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1 Introduction.

The Resolution of Singularities conjecture has been, and still is, a long stand-
ing conjecture. Even since H. Hironaka’s celebrated theorem [33] in equal
characteristic zero fifty years ago, some new results have bettered our under-
standing of the problem in equal characteristic zero [8] [55].

In arbitrary characteristic, A.J. de Jong proved a weaker form of the
conjecture by using alterations [41], i.e. allowing a finite extension of the
function field. Resolution of Singularities in its full birational form is to this
date restricted to surfaces: [1] [34] [45] [19], only to mention some contribu-
tions. In dimension three, some partial results exist for algebraic varieties
over an algebraically closed field k of positive characteristic p > 7 [4] [25].
These results extend to all characteristics p > 0 when [k : kP] < +o0 [20]
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[21] theorem on p. 1839. In mixed characteristics, birational Resolution of
Singularities was sofar restricted to surfaces. The first and main purpose of
this article is to prove the following theorem:

Theorem 1.1. Let C' be an integral Noetherian curve which is excellent and
X /C be a reduced and separated scheme of finite type and dimension at most
three. There exists a proper birational morphism © : X' — X with the
following properties:

(i) X' is everywhere reqular;
(ii) m induces an isomorphism 7' (Reg(X)) ~ Reg(X);
(iii) 71(Sing(X)) is a normal crossings divisor on X'.

If furthermore C' = SpecA is affine and Reg(X) is quasi-projective, one
may furthermore take X' projective.

We emphasize that no assumption is made on the characteristic of C'
in this theorem. For example, the theorem applies to C = SpecOg, K a
number field or a complete discretely valued field. An important application
of theorem 1.1 is to constructing regular integral models of algebraic surfaces
over fields:

Corollary 1.2. Let C' = SpecA be an irreducible excellent reqular Noetherian
curve with function field F'. Let ¥/ F be a reduced algebraic projective surface
and X be a flat projective C'-scheme with generic fiber X = 3. There exists
a projective birational morphism m : X' — X with the following properties:

(i) X' is everywhere reqular.
(ii) 7 induces an isomorphism 7~ (Reg(X)) ~ Reg(X).
(iii) 7= (Sing(X)) is a normal crossings divisor on X'.

Similarly, theorem 1.1 extends [21] theorem on p. 1839 to an arbitrary
field k of positive characteristic (not necessarily differentially finite over a
perfect subfield k).

The second purpose of this article is to explore the Resolution of Singu-
larities Conjecture as formulated by A. Grothendieck [29](7.9.6). For this
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purpose, we consider finite coverings n : X — SpecS, where S is an arbi-
trary excellent regular local ring. A test case for Resolution if S has positive
characteristic p > 0 is when 7 is purely inseparable; this was already recog-
nized by O.Zariski [59] p.88 and S. Abhyankar [4] and recently confirmed by
M. Temkin’s purely inseparable Local Uniformization Theorem [54] theorem
1.3.2, vid. remark 1.3.5 (iii). In residue characteristic p > 0, we also include
Galois coverings of degree p to this test case. The main theorem to be proved
in dimension three is:

Theorem 1.3. Let (S, mg, k) be an excellent reqular local ring of dimension
three, quotient field K := QF(S) and residue characteristic chark = p > 0.
Let

hi=X"+ X" '+ +f,e€SX], fi,...,. €S (1.1)

be a reduced polynomial, X := Spec(S[X]/(h)) and L := Tot(S[X]/(h)) be its
total quotient ring. Assume that h satisfies one of the following assumptions:
(i) X is G-invariant, where Autg (L) = Z/p =: G, or
(i) charK =p and fy =--- = f,-1 =0.

Let i be a valuation of L which is centered in mg. There exists a compo-
sition of local Hironaka-permissible blowing ups:

(X =: Xo,SC()) — (Xl,LUl) s (XT,LUT>, (12)
where x; € X; is the center of u, such that (X, z,) is reqular.

We develop an approach to the Resolution of Singularities Conjecture
for hypersurface singularities defined by an equation (1.1) in any dimension
n :=dimS > 1. No other assumption on S is required here than excellence of
S; in particular, we do not even assume that [k : kP] < +o00 as suggested by
A. Grothendieck loc.cit. The main result which is proved here is the existence
of a numerical function (definition 2.16)

t: X = {1,...,p} xNx{1,>2}: 2 (m(z),w(x), k(x)), (1.3)

refining the multiplicity function = +— m(z) at those points x € X such
that m(xz) = p. This function has “expected” properties: ¢ is invariant by
regular base change S C S, S excellent (theorem 2.20) and is constructible
on X (corollary 3.11). A notion of permissible blowing up refining that
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of H. Hironaka is developed. Permissible centers )JJ C X also extend to
permissible centers under regular base change (theorem 3.4). The function ¢
is nonincreasing with respect to permissible blowing ups (theorem 3.6).

When applied in dimension n = 3, this reduces theorem 1.3 to a pro-
jection theorem 4.4 which is proved by extending the methods of [21]. This
extension is performed in [24], thus giving a complete proof of theorem 1.3
and of theorem 1.1. The sequence (1.2) which is constructed depends in no
significant way on the given valuation p and can be considered as a version
of Hironaka’s Local Control (Hironaka’s A/B Game, in residue characteristic
zero) for equations (1.1). Precise statements use the notion of independent
sequence (definition 2.18) and are collected in theorem 5.15. The authors
hope that theorem 1.3 could be extended to a Resolution of Singularities
m: X' — X, m a composition of Hironaka permissible (global) blowing ups
(and with G-invariant centers under assumption (i)).

This article is organized as follows: in section 2, we introduce our main
tool which is the Hironaka Characteristic Polyhedron [35]. Our notations
are slightly different from Hironaka’s because we focus our attention on the
variation of the characteristic polyhedron along regular subschemes of SpecS.
The above assumptions (i) or (ii) provide the structure theorem 2.14 for the
initial forms inyh, o € RY), of the characteristic polyhedron with respect to
its compact faces. This fact is essential because it allows us to reproduce

part of the equal characteristic p > 0 constructions which were used in [21].

This leads us to the definition 2.16 of the function ¢ in (1.3). The function
w is a differential version of Hironaka’s e function [35] and requires introduc-
ing a differential structure (S, h, E') adapted to a normal crossings divisor
E C SpecS (section 2.4). A fundamental difference takes place between the
Galois case (i) and the purely inseparable case (ii) of the above theorem 1.3:
eventually ¢ is uppersemicontinuous in case (ii) but only constructible in gen-
eral in case (i), vid. example 3.2. When w(z) =0 in (1.3) for some z € X, a
simple combinatorial blowing up algorithm (similar to residue characteristic
zero) makes the multiplicity function m smaller than p at all points of the
blown up space above X' (theorem 2.23). There remains to deal with points
x € X such that m(z) = p, w(z) > 0.

Section 3 contains the technical bulk of this paper. We develop a notion
of permissible blowing up 7 : X’ — X which refines that of H. Hironaka.



Roughly speaking, a Hironaka permissible center ) C X is permissible in
our sense if X is “differentially equimultiple” along ) (definition 3.1 and
definition 3.2). The notion is somewhat subtle but has good properties, the
main result being theorem 3.6: ¢ is nonincreasing along permissible blowing
ups. Furthermore, ¢ decreases except possibly at exceptional points =’ €
71 (x) belong to some embedded projective cone

PC(z,Y) C 7 ()
given in definition 3.3. We also mention:
(1) persistence of permissibility under regular base change (theorem 3.4);

(2) the strict transform Z’ C X’ of a permissible center Z C X by a
permissible blowing up = with center ) C Z is permissible (theorem
3.7);

(3) Hironaka permissible centers are permissible over a dense open subset
of their support (theorem 3.10).

We expect these results to be important in order to argue by induction
on the dimension of X.

Section 4 is restricted to dimension three and collects together all previous
results. A projection number x(z) € {1,2,3,4} is associated to a singular
point € X such that m(x) = p, w(x) > 0. This function basically expresses
the transverseness or tangency of the initial form in,, h of the characteristic
polyhedron with respect to the initial face. That ¢(x) in (1.3) can be made
smaller by performing Hironaka permissible blowing ups is stated in theorem
4.4 and proved in [24].

Section 5 is an appendix to this article. It consists in adapting some of the
equal characteristic p > 0 material from [20] to our arbitrary characteristic
context. We include adapted proofs of:

(5.1) reduction of theorem 1.1 to its Local Uniformization form along valu-
ations;

(5.2) reduction of Local Uniformization to theorem 1.3.



The section ends with the proof of theorem 1.3, hence of theorem 1.1, as-
suming theorem 4.4 (proposition 5.10). Section 6 is an excerpt from [24], a
special case of which is required in the proof of proposition 5.10.

Acknowledgement: the authors acknowledge many stimulating discussions
held during the “Fall School on Resolution of Threefolds in Positive Charac-
teristic”, University of Regensburg, October 1-11/2013. They hereby thank
H. Kawanoue, S. Perlega, S. Saito, M. Spivakovsky, A. Voitovitch and J.
Wlodarczyk for numerous questions and suggestions, with special thanks to
the organizers U. Jannsen and B. Schober.

2 Adapted structure and primary invariants.

All along this article, we will denote by S a regular local ring of arbitrary
dimension n > 1, and by (u1,...,u,) a regular system of parameters (r.s.p.
for short) of S. Its maximal ideal is denoted by mg := (uy, ..., u,) and its
formal completion w.r.t. mg by S. The order function ord,,; on S is defined
by:

ord,, f :=sup{n e N: f e mg} e NU{+o0}, f€S.

This order function extends to a discrete valuation on the quotient field
K :=QF(S) of S.

We will assume that char(S/mg) > 0 except for the next three sections.
We also assume that S is ezcellent beginning from theorem 2.4 on. The basic
reference for excellent rings is [29] 7.8 and 7.9. A useful compendium is [46]
pp- 255-260; some extensions and examples of non excellent regular local
rings can be found in [40] pp. 7-22. Let

hi=X"+ fixX" '+ + fux €5X], fix,- s fmx €S (21)
be a unitary polynomial of degree m > 2. We denote by
X := Spec(S[X]/(h)) and n: X — SpecS (2.2)

respectively the corresponding hypersurface and induced projection.

The total ring of fractions X is denoted by L := Tot(S[X]/(h)). Given a
point y € X, its residue field is denoted by k(y) and its multiplicity by m(y).
Explicitly, we have:

h

MS[X]y "

m(y) = ord
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The singular locus of X is denoted by :
SingX ={y € X : m(y) > 2}.

The locus of multiplicity m of X is viewed as an embedded reduced subscheme
of X:

Sing,, X' := {y € Spec(S[X]) : ordpg ) h =m} C SingX.
Both of SingX” and Sing,, X’ are proper closed subsets of X' if S is excellent.

Given a “linear change of” (one also says “translation on”) the X-coordinate,
say X' := X — ¢, ¢ € S, we still denote by

h=X" 4 fix X" 4 4 frux € S[X]

the corresponding expansion of h(X' + ¢), fix/,..., fmx € S. The explicit
formula for this change of coordinate is :

fixr = (77> =Y (n;__]j) fixd'™, 1<i<m, (2.3)
j=1

Given ¢ € S and a rational number d < ord,, ¢, we denote by clzp
the initial form of ¢ in gr,, S ~ S/mg[Uy,...,U,] (resp. the null form) if
d = ord,, ¢ (resp. otherwise). Similarly, if I C S and d < ord,,,,I, we denote

clgl = Vect({clap}ser) C S/mg[Us, ..., Uyla.

Suppose that a weight vector a = (ay,...,0q,) € RY; is given. Let
[y :=Zoy + -+ Za, CR. For x = (z1,...,2,) € RY;, denote

| X [oi= 11 + -+ + apx, € (Ta) >0
An associated valuation p, of K is defined by setting for f € S, f # 0:
to(f) =max{a €y : f €l (a):= {ui' -u:|x|o>a})}

It easily follows from the Noetherianity of S that u,(f) is well defined. One
sets

tal(f/9) = pa(f) — talg) for f,g € S, fg # 0.
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Note that ord,,, = p11, where 1 = (1,1,...,1) € RZ,. We will systematically
use the graded ring gr, S of S w.r.t. pg:

groS ~S/({w:a; > 0})[{U; : a; > 0}].

Ifa e, and ¢ € S is given with a < pu,(¢), its initial form cl, .¢ € gr,S
is defined as before. Similarly, if I/ C S and a < p,(I), we associate a
(gr,S)o-module denoted by

claol = Span({clao®}ocr) C (8r45)a-

2.1 Characteristic polyhedron and first invariants.

Given an equation h € S[X]| (2.1) and a r.s.p. (uy,...,u,) of S, there is an
associated Newton polyhedron w.r.t.the variables (u1, ..., u,, X):

NP(h;uy,...,up; X) C Rrggl.
Let P:=(0,...,0,1) € Rg};l, so P e %NP(h;ul,...,un;X), and
p:R"™\{P} —R"

be the projection on the (uq,...,u,)-space. We define a polyhedron by:
1
A(hyuy, ... up; X) :=p <—NP(h; U, ... ,un;X)\{P}> C RY,.
m >

The characteristic polyhedron is introduced in a more general context in [35].
In our setting, it consists in minimizing A(h;us, ..., u,; X') over all linear
changes of coordinates X' = X — ¢, ¢ € S (2.3).

In this section, we review and adapt notations to fit our purposes. A
fundamental algebraicity result is borrowed from [22] in theorem 2.4 below.
Then some of the invariance properties of the characteristic polyhedron un-
der base change are listed.

Let S and (uq,...,u,) be fixed as above. Given a subset J C {1,...,n},
we denote by

[J = ({Ufj}jEJ) C S and EJ = S/IJ

We also use the notation s’ € SpecS to denote the point s/ = I, reserving
the idealistic notation I; to commutative algebraic formulze.
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Proposition 2.1. Let f € S. There erists a unique finite set S7(f) c N/
such that the following holds:

(1) the set of monomials {I],c,;u; = a = ({a;}jes) € S'(f)} forms a
manimal system of generators of the ideal

({Hua] - a {aJ}J€J> €S (f)}) ;

(i) there is an expansion

f: Z V(fva)Hu?j€S7 y(f,a)ES (24)

acS”(f) jeJ
such that y(f,a) & I; for every a € S7(f).

Proof. Let S” be the formal completion of S along 1. Since I; C myg, S7 s
faithfully flat over S [46] theorem 8.14(3). Thus IS7 NS = [ for any ideal
I C S, in particular for any monomial ideal in {u;};e;. One deduces that

property (i) and existence of an expansion (2.4) descend from S” to S.
Suppose that an expansion (2.4) exists for a given S/(f) satisfying (i).
Each S/I7*!, n > 0 has a structure of free 5’ -module with basis

{Hu ra= ({aj}jes) and Za] Sn}

jeJ jeJ

Therefore the class v(f,a) + I; is independent of the chosen expansion
(2.4) by the minimality property in (i). This proves that the property
v(f,a) € I; in (ii) also descends from 57 to S. In other terms, we may
assume that S is Ij-adically complete.

Independent monomial generators in S/I7 lift to independent monomial
generators in S/I*! for every n > 1. One easily deduces the existence of
an expansion (ii) satlsfymg (i) for some finite subset S7(f) C N7, since S is
I j-adically complete and Noetherian.

Uniqueness of S7(f) is also checked by taking images in S/I}"" for some
n >> (0. This concludes the proof.



Definition 2.1. (Associated Polyhedron). Given an equation h € S[X] (2.1)
and J C {1,...,n}, we define a rational polyhedron:

Ag(h;{u;j}jes; X) := Conv U U {%,I—HR;O} C RZ,.

i= 13687 sz)

Definition 2.2. (Initial forms). Let o« = ({a;};es) € RZ, be a weight vector.
We define

5a(h; {Uj}jej; X) = mln{\ X ‘ai X € Ag(h, {Uj}jej; X)}
The weight vector defines a compact face o, of Ag(h;{u;}jes; X) by:
0o = {x € As(h;{u;}jes; X) : [ x [a= dalh; {u;}jer; X)}-
The initial form in,h of h w.r.t. « is the polynomial
ingh = X"+ FixaX"" € (gr,9)[X], (2.5)
i=1

where

zXa: Z”Yf@X,ZX UZX

XEOn
and bars denotes images in (gr,S)o = §J, ie.
_ . . —J
F(fix,ix) := claoy(fix,ix) € (gr,S)o = S".
By convention, we take ¥(f; x,ix) = 0 in these formule whenever ix ¢
S7(fix)-

Remark 2.1. Any vertex of Ag(h;{u;};es; X) has coordinates in -5N. We
have: .
As(h; {Uj}jej; X) =0 h=X"
It is worth emphasizing that the polynomial in,h only depends on the
face o, and not on the specific weight vector « defining it. Given h and «,
the grading of gr,S can be extended to (gr,S)[X] by setting:

degX = 04 (h;{u;}jes; X).

Then inyh is a homogeneous polynomial of degree md, (h; {u;};es; X) for this
grading.
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We now briefly review the behaviour of polyhedra and initial forms under
basic operations such as formal completion, localization and projection onto
a regular subscheme. The case of regular local morphisms S C S, S excellent
will be considered further on.

With notations as above, let o € RZ, be a weight vector and
0o C Ag(h;{ujtjes; X), ingh € (gr,S)[X].

Formal Completion: the regular local ring S is excellent [29] theorem
7.8.3(iii). Proposition 2.1 and definition 2.1 give an identification

Ag(h;{u;}jer; X) = Ag(h: {u;}jer; X). (2.6)

This identification preserves the initial form in,h for each weight vector «
via the inclusion gr, S C gr S ~ gr, S ®g S.

Localization: the regular local ring S,s is excellent if S is excellent [29]
theorem 7.4.4. Similarly, the identifications

As(h;{ujtjer; X) = As_, (hi {u;}jer; X) (2.7)
also preserve the initial form in,h (2.5) via the inclusion
8125 C graSur = (gr,5) @5 QF(5").

Projection: let J C {1,...,n} and denote by J' := {1,...,n}\J its
complement. The regular local ring 57 is excellent if S is excellent. A I.8.p.

By : .57 . .
of S° is ({@; }yes), where bars denote images in S°. With notations as
above, we have:

As(h; {u;}jes; X) = pr’/ Ag(hyua, ... un; X), (2.8)
where pr/ : R" — R, x — y = ({;},cs) denotes the projection. Let
fix=>_ Alfix,aui--up €8,
aES(fi,X)

be an expansion (2.4) (for the subset {1,...,n}, where S(f; x) here stands
for Stt-m}(f; ), 1 <i < m. Then (2. 5) is given by

Fxa=Y | Y Alixix) [ | [TV, (2.9)

Y€oa \pr’(x)=y jleJ’ jeJ
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where bars denotes images in (gr,S)o = S’ as before (recall that by conven-
tion, we take ¥(fi x,1x) := 0 in this formula if ix & S(f; x)).

Definition 2.3. (Solvable vertices). Let x € R/ be a vertex of the poly-
hedron Ag(h;{u;j}jcs; X), that is, a 0-dimensional face ¢ = {x}. Denote
by

inh = X7 4+ Fxx X" € (g1,9)[X]

i=1
the initial form polynomial (2.5) w.r.t. any defining weight vector a. We will
say that x is solvable if x € N7 and there exists \ € 57 such that

inch = (X — A\UX)™.

Explicitly, with notations as in (2.5) sqq., the latter equality means that
F(fix.ix) = (1) (WZ) Xes 1<i<m.

Note that (T) 57 is not a unit in general when char(S/mg) > 0.

The following result is a rewriting of Hironaka’s vertex preparation lemma
and theorem [35] (3.10) and (4.8) in this hypersurface situation.

Proposition 2.2. (Hironaka). There exists a linear change of the X -coordinate
Z =X —0, with 6 €S, such that

Ag(hi{us}jes; Z) = min Ag(h; {u;}ier; X7, (2.10)

where the minimum is taken w.r.t. inclusions and over all possible linear
changes of coordinates X' .= X — ¢, ¢ € S,

Given X' == X —¢, ¢ € S, Ag(h; {u;}jes; X') achieves equality in (2.10)
if and only if it has no solvable vertex.

If S is excellent, there is an equivalence

Ag(hi{ujtjes; Z) =0 3geS:h=(X—g)™

12



Proof. We first recall Hironaka’s algorithm: let x € R’ be a solvable vertex
of Ag(h; {u;}jes; X) with [ x |[= >, ; x; minimal. By definition 2.3, x € N7

and ingh = (X — AUX)™ for some )\ € 5’. pick any A € S whose residue in
57 is X and let X5 := X — \u*. By construction
Ag(h; {ujtjer; X1) € As(h; {us}jer; X)),

and equality is strict because x & Ag(h; {u;};es; X1).

Iterating, we get a decreasing sequence of polyhedra

(As(h; {u;tjes; Xn))nea,

where A C N7 indexes solvable vertices x,, € N/, Since for each a € N,
N7 N {x : | x |[= a} is finite, | x, | goes to infinity with n whenever A
is infinite. This proves the existence of Z := X — 6, 6 € S, such that
Ag(h;{u;}jes; Z) has no solvable vertex (in fact § € S7 C S, S’ the formal
completion of S along J).

Pick now any X' := Z — ¢, ¢ € S such that Ag(h; {u;}es; X') has no
solvable vertex. We claim that

As((Z = ¢)™ i {ujtier Z) € Ag(hi{us}ier; 2). (2.11)
Once the claim is proved, one easily gets
A(¢) == Ag(h; {ujtjer; X') € Ag(h; {usties; Z)

from the coordinate change formula (2.3). By symmetry, this proves (2.10)
and the second statement in the proposition.

To prove the claim, suppose that (2.11) does not hold. Then there exists
a weight vector o € R, defining a verter x of A(¢) such that

| X [o< min{| X' |o: X" € Ag(h; {u;}jes; 2)}
By the coordinate change formula (2.3), we get
ineh(X') = ing (X' + @)™ = (X' + AUX)™ € (gr,S)[X],

where \ € 57 is nonzero. This is a contradiction, since it was assumed that
Ag(h; {u;}jes; X') had no solvable vertex.
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We now turn to the last statement in the proposition. The if part is
obvious. For the converse, it can be assumed that J = {1,...,n} by applying
(2.8) to the ring S. Let b = P;(X)™ --- P,(X)™ be the decomposition of &
into monic irreducible factors over K = QF(S).

Since S is excellent, each S[X]/(P;(X)) is generically reduced, i.e. the
decomposition

Ji
P(x) =] £
j=1

of P,(X) into monic irreducible factors has m; ; =1, 1 <j <yj;, 1 <i<s.

The assumption Ag(h;us, ..., u,; Z) = () means that h = (X — g)™ for
some g € S. Hence s = 1 and m; = m, ie. g € K. Since S is integrally
closed, we have g € S and the conclusion follows.

Definition 2.4. (Characteristic Polyhedron). For X' := X — ¢, ¢ € S,
we will say that the polyhedron Ag(h;{u;};cs; X’) is minimal if it has no
solvable vertex.

With notations and conventions as in (2.1) and (2.2), we have the fol-
lowing result in the case J = {1,...,n} and a = 1 (so 3 = ord,,) [35]
[14]:

Proposition 2.3. The rational number 61 (h;uy, . .., uy; Z) is independent of
the r.s.p. (uy,...,u,) and Z =X — 0, 0 € S such that Ag(hsuq, ... up; 2)
18 minimal.

If Ag(hyua, ... up; Z) is minimal, the following characterizations hold:

(i) 01(h;uy,...,u.; Z) > 0< (n Y (mg) = {z} and k(x) = S/mg);
(ii) 01(h;uy, ..., u.; Z) > 14 n71(mg) N Sing,, X # 0.

!/

Proof. Consider two systems of coordinates (Z’,u}, ... ,ul) and (Z,uy, ..., uy,)

such that both polyhedra Ag(h;ui, ..., uy; Z") and Ag(h;us, ..., u,; Z) are

) n’

minimal. Suppose that d;(h;uy, ..., ul; Z") > d1(h;uy, ..., uy; Z). Then

) n’
! 3
Zjlzl Ems
for each i, 1 <1i < m, hence
Sr(hsun, .y Z') > Sy (bl s Z) > Sy (B, i Z).

n’
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This contradicts the assumption Ag(h;ug,. .., u,; Z) minimal. The first as-
sertion follows by symmetry.

Let h € S/mg[Z] be the reduction of h modulo mg. Since
0~ (ms) = Spec(S/ms|[Z]/(h)),
(i) and the “only if” part in (ii) are immediate from the definitions. We have
ord,h(Z) < ord,h(Z) < m,

hence z € Sing,, X implies h(Z) = (Z — A\)™ for some A\ € S/mg. Since
Ag(h;uq, ..., up; Z) is minimal, 0 € R™ is not a solvable vertex and therefore
we have A = 0. This proves that (i) holds, the “if” part in (ii) being then
obvious.

