V') with W'(0) = 0 (this is the CB(V) conditioned to be
non extinct), we have

Em[exp{ - ,u/oaa XtdtH = %exp (—(z —a)q(p)), Yu>0,z>a>w.

Proof. 1t follows readily from Theorem 1 by letting A — 0. We only have to check that the
integral in the numerator of (35) is finite. At infinity, this follows from (17). At g(u), one can
use that

V()-p_~ W(gp)(z—q(p), and /ez%dum’;m §/<<Z<<i)>)> 10g<§:<q183)’

z—q(p)
where ® (q(i)) and ¥ (¢(u)) € (0,00) because p € (0, 00). O
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