Definition 2.5. Let s € SpecS, (vi,...,Uys)) be a rs.p. of Sy and y €

nl(s). Let Z := X —0, 0 € S, be such that Ags(h;vl,...,vn(s);Z) is
minimal, where SA'S denotes the formal completion of Sy w.r.t. its maximal
ideal. We let:

‘ ordmgs fiz 1
6(y) = 51(hvvlaavn(s)7Z) :121;})1 f < %N

This invariant is classical and appears in e.g. [9], [10] and [6] definition 4.2
and proposition 4.8 in an equal characteristic context. Our main resolution
invariants will be defined in terms of coordinates (uy,...,u,) and Z = X —0,
6 € S such that Ag(h;ug,. .., up; Z) is minimal. Since minimizing polyhedra
involves in principle choosing formal coordinates, an algebraic version will
be useful for proving the constructibility of our invariants. The following
theorem is fundamental for this purpose. When charS/mg = 0, the first
statement in the theorem easily follows from proposition 2.2 by applying the
Tschirnhausen transformation (take § = —L f1 x below).

We assume from this point on that S is excellent.

Theorem 2.4. [22] Given h € S[X]| (2.1) and a r.5.p. (uy,...,u,) of S,
there exists Z := X — 0, 6 € S such that Ag(h;uq, ..., uy; Z) is minimal.
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For any such Z, the following holds: for every subset J C {1,...,n}, the
polyhedron Ag\J(h; {u;}jes; Z) is also minimal and is computed by:

AS/;] (h;{u;}jes; Z) = pr‘]Ag(h; ULy ey Un; Z), (2.12)

where pr/ @ R" — R’, x — y = ({x;}jes) denotes the projection. In
particular, we have

§(y) = min {% Zaj, aeSthm(f, ), 1<i< m} ,yen (s

Proof. The theorem is trivial if 0 € R" is a nonsolvable vertex of the polyhe-
dron Ag(h;ug,. .., un; Z), taking Z := X. Otherwise it can be assumed that
fix € mg, 1 <i <m. Apply [22] theorem II.3 to

R := S[X]img,x), [=MX), y:=X.
Since h is monic, it follows from the proof that one may take

2=y — nyaua, Ya € S a unit, ¥ finite.

acx

Formula (2.12) follows from (2.6) (2.7) (2.8). Suppose that y € N7 is a
solvable vertex of Ag—(h;{u;}jes; Z) defined by some a € R7,. By defini-

tion,

IN € QF(S) tingh = (Z — \UY)™ (2.13)

By (2.9), we have X\ = (=1)"U""™F,, ;. € 57, Hence X € gJ, since
the regular ring 57 s integrally closed. By (2.12), there exists a wvertex
x € Ag(hjuy,...,uy; Z) such that y = pr/(x). Lifting up, there exists
B € R, a = pr/(3), defining x and we let o/ := pr’/'(3). There is an
induced valuation i, on S”. The initial form of X in gra,gJ has the form

A=X]] T}, A€ S/ms, X#0, {aj}yer € N
jIGJ/

Collecting together (2.9) and (2.13), we get ingh = (Z — A\U*)™, i.e. xis a

solvable vertex: a contradiction. Therefore A~ (h;{u;};ecs; Z) has no solv-
oJ

able vertex, hence is minimal by the second statement in proposition 2.2.
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The last statement is a rewriting of definition 2.5.

Let S C S be a local base change which is regular, i.e. flat with geomet-
rically regular fibers [29] definition 6.8.1(iv). In particular S is regular [29]
proposition 6.5.1(ii) and faithfully flat. The ring S is not excellent in general,
but this certainly holds in the following cases:

~ ~

(i) S =5 1[29] 7.8.3(iii);
(ii) S is ind-étale over S [40] theorem 1.8.1(iv), or

(iii) S is essentially of finite type over S, i.e. smooth over S [29] proposition

7.8.6(1).

An important special case of (ii) is when S is the Henselization or strict
Henselization of S. When regular base changes are concerned, we always
assume that S is excellent. These conditions are preserved by localizing, i.e.
replacing S C S by S, C S;, § € SpecS and s € SpecsS its image.

Notation 2.1. Let S C S be a local base change which is regular, S excellent,
§ € SpecS with image mg € SpecS. Any r.s.p. (ui,...,u,) of S can be
extended to a r.s.p. (ug,...,uz) of S. We let h € S[X] be the image of h
and

i X =X xgSpecS — SpecS.

It follows from definition 2.3 that, if x € R, is a nonsolvable vertex of
Ag(h;uy, ... uy; Z), the vertex

(x,0,...,0) € Ag(huq, ..., up; 2) Q]R’;O

n—n

is nonsolvable provided that S/mg C S/ mg is inseparably closed. This is
of course always satisfied when S/mg is perfect (e.g. charS/mg = 0). An
obvious consequence of the second statement in proposition 2.2 is:

Proposition 2.5. Let S C S be a local base change which 1is regular, S
excellent. Assume that S/mg C S/mg is inseparably closed. Let Z = X — 6,
6 € S, be such that Ag(h;u, ..., uy; Z) is minimal. Then

A@(h;ul, conun Z) = Ag(hyug, ..o uns Z) X R’;” C Rgo

and this polyhedron is minimal.

17



Note that the assumptions of the proposition are satisfied in the above
situation (ii): S is ind-étale over S. In situation (iii), i.e. S smooth over S,
the following example will make the situation clear:

Ezample 2.1. Let k be a (nonperfect) field of characteristic p > 0 and
S = klu]w), h:=XP = € S[X], X € k\E".

Then Ag(h;up; X) = [1, 400[ and is minimal. Take S = St J(u1,P()), Where
P is a monic polynomial with irreducible residue P(t) € kt] (resp P =0).
Let ug := P(t), so (u1,uz) (resp. (u1)) is a r.s.p. of S. Let

k(P) := §/mg = k[t]/(P(1)) (vesp. k(0) = 5/mg = k(1))
be the residue field of S. Setting {#} = 7~ (mg), we have

6z ) =1 if \¢k(P)P;
{ 1+ if Aek(P).

Proof: obvious if A & k(P)P; if A € k(P)p, take Z = X — Q(t)uy,
Q(t) € k[t] monic, deg@ < degP and Q(A/?) = 0. We have:

~ 1
Ag(h;ur, 0;Z) = (1,-) + R,
p

with ¥ := Q(t)? — \. Note that (u;, ) is a r.s.p. of S.
In particular, the function on A} = {x} x Al C X x; A}, 7+ §(F) is not
a constructible function.

Theorem 2.4 and proposition 2.5 suggest the following question. An affir-
mative answer would be very useful in order to build geometrical invariants
from characteristic polyhedra. Proposition 2.5 answers in the affirmative
when S/mg is perfect, with S := S.

Question 2.1. Let S be an excellent regular local ring with r.s.p. (u1, ..., u,)
and h € S[X] (2.1). Does there exist a smooth local base change S C S, a
rs.p. (ug,...,us) of S extending (uy,...,u,) and Z = X — ¢, ¢ € S, such
that the followmg holds:

“for every smooth local base change S C S’ and r.s.p. (U1, ..., Uy ) of S
extending (u1, ..., u5), the polyhedron Ag (h;uy, ..., uy; Z) is minimal”?
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Uncovering transformation rules for the characteristic polyhedron under
blowing up is a major problem, vid. [35] p.254. A good behaviour is known
in the special case of a blowing up along a Hironaka permissible subscheme
and an exceptional point at the origin of some standard chart.

Proposition 2.6. With notations as before, let J C {1,...,n}, y € n~(s’)
and assume that 6(y) > 1. Fiz jo € J and let S" := S[{u}}jes]w,.,...u), where

up = uifug, i g€ \{jo}
up = uyif je J U {jo}

Let Z=X—0,0¢cS, with Ag(h;uy, ..., up; Z) minimal and define:
W(Z') = u"W(Z) = 2™ +u) frzZ2™ 7 4w oz € 512, (2.14)

where Z' = Z[uj,. Then Ag(h';uy, ... ,ul; Z') is minimal and the map
[: R — R" given by

/
X = (21,...,2,) = X = (21,...,Tj,_1, E r;— L, T4, .., %) (2.15)
jeJ
gives a one-to-one correspondence between vertices of Ag(hyuy, ..., Up; Z)
and vertices of Ag, (R';ul, ... ul; Z").

Y ni

Proof. The assumption d(y) > 1 forces f;z € I by the last statement in
theorem 2.4. Therefore (2.14) makes sense, i.e. h'(Z') € S’[Z']. It is obvious
from definition 2.1 that

UAg(hyu, ... un; Z)) = Ag (s, .. u; Z7)

) n’

and that [ induces a bijection between vertices of these polyhedra.
Let x' = l(x) be a vertex of Ag, (h';ul, ..., u,; Z"). Denote

ingh = Z™ 4+ NMUZ™ 4o 2 N U™ A, A € S/,
with the convention as before that \; = 0 if ix € N", 1 <i < m. Applying [
(2.15), we get
inwh = 2"+ MU 2™ 4 AU

Since S’/mg = S/mg, definition 2.3 then shows that x’ is solvable if and
only if x" is solvable. Since Ag(h;us,...,u,; Z) is minimal, the polyhedron
Ag (h';ul, ..., ul; Z") is also minimal by proposition 2.2.

Y n’
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2.2 Normal crossings divisors.

We now introduce a normal crossings divisor £ C SpecS. This section fixes
the terminology and notations for blowing ups and base changes with respect
to E, then introduces the Hironaka e function on X'.

Definition 2.6. A rs.p. (ug,...,u,) of S is said to be adapted to E if
E =div(uy - - - u.) for some e, 0 < e < n.

We emphasize that we allow e = 0, i.e. £ = () in this definition. In this
context, we use the following notion of Hironaka permissible center:

Definition 2.7. Let J C X be an integral closed subscheme with generic
point y. We say that ) is Hironaka-permissible (resp. Hironaka-permissible
with respect to F) at € ) if condition (i) (resp. condition (ii)) below is
satisfied:

(i) m(y) = m(x) and Y regular at x;
(ii) Y C Sing,,X and W := n()) has normal crossings with E at s := n(x).

We remind the reader that an integral closed subscheme W C SpecS' has
normal crossings with £ = div(u; - - u) if the family (uy,...,u.) can be
extended to a r.s.p. (ui,...,u,) of S such that the ideal I(W) of W is of the
form I; = ({u;};es) C 5, for some J C {1,...,n}.

Note that a Hironaka-permissible center w.r.t. any E (e.g. E = 0) is
Hironaka-permissible: since ) C Sing,, X, we have m(y) = m(z) = m and
y € n~Y(w) N Sing,, X, where w is the generic point of W; by proposition 2.3
applied to S,,, the map ) — W is birational, hence an isomorphism since W
is regular.

Since the notion is local on X', a Hironaka-permissible blowing up (w.r.t.
E) is simply the blowing up along a center ) C X which is Hironaka-
permissible (w.r.t. FE) at each point of its support. By a local Hironaka-
permissible blowing up, we simply mean the localization at some point of the
exceptional divisor 771())) of the blowing up 7 along a Hironaka-permissible
center. The important fact is that Hironaka-permissible blowing ups w.r.t.
E preserve our structure:

Proposition 2.7. Let S, h € S[X] (2.1), X and E = div(uy - --u.) be as
above. Let w : X' — X be a Hironaka-permissible blowing up w.r.t. E at
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x € X. There exists a commutative diagram

X & X
l ! (2.16)
SpecS <& &

where o : 8" — SpecS is the blowing up along W.

For every s' € o71(s), S := Og ¢, there exists i € S'[X'] unitary of
degree m such that X!, = Spec(S'[X']/(I)).

Furthermore, there exists a r.s.p. (u},...,ul,) of S’ adapted to the stalk
El,, E' =0 Y EUW ).

Proof. By the above remarks, there exists J C {1,...,n} such that I(W) =
I; = ({u;}jes). By theorem 2.4, there exists Z := X — 6, § € S, such that
Ag(hjur, ..., up; Z) is minimal. Since z,y € Sing,, X', we have

n~'(s) ={a}, n7'(W)=Yand 6(x) > 1, d(y) > 1
by proposition 2.3. In particular, the ideal of ) at x is
1Y) = (Z {uj}jer).

Since §(y) > 1, the point at infinity (1:0: ---: 0) does not belong to X’ so
({u;};es)Ox is invertible. By the universal property of blowing up, there is
a commutative diagram (2.16).

Let s’ € 07(s) and jy € J be such that wu;, is a local equation of ;" (W).
We take X' := Z/u;, and
W= "h(Z) = X' + u;olfLZX’m_l o U oz (2.17)

0

Note that h' € S’[X’] follows from the last statement in theorem 2.4. The
last statement is obvious because E' = 071 (E U W),q is a normal crossings
divisor on &'.

We will stick to these notations when local Hironaka-permissible blowing
ups are concerned, or compositions of such local blowing ups. We always
refer to the reduced total transform of £ on the blown up base SpecS.

Suppose a base change is given as considered in the previous section, i.e.
formal completion S C S , localization at a prime S C Sy or regular local
base change S C S, S excellent.
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Notation 2.2. Given S C S’ such a base change, we denote
E' .= F xgSpecS’, n: X' = X xgSpecS’ — SpecS'.

The image of h in S'[X] is denoted A’ € S’[X]. This notation is used consis-
tently with notation 2.1.

For instance if s € SpecS, there exists a r.s.p. (vi,...,vn0)) of S;
which is adapted to E,, where Ey is the stalk of £ at s. We then have
E; = div(vy - - - ve(s)) and may choose v; = wu,(j) for some injective map

e {l,...,e(s)} — {1,...,e}. It is of course not possible in general to
extend a given (v, ..., Un()) to ar.8.p. (ur,...,u,) of S. We let hy € S,[X]
be the image of h.

Definition 2.8. Let s € SpecS and (v1,...,vy)) be an r.s.p. of S, which
is adapted to Ey, Es = div(vy - - - ve(s)). We say that coordinates

(Ula -+ Un(s)s Zs)a Zs =X — Qbs: ¢s S 557
are well adapted at y € n~'(s) if Ag(h;v1,..., Vn(); Zs) is minimal.

Definition 2.9. Let (uq,...,u,) be ar.s.p. of S which is adapted to E. Let
j,» 1 < j <e and let Y; C X be an irreducible component of ! (div(u;))
with generic point y; € X. We let

1
dj = (5(3/]) c %N

For any s € SpecS and y € n~!(s), we let

1
e(y) =m | d(y) — Z dj | € 752
: (m —1)!
div(uj)CEs
Summing up results from the previous section, we have:

Proposition 2.8. Let (uy,...,uy;Z) be well adapted coordinates at v €
n~t(mg). With notations as above, we have

dj=min {%, acst-rhfiy), 1<i<m}, 1<) <e
2

For s € SpecS and y € n7(s), we have €(y) > 0.

Proof. The first (resp. second) statement follows from the last one in the-
orem 2.4 applied to S and J := {j} (resp. to Ss and each J := {j} with
div(u;) C Ej).
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2.3 The Galois or purely inseparable assumption.

In this section, we introduce the assumptions of theorem 1.3. The main
result is proposition 2.11 which analyzes the consequence w.r.t. the slopes
do(h;u, ..., u,; Z) and initial form polynomials in,h from definition 2.2. We
assume furthermore that the following property holds:

(G) m = pis a prime number, h is reduced, the ring extension L|K is normal
and X is G-invariant, where G := Autg(L).

Assumption (G) is maintained up to the end of this chapter.

Since [L : K| = p is a prime number, we have either G = Z/p (L|K
separable, cases (a) and (b) below) or G = (1) (L|K inseparable, case (c)
below). Case (a) is included here for the sake of completeness and because
residual actions in case (b) may lead to case (a). The three cases to be
considered are:

(a) h is totally split (product of p pairwise distinct linear factors) over K;
(b) h is irreducible and Galois over K with group G = Z/p;
(c) his irreducible, charS =p, fix =0,1 <i<p—1.

Assumption (G) is also preserved by those base changes considered in
the previous sections, i.e. formal completion S C 3, localization at a prime
S C S, or regular local base change S C S, S excellent. Note that in
any case, h reduced implies respectively hg, h (since S is excellent) and h
reduced (notation 2.2). Recall notations and definitions of initial forms from
definition 2.2.

Proposition and Definition 2.9. Assume that charS/mg = p. Let (uy, ..., uy,)
be a given r.s.p. of S and o € RY, be a weight vector. The integer

io(a) :=min{i € {1,...p}: Fizo # 0}

does not depend on Z = X — 0, 6§ € S such that Ag(hsu, ... up; Z) is
manimal. If ig(o) < p, the form Fy o)z is also independent of the choice of
Z =X — 0 as above.

In case a = 1, the integer ig(1) (also denoted by ig(x) for x € n~'(mg))
and form Fy 1)z = Fiya)z1 (if i0(1) < p) are also independent of the
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choice of the r.s.p. (u1,...,u,) of S and Z = X — 0, 6 € S such that
Ag(hsuq, ... up; Z) is minimal.

Proof. Take Z' = Z — ¢ such that both polyhedra Ag(h;uq, ..., u,; Z) and
Ag(h;uq, ..., up; Z') are minimal. By minimality, we have

Ua(@) > a = 6q(hiug, ... un; Z).
The corresponding initial forms in,h(Z) € (gr,S)[Z] and in,h(Z') € (gr,S)[Z']
are related by
inah(Z") = ingh(Z — cly.a®).

The first statement follows from the elementary fact that p,, > 0

p
7
for 1 <i < p—1, since p € mg. The second statement then follows from
proposition 2.3.

Proposition 2.10. For z € SingX, s := n(x), we have:
n~(s) = {x}, k(z) = k(s) and §(z) > 0. (2.18)

Assume that a normal crossings divisor E = div(uy - --u.) C SpecS is
specified and let w : X' — X be a Hironaka-permissible blowing up w.r.t. E
at x. Then, with notations as in proposition 2.7, for every s' € o '(s), X
satisfies again (G).

Proof. It can be assumed that s = mg. Let (uq,...,u,; Z) be well adapted
coordinates at  and h(Z) € S/mg[Z] be the reduction of h modulo mg. By
(G), G acts transitively on the fiber n7!(s). Then h(Z) is either a p*-power
or satisfies again (G) w.r.t. the zero-dimensional regular local ring S/mg.

If h(Z) satisfies (G), then (h(Z),uy, ..., u,) is a r.s.p. of the local ring
S[Z)m,, so x is a regular point of X.

Assume now that h(Z) = (Z — \)? for some A € S/mg. Now (0,...,0) is
a solvable vertex of Ag(h;us, ..., u,; Z) unless A = 0. Since (u1,...,u; Z)
are well adapted coordinates at z, we have A = 0.

The last statement follows from proposition 2.7 and the fact that z is
G-invariant by (2.18).

Proposition 2.11. Let x € n~Y(mg) and (ui,...,u,; Z) be well adapted
coordinates at x. For a € RY, a weight vector, the following holds:
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(i) the polynomial in,h € (gr,S)[Z] satisfies again (G) w.r.t. the local
ring (8ra:S)(vn,...Un)

(i1) if (charS/mg = p and ip(a) < p), then

da(hyur, ... un; Z) €Ty = Zoy + -+ + Ly,
(#1) if charS/mg = 0 or if (charS/mg = p and io(a)) = p), then

1
da(Pyus, ... un; Z) € =T,
p

Proof. If §(z) = 0, we have 6,(h;us, ..., uy; Z) = 0 and inyh = h(Z) with
notations as in the previous proof, so the proposition is trivial. Assume that
d(z) > 0.

By proposition 2.2, we have Ag(h;uy, . .., u,; Z) # () and this polyhedron
has no solvable vertex. Therefore iny,h is not a p*-power. Let z € L be the
image of Z and v, be any extension of u, to L. Then v, is centered at =z,
since X is G-invariant and n~!(mg) = {z} by proposition 2.3(i). We have:

Va(2) = pa(fiz))i = 0a(hsur, ... un; Z) € Ty @7 Q (2.19)

for each i, 1 <14 < p such that F; z, # 0. Since L|K is normal of degree p,
the reduced ramification index eq of vy |, is g = 1 or eg = p.

Assume that (charS/mg = p and ig(«) = p). Then in,h is in case (c) of
(G) and we get (iii) from (2.19).

Assume that charS/mg = 0 or (charS/mg = p and ig(a)) < p). Then h
is in case (a) or (b). Since G = Z/p in these cases and X is G-invariant, G
acts transitively on the roots of in,h. We have:

Tot((gr,S)[Z]/(inyh)) = Hya QF (gr,S) if p, splits;
QF((gr,S)[Z]/(ingh)) =  QF(gr, S)  otherwise,

and this proves (i). Statement (iii) follows from (2.19) if charS/mg = 0.
Assume finally that (charS/mg = p and ip(a) < p). By (2.19), we have

pVa(Z> = pﬂa(fio(a),Z)/%(a) € Fa-
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Since I', ~ Z" for some r > 1, this implies

5a<h;u17 ceey Unp; Z) = Ma(fi,Z)/iO(a> € Fa

which completes the proof of (ii).

Corollary 2.12. Assume that a normal crossings divisor

E =div(u; - - - u.) C SpecS
is specified. We have pd; € N, 1 < j <e, and e(y) € N for everyy € X.
Proof. In view of definition 2.9 and proposition 2.8, this follows from propo-

sition 2.11 (ii)(iii) applied to the local rings S,y and Sy, s := 1(y).

This corollary allows us to define the following invariant:

Definition 2.10. Let (ug,...,u,) be a r.s.p. of S which is adapted to the
normal crossings divisor F = div(u; ---u.). For y € X' s := n(y), we define
a principal ideal:

where H; :=pd; € N.

2.4 The discriminant assumption.

We now introduce now the critical locus of the map n: X — SpecS together
with its scheme structure given by the discriminant D := Discxh € S. We
are interested in the case where D is a normal crossings divisor. Theorem 2.14
below is basically a reduction to characteristic p > 0 as dealt with in [20] [21].

Note that D is by definition independent of the choice of regular param-
eters of S and invariant by those translations X' := X — ¢, ¢ € S used in
minimizing polyhedra. If (S, h, E) is in case (c) of (G), then D = 0. We are
interested in the case where D is a normal crossings divisor.
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Definition 2.11. Let S, h € S[X] (2.1), X and E = div(u; - - - u.) be spec-
ified. We say that (S, h, E') satisfies assumption (E) if char(S/mg) =p >0
and one of the following properties hold:

(i) D=0 and n(Sing,X) C E,
(2.20)
(i1) D#0 and div(D)yea C E C div(p)rea-

Assumption (E) is maintained up to the end of this chapter.

This assumption implies that Sing,X C n~'(E) C X, by definition (i) or
because 77 (SpecS\ E) is regular since SpecS\F is (ii). In particular E # ()
if Sing, X' # 0.

Assumption (E) is also preserved by those base changes considered in the
previous section: formal completion S C S, localization at a prime S C S;
or regular local base change S C S, S excellent. For Hironaka-permissible
blowing ups, we have:

Proposition 2.13. Let 7 : X' — X be a Hironaka-permissible blowing up
w.rt. E at © € X. Then, with notations as in proposition 2.7, for every
s e o(s), (S' I, E") satisfies again (E).

Proof. Any Hironaka-permissible center ) C X w.r.t. E at x is contained in

E by the above remarks. Therefore the proposition is obvious in case (i) of
definition 2.11.

Let (uq,...,u,;Z) be well adapted coordinates at x and h(Z) € S[Z]
be the corresponding expansion. With notations as in proposition 2.7 and
(2.17), we have h'(X") = u;"h(X"uj,) for some u;, € I(W). We deduce that

D' := Discx:h' = u;"" Disczh = u, VD,
hence div(D');eq € E' C div(p)req as required.

Theorem 2.14. (Reduction to characteristic p). With assumptions as above,
let v € n~Y(mg) be such that e(x) > 0. Then (X, z) is analytically irreducible.

Let (u1,...,u,; Z) be well adapted coordinates at v and o € RZ, be a
weight vector. Fxactly one of the following properties holds.

(1) ig(a) = p, d.e. ingh =2ZP + F, 7,;
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(2) ig(a) = p—1 e ingh = Z°+ F, 12042 + Foz0, Fyo1.20 # 0.
Furthermore, we have

e A
—fp1z =Bz [ Ju (2.21)
i=1

with Ap—1; € (p—1)N, 1 < j <e, and v,—1.z € S a unit with residue
Vp1.z € (S/mg)P~". In particular, —F,_1 7, = GP~" for some nonzero
G € gr,S, and we have

Proof. First note that D = Discz(h) is homogeneous of degree p(p — 1) for
the grading degf; z = i on the coefficients of h. In particular, we have

MOé(D) Z p(p - 1)504(}7“’ Upy e v vy Uny Z)v
since o (fiz)/i > da(hyus, ..., uy; Z) for 1 <i < p. We deduce the formula
Clap(p—1)da(hius,..uniz) D = Discz(ingh). (2.22)

On the other hand, in,h has a multiple root over an algebraic closure of
QF(gr,S) if and only if ig(ar) = p by proposition 2.11 (i). When this holds,
we are in case (1) of this theorem.

Suppose that h is analytically reducible. By proposition 2.8 and defini-
tion 2.5, e(z) = 0(x) — >_;_, d; is determined by Ag(h;us, ..., u,; Z), thus
invariant by base change S C S. Therefore it can be assumed w.l.o.g. that
S = S in order to prove the first statement, i.e. that h is in case (a) of
property (G). Since h splits, there is a factorization

h =

(2

(Z — ;) € S[Z], o1,...,0p €.

p
=1

Let z € Oy be the image of Z and g € G = Z/p, g # 0. By property (G),
we have g(z) € Oy and g(z) is a root of h(Z). Up to reindexing, it can
therefore be assumed that

gi<z)zz_90i+1+90165, 1<i<p-1.
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In particular, we have g(z) — z = ¢1 — @2 € S and we deduce that

i—1

g(z)—z=> g"g(z) —2) =i(g(z) —2), 1<i<p—1L

Since (p — 1)! is a unit in S, we get a formula
D = Discz(h) = vo(¢1 — w2)PP™Y, 75 € S, 7 a unit.

By assumption, (uq,...,u,) is adapted to E. Then definition 2.11(ii) implies
that

1 — 2 = YU,
v €S, v aunit, and a; =0, e +1 < j < n. Take an expansion (2.4):

Y1 = Z YU, Yx € S, Yx unit
x€S(p1)

with S(p1) C N” finite. If 2; < a; for some x € S(¢1) and some j, 1 < j <e,
then x is a vertex of Ag(h;w, ..., u,; Z) with initial form

ingh = (Z — AUX), A € S/ms, A#0.

This is a solvable vertex: a contradiction, since Ag(h;uq, ..., uy,; Z) is mini-
mal. Therefore ¢, € (u?) and we get €(x) = 0: a contradiction. Hence (X, x)
is analytically irreducible as stated. It can be assumed that h is in case (b)
of property (G) from now on.

Assume now that in,h is in cases (a) or (b) of property (G), i.e. ip(a) < p
and
Discy(ingh) # 0. (2.23)

We now compute ord(u].)D for 1 <j <e. Let
s; = (u;) € SpecS, S;:=S,, and y; € n7'(s;).

To begin with, Ag;(h;uj,Z) is minimal by theorem 2.4. We denote by
G(sj) = k(s;)[U;] the graded ring of S; w.r.t. its valuation p; := ord)
and by in; the initial form map w.r.t. p;. Let:

iU = infiz € Gls;), 1<i<p. (2.24)
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By definition 2.11(ii), we have charS/(u;) = p. Therefore proposition 2.9
and (2.22) apply to S; with o = 1 € R. The corresponding integer iy(1) is
denoted by ig(s;) in order to avoid confusion and we have

pi(D) > p(p — 1)d(y;) = (p — 1) Hj. (2.25)

Case 1: ip(s;) < p. Then equality holds in the former formula as remarked
right after (2.22).

Case 2: ig(sj) = p. Then equality is strict in the former formula. Since
Az (h;uj, Z) is minimal, we have ypﬁjUjA”’j ¢ G(sj)? and A,; = H;. Let
z € L be the image of Z. The discrete valuation p; of K has a unique ex-
tension to L, still denoted by p;. There is an embedding G(s;) C G, where
G, is the graded ring of the valuation ring O; := {f € L: u;(f) > 0}.

Case 2a: H; € pN. We have

1 1 B
G, = k(s)) (3 U, ingz = =2 U, (2.26)

)]

Case 2b: H; ¢ pN. We have

boo1 1 Hj

Gj = kj(sj)[’Y}ijjp]a ian = _/YP‘U'p ’ (227>

where [; satisfies [;H; = 1 modp, since the element ¢ := 2% u; " is areg-

v s l
ular parameter of O; with (in;t)? = —v,U;.

Let g € G = Gal(L|K) be nontrivial. We have

g(2)f — 27 + Z fiz(g(z)P™" = 2P7") = 0. (2.28)

Since 41(g(2) — 2) > p;(2) and p;((p — 1)!) = 0, we deduce from (2.24) and
(2.26)-(2.27) that

H:
p—i—1)t+Ai;

. i i i —i (
in;(fiz(g(z)P~" = 2P7")) = (=1)? ﬂ}%,j%(f; 1)/pUj (2.29)
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for 1 <i <p—1, where T; :=in;(g(z) — z). On the other hand, we have

ooy == (o) -+ 3 (1) - 2

Computing ;(D) by the Hilbert formula [60] V.11.(8) gives

(D) = p(p — 1)p;(g(2) — 2). (2.31)

Since equality is strict in (2.25), we have ;(H(x)~?~Y D) > 0 and we deduce
that 11;(g(2) —2) > H;/p. Computing initial forms for each term on the right
hand side of (2.30), we get for 1 <i <p—1:

H

Pt A
p
Uy

iny(g(2) — 2)P7) = (—1)F TP

p
i
minimal value term in (2.30) inside the summation symbol is obtained with
1 = p — 1. This shows

Since 1(9() ~ 2) > Hyfp and (2 )) = s (p). 10 p= 1, he wnique

p—1 1 H;
. —i i - N s
m<§3<§)@@‘%yz):”w@ﬂ%4@p o e
=1

Case 2a. By (2.26), all terms 71();’}—z'—1)/p for 1 <4 < p—1 appearing in (2.29)

i(p)

are linearly independent over k(s;). Since p € S, pu;“ 77 is a unit in 5.

p—i—1

p-1
Let v € k(s;) be its residue, so the family (v7,% ,{7,,” }i<icp-1) is a basis

of the k(s;)-vector space k(sj)(vgép). Tracing back to (2.28) an (2.30), the
value of (g(z) — 2)P is the value of a sum of terms with linearly independent
initial forms in G;. We deduce the formula

by (9(2) =)~ = min{s; (p)+(p—1) 2, min {(p—i—l)%JrAi,j}}- (2.33)

P 1<i<p-1

Case 2b. By (2.27), all values (p —i—1)H;/p for 1 <i < p—1 appearing in
(2.29) are pairwise distinct modulo Z. Since p € S;, the family

(1i(p) + (p— 1)%, {lp—i— 1)% + A jhi<i<p-1)
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represent all cosets of (1/p)Z modulo Z. The argument is now similar to case
2a above and (2.33) holds as well. Note that the minimum in the right hand
side of (2.33) is achieved exactly once in this case 2b.

By (2.31) and (2.33), we conclude in all three cases 1, 2a and 2b that
i (H (x)" VD) = min{pp;(p), min {pAi; — iH;}}. (2.34)

1<i<p—

By (2.24) and definition of ig(«), we have

e

Z Aig(@),j% < ol figa),z) = to(a)da(hsur, ... up; Z). (2.35)

J=1

Collecting together, since it was assumed in (2.23) that Discy(in,h) # 0,
we have

> pi(H(z)" " ID)a; = (p - 1) (péa(h; ur o Z) = Y Hjaj>
J=1 j=1
by (2.22). By (2.34)-(2.35), we deduce
(p—1—io(a)(pdalhsus, ... un: Z) = > Hja;) < 0. (2.36)
j=1

Suppose that pda(h;ur, ..., ux; Z) = > 25, Hja; = 0. Definition 2.10 im-
plies that f, € H(x)" for 1 <4 < p. Definition 2.1 yields the equality
H, H,

Ag(h,ul,,un,Z):(p ,...,?,O,...,O)—i—R;O.

This is a contradiction, since it is assumed that e(x) > 0.

We thus have pda(h;ui,. .., u.; Z) — 375 Hjoy > 0. By (2.36), this
implies ip(a) = p — 1, since ip(a) < p — 1 was assumed in (2.23).

We may now sharpen (2.36) as follows, since it is an equality: equality
holds in (2.35) and the minimum on the right hand side of (2.34) is achieved
with i = ig(a) = p — 1 for each j, 1 < j < e. These two properties are
equivalent to the existence of an expansion (2.21) with y,_; 7z € S a unit.

By proposition 2.11(i), G = Z/p acts on the roots of in,h. Let

zo € (gr,5)[Z]/(inyh)
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be the image of Z. Then (¢(24) — 24)? ' + Fp_1.20 = 0 for g € G nontrivial,
so the polynomial X?~' + F, ; 7, is totally split over gr,S, i.e. —F, 17, I8
a (p—1)"™in gr,S as required. The last formula in the theorem is obvious.

2.5 Adapted differential structure.

In this section, we introduce the differential structure on the graded algebras
gr,S. We will only consider here the case « = 1 € R, with notations as
in definition 2.2. These algebras appear naturally as blow up algebras of
S along regular primes. We will adapt and simplify notations as much as
possible in order to fit with the forthcoming computations.

Remark 2.2. This construction uses formal coordinates and Nagata deriva-
tives [46] pp.241-245, and could be considerably simplified when

E = Spec(S/(uy - -ue)) C SpecS

is essentially of finite type over some field. This extra property is satisfied for
example when F is contained in the closed fiber of some previously performed
blowing ups. In dimension three, this extra property is easily achieved from
embedded resolution theorems in smaller dimensions, vid. proposition 5.6.

Notation 2.3. Let W C E be a regular closed subset of SpecS having normal
crossings with £. We now write
IW) :=1;={u;}jes) C S for some J C {1,...,n}.

Let Jg:=JN{1,...,e}, J:={1,...,n}\J,so (J)g ={1,...,e\JE.
Let Sw := S/I(W) and u; € Sw be the image of u;/, 7' € J', so

s = Mgy, = (Uy)jer).

Since W C E, (E) implies that charG(W) = char(S/mg) = p > 0. The
formal completion Sy of Sy, can be written as

Sw ~ S/ms[[{Tj}jrer]) (2.37)
The algebra gr;S of definition 2.2 is denoted by:
GW) = gr[(W)S ~ Sw{Uj}jes]-
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We also denote G/(V[7) = G(W) ®s,, Sy In the special case W = {mg}, we
thus have G(mg) = G(ms).

The initial form inyh (ibid.) w.r.t. the weight vector 1 € RZ; is now
denoted

p
inwh = X7+ Fxw X" € GW)[X],
=1
with Fi,X,W S G(W)iél(h;ul ..... un;X)s 1<:< p.

Any local equation of E has an initial form in G(W), and we denote by
E(W) the associated divisor. Explicitly:

E(W) :=div HUj H Uy | C SpecG(W).
JjeJe  j'e(ME

We include in these definitions the case where W = div(u;) is an irreducible
component of E. This corresponds to (J')g = {1,...,e}\{j} and

GW) = 8/(u)[U;), EW) =div [U; ] uy
i'e()e
Let (A\;)iea, be an absolute p-basis of S/mg. For this notion and the rest of

this section, we refer to [46] pp.201-205 and pp. 235-245. We allow A infinite
in these constructions. The corresponding derivations (g_Az) 1ea, of Der(S/myg)

act on power series in §V\V (2.37) coeflicientwise. Those derivations g—/\l, le Ay
will be usually called “derivations w.r.t. to constants”.

Let D(W) C Der(G/(V?)) be the submodule generated by the derivations
w.r.t. to constants together with

0 0 _ 0 0
({Uja—Uj}jeJE, {8_U'j}j€J\JE7 {Uj'a?j/}j'e(f)m {a?f}j’eJ’\(J’)E> . (238)

Since Sy is excellent and integrally closed, we have 51;/17 N Sw = Siy-
Therefore for F' € G(W), there is an equivalence:

VDeDW), D-F=0F e GW)P. (2.39)

34



If '€ G(W)y is a homogeneous element, D - F' is not homogeneous in general
for D € D(W) because the derivations (9-) ;e s, lower degrees by one. We
J

define a homogeneous Sy-submodule of G(W)4_1 as follows:

oF
V(F, E, W) =< {Cldflﬁ}jGJ\JE >C G(W)dfl. (240)
J

Let Dy € D(W) be the submodule defined by
Dw :={D € D(W): D (I(W)/I(W)?) C (I(W)/I(W)*)}.
If D € D(W), we have
D €Dy & Vje \Jg, <dU;,D > (I(W)/I(W?)GW),  (2.41)
and there is an equivalence

Dy = D(W) < W is an intersection of components of E. (2.42)

—

If e G(W)y is a homogeneous element, we define a homogeneous Sy -
submodule of G(W), as follows:

—

J(F,E,W) = cly(Dyw - F) € G(W),. (2.43)

Let Hy be the initial form in G(W) of the monomial ideal H(z) C S
(definition 2.10), where z € n~!(mg), i.e.

oy = [10" II @7 | S GW)a. (2.44)

Jje€JE i'e(Ie

where dy = ZjGJE H;. If F € HyG(W)g_q,,, it follows from the above
definitions that

—

V(F,E,W) C HywG(W )a—gy—1 and J(F, E,W) C HyG(W),_g. -

For such F' € HyG(W)4_a,,, we denote:

V(F,E,W) = HZ'V(F,E,W) C GW)a—ay 1,
- (2.45)
J(F,E,W) = Hy'J(F,EW) C GW),_,. .
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If F, xw € HwG(W)4_4,,, the submodules

—

V(ijx’w, E, W) - G(W)d,dW,1 and J(Fpg(’w, E, W) - G<W>d7dw

are well-defined by (2.45). We will continually apply this definition when the
following properties (i) and (ii) hold:

(i) (ug,...,un; X) are well adapted coordinates at = € 7 (mg) (definition
2.8), and

(ii) d — dw = e(y) with n7'(s) = {y}, s the generic point of W.

Note that F, xw € HwG(W)4_q,, is then a consequence of definition 2.9
and proposition 2.8.

Some considerations will require localizing S at some point s € W. We
then denote by W the stalk of W at s. This notation is used jointly with
notation 2.2 sqq. about the stalk Es. The restriction of s is denoted by
5 € SpecSy = G(W)y. We have

G(Ws) = 8T (w,)Os (Sw)s[{Uj}jes.

Consistently iny,h € G(Ws)[X] denotes the initial form. The above con-
struction thus allows to associate to any homogeneous element F' € G(Wy),
homogeneous submodules

—

V(F, Es,Ws) € G(Wy)a-1, J(F, Es,W,) C G(Wj),.

2.6 Cones, ridge and directrix.

In this section, we recollect some facts about the directrix and Hilbert-Samuel
stratum of a homogeneous ideal. These facts are then applied to extract
numerical invariants from the vector spaces

V(Fp,Z7 E, mS) - G(mS)e(x)—l and J(Fp,Za E7 mS) - G(mS)e(:c)

defined in the previous section (2.45) when (uq,...,u,; Z) are well adapted
coordinates at © € n~!(mg). These considerations are based on elementary
linear algebra.

Most difficulties in this section appear only for n > 4, which will eventu-
ally lead us to define our main invariant w(z) in a different way than in [21]
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chapter 1 (for equicharacteristic S of dimension n = 3) in the next section.

Let k be a field, R, be a k-vector space of finite dimension n > 1 and
R := k[R;] be the symmetric algebra. Let V := SpecR and I be a homoge-
neous ideal of R which defines a cone C' = C(I) := Spec(R/I). With these

notations, we define:

Definition 2.12. The directrix VDir(I) of C' = C(I) is the smallest k-vector
subspace W of Ry such that I = (I Nk[W])R. We denote

7(I) := dim, VDir(I), Dir(I) := Spec(R/(VDir(I))).

Definition 2.13. Let C' = C(F') be a hypersurface cone, i.e. I = (F) is a
nonzero principal ideal. We define a reduced subcone

Max(F) :={z € V :ord, F = ordgF'} C C(F),

where 0 is the origin (so ordgF = degF’).
Given a fized degree d > 1 and an ideal I = (F}, ..., F,,) C R defined by
homogeneous polynomials Fi, ..., F,, € R, degF; =d for 1 <i < m, we let

Max(l):={x € V:ord, F; =d,1 <i<m} CC(I).

The cone Max([/) is the closed Hilbert-Samuel stratum of C'(I). These
two objects and the ridge are considered and connected by H. Hironaka in
a more general context. See also [26] [27] for definition and computation of
the ridge.

Proposition 2.15. (Hironaka [36]) Let C' = C(F) be a hypersurface cone.
There are inclusions

Dir(I) C Max(F) C C(F).

If k is perfect or if dimR < p + 1, the left hand side inclusion is an
equality.

Remark 2.3. Counterexamples to the last statement exist for nonperfect &
and dimR > p + 1. For dimR < 4, such counterexamples exist only if
dimR = 4 and p = 2. For applications to the proof of theorem 1.3, we only
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have to deal with this difficulty for the initial form polynomial (dimR = 4)
which is of the form

inmsh = Z2 — )\UlZ + FQ’Z7 FQ,Z € S/ms[Ul, UQ, Ug]g, A E S/mg

By [36], the polynomial in,, A is a counterexample to the last statement of
proposition 2.15 if and only if A = 0 and, up to a linear change of variables,

N, h = 2%+ MUE + \MUZ + M A\Us (2.46)
with Aj, Ao 2-independent, i.e. [(S/mg)?(A1,\2) : (S/mg)?] = 4. This very

special case is dealt with in the proof of proposition ?7?.

Let (ug, ..., u,; Z) be well adapted coordinates at z € n~!(myg) (definition
2.8). In case €(z) > 0, we have ' (mg) = {z}, k(xz) = S/ms (proposition
2.3) and the initial form polynomial has the form

in, h=2°-G''Z+F,; € Gmg)[Z] = S/ms[Us,...,Un)[Z] (2.47)

by theorem 2.14 applied to @« = 1 € R%;,. There is an associated integer
io(x) = p—1 (resp. ig(z) = p) if G # 0 (resp. if G = 0). We denote by
H C G(ms)a the initial form vector space of the ideal H(x), d = >°5_, H;
(definition 2.10). If iy(z) = p — 1, we have

€ e
. 1
H7'GP =< HUPB” >, Bj € ~N and ZpB = €(x). (2.48)
7 ) J J
j=1 P j=1
We can restate previous material as follows:

Proposition 2.16. Let (uq,...,u,; Z) be well adapted coordinates at x €
n~Y(mg) and assume that e(x) > 0. The following holds:

(i) the vector space V(F), 7z, E,mg) C G(msg)e@w)-1 satisfies
V(F,z, B ms) =0 F,z € S/ms|Ur, ..., UJ[U,,,...U?);
(ii) the vector space J(F)y 7z, E,mg) C G(ms)ew) satisfies

J(Fp,z, E,ms) =0« sz € (S/mS[Ul, ey Un])p;
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(i) if ig(x) = p, the vector space V(F, z, E,mg) is independent of the well
adapted coordinates (uy, ..., un; Z); if ig(x) = p and V(F, z, E,mg) =
0, the vector space J(Fy 7z, E,mg)c) is independent of the well adapted
coordinates (U, ..., up; Z).

Proof. The first statement follows from (2.40) and (2.45), while (ii) follows
from (2.39). Assume now that io(z) = p, i.e. G =0.

To begin with, the situation in (ii) does not occur because the polyhedron
Ag(hsug, ..., up; Z) is minimal. If 2/ =2 -0, 0 € S with ord,,,.0 > d(z)/p,
we have F), z» = F,, 7 + O for some © € S/mg[Uy, ..., Upls@)p (50 © = 0 if
d(z) ¢ N). Hence D - F, z» = D - F),  for every D € Der(G(mg)).

By elementary calculus, the vector space

OF, 2 } N
an e+1<5<n

is unchanged by adapted coordinate change (more generally by changes sta-
bilizing the vector space < Uy, ..., U, >) and this proves the first statement
in (iii). If V(F, z, E,mg) = 0, changes of coordinates fixing each < U; >,
1 <5 < e, do not affect either

8F A aF Z
J(F,Z7E7ms> :< {U L } 7{¢} >
8 ’ an 1<j<e OA AEA

This concludes the proof.

V(sz, E, ms) =< {

We now turn to the version of proposition 2.16(iii) for ig(x) = p—1. The
problem is elementary, though more technical, and the remaining part of this
section is devoted to it.

Let (e;)1<j<n be the standard basis of R” and let
E={xeR": 2. =-=2x,=0} =R
Given d € %N and H € N*" N E, we denote
Au(d) = {x=(21,...,2,) € RYy:|x |=d and x; > %,1 <j<e}

and
VH(pd) = (UH) N G(ms)pd Q G(ms)pd. (249)
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We fix once and for all b € (N" N Ag(d)) N E. Note that Vu(pd) # (0)
only if H; +---+ H. < pd and that such b as above exists only if d € N.
By convention, we take {b} = 0 if d ¢ N in the following formulee. For
applications, we will take d = d(xp), H as in definition 2.10 and b will be
defined by < G >=:< U ... Ube >,

Notation 2.4. Any homogeneous polynomial F' € Vg(pd) has a unique ex-
pansion of the form

F = Z AX)UP* A\(x) € S/ms.

x€ %N”QAH (d)
We denote

A(F) := Conv({x € %N“ NAu(d) : A(x) # 0} U{b}) C Au(d).

According to theses conventions, we have A(0) = {b}.

Definition 2.14. With notations as above, let T' : Vg(pd) — Va(pd) be
the S/mg-linear truncation operator defined as follows: let

A:={xe %N"HAH(d) b+ p(x—b) € Au(d)}. (2.50)
and
TF:=Y Ax)U™ € Vu(pd). (2.51)
XZA

For d ¢ N, we have A = () and T is the identity map.

The construction of the previous section associates two vector spaces
V(TF,E,mg) and J(TF, E, mg). Explicitly, we have:

0TF
ou,

V(TF,E,mg) =U™ < ce+1<j<n>CG(ms)pa1-m|

for the former one. If V(TF, E,mg) = 0 (and only in this case), we will use

the latter one, given explicitly by and

oTF OTF
J(TF,E,mg) = U™ <{Uj=—th<j<e; {7 heno >C G(ms)pa—imy,
v, Y

with notations as in the previous section. We can now state:
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Lemma 2.17. Assume that d € N. With notations as above, we have

KerT - U(p_l)bV(%“ (d),

where [B] := ([H27,...,[2=7,0,...,0).
p p p
Let G := pUP, € S/mg, ® € Viu(d) and F € Vu(pd). Then

V(T(F + @ — G V®), E,mg) = V(TF, E,mg).
If V(TF,E,mg) =0, then
J(T(F + ®° — GPY®), E,mg) = J(TF, E,msg),

Proof. We analyze the definition of 7" in (2.51). The kernel of T is
generated by those monomials UP* € Vg (pd) such that

y:=px—(p—1)b € Ag(d).

Since x € %N", b € N", we have y € N” for such y. Therefore Ker7 is
generated by

H.
KerT =< {UPVP0Y .y e N, |y |=dandy; > —2, 1< j<e} >.
D

This proves the first statement. For the second part, we have proved that
T(F + & — GPV®) =TF + TP,

Hence D - T(F 4+ ® — G?~Y®) = D - TF for every D € Der(G(ms)) and
this concludes the proof.

We now study invariance properties of V(F, E, mg) and J(F, E, mg) un-
der changes of adapted coordinates. Given two r.s.p.’s u = (uy,...,u,) and
u' = (u,...,u,) adapted to E, there exists a matrix M € M(S),

M(S) :={(my;) € GL(n,S) : mj; =0,(5,7") € {1,...,e}x{1,...,n},j #j'}

such that u = Mu’. The set M(S) is the set of S-points of an affine S-scheme
M C GL(n, S). Denote by

GL(TL,S) - GL(nﬂS’/mS)a M '_)M
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the canonical surjection. Each such M induces a graded S/mg-automorphism
of gr,,.(S) =~ S/ms[Uy,...,Uy]. By (2.49), this automorphism restricts to
an automorphism of Vi (pd) for each d € %N still denoted by M.

Given a homogeneous polynomial F' € Vg(pd) as above and a matrix
M € M(S/ms), we denote for simplicity the transformed equation U +
MU' by

Fr= > XU (2.52)

x'€ LN"NA(d)

Let A(F') := Conv({x’ € iN” N Ag(d) : N(x') # 0} U{b}) C Au(d) be
the corresponding polytope and 7" be the corresponding operator on Vi (pd)
with variable U’. The linear operator T obviously does not commute with M
in general (i.e. (T'F) # T'F’ in general), but the lemma below extracts the
relevant invariant data. We refer to definition 2.13 for the notation Max(I),
I C G(mg) generated by homogeneous polynomial of one and the same de-
gree.

Notation 2.5. We denote by
B:={j,1<j<e:pbj—H; >0} and Ug :={Uj,j € B}. (2.53)
We denote Up := {U;,j ¢ B} and stick to our former conventions, i.e.
B'={1,....n}\B, (B)g={1,...,e}\B.
Lemma 2.18. With notations as above, there is an equality of sets
Max(V(TF, E,mg))N{Up = 0} = Max(V(T'F', E,mg))N{Up = 0}. (2.54)

If V(TF,E,mg) = 0, then V(T'F', E,mg) = 0 and there is an equality of
sets

Max(J(TF, E,mg))N{Up = 0} = Max(J(T'F', E,ms))N{U} = 0}. (2.55)

Proof. The operator T commutes with M when M stabilizes the vector
space < Ugy1,...,U, >. In these cases, we have

V(T'F',E,mg) =V((TF), E,mg).
If V(TF, E,mg) =0, then
V(T'F',E,mg) =0 and J(T'F', E,mg) = J(TF)', E,mg).
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So the lemma is trivial in this case and we may therefore assume that
miy = 0,(7,5") € {e+1,...,n}x{e+1,....n},j # jandmj; = 1,1 < j <.

By elementary calculus, this new assumption implies for every ® € G(mg):

0P’ 09\’
= — 1< <n. 2.
U <8Uj) ,e+1<57<n (2.56)

Let x € %N" N An(d). Since pb; = H; for j € (B')g, we have by (2.50):
x€ AsVje B, pr; > (p—1)b;.

Expand T'F = Y UpFy(Up), so we have:
8F U /
V(TF, E,mg) H {Z Uy =8 z) Yeri<jn > -
For P € SpecG(mg) such that (Ug) C P, we get:

P € Max(V(TF, E,mg)) < P €| ) (n] Max(Gy ), (2.57)

y j=e+l
where Gy = Up" 25080 H' := (Hy)jre(m),

Suppose furthermore that M stabilizes the vector space < Ug >. Then
T also commutes with M and each term Gy in (2.57) is transformed into

OF!(U)
/ Hpg/ B
(GY) UB’ aU]/

by (2.56) and (2.54) follows. Suppose furthermore that V(TF, E,mg) = 0;
then Gy = 0 for each y in (2.56) and we get V(T'F',E,mg) = 0. For
1<j<eandl € Ay, we have

; OTF ’_U,aT’F’ OTF\"  OT'F'
Touy; ) Toul \on ) on

(2.58)

and (2.55) also follows. Hence we may furthermore assume that
mjy =0, (j,j") € {e+1,....,n} x (B)p.
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In this situation, 7" does not commute any longer with M. However, for
each term Gy as above, we have

ordp(D - Gy) > degGy — a (2.59)

for any differential operator D on S/mg[Up/| of order not greater than a. Let

(Gy) = Y (Up)*(D®-Gy), DGy € S/ms[Uplacscy ol

la|<degGy

be the (characteristic free) Taylor expansion, where D@ is a differential
operator of order | v |. Take again P € SpecG(mg) such that (Ug) C P. By
(2.59), we have

P € Max(Gy) = P € [ |Max(D") - Gy) = P € Max((Gy)").

We deduce from (2.57) that
P e Max(V(TF,E,mg)) = P € Max(V((TF)', E,mg)).
This proves (2.54). If V(TF, E,mg) = 0, (2.55) follows from (2.58) as above.

This lemma is the key to our version of proposition 2.16(iii) for io(z) =
p—1:

Proposition 2.19. Let (uy,...,u,; Z) be well adapted coordinates at v €
n~t(ms) and assume that €(x) > 0 and ig(x) =p — 1. Let

d:=6(z), H:= (Hy,...,H.0,...,0)and <U}---U» >:=< G >

be defined respectively by definition 2.5, definition 2.10 and (2) of theorem
2.14. With notations as above, the following holds:

(i) the set
Max(V(TF, z, E,mg)) N{Up = 0} C SpecG(my)

is independent of the well adapted coordinates (uy, ..., up; Z);
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(i1) the property V(T'F, z,E,mg) = 0 is independent of the well adapted
coordinates (uy, ..., uy; Z); when it holds, the set

Max(J(TF, z, E,ms)) N {Up = 0} C SpecG(myg)
is also independent of the well adapted coordinates (uy, ..., uy; Z).
Proof. For such (uy,...,u,; Z), the corresponding initial form is
in, h=2" -GV 'Z + F,; € G(ms)[Z].

Since G # 0, we have d = 0(z) = degG € N. If (u),...,u)) is an adapted

r'n

r.s.p. of S, there exists M € M(S) such that u = Mu'. Let (u},...,u,;2")

)y Ynoy

be well adapted coordinates at x. We have Z' = Z — ¢ for some ¢ € S, with
ord,,,¢ > d. We deduce that

in,h=2"—-G' 7+ -G '® + F, ; € G(mg)[Z]
for some ¢ := clyp € G(mg)y. We deduce the formula
F,z =F,z+®" — G''d.
By lemma 2.17, we have V(T'F, 7, E,mg) = V(T'F, z, E,mg); if moreover
V(TF,z,E,mg) =0, then J(TF, z/,E,mg) = J(TF, 7z, E,mg). By lemma
2.18, we have an equality of sets
Max(V(TF,,z, E,mg)) N {Up = 0} = Max(V(T'F} ,, E,mg)) N {Up = 0}

and this proves (i). If V(T'F, 7, E,ms) = 0, then V(T'F} ,,, E,ms) = 0 by
lemma 2.18 and there is an equality of sets

Max(J(TFyz, E,mg)) N{Up = 0} = Max(J(T'F} ,, E, ms)) N {Uy = 0}.

This concludes the proof.

Remark 2.4. We consider proposition 2.16(iii) as the special case B = (),
T = id of proposition 2.19.
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2.7 Main invariants.

Let s € SpecS and y € 7' (s). The purpose of this section is to attach to y
a resolution complexity

y) = (m(y),w(y), £(y)) € {1,...,p} x Nx{1,... 4} (2.60)
with certain invariance properties. Auxiliary numbers
(7(y), 7 (y)) €{1,...,n+ 1} x {1,...,n} (2.61)

are similarly attached to y.

The pair (m(y), 7(y)) are the standard multiplicity and Hironaka 7-num-
ber of X at y (definition 2.12). The pair (w(y),7'(y)) play the role of a
differential multiplicity and differential 7-number attached to n : X — SpecS
at y. The behavior of the function ¢+ under blowing up is studied in the next
sections. The complete definition of k(y) and its properties is restricted to
n < 3 and performed in chapter 4 below.

In all definitions that follow it can be assumed without loss of generality
that s = mg by localizing S at s, since our assumptions (G) and (E) are
stable when changing (S, h, E) to (Ss, hs, Es) (notation 2.2).

Definition 2.15. (Multiplicity). Let z € 7' (mg). We have already defined
h(X) < p.

m(z) = ordyg .,

Let M, C S[X] be the ideal of x, G, := Spec(gry, S[X]|n,) and H, be the
initial form of h in (ch)m(x). From definition 2.12, we let

If m(z) < p, we let v(x) := (m(z),0,1).

Note that m(y) < p whenever s = n(y) ¢ E (definition 2.11 and following
comments). If m(y) = p, we have

s=n(y) € E, n'(s) = {y} and k(y) = k(s)

by proposition 2.10.

Applying proposition 2.16(iii) (resp. proposition 2.19(ii)) to S if ig(z) = p
(resp. if ig(x) = p — 1) proves that (w(z),x(x)) is well-defined. We recall
that T'F,, ; = F,,  whenever iy(z) = p (see remark 2.4).
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Definition 2.16. (Adapted order). Assume that m(x) = p, where {x} =
n~'(mg). Let (uy,...,u,; Z) be well adapted coordinates at z. We let

w(z) e(xr)—1 if V(T'F,z,E,mg)#0;
| e(x) if V(TF,z,E,mg)=0.
We define:
k(z) = 11if (w(x) = €(z) and ip(z) =p — 1).
Otherwise, we simply let x(z) > 2.
Remark 2.5. This definition is different from that used in [21] chapter 1,
definition II.4. The main difference is that definition 2.16 gives a much

better behaviour w.r.t. regular base changes. In [21], w(z) was defined in
terms of local coordinates, say

w(x)=min {w(h;juy,...,uy; 2)},

(U1 yeeesun; Z)

where (uy,...,u,;Z) were well adapted coordinates at z. This brought
over many difficulties (vid. [21] chapter 1 I1.3.3.1 and I1.3.3.2; proof of
I1.5.4.2(iv); theorem II.5.6) which could be overcome only for n = 3.

In chapter 4, we define the projection number k(x) € {2,3,4} when
n = 3 and state that «(z) = (m(z),w(z), k(x)) can be decreased by blowing
ups preserving our structure (projection theorem 4.4 below).

We now turn to the definition of the adapted cone and directrix and the
attached invariant 7'(x). Applying proposition 2.16(iii) (resp. proposition
2.19) if ig(x) = p (resp. if ig(z) = p — 1) proves that Max(z), Dir(z) and
7'(x) are well defined.

Definition 2.17. (Adapted cone and directrix). Assume that m(z) = p
and w(x) > 0, where {z} = n~*(mg). Let (uy,...,u,;Z) be well adapted
coordinates at z. We define a reduced subcone Max(z) C SpecG(mg) by:

Max(z) = Max(V(TF, 7z, E,mg)) N{Up =0} if w(x)=€(z)—1;
BT Max(J(TE, 2, E.ms)) N {Up =0} if w(z) = e(x)

We define an affine subspace Dir(z) C SpecG(mg) by

: | Dir(V(TFpz,E,mg),Up) if w(z)=c¢(x)—1;
Dir(z) = { Dir(J(TFp,Z,E,mj), Ug) if w(z)=¢€(x)

We let VDir(z) to be the underlying vector space of Dir(z) and
7'(z) := dimy(,) VDir(z).
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Remark 2.6. We will use the invariants Dir(z) and 7/(z) only when Dir(z) =
Max(z) (last statement in proposition 2.15 and following remark).

Let S C S be a regular local base change, S excellent. Recall notation
2.1 and notation 2.2. It has been explained when defining conditions (G)
and (E) that they are stable by such base changes and by localization at a
prime. Let § € SpecS and § € 77(3). In order to relate «(3) and c(y) (2.60),
where y € X' is the image of §, we may thus assume that s = mg, § = mg.

Let (uy,...,un; Z) be well adapted coordinates at € 7" (mg). Then
(u1,...,up,) can be completed to a r.s.p. (u1,...,u;) of S which is adapted
to E. There is an inclusion

G(ms) = miS[Ul, U] € Glmg) = Cme)@ s —[Tnsn, ... Ts]. (2.62)

ms mg

Theorem 2.20. Let S C S be a local base change which is reqular, S ex-
cellent. Let & € 177 (mg) and x € n '(mg) be its image. The following
holds.

(1) we have (m(z),w(z)) = (m(z),w(x));
(2) if m(x) = p, then

(i) H() = H(z)S, io(&) = ig(z), and (k(Z) =1 < k(z) =1);
> ,

(ii) we have €(T) > e(x), and (&) > e(x) if and only if
hhnsh:: ZW‘+'P%JQ IQ%Z € (k(f)“}h...,lﬁJ)p

where (uy,...,uy; Z) are well prepared coordinates at x. When
this holds, we have n. > n, €(z) = e(x) + 1 and

i =204 Y Ui®i(U, ... Uy)+ U (U, ..., Uy) € G(mg)[Z],

Jj=n+1

with ®; # 0 for some j > n+1 and ®; € k(z)[U7],..., U} for
every j > n+1, where (uy, ..., uz; Z) are well prepared coordinates
at .
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Proof. The theorem is trivial if m(z) = 1: then m(#) = 1 because S C S is
regular.

Assume that m(z) > 2 and pick well prepared coordinates (u1, ..., uy; Z)
at x, then complete (u1, ..., u,) toar.s.p. (uy,...,u;) of S which is adapted
to E. We have §(z) > 0, so h € (Z,uy,...,u,), and k(z) = S/mg by
proposition 2.10. Applying (2.62) to the local base change S[Z]s2) €
T[Z](myp,z) which is also regular gives

m(z) = ord,h(Z) = ordzh(Z) = m(Z).

This concludes the proof when m(z) < p and we assume from now on
that m(z) = p. In particular we have {Z} = 77! (mg), k(Z) = S/ms. Let

p
igh = 27+ Fiz 27" € Glms)[2),

=1

be the corresponding initial form polynomial. Let x € R%, be a vertex of the
polyhedron Ag(uy, ..., u,; Z). We denote by

X :=(x,0,...,0) € As(uy,...,uz; Z
( : ) € Ag(u )
the corresponding vertex in Ag(uy, ..., us; Z). Note that X may be a solvable

vertex of the latter polyhedron. We have:

% solvable < ingh € ((gr,S)[Z])?

with notations as in definition 2.3. Therefore we have
x solvable & (ingh = ZP + F, zx,x € N, F, 7« = \U™, X € k(Z)P).
We deduce for the initial form polynomial that
§(z) > 6(x) & (ig(z) =p and F, z € (k(z)[U1,...,U,])P). (2.63)

_ Since the fiber ring S/mgS is geometrically regular over k(z), the ring
S[Y]/(YP—1) is regular for every unit [ € S with residue [ ¢ k(z)P. Therefore
if [ € k(Z)?, we have

VieS,o:=PP—1¢ mg = U is a regular parameter in S.
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Such v restricts to a regular parameter of S / mgS, so the previous formula is
refined to:

¥ is a regular parameter transverse to div(u; - - - u,) C Specs. (2.64)

This equation implies in particular that 7 > n. Let & € Spec(S/mgS)
be the generic point. Applying the above remarks to the regular local base
change S C S shows that k(£)? N k(z) = k(z)P.

Let s; := (u;) € SpecS, 1 < j < e, and apply this remark to the reg-
ular local base change S,;) C g(uj). This proves that the field inclusion
QF(S/(u;)) € QF(S/(u;)) is inseparably closed.

The polynomial in)hs, € QF(S/(u;))[U;][Z] is not a p™-power by theo-
rem 2.4. Therefore in(,,hs, is not a p*"-power in QF(S/(uy))[U;][Z]. Turning
back to definition 2.9, we get

H(#) = H(x)S. (2.65)
Definition 2.9 now shows that €(Z) > €(z) and that
€(Z) > e(x) © (io(z) =pand F, z € (k(Z)[Un,...,U))"). (2.66)

This proves the first part of (2.ii). To go on with the proof, we consider two
cases.

Case 1: assume that ig(z) < p. By (2.66), we have €(%) = €(z), so the
proof of (2.ii) is already complete. Let ¢ € S be such that Ag(uy,. .., uz; Z)
is minimal, with Z := Z — ¢ and ord,, ¢ > 0(x). We have

p
g h=2"+Y F, ;2" € G(mg)[Z],

i=1g

with F; 7 = Fj, z by proposition 2.9. Therefore ig(Z) = io(z) and it is
sufficient to prove that w(Z) = w(x) in order to complete the proof of (1) and
(2.1) in the theorem (still under the assumption ig(x) < p). This is obvious
if e(x) = 0, since

0<w(@) <€) =w(x)=0.

Assume that e(x) > 0. We have ig(z) = p—1 and —F, 1z = G, with
< G >=< UP > for some b € N"NE by theorem 2.14(2) (in particular
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d(z) € N). We have

OTF, ,

V(TE,z,E,mgs) =< {H—l } > .
: 8U] e+1<j<n

Note that the truncation maps 7" and T associated with the local rings S and
S (definition 2.14) commute with the inclusion G(mg) C G(mg) by (2.65).
Since F, z € G(mg) = k(z)[Uy, ..., U,], we have

5 8 OTF, -
V(TF,z,E,mg) =< {H—lwﬂ} >=V(TF,z, E,ms) @) k(T)
J
Jj=e+1

with obvious notations, taking (2.65) into account. There exists © € G(mg)
such that 3 )
F,;=F,;+6"-Gr'e.

By lemma 2.17 applied to F, ; € G(mg), we deduce that
V(TF, 7, E.,mg) = V(TF,z,E,ms) ®) k(). (2.67)

This completes the proof of the theorem when w(x) = e(x) — 1, applying
definition 2.16. If w(z) = €(z), (1) and the last statement of (2.i) in the
theorem also follow from (2.67) and the proof is complete.

Case 2: assume that ig(z) = p. The proof runs parallel to that of case 1
(with B =10, T =id, ¢f. remark 2.4) provided that €(Z) = €(x). Assume now
that €(z) > e(x). To complete the proof, we have to show that

(i0(7), w (7)) = (p, w(®)),

as well as the last statement in (2.ii). By (2.66), we have w(x) = €(x),
d(z) € N and there is an expansion

E,z = Z AX)UP € (k(2)[Un, - .., Unls@))Ps ANx) € k().
[x|=d(z)

Note that this situation possibly occurs only if k(z) is not inseparably closed
in k() (in particular n > n). We have x € N for every x such that \(x) # 0.
Without loss of generality, it can be assumed that \(x) ¢ k(x)P for every x
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such that A(x) # 0. Let I(x) € S be a preimage of A\(x). By (2.64), we may
pick for every such x a unit I(x) € T such that 9(x) = I(x)? — I(x) is a
regular parameter of S transverse to div(uy - - - u,). Expand

p
h=2"+_ fiz2"" € S|Z], ordyg fiz > i6(x).
i=1
For 1 < i < p — 1, the above inequality is strict, since io(z) = p. On the
other hand, we have §(z) € N, so we deduce that

odnsfiz o sy 4t s s@y+ L 1<i<p-t. (2.68)
i i D
Let B 5
Z:=7Z+ Y lxu~
x|=3(z)
By (2.68), there is an expansion
foz=— ) 9x)u™+g+3, (2.69)
x|=6()

with g € S, ord,,q9 > pd(z) +1and g € S, ordy, g > pd(x) +1 . We deduce
that ]
S(h;u, ..., un; Z) = 0(x) + o

Since d(x) + % ¢ N, Ag(h;uy, ..., uq; Z) has no solvable vertex within its
. o . ~ ﬁ . ~ _ l
initial face {X € R20~.| X |=6d(z)+ }

Let (uq,...,uq; Z1) be well adapted coordinates at z. Without loss of
generality, it can be assumed that Z; = Z — 6, with ord,, 6, > d(z)+1. By
(2.69), we get

i =20 — > VE)U™+GU,...,U,) € Gmg)[Z]  (2.70)
|x|=5(x)

and (2.ii) is proved. We have io(Z) = p, 0(Z) = d(x) —i—% and €(7) = e(x) + 1.
Finally, we have

oF, ; OV (x)
P21 X ~, . ~
= —UP e k(z)|Uy,...,U,], n+1< 75 <n,
J |x|=6(z) ‘/J ( )[ 1 ] !
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soV(F, 7, E,mg) # 0and w(i) = €(#)—1 = w(x). This concludes the proof.

Remark 2.7. Theorem 2.20 reduces computations of w(x) to the case where S
is strict Henselian, i.e. Henselian with separably algebraically closed residue
field S/mg by changing S to its strict Henselianization S, dimS = n = dimS.

Applying the theorem to a tower S of smooth local base changes of the
form S C S[Y]ngyr_sy with I € S a unit with residue [ ¢ (S/mg)? also
reduces computations of w(z) to the case of an algebraically closed residue
field for some S with dimS > n = dimS, vid. comments before notation 2.1
for the excellent of such S.

The cone Max(z) and directrix Dir(x) have no such good behavior w.r.t.
regular local base changes.

2.8 Resolution when w(z) = 0.

In this section, we prove that the multiplicity of X can be reduced at any
point z such that (m(z),w(z)) = (p,0). This is achieved by combinatorial
blowing ups in a way which is similar to the equal characteristic zero situa-
tion. This resolution algorithm does not depend on the choice of a valuation
centered at x and we formalize Hironaka’s A/B game as follows:

Definition 2.18. Let (S, h, E)) be as before, z € X and L = Tot(S[X]/(h)).
Suppose that for every valuation p of L centered at x, a composition of local
Hironaka-permissible blowing ups (definition 2.7)

(X, z) =: (X, z0) «— (X1, x1) — -+ — (X, z;) (2.71)

is associated, where x; € X is the center of u, 0 < ¢ < r. The sequence
(2.71) is said to be independent if the blowing up center ); C (&, z;) does
not depend on the chosen valuation u having center in x;, 0 < i <r —1.

Let (uy, ..., un; Z) be well adapted coordinates at z € n~'(mg). If €(z) >
0, recall that = (mg) = {z}, k(z) = S/mg, and that

in,h=2"—G''Z+F,; € Gimg)[Z] = k(z)[Us,...,U,)[Z]

by (2.47). The initial form of H(z) in G(mg) is denoted H as before.
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Lemma 2.21. Assume that m(z) = p and e(x) = 1, where {x} = n"'(mg).
Let (uy,...,u; Z) be well adapted coordinates at v € n=*(mg). If

H'E,, ¢<U,,...,U. >,
then w(z) = 0.

Proof. According to definition 2.16, we must show that V(T'F, z, E, mg) # 0.
Expand

E,; =< Zaj U; >C G(mg)1, o € k(x).

By assumption, we have ay, 7& 0 for some 79, e +1 < 590 < n, so

1OF, 7

10Fz
T

C V(Fp 7 E ms) (272)
If ig(z) = p, we have TF, z = F, 7. If ig(z) = p— 1, then H 'GP =< U;, >
for some ji, 1 < j; < e, by theorem 2.14(2). Comparing with definition 2.14,
we have x € A = pzx;, > Hj,, therefore F, ; — TF,, € HUj;,. So (2.72)
implies that V(T'F), z, E,mg) # 0.

Proposition 2.22. Assume that (m(x),w(z)) = (p,0), where {z} = n~(mg)
Let Y C (X,x) be a Hironaka-permissible center w.r.t. E, 7 : X' — (X, x)
be the blowing up along Y and ' € 7 *(z).

If W = n(Y) is an intersection of components of E or if e(y) = €(z),
then (m(z'),w(z’) < (p,0).

Proof. According to definition 2.16, there are two different cases to consider:
(1) e(z) =0;
(2) e(z) =1, V(T'F, 2, E,ms) # (0).

To begin with, we have 6(x) > 1 by proposition 2.3(ii). Let (u1, ..., un; Z)
be well adapted coordinates at x with I(W) = ({u;};es) for some subset
J C{1,...,n}. By definition 2.9, we have:

e(z) = min {Orde(H,(x) 1 52)}. (2.73)

1<i<p 7
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Case 1: €(z) = 0. By (2.73), we have

H(x)™"ff, Cmg, 1<1i<ip(x)
H(x)—fo@ Pz =5 (2.74)
H(x)™'f}, CS, d(z)<i<p.

By proposition 2.7, there exists a commutative diagram
X X
! !
SpecS <& &
where o : 8’ — SpecS is the blowing up along W. Let
WX -8, §=09), S =0syg, E:=(0"(E)wi)s-

Since W C E. it can be assumed after possibly reordering coordinates
that

(JNe:=1{2,...,e0}, J={l,e0+1,....,n0}, 1 < ey <e<nyg.

Furthermore, it can be assumed that s’ € Spec(S[ueg+1/U1, - -, Uny/U1]) OF
that s € Spec(Su1/Ung, Uegt1/Ungy - - - » Ung—1/Ung|) With ng > eq.

We first prove the proposition when s € Spec(S{tue,11/U1, - -, Ung/U1]).
Let

Wo=uPh=2"+ fipZ" "+ + fop €82,
where Z' := Z/uy, fiz i=u;'fiz €S for 1 <i < p. We have

E' = div(u, - UOU@% ) (2.75)

and (S', 1/, E') satisfies both conditions (G) and (E) by propositions 2.10
and 2.13. There exists an adapted r.s.p. of S’ of the form

L r / / / o o
(U] 3= U1, Ugy 7= Uegs Uggyts - - - 5 Ung s Upg 1 7= Ungt1, - - -5 Uy, 7= Up).

Since we do not assume that 2’ is a closed point, we have e < nj < ng in
general, with
n' = dimS" =n — (ng — ny).
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We emphasize that the number of irreducible components e’ of E’ satisfies
ep < € < e and that e’ # e in general because some of the u;/u; in (2.75)
may be units. After reordering coordinates, we may also assume that

E' =div(d) ---u),) and v :=u;/uq, eg+1<e <e.
1 e 7 J

Since Y is Hironaka-permissible at =, we have (see definition 2.10):

ordw H(z) = pZdj > p.
jeJ
Therefore I' := u; "H(z) C S’ and this ideal is monomial in (uf, ..., u.), i.e.
I'=: (™. -u’e,H;’). We let:

1.
x = (H{/pa"'aHé’/p’O""’O) = _Nn’
p

where
H, = p(z dj—1) and H; = H; = pd;, 2< j < €. (2.76)
jed
Then (2.74) gives:

I'7'f?, CmgS 1<i<ig(x)
I =5 (277)
I''fr, CS  iglx) <i<p.

This shows that

Ag (W5uy, .. uy; 2" :x’—i—Rgo. (2.78)

9 ni

If ig(z) < p, orif 3 ;c; dj & Norif dy ¢ N for some j', 2 < j' < ¢,
then x’ is not solvable (definition 2.3) by (2.78), hence Ag, (h/;u), ..., u,; Z")
is minimal. Therefore we may compute e(z’) from (2.78) and get e(z') = 0,
so the proposition is proved in this case.

If (io(x) = p, Djes, d; € Noand dy € N for all j', 2 < j" <€), write

fpz =yuP*, v € S aunit and x := (dy,...,d.,0,...,0) € %Nn. We have

inh' = 27+ A( [ AU (2.79)

j=e'+1
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where A\ € k(x) (resp. A; € k(2')) is the residue of 7 (resp. of u;/ui). We
let: .
Nie=x ] A" €k(@), N #£0.
j=e/+1
If N & k(2")P, then x’ is not solvable and we also have e(z’) = 0.
If N € k(z')?, let

W) Z. U, Us i, U]\ — c
C' = Spec( @12, I(H;H ]>, H:=in,h=2"+X ] U

j=e/+1

We claim that the affine cone C” is regular away from the torus

T:= AL \V(Z [ U)).

Jj€JE

To see this, let (A;)ea, be an absolute p-basis of k(z). By [46] theorem 30.5,
the ideal of the singular locus of C” is:

o _ 0H oH
I(SingC’) = (H, {8_>\l}l€A°’ {a—Uj}e'+1<J‘<e) :

If dj ¢ N for some j, ¢ +1 < j < e, then g—z does not vanish on T.
Otherwise, we have A & k()P because x is a vertex of Ag(uy,...,u,; Z) and
is not solvable. Therefore g_/\ﬁl does not vanish on T for any [ € Ag such that
g—)’\\l # 0 and the claim is proved. We deduce that there exists a unit I’ € S’

such that
/ - Uy i
=" -2
) + 7y H <U1)

Jj=e'+1

is a regular parameter of S’ transverse to
/L : !/ !/ / / / /
By = div(u) - ugug, ), By 2D E.

We may thus take u[, , := v’ in our r.s.p. of S” adapted to E'. Let Z] :=
7' — 'u'" | so the polyhedron Ag, (h/;ul, ..., u,; Z}) has a vertex

1
xy:=(Hy/p,...,H./p,1/p,0,...,0) E]—QN" (2.80)
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which is not solvable, since x| ¢ N*'. Let Z} := Z, — ', 0’ € S', be such that
Ag (h'sul, ... uy; Z3) is minimal. We deduce from (2.77) and (2.80) that

H(z') = (™), e(e’) =1 and H' 'F,z ¢< Uj,... .Ul > .

We get m(z') = 1if X' = 0, and (m(2'),w(z’)) = (p,0) otherwise by lemma
2.21 as required.

If &' € Spec(S[ur/tng, Ueg+1/Ungs - - - s Ung—1/Uny]), it can be furthermore
assumed that " & Spec(S[ueg1/U1, - - ., Uny /u1]), 1.€. wj/Uy, is not a unit in
S’ for j € Jg. The proof is now a simpler variation of the above one: (2.75)
is replaced by

U1 M Ue

/T
E' = div(—ug - - - tg, e Uy ).
Ung Ung Ung

The polyhedron Ag (A5 4}, ..., ul; Z') in (2.78) is minimal except if (d; € N
for each j, 1 < j < e, and A € k(2')?) with notations as above. We have
€(2’) = 0 (resp. €(z’) = 1) in the former (resp. in the latter) situation. This

concludes the proof in case 1.

Case 2: €(x) = 1. The proof runs parallel to that in case 1 and we only
indicate the necessary changes. By assumption, W is an intersection of com-
ponents of £ (case 2a) or €(y) = e(x) = 1 (case 2b).

To begin with, let v € S be such that H(z)™'f,z = (v). By assumption,
we have V(T'F, z, E, mg) # (0), so v is transverse to E.

In case 2a, we may assume that (uy, ..., Ue, U, Ueya, ..., Uy,) is an adapted
r.s.p. of S after renumbering variables. Since xq := (dy, . .., d., %, ., 0) N
is the unique vertex of Ag(h;uy, ..., Ue, UV, Uesa, ..., Up; Z) induced by f, 7,

this polyhedron has no solvable vertex. In other terms, it can be assumed
that v = uey.

In case 2b, theorem 2.4 implies that v € I(W), so (uy,...,u.,v) can be
completed to an adapted r.s.p. of S such that I(W) = ({u;};es) for some
subset J C {1,...,n}. The polyhedron Ag(h;us, ..., Ue,V, Uy, ..., Up; L)
has no solvable vertex either and it can also be assumed that v = ue,q.

We remark in both cases 2a and 2b that, if Ag(h;us,...,u,; Z) has a
vertex distinct from xg, then it has exactly two vertices: this follows from
theorem 2.14(2), the other vertex being then given by

D, D,

plp—1) " mﬁv ...,0), (Discz(h)) =: (u*---ule). (2.81)

xp = (
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After blowing up, we obtain a (S’, h’, E’) again satisfying conditions (G)
and (E).
In case 2a, there exists an adapted r.s.p. of S’ of the form

! L !/ / !/ R o
(U] 1= g, Uy T Uy, Ugy g gy ey Uy U = U1y - - oy Uy = Up),

with J = {1,e0+1,...,e} and £’ = div(u] - - - ul,) after reordering variables,
1<e<e <e <e Then Ag(h;uy,. .., u,; Z') has again a vertex

x' = (H!/p,...,H./p,0,...,0,1/p,0,...,0) ¢ N*—(e=e1),
thus x’ is not solvable. We deduce that ¢(z') < 1 and w(z’) = 0 follows from
lemma 2.21 if (m(z'),e(z’)) = (p, 1).

In case 2b, it can be assumed after reordering variables that
(JVeg:=1{2,...,e0}, J={l,eg+1,....,n0}, 1 <eg<e, e+1<ny.

We let v, := uy for j' € J" and consider three distinct situations depending
on ', up to reordering coordinates:

(1) s' € Spec(S[uegs1/Ut, .-, Uny/u1]) and uey1/u; € mg. We may com-
plete the family ({u; };cs) to an adapted r.s.p. of S' by adding

(U} = U1, Uy g, Uy Uy g o= Ueqr /Ur), ' := dimS” = n—(ng—ey).

Then Ag, (h';u), ..., u,; Z') has a vertex

Yy ')

X/ = (Hi/p,,Hé//pyl/pa()v?O) gNn/’

thus x’ is not solvable. We conclude that e(z’) < 1 and that w(z’) =0
if (m(z'),¢e(2")) = (p, 1) by lemma 2.21.

(2) s € Spec(S[ur/tng, Ueg+1/Ungs - - - s Ung—1/Ung]) AN Uer1/Up, € Mg,
where ng > e + 1. After dealing with (1), we may assume further-
more that u;/u,, € mg, j € Jg. We complete the family ({u; };er)
to an adapted r.s.p. of S’ by adding

/ R / e / / / e
(Ugy 1 7= Ueot1/Ungy - -+ Ug g = U1/ Ungs Upy s - oy Uny 1 Upy = Ung),

with n' := dimS" =n — (n; — e — 2). We conclude as in (1).
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(3) I(W)S" = (tet1). We complete the family ({u; };es) to an adapted
r.s.p. of S’ by adding

(U] = U1, Upy 1,5 Up, ), 0 :=dimS" =n — (ng — ny).

Let E' =: div(u} ---u.) and consider two situations as in case 1:
If % + > ics, dj € Norif dy ¢ N for some j', 2 < j' < ¢/, then the
polyhedron Ag, (h/;uf, ..., u;,; Z') is minimal and we have e(2’) = 0.

If (% + > ics, 4 € Nand dj € N for every j/, 2 < j' < ¢'), the initial
form polynomial iny/h’ has the form

inh' = 27 — U 00T AU
j=e'+1

where A € k(z) (resp. A\; € k(2')) is the residue of 7 (resp. of u;/uci1),
vid. (2.79). We have p # 0 in the above formula precisely if

Urea=0) — 1 /U, 11, wjy/Uer1 € S" a unit

for some jy, eg + 1 < jo < e with notations as in (2.81). Then P! is
the residue in k() of

€ U Ap—l7j
J
Yp-1,Z H ( )

u
j=e41 N et

with notations as in theorem 2.14(2). The end of the proof goes along
as in case 1. This completes the proof of (3), hence the proof of the
proposition in case 2.

Remark 2.8. This proposition is a lighter version of theorem 3.6 where it is
assumed that w(z) > 0 and that the blowing up centers are permissible of
the first or second kind (definitions 3.1 and 3.2 below).

Theorem 2.23. Assume that (m(z),w(x)) = (p,0), where {x} = 7 (mg).
For every valuation p of L = Tot(S[X]/(h)) centered at x, there exists a
finite and independent composition of local Hironaka-permissible blowing ups
(2.71) such that m(x,) < p.
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Proof. We will produce a Hironaka-permissible center ) C (X, z) w.r.t. E
satisfying the assumptions of proposition 2.22 and such that the following
holds:

(*) let 7: X' — (X, z) be the blowing up along Y and 2’ € 7~ !(x). Then
§(2") < o(x).

Applying proposition 2.22, the center x1 € X’ of a given valuation p again
satisfies the assumptions of the theorem if m(x;) = p. Iterating, any finite
sequence (2.71) induces a sequence

dzy) < O(zpo1) < -+ < 6(x)

provided that m(z;) = p, 1 <i <r—1. Since d(x;) € %N, we have §(z,) < 1
for some r > 1, hence m(z,) < p by proposition 2.3(2), so the theorem fol-
lows from claim (*). In order to construct ) with the required properties,
we consider two cases as in the proof of proposition 2.22.

Case 1: ¢(x) = 0. We have §(z) = >°7_,d; > 1. Therefore there exists a

subset
JC{l,...e}, ) di>1,
jeg
with smaller possible number of elements among all subsets of {1, ..., e} with

this property. Let W := V({u;},es) C SpecS and remark that

ordw H (z) = pZdj > p.

jed

Hence Y = n~'(W) = V(Z,{u,};cs) is Hironaka-permissible w.r.t. E
and T is an intersection of components of . By (2.76), we have

ordy,, H(z') <p(S(x)+ Y dj—1), (2.82)
jeN o}

where I(W)S" = (uj,). The minimality property required of J implies that

Y dj<1forevery ji€J (so Yy dj<2if |J|>2). (2.83)
jeN\{j1} jeJ
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If e(2') = 0, we deduce from (2.82) that
pé(z') = ordy,, H(z') < pd(z)

as required in (*). Note that if | J |= 1, we have A = X in (2.79) and S = 5,
hence X ¢ k(2')P = k(x)P. Since e(z') = 0 in this situation, we may now
assume that | J [> 2.

If e(z') = 1, we are in the situation discussed in (2.80). We may then
take jo = 1, E' = div(u} - - - u.,) and have

e

» d;eN, djeNfor2<j<e.

jeJ

By (2.83), we have >, ;d; =1, d; = 0 for 2 < j < ¢, s0 H(z') = (1) and
m(x’) = 1. This concludes the proof in case 1.

Case 2: e(x) = 1. We have d(x) =, + 37 d; > 1.
If §(x) > 1, there exists a subset

JC{l,...e}, ) di>1,

jeJ

with smaller possible number of elements among all subsets of {1, ..., e} with
this property as in case 1 and we also let W := V({u;};es) C SpecS. The
proof goes along as in case 1, with

pd(z') — pd(x) < ordp,, H(x") — ordygH(x) < 0.

If 5(x) = 1, we may assume that H(z)"'f,7z = (ues1) and that (2.81)
holds if Ag(h;us,...,u,; Z) has more than one vertex. In this case, this
polyhedron has exactly two vertices and we have

H(z)~ =Y = (uj,)P~" for some jo, 1 < jo <e
by theorem 2.14(2). We deduce that
H(z)7'ff7 C (o, ttesr)’, 1< i< p (2.84)
by definition of Ag(h;uy,...,un; Z). Welet J:={j:d; >0} U{e+ 1} and
W=V ({u;}jes) C SpecS, Y =1~ (W) = V(Z,{u;}jes)-
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We have ordy H(x) = p, so ) is Hironaka-permissible w.r.t. FE. Since
H(z) ' f)z = (tes1), we have €(y) = e(z) = 1 by (2.84), where y € X is the
generic point of ). Thus proposition 2.22 applies and gives m(z') < p — 1
under either assumption (1)(2) or (3) in the proof of proposition 2.22. This
concludes the proof.

3 Permissible blowing ups.

3.1 Blowing ups of the first and second kind.

In this section, we introduce a notion of permissible blowing up which is well
behaved w.r.t. our main resolution invariant y — ¢(y) on X. We assume
that m(x) = p, {z} = n~(ms) and w(z) > 0 in what follows since theorem
2.23 rules out the case w(z) = 0.

Definition 3.1. Let ) C X be an integral closed subscheme with generic
point y. We say that ) is permissible of the first kind at x if m(y) = m(z) = p
and the following conditions hold:

(i) ) is Hironaka-permissible w.r.t. E at x(definition 2.7);

(i) e(y) = e(x).

If y € X satisfies m(y) = p, it follows from the definition that J := {y} is
permissible of the first kind at y. It also follows from (ii) that a permissible
center of the first kind has codimension at least two in X.

The main result of this chapter (theorem 3.6 below) will require compar-
ing the initial form polynomials inyh and in,, h. We keep notations as in
section 2.4: given well adapted coordinates (uy,...,u,; Z) at x, we let

Wo=n), IW) = ({u;}jer)- (3.1)
We denote: )
inwh = 2"+ FizwZ"" € GW)[Z]

=1

and (proposition 2.16(i) since €(x) > 0)
in, h=2"—G''Z+F,; € G(ms)|Z].
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There are associated homogeneous submodules
Hy C G(W)a, (resp. H = H,,,, C G(W)y)
by (2.44), with
dW = Z Hj, d= ZHJ
JjeJE Jj=1
A word of caution is required at this point: formula (2.44) defines the mono-

mial ideal Hy, which is the initial form of H(z) in G(W) and is different
in general from the ideal H(Z) associated to the triple (G(W)z,inwh, Ew),

== ({Uj}jes) + msy,

Corresponding to the above choice for Hy, (resp. to H), there are asso-
ciated Sy -submodules

—

V(Eyzw, E.W) € GW)eyo1, J(Fpzaw, B, W) C GW),,,
(resp. k(x)-vector subspaces

V(Fpz,E,mg) C G(ms)e@z)-1, J(Fp,z, E,ms) C G(Mg)e())
given by (2.45).

Notation 3.1. We first recall notations and definitions from section 2.4. We
denote

Jp:=Jn{l,...;e}, J:={1,....,n}\J and (J')g :={1,...,e}\J&.

The image g of mg in Sy has regular parameters (%,);ec s, the respective
residues of the corresponding parameters of S.
Let now d € N be fixed and

F=> faU"e GW), = Swl{Uy}sesla.
la|=d

Note that gr— SG/(VI7) 4~ gy G(W)q and that it has a structure of graded

g Sw-module.  For any dy < min,{ordmy fa}, F has an initial form in
g, G(W)q by taking

F =) (clgy fa)U* € (82575, G(W)a) - (3.2)
la|=d
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This notation requires specifying dy to avoid ambiguity. We extend the no-
tation to homogeneous submodules M C G(W), as follows:

M:=<TF, Fe M>C (8t G(W)a)d,

for fixed dy < min{dy(F'),F" € M} with obvious notations. For fixed d, dy,
there is an inclusion of S/mg-vector spaces:

G(ms)d+do
{Uj}jen) N G(ms)ara, >

Proposition 3.1. Let Y be permissible of the first kind at x € Y. Then for
any well adapted coordinates (u1, . .., un; Z) at x such that (W) = ({u;};er),
the initial form in,,h € G(mg)[Z] satisfies

(817, GOV )y © (33)

H™' <GP, F,; >C k(=) {U;}jes)ew)-

Proof. The existence of well adapted coordinates (uy,...,u,;Z) such that
I(W) = ({u;}jes) follows from theorem 2.4. This theorem furthermore im-
plies that the polyhedron

Ag(h;{ujtjer; Z) = prj(Ag(h;ug, ..., uy; Z)) is minimal, (3.4)

where pr; : R" — R’ denotes the projection on the (u;);es-space.
By (ii) of definition 3.1, we have €(x) = €(y). Therefore

HiiFfZ = CIO(HI;FZJZ,W) C G(ms)ie(x) = k(@)[Uy, . .., Unlie(w)

is simply the reduction of H;Viﬂ?fz,w modulo mg for 1 < i < p, i.e. taking
dy = 0 in notation 3.1, via the inclusion (3.3)

k(x)[{Uj}jeJ]iE(y) = (grmsG(W)iE(y))O C G(mS)ie(y) ~ k(x)[Uy, ..., Un]ie(w)-

We get respectively (H*GP)P~!, (H'F, z)? for i = p — 1, p and this com-
pletes the proof.

The following corollary will be required in the proof of the blowing up
theorem below. The adapted cone Max(z) C G(myg) is defined in definition
2.17.
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Corollary 3.2. With notations as above, let ) be permissible of the first
kind at x. The defining ideal IMax(z) C G(mg) of Max(x) satisfies

IMax(z) = (IMax(x) N k(x)[{U,};es])G(ms).

Proof. This follows from proposition 3.1 and definition 2.17. Note that the
truncation operator 7' used in the definition of Max(z) does not affect the
conclusion of the corollary since it is obvious from the definitions that:

V(Fyz, E,ms) Ck(x){U;}jeile@w-1 = V(TF,z, E,ms) C k(@)[{U;}jer)e@)-1-

The same implication holds for J(F), 7, E,mg) and J(T'F, z, E,mg).

We now define a second kind of permissible blowing up.

Definition 3.2. Let ) C X be an integral closed subscheme with generic
point y. We say that Y is permissible of the second kind at z if m(y) =
m(z) = p and the following conditions hold:

(i) V) is Hironaka-permissible w.r.t. F at z(definition 2.7);
(i) e(y) = €e(z) — 1 and ig(y) < ip(z);
(111) 7(Fp,Z,W7 E, W) = C10J<Fp,Z,W7 E, W) 7é 0.

Proposition 3.3. Let Y be permissible of the second kind at x. For any
well adapted coordinates (uy,...,u,; Z) at x such that I(W) = ({u;};es),
the initial form in,, h € G(mg)[Z] satisfies

HAGP  C Ush(x){Us}jesley for some jo € (J)i ,

H'F,z = <30 Up®i({Us}jes) + Y({Uj}jer) >C G(ms)a)-
(3.5)
with ®; # 0 for some j' € J'\(J')g. In particular e(y) = w(z).

Proof. We argue as in the proof of proposition 3.1 and build up from (3.4).
By (ii) of definition 3.2, we have e(x) = €(y) + 1. Therefore

clo(Hy'FFyy) =0, 1<i<p.

This shows that H‘X;F;'I,)Z,W C msSw{U;}jessliety)- We have e(y) > 0, so
Fizw = 0,1 <4 < p—2 by theorem 2.14. For ¢ = p — 1, we have
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—F, 12w = G for some Gy € G(W)sq, (so Gw = 0if §(y) € N). We
deduce that

Hy Gy, Fyzw) € MisSw{Usieaslew). (3.6)
If io(z) = p, we have H 'GP = 0 so the first part of (3.5) is trivial. If
io(z) = p — 1, we have ig(y) = p — 1 by definition 3.2(ii), so Gw # 0. The
first part of (3.5) then follows from (3.6), i.e.

H'GP = o (Hy' GYy) C Uspk(2)[{U;} jeslew)»
for some jo € (J')g.

Going back to the definition of J(F), zw, £, W) in (2.41), we deduce from
(3.6) that

OF, .
J(F,zw, E,W) =< clo(Hy;}! apﬂ?’w), 7€ I\ e >C k@) {U;}eslew-
]/

Taking classes as in (3.2) with dy = 1, we get

ch(Hy!' Fpzw) € Y Upk(2) (Ui} jes)ew)-

j/e]l

Since cly(Hy Fpzw) is a homomorphic image of H'F, z € G(mg)e(x) as
described in (3.3), there exists an expansion (3.5). For j/ € J'\(J')g, we

have oF oF
22 = clo(Hy! =227

U, Vo ouy
Collecting together for all j € J'\(J')g, we get

H*l

_ OF, .
J(Fpzw, B,W) =< H™! 8(??"7, € J\(J)e >C k(x)[{U; }ieslew)
J

and the second part of (3.5) follows from definition 3.2(iii).

Note that €(y) = w(z) is an immediate consequence of definition 2.16 if
io(mg) = p. If ig(ms) = p — 1, we must introduce a truncation operator
T : G(ms)s) — G(ms)s) in order to compute w(x). The first part of (3.5)
now shows that there exists jo € (J')g such that

H Y (F,z —TF,z) € Ujk(2)[{U;}jes)ew)-
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Since J(Fyzw, E,W) C k(z)[{U;}je]ey), we thus have:

_ aF 7 _ 8TF A
H 1 A H 1 p,
U U,

for every j' € J'\(J')g. This proves that w(z) = €(y).

Note that it follows from the above proposition that a permissible center
of the second kind has codimension at least two in X', since €(y) > 0. We now
introduce the adapted cone associated to a permissible blowing up. Recall
the definition of B from (2.53) (¢f. also definition 2.16). We have B = () if
io(ms) = p, and

B = {j: U; divides H 'G"} if ig(mg) =p — 1.

Definition 3.3. Let YV C X, with generic point y, be a permissible center
at x. We define a subcone

C(x,Y) C Spec(k(z)[{U;}jes])
as follows: if ) is of the first kind, we let:

k(z){U;}jel] ) .
(IMax(x) N k(z)[{U;}es]) )

O(z,Y) == Spec (

if ) is of the second kind, we let B; := B\{jo} with notations as in propo-
sition 3.3 and define:

O(2,Y) := Max(J(E, s, E,W)) 1 {Ug, = 0}.

In both cases, we denote the associated projective cone by PC(z,)) C PL‘EL_)I

Theorem 3.4. Let S C S be a local base change which is reqular, S excellent.
Let & € 17 (mg) and x € n~(mg) be its image.
If Y C X is a permissible center (of the first or second kind) at x, then

)}::yXSSpecggé’E:X XSSpecg

is permissible (of the first or second kind) at Z.
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Proof. We denote (S, h, E) and (uy, . . ., uz) as in notations 2.1 and 2.2. Since
W has normal crossings with E at z, W := 7()) has normal crossings with £
at Z. Since ) is permissible at x, we have m(y) = p. Any generic point ¢ of
Y has m(§) = p by theorem 2.20(1), and Y itself is irreducible by proposition
2.10. Theorem 2.20(2) applies to § (with n(y) = n(y)) and to & and states
that

(y) = e(y), e(@) = e(x), io(y) =io(y), i0(Z) = io(x)
Cases of inequality €(Z) > €(x) are classified in ibid.(2.ii).

Suppose that €(Z) > e(z). Then
F,z € k(x)[U7,...,UF] and ig(mg) = io(mg) = p.
Then ) is permissible of the first kind since F, 7 € k(z)[U?,...,UF] is in-
compatible with the conclusion of proposition 3.3. Note that
e(y) = e(x) = e(x) — 1.

We claim that Y is permissible of the second kind at Z.

To prove the claim, note that definition 3.2(i) and i¢(g) < io(Z) = p are
already checked. We have
L OF,;

H
o,

= H'®,(U,,...,U,) #0, (3.7)

with notations as in theorem 2.20(2.ii) for some j', n +1 < j' < 7. Since
H(z) = H(z)S by theorem 2.20(2.i), and H'F, z C k(z)[{U;};eslew) by
proposition 3.1, we have

HT'F, 5 €Y Uk(){U;} el
j=1

This proves that definition 3.2(iii) holds for Y at Z. On the other hand this
implies that €(g) = €(y) because

H7'E, 3 € k(2){U;}jes)e@)

follows obviously from (3.7). So definition 3.2(ii) is also checked and Y is
permissible of the second kind at z.
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Assume now that €(Z) = e(z). If Y is permissible of the first kind at x,
we have €(jj) = €(Z), so ) is also permissible of the first kind at Z.

If Y is permissible of the second kind at x, definition 3.2(ii) is checked.
Finally by proposition 3.3, the polyhedron Ag(h;uy, ..., u,; Z) has a vertex
x such that x; € N for some j' € J'\Jg. The corresponding vertex

X = (X,O,...,O) EAS(ulaaufHZ)

n—m

is thus not solvable. We hence get X € Ag(uy,... Juz; Z) and definition
3.2(iii) is checked. Hence Y is permissible of the second kind at Z as re-
quired, since H(Z) = H(z)T.

3.2 Blowing up theorem.

Let m: X" — X be the blowing up along a permissible center ) (of the first
or second kind) at z € Y, {z} = n7*(mg). Our objective is to relate w(z’)
to w(z) for points z’ € 7! (x).

We keep notations as in proposition 2.7 and proposition 2.10. Then o :
S’ — SpecS denotes the blowing up along W and there is a commutative
diagram (2.16). Let

X =8, s = (a) €07 (mg), S = O

We denote by W := ¢ (W) and E' := 0 '(F),q. We do not change
notations to denote stalks at s, i.e. we will write ' : Xy — SpecS’ for
the stalk at s’ of the above map 7', and W’ E’ for the stalks at s’ of the
corresponding divisors. By proposition 2.10, we have 7/ ' (s') = {«'} if 2/ is
not a regular point of X'.

For the purpose of computations, we shall pick well adapted coordinates
(U, ...,u,; Z) such that

I(W) = ({ustjer), Y =V(Z,{u}jes)

with notations as in (3.1). We denote by u € S’ a local equation for W,
which can be taken to be some u;,, where j; € J depends on s’. We have

X' = Spec(S'[X"]/(K)), where
Wo=uPh=X"+fi v X" 4. 4 f,x € S[X, (3.8)

70



and ‘
X' =Z/u, fix =u'fize S forl<i<p. (3.9)

Since )Y is permissible, we have €(y) > 0 so the initial form iny h reduces
to :

inywh =29 — GY.' Z + F, 2w € G(W)[Z], (3.10)

with Gy € G(W)s) and Fpzw € G(W)us (in particular Gy = 0 if
d(y) € N). Since o~} (IW) = ProjG(W), the restriction map

GW)a =T (W', Ow:(d)) — T(W\V(U), Ow(d))
gives an inclusion
U™'G(W)a = Swl{U;/U}jesl<a € Owry = §'/(u) (3.11)
for each d > 0. There is an identification:
U=G(W")a = (Swl{U;/U}jes))y = '/ (w). (3.12)

Finally, we note that Dy = D(W’) by (2.42) since W’ is a component of E'.
These remarks are essential for stating the blow up formula in proposition
3.5(v) below.

Proposition 3.5. (Blow up formula) Let m : X' — X be the blowing up
along a permissible center Y at z, {z} = n~'(mg) and 2’ € 7' (x). With
notations as above, the following holds:

(i) there exists a r.s.p. (u},...,u,,) of S" which is adapted to (S',h', E');
(i) ing b = XP — GEN X+ By xowr € GW!)[X'] and is given by

Gw =U"'Gw € G(W/)5(y)—lv Foxw =UF,zw € G(W/)p(é(y)—l);
(iii) the polyhedron Ag (h';u; X') is minimal;
(iv) we have H(x') = u*@~PH(z) C S';
(v) there is an equality of ideals of S’/(u) :

Hy Gh = (U“WHL'GY)s ,

J(Fpxrwn, B W' = (U W J(E, zw, E,W)S"/ ().
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Proof. Statement (i) is proved in proposition 2.7. The formula in (ii) is
obvious from (3.8), (3.9) and (3.10).

If ig(W) = p—1, ie. Gy # 01in (3.10), we have Gy~ # 0 by (ii), so
Ag (h;u; X') € Rxp is minimal.
If Z()(W) =D, then Fp,Z,W g G(W)p, ie.

5(y) & pN or UWE, 7w & k(W')P.
Note that G(W)? = (k(W")[U, U )’ NG(W) since G(W) is integrally closed.
By (i), F, x'w» = U PF, zw so F, x»w» € G(W')P and this proves (iii).

To prove (iv), first consider those irreducible components W, = div(u;)
of £, 1< j < e, whose strict transform W]’ passes through s’. We may pick
arsp. (uy,...,u,) of S" which is adapted to (S', ', E’), containing u and

Y n’!

ui = wu;/uif j € Jp (resp. t and v := u; if j ¢ Jg) for each such j. Let
lnwjh(Z) - Zp + Fl,Z,Wij_l + te + Fp,Z,Wj c S/(U])[U]HZ]

We have iny/h' = inw,uPh(uX’) € 5'/(u})[Uj][X"], since u is a unit in
Séu,.) = S(u;)- Since Ag(h;uy, ..., uy; Z) is minimal, we have

A= (huj; Z) = Ay (;uls X')

minimal as well by theorem 2.4, hence ord()H (') = ord,) H ().
By (ii) and (iii), we have ord,)H (z') = p(6(y) — 1). Therefore

ord(,H (") —ordyH(z) = p(0(y) — 1) —ordw H(x) = €(y) — p

and the conclusion follows.

We now prove (v). The first part of the statement follows immediately
from (ii) and (iv). With notations as in (2.43), we have

J(FEpzw, EW) = HFJTE,zw,E,W) C GW)

J(Eyxw, B W = Hph J(Epxiow, EW) C 0 GIWY),.
Applying (ii) and (iv), we get:
Fyxiw =UPFyzw, Hyr = HyUWPGW).
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Since D-U? = 0 for every D € Dy, (v) can be written in the following form:
U2 7 (Fy g, B\ W') = (U852 T (F, g, E,W))S"/(u). (3.13)

We have G(IP") = GOV)[(Vibengules Vi i= Uy/U € GV, j € N}
Pick an isomorphism Sy =~ k(z)[[{T; };er]] (2.37). By (3.11), there are
inclusions

k(@) [{Us}ses] C k@)U AV Yenun] © 8/ (u {0y} e U] = GOV /(T }yrer)-

Let A := k(x)[{U;}jes], A" = k(2)[U,{V;}jengiy]- The A-module

Qe [log@ ] W)
e\

is generated by collecting together dU/U, {dV;/V;},cn gy and the pullback
of QY w,- For F e A, we deduce the following standard formulae in A" up to

linear combinations of the 2. [ € Ay:

d)\’

oF oF . ,
ZU] JaV UJO_Uj’J e J\{5i}. (3.14)

By (2.41), the G/(I/V)—module Dy is generated by adjoining the family

0 0
({UjW}jGJEa {Uka_U}keJ,jeJ\JE> (3.15)
J J

together with ({ﬂj/gTj/}j'E(J/)E7 {g?j,}jleJl\(J/)E7 {g_)\l}ler)- Taklng F e Ad,
d € N, we have for j € J\Jg,

oF oF
—d o A// — —dyr - Al

Collecting together this equation with (3.14) and (3.15), we get
UTIT(F B W) = (U T (F.E,W)S'/(u)

which proves (3.13) as required.
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We now state the main theorem of this section. Recall that the function
y — w(y) and k(y) € {1,> 2} have been defined for given (S, h, E) andy € X
(definition 2.15 and definition 2.16). By proposition 2.13, (S, h/, E’) satisfies
again conditions (G) and (E). The values of €(z'), ¢(z’) are computed w.r.t.
the adapted structure (S', b/, E’).

Notation 3.2. Choice of coordinates: by proposition 3.5(i), there exists a
r.s.p. (u},...,ul,) which is adapted to (S, ', E') for some n’ < n. We take
u) = u. Let

/ Uy,

= 2 <i<ep, Where{]Q,...,jeé)}::{jEJE:iems/}'

Let {j66+1, ce 7je’} = (J/)E, {j6’+1’ ce 7jn6} = J/\<J/)E We take

I o / . /
u; 1= uj;, eg+1 <1< ng.

Let

r. Uy, / < i< h . . [ LUy

uj = ng+1<i<ni, w ere{jn6+1,...,jni}.—{jEJ\JE.Eemsl}
and complete (uj,...,uy, ) toarsp. (u,... u,) of 5.

Notation 3.3. Let
5= Oty = S/, {uy o) = k(@){T;/U el
where m’ denotes the ideal of the restriction of s’ to o~ (myg):
m' = ({uier), F:={2,...,ef}U{nl+1,...,n'}.
For I' C 5'/(u) an ideal, we denote by

! . ! . / ! o /_/
ordl" := ordm§//<u>l = glel?{ordmé,/(u)go }, ord!l” := ord-I'S".

For every_[’ C §’/(u), we have ordI’ < ordI’ < +oco. If furthermore d’ is
given, d’ < ordl’, we write

T C (gt = b ){Ulbier o

for the initial part of degree d’ of the ideal IS’

74



The cone C(z,)) C Spec(k(z)[{U,};es]) is given by definition 3.3. For
the associated projective cone, there is an embedding

PC(z,Y) — o ! (myg).

Theorem 3.6. Assume that m(z) = p, w(x) > 0, where {z} = n~*(mg). Let
m: X' — X be the blowing up along a permissible center ) (of the first kind
or second kind) at z, ' € 771 (x) and ' : X' — SpecS’ be with notations as
above, where s' = n'(z"). Then

(m(2), w(z'), k(2")) < (m(2), w(z), K()). (3.16)
If equality holds in (3.16), then s’ € PC(z,)).

If e(2') > €(x), the following holds:

(1) we have ig(ms) =p, €(y) =e(z) =w(x), 6(y) € N, Hy € pN for every
j e (J)g and

Fyz € (@0 Un) {Us Yese g, 1

(2) let (ul,...,u,;Z") be well adapted coordinates at x’'. Then

H'™ By E k@)UY Unlen ® ({Ulkigr) 0 Glms)wy  (3.17)
and there exists ' € k(z")[U}",. .., Urlulp] [’

AL Ui lps(ary such that

H'™ (Fpz = @) € ({Ui}igr) N Glms ). (3.18)

Proof. Since Y is permissible, ) is Hironaka-permissible at z and this implies
that m(z’) < m(z) = p in any case. We are done unless equality holds, so
assume that m(z") = p.

The polyhedron Ag, (h';uy, ..., ul,; X') need not be minimal. We must
take Z' = X' —0', 0’ € S" such that the polyhedron Ag (h/;uy, ... ul; Z') is
minimal in order to read off e(z’) and w(z’) from in,, A"

By proposition 3.5(iii), we have ordg)H(z') = p(d(y) — 1). The initial
form Hy of H(z') in G(W”) is given by proposition 3.5(iv):

el

Hyyr =< UPC0-D T w™ > . (3.19)

)
=2
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We have 0" € H(x') since f,x € H(z'). Let © € G(W')s(-1 be the
initial form of #" (in particular ©" = 0 if §(y) ¢ N). Then

ing b = 2% — GU 2+ By xow + O — GVO € GW)[Z] (3.20)

where Gy = U 'Gw, F, x'w = U PF, zw by proposition 3.5(ii). Accord-
ing to our notations, we have:

Eyzw = Fyxow + 07 = G 6).
Note that derivatives in Dy decrease orders by at most one. Since Hy
is the initial form of H(2’) in G(W'), we have:
e(2") < min{ord,,,

HyGYy), 1+ ordyg, T (Fy 2w, B W)} (3.21)

/(U)( )

Inequality may be strict, since the H(2')~"f’,,, 1 < i < p may acquire terms
of lower order not coming from iny h. Moreover, some derivatives in Dy do
not decrease orders and give a sharper bound in (3.21).

Recall that if M C G(W),, d € N is a submodule, and dj is given, there
are associated initial forms

G(W)d) - G(ms)dtd,

M C
< (er = U Le ) N Gms)ara, >

mg
under the conditions described in (3.2) and (3.3). Note that

(8rms GW)a), = T (07 (ms), Op1(mg)(d) = k(x)[{U; }jes]a
for dy = 0.

Since 0 € H(z'), we have ©” € Hy, in (3.20). We have © = 0 or
d(y) € N and

1 1 e _ | Hy
Gh'e e Gy [Hﬂ , [H;’Vl =< U5<y>—1HuJ v W >
=2
Since D - ©"7 =0 for every D € Dy, we deduce from (3.20) that
1
J(}wp,Z’,W/7 El, W/) = J(anl,W/, El, W/> mOdH‘jvl/Gngl ’VHI%,—‘ . (322)
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Note that if ig(ms) = p, or if H; ¢ pN for some j’ € (J')g, we have
Gw = 0 or ord,,)(Hy' G)) > 0 for some j' € (J')p (3.23)

by applying proposition 2.11(iii) in the latter case. In this case, we obtain
the following from proposition 3.5(v) and (3.22):

(HyhGY)S' =0, J(Epzwe, ', WS = J(F, xwr, E', WS, (3.24)

Case 1: ig(mg) = p and Y is of the first kind. In order to get an estimate of
(") from (3.21), we take:

M=JF,zw,E, W), d=€(y) =e€(x), dy = 0.
Remark 3.1. By proposition 3.1, there is an equality
H™'F, 7 = cawyHy' Fpzw € k(@) {U;}jes)ew),
but we emphasize that the induced inclusion
J(Fy 2, Byms) € el J (Fp 2w, B, W), (3.25)

is strict in general.

By proposition 2.16(ii) and the remark, we have
0 # J(Fpz, E,ms) € M C k() [{Uj}jesle)-
Let I' = J(F, xw, E',W') C S’/(u), d" = ord!l’. By proposition 3.5(v),

we have

(U@ J(F,z, E,ms))—, CI'S".
Since ig(mg) = p, we obtain from (3.24) that:

(U@ J(Fpz, E,;ms))— C I'S' = J(Fy 21w, By, WS (3.26)
If w(xz) = e(x), definition 2.17 gives
IMax(x) = (J(Fp.z, E, mg))G(msg).
We deduce that ordI’ < w(x) and
s’ ¢ PC(z,Y) = ordl’ < w(x). (3.27)
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If w(xz) = e(x) — 1, definition 2.17 gives
IMaX(x) = (V(sz, E, ms))G(ms)

Since U;,V (£} z, E,ms) C J(F, z, E,mgs) (recall that u = uy, ), we also de-
duce that ord!” < w(z) and (3.27) holds. We have:

e(2)y <14ordl’ =1+d <1+ ordl,
by (3.21). We have proved that
e(z)) <1+ordl’ <1+ w(2) (3.28)

with strict inequality on the right hand side under the assumption of (3.27).
The proof is now an easy consequence of the following claim:

e(r') =1+ ordl' = w(a') = e(2) — 1.

Namely, assuming the claim, we have w(z’) < w(x) and this inequality is
strict under the assumption of (3.27). The first part of the proof is complete
since ig(mg) = p implies k(x) > 2. To prove the claim, let

i, h=2"—G" "2 + F, € Glmg)|Z]

be the initial form polynomial. Since it is assumed that e(z’) = 1 +ordl’; we
have I’ # 0 and:

an7Zl
U]

7 =< {Hll } > mOd({U]{/}jlep) N G(msl)d/. (329)
Jj=ni+1

To compute w(z’), we must introduce a truncation operator
T": G(ms)psa) — G(ms)ps(a)
as in definition 2.16. By (3.19), we have

/

H' = clys(oyean H (@) =< UPCW-D [T UM >€ Glms)).
=2
Going back to definition 2.14, we have

e’ Hj,
sz/ — T/sz/ e< G,p_lUé(y)_l H U;{p—‘ > .

=2
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Since ig(mg) = p, (3.24) applies and implies that
H' ™ (Fpz —T'Fpz) € ({Uf}igr) N Glmsy)e(wr)- (3.30)
Comparing with (3.29), there exists ¢, ny + 1 < ¢ < n' such that

10T Fo

70 (3.31)

since I’ # 0. This proves that w(2’) = e(z') — 1 as claimed.

To conclude the proof in case 1, assume that e(z’) > e(z). If some
inequality is strict in (3.27), we have €(z') < w(z) < €(x): a contradiction.
So w(z") = w(z) and by the above claim, we get

e(r) =w(z) = w(@) = e(z’) — 1 = ordI’ = ord[’. (3.32)

We use notations as in (2.38). Suppose that there exists j' € (J')g such
that H; ¢ pN. By proposition 3.1, we have

oF, 7
H- 1U/ P,z
7 oUy

# 0.
Going back to (3.26), we have
OF, —
¢j’ = (U_e(I)H_lUj/Wp’Z) - J(przIVW/,E/,W/)S/.
i)

Applying the transformation rule in proposition 3.5(v), we have
aF Z' W' \&

1—

¢jr = (Hypitty guj )S".

Since ordg; < €(x), we deduce that

—_— OF, 71w
G(l',> S Ord(HI}/l,F VA W/) d(H‘;},ﬂj/M <

ou, ) S e(z).

This is a contradiction with (3.32). Hence Hj; € pN for every j' € (J')g.
Suppose that d(y) € N. Similarly, by proposition 3.1, we have:

H'D -F,,#0, D:= ZU € Der(G(W)).

jeJ ]
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Note that we have © = 0 in (3.20) since d(y) € N. We deduce from (3.14)
that

~ F / /
¢p = (UWHD - F, ;) S /(u) = Hy} Ofpz gé W
Arguing as above, we get a contradiction from:
/ -1 1 an,Z’,W’
e(x") < ord(Hy Fp zw) < ord(Hyy, T) < e(x).

Let now ¢ € {2,...,¢,}. By (3.26), we have

OF _
i = (U I H-U, (,),Upz)g J(Ey 7w, By, WS,
Ji m/’

Applying once again (3.14) and since €(2') > €(x) = w(x), we get

oF, /
_1_ p,Z,W
(o ({5

If ¢; # 0 for some i, 2 < i < ¢, we get

Yocicey) = cle@) ({@ita<izey) mod({Uj }irgr)NG(ms) (a)-

oF /
e(z') < ord(Hv_Vl,FnZ/’W/) < ord(Hv_Vl,ﬂi$) < €(x),
U;

again a contradiction. Since e(x) = w(x), we have a;*az = 0 for every
j € JN\Jg.

Finally, assume that F,z & k(z/)P[Uy,...,U,]. With notations as in
(2.38), we pick a maximal subset A; C Ay such that the family of elements
(dX\)ea, in Q}C(x,) /v, is linearly independent over k(z'). Let (Xm,),,€A6 be

a basis of Ql(x/)/Fp, Ay C A, and pick a preimage \y € S’/(u) of N\ for
'€ AJ\AL.

By assumption, there exists [ € A; such that an Z = (0. Arguing as above,
we get
OoF, ' o0F,
Cle(z)(HWl, gfw ) = Cle(x) (U €() H™ ! 8§Z> mod({U }/gp)ﬂG(mS/) (x)>
l ! m’

a contradiction and the proof of (1) in the theorem is complete.

We now proceed to prove (2). By proposition 3.5(i), we have
HI/_VI’Fp,X’,W’g = (U_e(x)Hv_Vle,Z,W)W = (U_g(x)H_le,Z)W
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By (1) in the theorem and proposition 3.1, there is an expansion

Foz= | IT U ) 32 FozaUsksen) [T U7, A N7,

i=eh+1 acA jch
with Jy = {jo, ..+, Jeps Jnta1s -5 dnt s J1 = INT1, Fpza € K(2)P[{Uj}jer]-
We deduce that

(U@HTE, ) =H (Z nza{=* }JeJI)H(%)”’”), (3.33)

acA jeS

_ , \ Hj, _ _
with 77 = ([, (UU) ") €T, Since (HypiG%)S = 0 by (3.24), there
exists 0’ € S’/(u) such that

Hy Ey zrwiS" = Hypy (B xwr + 07)S. (3.34)

We deduce from (3.33) that there exists a finite subset A’ C N1, A C A" and
elements

U,
S k(m)[{ﬁj}jeji] for every a € A’
such that (letting Fp,z,a({%}jeJ{) =0 for a € A"\ A) we have:
-1 o ! Ui /P Ui \pa;
Hyyi by zrwiS' = H Z(FpZ,a({F}jEJ{) +6,) H(F) :
acA’ JeN

Let dy := e(m’)—FZfiQ H; —p|alforae A Since ord(Hy Fy 7 w) = e(z')
we have

_ U,
Ord<Fp,Z,a({U]}jeJ{) + Qgp) > da

for every a € A'. Taking classes in G(m/), we define:

U.
Py = cla(Fpza{ 77 Yien) +072) € M@) Uiy Unla,

To conclude the proof, let I :={2,...,ep,ny +1,...,n,}. We take

e/

P = U{p(ls(y)*l) H Ui/Hji Z (I); H Ui/paji

z‘:(36+1 acA’ i€l
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and claim that @ satisfies (2) in the theorem. By the above definition and
(1) in the theorem, we have ®' € k(z")[U/?,. .., U:l,lp][U;l,l, o Ul ps(ary- Also
(3.18) follows immediately from (3.34).

With notations as in the above proof of (1), we have

OF, 7 OF, 7

J(Fyz,E,mg) = H ' < {Uja—U’j}jeJE\{j2 ,,,,, Jupad {a—)\l}ler\Al.
Applying once more (3.14), we get
1 O0F, zw ez
CIE(Z)({HW%—apU- }n’lgign’) = Cle(x)(U ( )J(sz, E,ms))ﬁ mOd({Uz‘/’}i’gF)mG(mS’)e(z)-

Since J(F), z, E,mg) # 0, we obtain that

_10F, VA
H/ 1 P,
U

¢ ({Ui}irgr) N G(ms)(a)

for some i, nj <i < n', and the conclusion follows. This concludes the proof

of (2).
Case 2: ig(mg) =p—1 (so Y is of the first kind). We first take d = €(y) and
M := Hy'GY,, dy = 0.

By proposition 3.1, there is an expansion H 'GP =< Hjej UJPBj >. With
notations as in definition 2.16, we have
pb; —H; =pBj, j€Jand B={j € J:B; >0} (3.35)

We deduce: o
(0) # M = ([T U7™) € k@) {Us}seslew-

JjEB

Let I} = Hy,/GY.,, dy = ordl}. We have:

IS = (U—E@ 1T UfBj) . (3.36)

jEB

m/

This proves that e(z') < ordl} < e(x) and equality holds only if

k(z)[{U;} el
o > . (3.37)
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Suppose that e(z’) < e(z). Then :

w(r') <e(@) <e(z) —1 < w(z).
If w(@') = w(z), then w(x) = e(xz) — 1, so k(z) > 2. On the other hand,
we have w(2’) = €(2') and therefore x(z') = 1 by definition 2.16. Hence
inequality is strict in (3.16). In other terms, it can be assumed from now on
that (3.37) holds and that

e(x') = e(x). (3.38)

We now resume the argument used in case 1 by taking
M = J(Fp,X,WaEW; W), d= G(y) = 6(1’), do = 0.

To begin with, (3.26) holds whenever (3.24) applies, i.e. if H; ¢ pN for some
j € (J)g or if 6(y) ¢ N. Suppose that 6(y) € N and H; € pN for every
j" € (J")g. In this case, (3.22) reduces to

S
J(FP,Z’,W’7 E,, W/) = ‘](Fp,X’,W’7 E,, W/) modK'@, (339)
€ H,;.
(pfl)bijJ+ Ji
K = (] : Z[PW)QS/

i=2
with notations as in (3.35). We let :

H.
Ko=) <(p —1)b; — H,; + [—’D = ord,, , K.
jeJ p
Going back to definition 2.16, we have
(- s+
Fp,Z — TFp,Z S (H Uj ! [ 1GY(TI”LAS'))p(;(m)
jeJ
and we deduce now from (3.39) that

J(Ey 70w, By, WS = (U J(TF, 7, E,mg))— modK'S".  (3.40)

m/

Note that the previous equation remains valid when H; ¢ pN for some
j" € (J)g or when 6(y) ¢ N. The proof now goes on as in case 1 and we
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deduce that ordl’ < w(x); joining (3.37) and (3.40), we obtain that (3.27)
holds, i.e.

/ roi k(x)[{UJ}JGJ] OT / wlx
¢ ¢ Proj (<1Max<x>nk(@[{Uj}jgn) = ordll <wlo).

Equation (3.28) now follows, while (3.29) gets replaced by

an,Z/
U

7 =< {H/_l } > mOd(({U]{/}j/gF) + (Clk/K,)) N G(mS/)d/.
j=ny+1

(3.41)
Finally, we obtain that

H'N(F,z = T'F,z) € ({Uf}igr) + (i K')) N G(ms:) e
and this concludes the proof of the claim, hence of the theorem, as in case 1.
Case 3: Y is of the second kind. First recall from proposition 3.3 that
e(z) — 1 = w(z), so k(z) > 2 in particular. Let I}, := Hy GY.,, dy = ordI},.

Suppose that ig(mg) = p — 1. By proposition 3.3, there exists an expan-
sion

H 'GP =< Uj1 H U;)Bj >, J1 € (J/>E, Bj >0 fOI‘j € By,
JEB;

with notations as in definition 3.3. By proposition 3.5(v), we have:

IS/ (u) =1y, (Ue(y) H UfBj> : (3.42)
Jep S /()
This proves that e(z') < ord/]) < e(z) and equality holds only if

(UBJ)

Suppose furthermore that e(z’) < e(z). We have:

s’ € Proj (

w(r') <e(@) <e(z) —1=w(x).

If w(z') = w(x), then w(z’) = e(2') and therefore k(z’) = 1 by definition
2.16, so inequality is strict in (3.16). Therefore if ig(mg) = p — 1, it can be
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assumed that €(z’) = €(x) and in particular that (3.43) holds.

Going back to the general situation of case 3, we now take
M = ‘](Fp,X,Wa EVV?W)a d= 6(9)7 dD = 0.

Note that (3.24) is always valid in this case 3: we either have io(mg) = p or
(3.23) holds for j' = jo. Applying proposition 3.5(v) gives:

J(Fp,Z’,W’a Ew, Wl)y = (Uie(y)j(Fp,Z,Wa Ew, W))W
With notations as in proposition 3.3, we have

(0) # J(Fpzw, Bw, W) =< {®;;({U;};es)}iresnuns > -
We deduce that

J(Fy 2w, Bwr, WS =< {(U W, ({Us}jes)) b iesnms > - (3.44)

Since definition 3.3 gives

C(Hﬁ, y) = Max(j(Fp,Zw, E, W)) N {UBJ = O},
we deduce that ordJ(F, z w, Ew:, W') < w(zx) and equality holds only if
s € PC(z,)). We obtain:

E(I/) S 1 + OI‘dJ(szl’W/, EW/, W’) S 1+ mJ(Fp,Z@W!, EW/, W/) S G(ZE)
(3.45)
Suppose that s’ € PC(x,)) and w(z') > w(x). Formula (3.45) shows that
e(2') = w(2') = w(z). If ig(ms) = p — 1, we get k(2') = 1 so inequality is
strict in (3.16). If ig(ms/) = p, we may pick j' = j; € J'\(J)g, €+1 < i < nf,
such that
ord (U=, ({U}jes)) 5 < w(2).

By (3.44), we have H’ _185‘87 # 0. This is a contradiction with the assump-

tion €(z') = w(a’). Thus it can be assumed that s’ € PC(z,)).

We get w(z’) < e(2') < w(z) unless all inequalities in (3.45) are equalities.
In this case, we claim that w(z’) = €(2’) — 1 and this will conclude the proof.
To prove the claim, we may pick j; € J'\(J')g, ¢ +1 < i < n, such that
®;.({U,};es) # 0 by proposition 3.3. Arguing as above, we have

H'™ 222 =< o) (U W05, ({Uj}jes)) 5 > mod(({Uf}jrgr)NG (M )us(a)
(3.46)
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and this proves that H' ™' 85’5]’,2/

If ig(mg) = p — 1, we must introduce a truncation operator

# 0. If ig(mg) = p, we get w(z') = w(z).

T G(ms po(ar) = G(msr)psar)
as in definition 2.16 in order to compute w(z’). In any case, we have
H'™'G" C (Ulgp) N G(ms) e (3.47)

which follows from the identity 1)S’/(u) = 0 (resp. from (3.42)) if ig(mg) = p
(resp. if ig(mg) = p — 1), ¢f. beginning of the proof of case 3.
Going back to definition 2.14, we have

H'™ (Fpz = T'Fyz) € ({Uihigr) N Glms) -
It now follows from (3.46) that

V\OT'F, 4

7 (et 244
oU!

=< clo@) (U"We;,({U;}e))— > mod(({U)}jrgr)NG(msr)w().-

This proves at last that H’_laTagp_,’Z' # 0, so w(x') = e(x’) — 1 and this con-

cludes the proof of the claim, hence of the theorem.

3.3 Consequences of the blowing up theorem and con-
structibility.

In this section, we prove some basic properties of our main invariant

y = (m(y),w(y), 5(y))

and of our notion of permissibility (see introduction). The following theorem
expresses the persistence of permissibility under permissible blowing ups.

Theorem 3.7. Assume that m(z) = p, w(z) > 0, where {x} = n~(mg).
Let Yo C Yy with respective generic point yo,y1 be permissible centers at x
and 7w : X' — X be the blowing up along Y.

The strict transform Y} of Yy is permissible at every z' € w(x).
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Proof. By definition of permissibility, we have m(yy) = m(y;) = p. Let
W; = n(Y;), i = 0,1 be with notations as in the previous theorem. There
exist associated subsets Jy C J; C {1,...,n} such that I(W;) = ({u;};er,)
for a certain choice of an adapted r.s.p. (uy,...,u,) of S. Let (uq,...,u,; 2)
be well adapted coordinates at x. By theorem 2.4, the polyhedron

Ag(hi{ustjes; Z) = pryj (Ag(h;uy, . .., un; Z)) is minimal,

where pr; : R" — R denotes the projection on the (u;);es,-space, i =0, 1.
In particular, we have V; = V(Z,{u;}jcs,), i = 0, 1. The strict transform W]
of Wy at s’ has normal crossings with E’ := 07! (E),eq. Since m(z') > m(yo)
for every 2’ € ), this proves that ) is Hironaka-permissible w.r.t. E’.

Applying again theorem 2.4, we have

€(yo) < €(y1) < (@), e(yo) < e(2'), (3.48)

On the other hand, theorem 3.6 applied to 7 gives ¢(z) < e(z) 4+ 1 while
classifying equality cases in (1) and (2). Thus ) is permissible of the first
kind except possibly in the following two cases:

Case 1: ) is of the first kind and e(z') = e(x) + 1;
Case 2: )y is of the second kind and €(z’) = €(z).

Since 2’ € ), we have, with notations as in theorem 3.6 (¢f. notation
3.2):

(Jo)e € {ji, 2<i < ey}, Jo\(Jo)r € {jis nog+1 < <ni} (3.49)
Also, letting Fy :={2,...,ep} U{ny+1,...,n}}, we have (¢f. notation 3.3):
Proof in case 1: an immediate consequence of theorem 3.6(1) is that :

0F, 7z

U, =0,j€Jgorj>e+1.

Z‘0<777’S') =D,

This is incompatible with definition 3.3(iii) applied to Yy, so )y is also of the
first kind. By proposition 3.1 we deduce that

H_le = 0, H_IFMZ Q k(x)[{Uj}jEJo]e(x)- (351)
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Since €(yp) = e(a’) — 1, we also have
H'™ <G Foz >C ({Uljien) ™ N Glms) - (3.52)

We claim that )| is permissible of the second kind at x’. To prove the
claim, note that (3.51) implies that

Hyt Gy, C (W) G(Wh)e(a) for some j' € (J7)g.
Since ) is permissible of the first kind at x, we actually have

Hyy, Gy, € (@) S/ ({ug}jen){Uj Y jeo)etw)-
Letting j" =: jir, e +1 < ¢’ < e, proposition 3.5(ii) then shows that
Gl € ()8 )W) {U sl W1 i= o (W),
In other terms, we have
Hl_lG,p C (U{7 Ui’)k(x/)[{Ui,}jiEJo]v

and this proves that ) satisfies property (ii) of definition 3.2. Finally, ap-
plying (3.52) gives an expansion

!

H Bz =< Y UR({Ul}j,e0) > -

i=1
Then definition 3.2(iii) is equivalent to:
Jie Jyn{e+1,...,n'}: ®; #0.

By equation (3.17) in theorem 3.6(2), there exists i > n} + 1 (hence i € J))
such that ®; # 0, since j; € Jyo = i’ < n) by (3.49) and this completes the
proof in case 1.

Proof in case 2. Since ) is permissible of the second kind, the initial form
in, h € G(mg)[Z] satisfies (3.5). The corresponding integer j, satisfies
Jjo & Jy and the corresponding family (®;({U;} jes,)) ey is such that @5 # 0
for some j" € J\(J})g. In order to prove that ) is of the second kind at 2,
we consider two subcases:
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Case 2a: Y, is of the second kind at z. Then j, € J; and ®;; # 0 for some
j" € J]\(J])g. By assumption €(z’) = ¢(z), and we deduce from (3.42) (resp.
from (3.47)) if ig(mg) = p — 1 (resp. if ip(mg) = p) that the initial form
ing, b € G(mg)[Z'] satisfies

H'7'G™ C Uy k(2)) [{U] }jieso)e(yo) for some jo € {1,ep+1,....¢'}  (3.53)
and definition 3.2(ii) is checked for )} at «’. Similarly, definition 3.2(iii) is

checked from (3.46): we have H'™ 181;%/2/ # 0 for any i, ¢ + 1 < i < nj such

that j; € J\(J])r and ®,, # 0; take j; = j' with notations as above.

Case 2b: Y is of the first kind at #. Then j, € J; and ®;; = 0 for any
j" € Jj. By proposition 3.3 and our assumption €(z’) = ¢(x), we have

w(z) = e(yo) = e(x) =1 =€(2’) — 1 < w(a).

Therefore theorem 3.6 implies that w(z’) = (x) We have k(z),k(z') >
2 since w(z) = €(x) — 1, w(a’) = €(2’) — This is the equality case
(m(z),w(z’), k(2')) = (m(x),w( ), k() dlscussed in theorem 3.6.

If ig(mg) = p, we are in the equality case of (3.28). Then (3.53) holds
and there exists ¢, nf +1 <i <n'or (ny+1 <i <nj and ®;, # 0) such that

OF; VA
);
ou!

by (3.31). We may take here j; := j' € J)\(J§)g. This checks definition
3.2(ii) and (iii) respectively.
If ig(mg) = p — 1, the initial form in,, h' € G(mg)[Z'] satisfies

£0 (3.54)

HI_lG/p - Uzll /{7(1‘/) [{Uil}jiGJo]e(yo)v

where j;, 1= jo € J§, 2 < iy < e and definition 3.2(ii) is checked. Equation
(3.54) also remains valid for some i, nj+1 < i < n/, in this case: this follows
from (3.31) which is still valid (end of the proof of case 2 of theorem 3.6
where (3.41) replaces (3.29). This checks definition 3.2(iii) and the proof is
complete.

Remark 3.2. The conclusion of the above theorem fails in general if it is only
assumed that )y C ), is such that )y is permissible at x, ); Hironaka-
permissible at x w.r.t. E.
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A counterexample with n = 4 is given for charS = p > 0 by taking:
h = 27 + ugul + usuy, E = div(uiugus), Sing, X =V (Z,u1,us).
Then (uy,...,us; Z) are well adapted coordinates. Taking
Yo =V(Z,ui,uz) C Yy = V(Z,uy,us,ug) CA{ax} =VI(Z, uy,uz,us, uy),

we have €(yg) = €(y1) = €(x) — 1 = w(z) = p. Note that ) does not satisfy
definition 3.2(iii). There is a unique point

= (Z' ul, uh, uz, uly) = (2 ug, uy fug, us fug, uz, ug) € Vo = VI(Z' uy, ub).
A local equation for the strict transform X’ of X at x is:
B =Z" + w4+ usul’, B = div(ujubugul).

Thus ¢(2') = w(z’) = p+ 1 > w(z) and ) is not permissible at 2’ since
(o) = p < e().

It is easily seen that such counterexamples exist only for ) of the second
kind and n > 4.

We now turn to formal arcs on X and their image. Recall that it is as-
sumed all along this chapter that m(z) = p, w(z) > 0 and {z} = n~*(mg).
By this, we mean:

Definition 3.4. A formal arc on (X, z) is a local morphism ¢ : SpecO —
(X, x), where (O, N, 1) is a complete discrete valuation ring. We denote the
closed (resp. generic) point of SpecO by O (resp. &) and call support of ¢
the subscheme Z(y) := {¢(£)} C (X, x).

The arc ¢ is said to be well parametrized if the inclusion

Og = O0Nk(pE)) €O

induces an isomorphism (’/)\5 ~ (. The arc ¢ is said to be nonconstant if
p(&) # 2= »(0).

Given a nonconstant formal arc on (X,z), and 7 : X" — & a blowing
up along a permissible center Y C X at x such that Y C Z(¢), there exists
a unique lifting ¢’ : SpecO — X'. Let

= ¢'(0), (X, 21) = (X', 2") and ¢, : SpecO — (X}, x1)
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be the induced morphism. The arc ¢; is again nonconstant, so the process
can be iterated. Let

(X, z) =: (X, z0) «— (X1, 21) — -+ — (X, ) — - -+ (3.55)

be a sequence of such local blowing ups and centers with

T €Y G ZT(QD) = {907"(5')} C X, (356>

Note that the local ring Oy, ,,(¢) is independent of » > 0. In particular,
m(er(€)), €(p.-(§)) and w(e,(€)) are independent of > 0. An important
case of such sequences is when taking ), = {z,} for every r > 0; then (3.55)
is called the quadratic sequence along .

In any case, given a sequence (3.55), we let

If m(z) = p and w(z) > 0, theorem 3.6 implies that
(m(z1), w(zr), (1)) < (m(2), w(z), k().

If m(x,) = p and w(zx,) > 0 for every r > 0, we let
m(p) = p, wlp) = min{w(z,)} > 0.

Proposition 3.8. With notations as above, let ¢ : SpecO — (X, z) be a
nonconstant well parametrized formal arc on (X, x) whose quadratic sequence
is such that m(y) = p and w(p) > 0. Then l|k(x,) is algebraic for r >> 0.

Assume that l|k(x,) is algebraic with finite inseparable degree for some
r > 0. Then there exists ro > 0 such that the following holds: the support
Z.(p) is Hironaka-permissible at x, and €(x,) = €(x,,) for every r > ro;
furthermore exactly one of the following conditions is satisfied:

(1) Z.(p) is permissible of the first kind at x, for every r > ry;
(2) there exists a finite sequence (3.55):
(X'roaxro) = (X/wrl) — (Xl/7x/1) A (Xrllaxlrl) = (‘)275%)

of local blowing ups with centers contained in and of codimension one
in the successive strict transforms of Z,,(¢), such that the quadratic
sequence along ¢:

(X,3) = (X, o) — (X, 1) — -+ — (X, 3,) — -+

has the following properties for every r > 0:
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(a) 6(‘%7“) = G(ZETo);
(b) dimOZT(¢)7~T = dim@zm(@)

T

> 2;

7x7‘0
(¢) Z,(p) is permissible of the second kind at &, (resp. w(i,) =0) if
€(zr,) > 2 (resp. if e(z,,) = 1).

Proof. Tt can be assumed without loss of generality that
d(¢) = dimOy,, m(z) =p and w(z) = w(p) > 0.

Since m(y) = p and w(p) > 0, we let 1, : (&X,,z,) — SpecsS, be the corre-
sponding projection, I.(¢) C S, be the ideal of W,.(¢) := n,(Z.(¢)). We drop
the reference to ¢ in what follows in order to avoid cumbersome notations.

For f € mg,, f & Iy we denote by f € O, f # 0 its image by ¢*. Let v
be the discrete valuation associated with @ and let

Mr = {U(?)7 f € Sr\]r}

be the semigroup of values of S, w.r.t. v. The group generated by M, is the
value group of the restriction vz to K = QF(S/I,), hence independent of
r > 0, and is denoted by aZ C v(N)Z, a € N.

Suppose that My # aN. Let a > 2, § € N\aN be defined by:

ac ;= min{ Mo\ (0)}, af := min{M,\aaN}. (3.57)

We pick u,w € mg, such that v(u) = aa, v(w) = af. Obviously u is a
regular parameter of S and wu™' € mg,. Suppose M; # aN. There are
associated integers oy, 0 as in (3.57) which satisfy (aq, 1) < (o, 3) for the
lexicographical ordering. This can repeat only finitely many times so we get
M, = aN for some r > 0. W.l.o.g. it can be assumed that M, = aN.

Let (u1,...,u,) bear.s.p. of S = Sy which is adapted to E = div(ug - - - ue).
Without loss of generality, it can be assumed that v(u.) = a. Up to renum-
bering coordinates, there exists e(p), 0 < e(¢) < e such that

(U1, .y Ue(p)) © 1 =1y, u; I fore(p) +1<j <e.

For j, e(p) +1 < j <e—1,let v(u;) =: aaj, a; > 1. Note that ujuc ™ is a
unit in S,;; in other terms, replacing S by Smax{a,}, it can be assumed that
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e(p)=e—1.

Let f € mg,\Ip and write f = u?r(f)fr € S, where u, does not divide f,
in S, and note that

fr € mg, = v(f) > o, (f)v(.) > ar.

Since My = aN, there exists 7 > 0 such that f, is a unit. This implies that
for every ideal J C Sy/Iy, JS,/I, is a principal ideal for » >> 0. This is a
well known characterization of valuation rings, i.e.

Oue = | Se/ 1 (3.58)

r>0

Let Iy be the residue field of the valuation vz. Then [|ly is algebraic (of
degree at most p) and ly|k(z,) is algebraic for r >> 0 by (3.58). This proves
the first statement in the theorem. We thus may assume from now on, again
by (3.58), that

lo|k(x0) is separable algebraic. (3.59)

Let S be the strict Henselization of S, so I*® := S®!' /m g is the separable
algebraic closure of [. The residue action induces an isomorphism

Gal(S™"|S") ~ Gal(I*"|k(x))

where S™ is the Henselization of S. Let S be the fixed subring of S5 by
the inverse image of Gal(l*}|ly) under the previous group morphism. Then
S c S is a local ind-étale map such that o = S/ms In particular S C S is
regular [40] theorem 1.8.1(iv). Since O is Henselian and [y C [ = O/N, the
morphism ¢ factors through S.

Recall notation 2.1 and notation 2.2 for the regular local base change
S c S. We apply theorem 2.20 with § := mg and get:

m(zZ) = m(z) =p, w(Z) =w(p) >0 and €(z) = e(z) > 0,

the right hand side equality holding because 7 = n. Applying theorem
2.14, X = Spec(S[X]/(h)) is irreducible, so in the separable case (case (b)
of assumption (G)), the G = Z/p-action extends uniquely to X and (G)

holds for (S, h, E). This proves that (S, h, E) satisfies the assumption of the
proposition, all other assumptions being trivially satisfied.
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Now Wy Xy Specly may be reducible, but W, Xy, Specly is irre-
ducible for » >> 0. After possibly changing indices, it can be assumed
that W := Wy Xy, Specly is irreducible. Then W has normal crossings
with E at z if and only if W := W xg SpecS has normal crossings with E
at 7. Let Z := Z xg SpecS and Z be the generic point of a component of
Z. By theorem 2.20, we have m(2) = m(z), so Z is Hironaka-permissible at
# wrt. E if and only if Z is Hironaka-permissible at « w.r.t. E. In other
terms, we may replace S by S and thus assume that ly = k(zo) in order to
prove the second statement.

Let now
I, +m?
ey 1= dimk(xT)T—QST >e—1,t,:=e,—(e—1) >0
mST
for r > 0. It can be assumed w.l.o.g. that (tei1,...,Uest,) C Lo. We have
e,41 > e for every 7 > 0 and let e, := max,>o{e,}. It can be assumed

w.l.o.g. that ey = €.
Since ly = k(z,) and M, = aN for every r > 0, the ring morphism
Sy — Oy, factors through S, to a surjective morphism

Gp: S, — @;
Let IAT be the kernel of ¢,, so we have
LS. ClI and I, = I,NS,. (3.60)
After possibly replacing So by S, for some r > 0, it can be assumed that the
curve Spec(Sy/Io) is transverse to E = div(u; - --u.) C SpecSy. We claim
that
IO = (ul,...,ue_l,ue+1,...,ue+t0). (361)
To prove the claim, suppose that Iy # Jo := (U1, ..., Ue1, Uet1, - - -5 Uerty)-
We let 4, :=u;, 1 < j <e+tyand pick a basis
fo - J() + (ae+t0+17 e ,’ELn> (362)

of Iy. Since S, is excellent, the ring (5'0 /1) ;, is regular, hence reduced. By
assumption, Iy # Jo, so there exists f € Ip\Jo such that f restricts to a
regular parameter f in S := (So/Jo)j;:

ord; f =1, ordm§7 =1. (3.63)
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Let F € grfo(go) ~ So/Io[{U;};zc be the initial form of f. There is an
expansion
F =Y FU; F; €S/
ife
By (3.63) we have F; # 0 for some j, 1 < j < e +t;. Suppose that

Fjo, 1 <jo<e+ty| m:= m;n{ord(ﬂﬁ)F}} = ordg,)Fj,.
j#e

Replacing f with f — v, uj,u for some unit 7;, € Sp preserves (3.63) while
increasing ordg,)Fj,. Applying finitely many times this procedure, it can be
assumed that

m = m;n{ord(ae)Fj} < min {ord,)Fj, }- (3.64)
j#e

Jjo<e+to

By lemma 3.9 below, there exists » > 1 and a writing

fr = UZLJFTQT, gr ¢ (ue>8r7 Ordmsrgr = 1.

~

Furthermore the last statement in 4bid. shows that in; g, € (gr; S,); is trans-
verse to the initial forms u;"U;, 1 < j < e+ty, j # e by (3.64). Since g, € I,
this implies that e, > eg: a contradiction, so claim (3.61) is proved. Since
(3.61) is stable by further blowing ups, this proves that W, is transverse to
the reduced preimage of div(uy - - - u.) for every r >> 0.

Let (1, ..., 0,; Z) be well adapted coordinates at z. There is an associa-
ted expansion

h =2+ fl,ZZpil +o At foz, iz Sz € §o~

We factor out f; z = ul"g; z, 1 <i < p, with g; z = 0 or (u. does not divide
gi.z, mi € N). The formal completion S; of the local blowing up S; has a
~1

r.s.p. (d),...,a,) given by

~/ ~ i ~ .
Uy, = Ue = U and U = Uj/ue, j # e.

Let Z' := Z/u., ' := u;Ph € S1[Z'] define the strict transform (X}, x;),
since m(yp) = p. We thus have

fiz =u'fiz, 1<i<p. (3.65)
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By proposition 2.6, the polyhedron Ag (A4, ..., u,; Z') is minimal. Ap-

I ni

plying again lemma 3.9 below, it can be assumed w.l.o.g. that

ordeOgi,z =ord; giz, 1 <i<p. (3.66)

Let Zy := V(Z', fo) C (éﬁo,f) and Z be its generic point. Suppose that
0(2) < 1 and let 49 such that igd(2) = ordy, fi, z < 0. Applying (3.65) gives

ordpg fig,zr = Mig + i0(6(2) — 1) < my,.

This can repeat only finitely many times, a contradiction with m(p) =
Hence 6(2) > 1, i.e. m(2) = p. By excellence, this implies that m(z) =
Therefore Z, is Hironaka-permissible at x, for every r >> 0.

p.
p.

Similarly, replacing Sy by S, for some r > 0 and arguing as above, it can
be assumed that

This proves that Z; is permissible of the first kind at #. Note that this fur-
thermore implies that €(z,) = ¢(2) for every r > 0 and the second statement
of the proposition is proved.

In order to prove that alternative (1) in the last statement holds, we may
also replace S by S as above and thus assume that lo = k(zo). If €(z) = (%),
then Z, is permissible of the first kind at z, (definition 3.1(ii)). This proves
that alternative (1) in the proposition is fulfilled or €(2) > €(z) which we may
assume from now on.

By theorem 2.20(2.ii), we have dimZ, > 2 (statement 7 > n of ibid.
applied under the assumption Iy = k(z)) and

€2)—1=w(z)=¢cz)=¢@)—1=¢€(x) -1, ix(2) =io(z) =p. (3.67)

We pick again well adapted coordinates (uq, ... ,ﬁn;Z) at Z. Since Z, is
permissible of the first kind at Z, proposition 3.1 (with notations as therein)
gives the following property for the initial form inméoh € G(mg,)[Z]:

A~ ~ ~

Hy'Gh € k(@)U ..., Uer, Uty - - - Unlea)-
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Since ip(2) = p, we have Gy = 0, i.e. io(2) = p. This proves that definition
3.1(ii) is satisfied in any case.

To prove that alternative (2) in the proposition is fulfilled, we first assume
that ly = k(o) as before, then push down the result from S to S. Let
(u1,...,u; Z) be well adapted coordinates at z and consider the initial form
iIlWOh = /P + Fp,Z,Wo c G(Wo)[Z] Let

J:={l,...,e—1l,e+1,....,e+1to}.
Since €(Z) > €(z), we have §(z) € N and
G(Wo) = So/ Lo[{U;}seals Fpzwo € (So/Tol{U;}jesls0))" (3.68)
by theorem 2.20(2.ii). By theorem 2.4, the polyhedron
Ag (h; {uj}ier; Z) = prj(Ag(h;ua, ..., up; Z)) is minimal,

where pr; : R™ — R’ denotes the projection on the (u;);cs-space. Let

OF,
q)j = HV_VI% g G<WO)E(Z)7 CIOCI)j = 07 j g Ja] 7é €, (369)
Uj
since €(z) = €(z) + 1. The local blowing up S; has a r.s.p. (u},...,u}) given
by
u; = ujfu. if jeJ
u, = Ue
u; = ujfu.—96; if jEJjFe

where §; € Sy is a unit or zero since we are assuming that [y = k(zo). Let
Z"=Zu.—0, 0 €Sy, h:=ulhe S[7]

define the strict transform (X1, 1), with Ag (h';uy, ..., u,; Z') minimal and
consider the initial form

ing,h = 2" + Fy 2w, € GW)[Z'], GW1) = S1/L[{U}}je].

It is easily derived from (3.68)(3.69) that

— = ﬂe—e(:v)q)j C G(Wl)E(Z)’ ] ¢ ‘]h] 7& €.
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Applying again lemma 3.9 below, it can be assumed w.l.o.g. that
((I)j = ﬂznj\ljj, CIO\IJJ' % 0) or (I)j = 0, j ¢ J,j # €. (370)

This equation is valid when [y = k(x¢) and holds for S if and only if it holds
for S. We may therefore replace S by S as before.

Let x = (71,...,7,) € N" be a vertex of Ag (h;ui, . .., u,; Z) mapping to
avertex of Ag (h; {u;}jes; Z) with 3, ;25 = 6(y). By (3.68) we have z; € N
for j € J. Suppose that z; € N for every j # e. Since So/Iy ~ k(z)[[T.]],
(3.68) implies that x is solvable: a contradiction. Taking j such that z; ¢ N,
there exists j € J, j # e such that ®; # 0. This proves that

r=min{my, j € J,j #e: ®; # 0}
is well defined and that we have
Dy 2w =T, "Hyt Fp 2wy © GWo)e(z)s ci®pzwy & (Ue) G(Wo)ez). (3.71)
If 7 = 0, then alternative (2) is fulfilled (definition 3.2(iii)) since
J(Fpzwy, B, Wo) =< {clo®;}j¢sj2e >7# 0.

by (3.71). Note that this situation does not occur if €(x,,) = 1, since w(y) >
0.

Otherwise, we define Vg := V (u,, Iy) and Yy := 05 (Vo) C Zo. Then Y
is Hironaka permissible at xo and its generic point yo has €(yo) = €(z) by
(3.71). Let X, be the blowing up of X, along Yy and note that ¢ lifts to the
point #; on the strict transform Z; of Zy. Let h := u_Ph € Sl[ | define the
strict transform (X, %) of (X, z), Wy := i (Zy). By proposition 2.6, the
initial form

ing,h =2 + F, ;w5 € GOW)[Z], GW) = $/L {0} jes]

satisfies a relation (3.71) with associated integer 7 = r; — 1. Iterating r;
times this procedure, we get some (X,,,Z,,) with initial form

ing, by = 28 + F, 7w, € GW)[Z], GW,) = 8./ L{Uj}je]
with U;, = @, "U;, j € J. We have
P, = H'F, 5 w,) C CWy) (), chi®, & (Te)G(Wo)e(a)- (3.72)
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By proposition 3.3, we now have w(Z,,) = €(z) = €(x,,) —1 > 0. Thus
w(Zy,) > 0 if €(x,,) > 2 and we are done by the former case r; = 0. Other-
wise, €(z,,) = 1 and w(Z,,) = 0 and the conclusion follows.

Ezample 3.1. Take S = kluy, U2, U3, Us) (u; us,us,ue) With & a field of character-
istic p > 0. We let:

h = ZP + uuguf + usui € S[Z].

Then (uy, us, us, uq) are adapted to (S, h, E), E := div(ujuy) (definition 2.6)
and (uq,us, us, ug; Z) are well adapted coordinates at the closed point z =
(Z,u1,ug,us, uy) of X = Spec(S[Z]/(h)) (definition 2.8). Indeed, it is easily
seen that:

Sing, X 1= {y € X : m(y) = p} = V(Z,uy,u2) UV (Z,u1,u3), w(r)=p.

Let 9(t) := 3,5, Ait" € K[[t] be a power series which is transcendental
over k(t). We define a nonconstant well-parametrized k-linear formal arc on
(X, z) by:

o(Z) = p(ur) = p(uz) = 0, p(uz) = ua, p(us) = V()"

The quadratic sequence along ¢ has well adapted coordinates (uY) b uy), (A
at x, where uy) = ugr_l)/ug" 2 ] F 2, u(r) : g_l) for every r Z 1, with

u§-0) =u;, 1 <7 <4 Let
UY) = uy " (ug — Z Nw), T, = uy"(Z + (ug))pz Ny, r > 0.
ip<r ip<r

Then ¢ factors through

(X, 2) = (Spec(Su (T3] /(hn), 22), S = S[ud” u?u?) oo o,

-------

and the strict transform h, of h is given by
e = T2 () ()0 ) ) )

We have Z, .= V(T,, u1 ,u3 ) for every » > 1. Note that Z, is not permis-
sible at x,. Therefore  fulfills alternative (2) of proposition 3.8.
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Remark 3.3. We do not know if the conclusion of proposition 3.8 is still valid
for n > 4 when removing the assumption “l|k(z,) is algebraic with finite
inseparable degree for some r > 0”. When n = 3, it can be proved that the
above assumption is actually implied by “m(¢) = p and w(p) > 0”. This is
a (very) special case of the proof given in [24].

The following lemma is elementary and well-known.

Lemma 3.9. Let S be a regular local ring (not necessarily excellent) of di-
mension n > 1 with r.s.p. (uy,...,u,) and

C:=V(uy,...,up_1) C (S, s0) := SpecS
be a reqular curve. Let
(So,50) < (S1,81) = -+ (Siy81) -+

be the composition of local blowing ups such that S; is the blowing up of S;_1
along s;_1 and s; € S; is the point on the strict transform C; of C' fori > 1.

Let f € S, f # 0 and denote d := ordcf. There exists m,ig € N such
that for every v > ig, there is a decomposition

f= unmJ“digi, gi € S; = Os, 5, and orde,g; = ords,g; = d.
Furthermore, the initial form inc,g; € (gr;, Si)a is the strict transform of

incf - (gr105>d ~ S/(Ul, ... ,Un_l)[Ul, ceey Un—l]d-

‘ () 4, =D 1, =)

Proof. We have S; = Si,l[ugi), . ’u;—l](u§i>,...,u$f>)’ where u;” = u, N,
1<57<n-1, ugf) = ug_l) for every ¢ > 1, with u§0) = uj, 1 <j <n. Then
C; =V, .. ul”)) with these notations. There is an expansion

f = (ug_l))mi719i717 Gio1 = Z,Y(X)(i—l)(ugiflnxl . (ug—l))xn e Sifla

x€ES

where (x)~1 € S;_; is a unit for each x € S, S € N” a finite set, m;_; € N,
i1 & (uﬁf _1)). Since ordg f = d, it can be assumed without loss of generality
that

d= I){légl{$1 + -t T}
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Therefore
d=orde, ,gi1 <di_1:=ords, ,g; 1= Hliél{| x |}.
XE

Note that the initial form ing, | f is given by

ine,,f= Y. 3@ () o)),
1+ FTn_1=d

where 7(x)0=1 71 ¢ Si_l/(ugi_l),... u(i_l)) denote the classes of the

y Yn—1
corresponding elements in S;_;. After blowing up, we get an expansion

f — (ug))mi—l-‘rdi_lgi7 gi = Z,Y(X)(Z—l)(ugl))m . (us)—l)%kl (ugli))|x|—di_1 c Sz
x€S

Let A, 1 ={x€S:2x+ - +x, 1 <d;j_1}. Foreachx € A; 1, we have
| x| —=di—1 < z,,. We deduce:

< i :
0< )I(Iéljl{xn} < xggl{xn}.

This proves that there exists 7y > 0 such that A; = () for every i > ¢y. Then
d; = d for i > 15. This proves the first statement in the lemma, taking
m = m;, — dip > 0. Finally, this construction preserves the initial form
ingf, i.e.

ine, f = @ ™+ (ing, f) (E;Uf“, . ,agU@) ,

n

and this concludes the proof.

Theorem 3.10. Let Y C (X, x) be an integral closed subscheme with generic
point y. The set

Q) ={y €Y: (my),w®) rxy)) = (my),wy),rxy)} SV

contains a nonempty Zariski open subset of Y.
Let furthermore Z O Y be an integral closed subscheme with generic point
z such that Z is permissible (of the first or second kind) at y. The set

Perm(Y, Z) :={y € Y : Z is permissible at ¢} C Y

contains a nonempty Zariski open subset of ).
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Proof. Our function (m,w, ) refines the multiplicity function m on X, and
our notion of permissible blowing up refines the Hironaka-permissibility. We
may thus apply the well known openness of these properties. It is therefore
sufficient to prove the first statement when m(y) = p. For the second state-
ment, we take a nonempty Zariski open set U; C ) such that Z is Hironaka
permissible at every v’ € U;.

Let W :=n(Y), s :=n(y), Wz := n(Z) for the second statement. We pick
an adapted r.s.p. (uy,...,u,,) of S5, where F; = div(u; - -u,,). For every
y' € U, there exists an adapted r.s.p. (uq,... ,uny,) of Sy (ie. By =
div(ug - - ~uey,), ey > eg) such that S is the localization of S, at some
prime

]<Wy’) = ({uj}jEJy/)’ Jy’ - {17 cee ’ny’}'
After possibly shrinking ; C ), it can be assumed without loss of generality
that e, = e, for every y' € U;.

We now choose any point yo € Uy. Let (uq,. .., uy,; Z) be well adapted

coordinates at yo, So := 7(yo), So := Ss,- There is a corresponding expansion

h=2°+ fi 2" + -+ foz2 € So[Z], frzs- s [oz € So

After possibly restricting again U;, we may assume that the rational functions
ULy oy Ung, f1.25- - [pz are regular at n(y’) for every y' € U;. Moreover, we
have in Sy,

IW) = ({u;}jes) (and I(Wz) = ({u;};es,) for the second statement)

with Jz C J ={1,...,n}, ny > n, subsets which do not depend on y’. We
fix an associated expansion at sg:

fi,Z = Z 7(7;7X)ui1x1 o 'u:’i)ﬂo € SO) 1 S { S D,
XES;

with S; C (3N)" finite and (i, x) € Sy a unit for each x € S;. After possibly
restricting again U, it may also be assumed that each 7(i,x) appearing in
some f;z, 1 < i < p, is a regular function at n(y’). By theorem 2.4, the
polyhedra

Ag (hi{ujtjer; Z) (and Ag (h;{u;}jesz; Z)) are minimal. (3.73)

We define 4; C (3N)7 (and A;z C (3N)’z for the second statement)
to be the respective images of S; by the projections pr; : R"™ — R’ and

102



pry, :R" — R7z. Given a € A;, we let:
v(i,a) == v(7, %) Hu?] € So.
pr;(x)=a j€J

By definition of €(y), we have:

€(y) = p min min{| a |: v(i,a) # 0} — ZH (3.74)

1<i<p a€A;

Let B C Q™ be the set of (i,a) achieving equality on the right hand side
of (3.74). The initial form polynomial in,, h is thus of the form

g h=2"+ > A(i,a) [[U;" 27" € G(ms,)[2], (3.75)

(i,a)€B jeJ
where 7(i,a) denotes the image in k(y). Let
By :={(i,a) € B:3(i,a) € B,i#por (i=pandagN')}
Case 1. Suppose that By # 0. We define:
U:={y el :V(i,a) € By,7(i,a) is a unit in Sy}

Since 7(i,a) is nonzero for (i,a) € B by (3.74), U is a nonempty Zariski

open subset of V. To y' € U, we associate x € Ag ( /)(h;ul, o ,uny,;Z)
ny

(depending on (i,a)) by

.fL'j = aj if jEJ
z; = 0 if j&J

Computing initial forms from definition 2.2 with o, := (1,...,1) € R"/,

Oa,/ (h;uq, ... Un 2 ) = d(y), the corresponding initial form polynomial

p
ing, h=2"+> Fiza,2"" € Gms, )2 (3.76)

i=1

is such that Fjz., # 0 for some i # p or F, 7., & k(y)[UT,.... U} |.
Therefore §(y') = §(y) and we deduce that

e(y') = e(y) for every y' € U. (3.77)
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To prove the first statement, note that we are already done by (3.77) if
€(y) = 0. Assume now that e(y) > 0. If ip(y) = p — 1, there exists some (p —
1,a9) € By for some ag € N7. Let 3/ € U and pick well adapted coordinates
(ug, ... s Un,, Z,) at y'. The corresponding initial form polynomial

inmsn(y,>h: Zt - Gh” 'Z, + Fyz, € G(ms, ) Zy]

is such that < Gy >=< U > (resp. G, = 0) if io(y) = p — 1 (resp. if
io(y) = p). We have

Fp,Zy/ = Z )‘y’ (p7 a)Ua + \I]y’ c G(ms,,(y/)>5(y)7
(p,a)GBo

where Ay (i,a) € k(y), \y(i,a) #0, ¥y € k(y)[{U}'}jes] for every (p,a) €
By and every y' € U. Comparing with definition 2.16, we have w(y') = w(y),
k(y') =11if k(y) =1 for y € U. This proves the first statement in case 1.

For the second statement, we are also done if €(z) = €(y), i.e. if Z is of
the first kind at y. Suppose that Z is permissible of the second kind at .
In particular, we have ¢(y) > 0. There exist j;(y) € J\Jz and j'(y) € J\Jz,
j'(y) > es + 1, satisfying the conclusion of proposition 3.3. Let ' € U and
pick well adapted coordinates (uq, ... s Un Zy) at y'. The corresponding
initial form polynomial (3.77) again satisfies

H;le, - Ujl(y)k(y’)[Ul, R Uny,]g(y)
and there is an expansion

H,'Foz, =< > Up®y({U}jes) + $({Uljes) >C Gms, ) )ew)
jled’
with @) # 0, hence ) is permissible of the second kind at 3" and the
conclusion follows.

Case 2. Suppose on the contrary that By = ). By (3.75), we have

inmeh=2"+ > Fp.a) [[U}" € G(ms,)[2] (3.78)

(p,a)eB jeJ
and this proves that
6(y) € N, w(y) = €(y) and x(y) = 2. (3.79)
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Since ({u;}jes; Z) are well adapted coordinates at y, there exists a vertex
ag € Ag (h;{u;}jes; Z), (p,ag) € B which is not solvable, i.e. F(p,a9) ¢
k(y)?. Let By C By be the nonempty subset defined by

By :={(p,a) € B:75(p,a) € k(y)"}.

Given (p,a) € By, we define a morphism:

‘ . Ol/h [T]
Np.a) © Vpa) = Spec ((Tp —7(p, a))) .

Note that Vi, a) is integral and 7, ) is finite and purely inseparable. We
define:

U:={y el :V¥(p,a) € By, n(_pjla)(y')red is a regular point of Y, a)}-

Since V(pq) is excellent, its regular locus is a nonempty Zariski open set. We
deduce that U is a nonempty Zariski open subset of V.
For y € U; and (p,a) € B, we denote by A\, (p,a) € k(y') the residue of
(p,a). The property
“Ney 1a) (¥')rea is a regular point of Y, "

is equivalently characterized as follows: either (a) Ay (p,a) ¢ k(y')?, or (b)
there exists d,/(p,a) € Oy, such that

Uy/(p, a) = ﬁ(pv a) - 5y’(p7 a)p

is a regular parameter at 3/’
We now prove the first statement. Let ¢y € U and pick well adapted
coordinates (uq, ...  Un,,; Zy) aty'. Let

B(y') :={(p,a) € By : (a) is satisfied}.

Suppose that B(y') # 0. We get 6(y") = d(y), i0(y’) = p and the initial form
polynomial in,,, ( /)h € G(ms, ,,)|Zy] is

inmsn(y/) h= ZZIJD/ - Z >\y/ <p7 a) U* + \IJZ'

(pa)eB(y’)
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where A\, (p,a) € k(y')? and W, € k(y')[{U} },es]. This shows that

w(y) = e(y)) = e(y) = w(y),

the right hand side equality by (3.79). Moreover x(y') > 2, so y' € Q(Y).
Suppose on the contrary that B(y') = 0. We get

5(y') = () + % in(y) = p (since 8(5') ¢ N)

and the initial form polynomial in,, ( ,)h € G(msn(y,))[Zy/] is
my

=2y Y Ve(p U™+ ¥y,

(p,a)eBy

lnmsn(y

where %/(p, a) c< Ul, RN Uny, > \ < {Uj}jej >, \I/y/ - k(y/)[{Uj}jeJ]p(g(y)+1.
This shows that w(y’) = €(y') —1 = €(y) = w(y), applying again (3.79). More-
over k(y') > 2, s0 ¢y’ € Q(Y). This concludes the proof of the first statement.

For the second statement, note that Z is necessarily of the first kind at y
in case 2, since (3.78) is not compatible with proposition 3.3. With notations
as above, Z is then permissible of the first kind (resp. of the second kind)
at y' if B(y') # 0 (resp. if B(y') = 0). This concludes the proof.

Corollary 3.11. With notations as above, the function

L X —{1,...,p} x Nx{0,1,> 2}, y— (m(y),w(y),k(y))

s a constructible function on X. In particular, it takes finitely many distinct
values.

Proof. This follows from the previous theorem and Noetherian induction on
X.

Remark 3.4. The constructible sets X, , :=={y € X : (m(y),w(y)) < (p,a)},
a € N are not in general Zariski open (example 3.2 below). See next propo-
sition for closedness of the set (m(y),w(y)) > (p,0).

We do not know if the sets Perm(), Z) as in the theorem are constructible
subsets of ). An important issue about permissibility is addressed below in
question 3.1.
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Theorem 3.10 is sufficient for our applications to Local Uniformization.
About a possible extension of our methods to a global Resolution of Sin-
gularities statement, we remark the following: let § be an excellent regular
domain,

n: X—S8

be a finite morphism, x € X be such that (X,z) — S, () satisfies the as-
sumption of theorem 3.10. It is easily seen that its conclusion extends to
some affine neighbourhood U of x on X.

Example 3.2. Let S = k[[u1, us, us]], k a (nonperfect) field of characteristic
p >0, A € k\kP”. We take:

h=2° — (ulu)? 1 Z + ul (usul " + \ib) € S[Z), E = div(uyu,).
The coordinates (uy, us, ug; Z) are well adapted to (S, h, E'). Let
x = (Z,uy,us,usz), y:= (Z,u1,us).
We have H(z) = (uf), m(z) = m(y) = p, and compute:
i, h = Z° + UP(UsUP™ + AUP), ig(z) = p, w(z) =e(x) —1=p— 1.
On the other hand, we have:
g =20 — (Uim)’ "' Z + UP(UsUP™ + \UD), do(y) = p—1, e(y) = p.
To compute w(y), we must introduce a truncation operator
Ty : k(y)[Ur, Uslap — k(y)[U, Us]ap
as in definition 2.16 and get T,F, z, = AUTU}, so w(y) = p > w(x). This
1

proves that the set X, ,—1) == {y € X : (m(y),w(y)) < (p,p — 1)} is not
Zariski open.

Proposition 3.12. Let (X, x) be as in the theorem. The set

Qu(X) ={yeX:(m(y),wly)) > (p,0)} S X

1s Zariski closed and of dimension at most n — 2.
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Proof. Let £ € X be the generic point of an irreducible component of ™1 (E).
Then (m(€),€e(&)) < (p,0), so & € Q. (X). Therefore it is sufficient to prove
that Q. (X) is Zariski closed.

We will use the Nagata Criterion to prove openness of X\, (X). By
theorem 3.10, it is sufficient to prove that Q0 (X') is stable by specialization.
Let yo ~» y1 be a specialization in X and assume that y; € Q,(X). We
must prove that yo & Q. (X), so we are reduced to the case m(yo) = p. Let
Vo = {yo}-

By localizing n at n(y;), it can be furthermore assumed that y; = x.
Arguing by induction on the dimension of ), it can be furthermore assumed
that ) is a curve. Let

(X, z) = (Xo,20) — (X, 1) = - — (X, ) — -+

be a sequence of local blowing ups at closed points belonging to the strict
transform of ). We have m(z,) > m(yo) = p, so m(z,) = p for every r > 0.
Since S is excellent, the strict transform of ), in A, is Hironaka permissible
for r >> 0. By construction, these maps induce local isomorphisms at .

We then have (m(z,),w(x,)) < (p,0) by proposition 2.22, hence w(z,) = 0
since m(x,) = p for every r > 0. In other words, after possibly replacing
(X,z) by (X, x,) for some r > 0, it can be assumed that ) is Hironaka
permissible. Then there exist well adapted coordinates (u1,...,u,; Z) at x
such that

I(Wo) = ({u;ties ) Wo == n(db)

with Jo = {1,...,n}\{j'} for some j’ (since Yy is a curve). We let sy := n(yo),
So = Ssy. By theorem 2.4, the polyhedron Ag(h;{u;},ecs; Z) is minimal, so
we deduce that €(yp) < e(x).

Since w(x) = 0 by assumption, we have w(yg) = 0 except possibly if
€(yo) = €(x) = 1. Since w(xz) = 0, the initial form polynomial iny,h €
G(mg)[Z] then satisfies

Hyt Fyzwy =< Y %U; >C G(Woh = S/T(Wo)[{U; }jes),

Jj€Jo

and there exists jo € Jy, e +1 < jo < n such that v;, is a unit in S/I(Wy).
This gives w(yo) = 0 if io(y) = p. If ig(y) = p — 1, we must introduce a
truncation operator

To : G(mSO)p5(y0) - G(mso)p5(y0)7
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as in definition 2.16 in order to compute w(yg). However, Ty proceeds from
definition 2.14 in the special case pd(yo) = 1+ > .., H;. Lemma 2.17 then
implies that

J€Jo

Hy KerTy €< {U}jesj<e >C G(ms,)psyo)-
Since jo > e+1, we thus have Hy, U;, € KerT, and this proves that w(y) = 0

as required.

A very special case of the following question (for p a discrete valuation
with some extra assumption) has been answered in the affirmative in theo-
rem 3.8 above.

Question 3.1. Let ) = )y be an integral closed subscheme with generic point
y, m(y) = p, w(y) > 0, and let p be a valuation centered at mg. Does there
exist a finite sequence of permissible local blowing ups along u:

(X, 2) = (X, 20) — (X1, 21) -+ (X, 20)

with centers Z; C (V;, z;), Vi denoting the strict transform of Y in (A}, x;),
0 <i <r, such that Y, is permissible at x,.?

4 Projection number and projection theorem.

Let (S, h, E) satisfy assumptions (G) and (E). In this section, we perform
induction on the dimension n+1 = dimS[Z] of the ambient space of X'. This
step is for now far out of reach in arbitrary dimension and little more than
definitions could be stated when n > 4. Therefore:

We assume from now on that dimS < 3.

4.1 The projection number x(y).

For y € X, s :=n(y) € SpecsS, the assignment k(y) > 2 has sofar been used
to express k(y) # 1; we now distinguish k(y) = 2,3,4 when x(y) > 2. This
completes the definition of the complexity function (2.60):

L2 X = {1, pr x Nx {l,....4},y — (m(y),w(y), k(y)).
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The projection number k(y) expresses the transverseness of VDir(y) w.r.t.
FE. Tt has no particular invariance property w.r.t. regular local base change
S C S (S excellent and dimS < 3) when k(y) > 2.

In the following definition it can be assumed without loss of general-
ity that s = mg by localizing S at s, since our assumptions (G) and (E)
are stable when changing (S, h, E) to (Ss, hs, E5) (notation 2.2). We write
E =div(u; - - u.) as before.

Definition 4.1. Assume that m(z) = p, w(z) > 0 and k(x) > 2, where
n~t(mg) = {z}. We let

k(x):=4if VDir(z) C< Uy,..., U, > . (4.1)

Assume furthermore that x(x) # 4. We let k(z) := 3 if (w(x) = ¢(z) — 1 and
one of the following conditions is satisfied).

(1) E = div(u;) and there exists well adapted coordinates (uq, ..., u,; %)
at z (so n < 3) such that

OF, wlx
VDir(z) C< Uy,Uy > and H’lwp’z C< Ul( ) >;
3

(2) E = div(ujus).
Finally, we let x(x) := 2 if k(z) # 3, 4.

Remark 4.1. When dimQOy , = 2, the definition reduces to: if £ = div(ujuz),
let k(x) :=4; if £ = div(uy), let:

2 if w(x)=e(x) and VDir(z) €< Uy >;
k(x):=< 3 if w(z)=¢€(x)—1 ;
4 if w(z) =e€(x) and VDir(z) C< Uy > .

We now turn to the statement of the projection theorem. Since it is
assumed here that w(z) > 0, (X, ) is (analytically) irreducible by theorem
2.14. Assume that a valuation p of L = k(X)) centered at x is given. We will
consider finite sequences of local blowing ups along u:

(X, 2) = (X, 2) «— (X1, 1) e -+ — (X, 2,) (4.2)
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with Hironaka-permissible centers V; C (A&}, x;), where x;, 0 < i < r, denotes
the center of 1. We require that our assumptions (G) and (E) be preserved
by such blowing ups and that

(m(z:), w(zi)) < (M(xi-1),w(@i)), 1<i<r

This certainly holds when the blowing up centers are permissible of the first
or second kind by proposition 4.3 and theorem 3.6. In [24], we consider
further kinds of permissible blowing up having the same property. We recall
that all permissibility conditions (definitions 2.7, 3.1 and 3.2) always refer to
the reduced total transform E; of E in S;, where there are projections

n; : (&, ;) — SpecS;, 0<i <.

Similarly, w(x;), €(x;), k(x;) are always computed w.r.t. F;.
Finally, we emphasize that we do not require any particular behavior

about the numbers k(z;) along the process (4.2), i.e. we may have x(z;) >
k(x) for some i, 1 < i <r. Our goal is to eventually achieve k(z,) < k(x).

Definition 4.2. Assume that m(xz) = p and w(z) > 0. Given any finite
sequence (4.2), we say that z, is very near x if o(z,) > 1(x).

We say that z is good if for every valuation p of L = k(X)) centered at z,
there exists a finite and independent sequence (4.2) such that «(z,) < ¢(x).

Proposition 4.1. We denote by e(x) the codimension in k(x)[Z, Uy, U, Us]
of the directriz of the tangent cone of h at z, when e(x) > 2 (i.e. when
d(z) =1 Definition 2.5), x is good.

Proof. Let us denote by f(x) the codimension of the ridge of the directrix of
the tangent cone of h at x [26] p. I-26, [27]1.5p. 203. The invariant we use is

(m(z), —f(2), —€(2))iea

A consequence of a Giraud’s theorem [26] proposition 4.2 page II-33,
(m(x), —f(x))ee does not increase by Hironaka’s permissible blowing ups.
As a consequence of [36] Theorem 3 (m(z), —f(z), —e(2))1er does not in-
crease by Hironaka’s permissible blowing ups except in the case:

p=2, F=XZ%+ XU+ MU+ MU, KA, A) 1 k2] =4 (4.3)
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When e(z) = 4, after the blowing-up centered at x, there is no near point
except in the case 4.3.
Since m(x') = m(z), in this particular case, we have

= V(U2 + \UZ U2 + MUZ, 2% + M A\U2)
on ' (z) = Proj(k[Z, Uy, Uy, Us]/(F)). 2 is the point of parameters

’ o ’2 ’2 / U
(Y, vy, v9, ug) where Y := u—+u1u2,v1 = Uy A, v = uy A, up = Sl =
3 3 3

In this case, we have f(x) = 1. The strict transform of h is
B =Y?+ v1v, mod (usz)

the ridge A’ is contained in two linear subspaces (V7, V5) mod Us of the tangent
cone , we have f(2') = 3:

(m(l’)—, f($)7 —e(x)) = (pa _L _4) >lex (p7 _3a _3) lex (m($,)_7 f(wl)v _6(7;/))'

When e(z) = 3, then, if we blow up along z, then e(z') > e(z), f(z') >
f(x). In case e(x) = 3, we make only blowing ups at closed points. Either
for some n, m(x,) < m, then we get the result; or we have equality for n > 0.
Then, either e(z,) = 4, for some n > 0, we get the result or x, is in case
4.3: then as the dimension of the ridge of the tangent cone is not increasing
[27], we cannot get a loop, we come back at worse to the case e(z) = 3 and
codimension of the ridge > 3. We reach the case e(x,) = 3, by an usual
argument, the x, are all on the strict transform of a curve C, which, for
n >> 0 is permissible for (h): we blow it up and there is no near point.

When e(x) = 2, we can choose Z,us3 in the M-adic completion of S[Z]
such that

VDir(h) =< Us, Z >, A(h;uy,us; Z,ug) is minimal.

A(h; uy, ug; Z, u3) is defined in [35] Definition (1.12). When A(h; uy, ug; Z, uz) =
0, Sing,,(h) D V(Z,u3), if we blow up along, there is no near point, so
Sing,,(h) = V(Z,us), by excellence, this is a non formal regular center, per-
missible in Hironaka’s sense: x is good.

So the remaining case is A(h;uy,ug; Z,uz) # (). This case is solved by
[19] 10 in the case char(k(z)) > 3. In the case chark(x) = 2, the reader will
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realize that the hypothesis is used just to prove that in the algorithm used
in the proof, we never reach Hironaka’s case which may be intractable when
dimX is big. But with the hypotheses dim&X" = 2, m(x) = 2 this case is
solved just above.

Definition 4.3. The point x is combinatoric if the following algorithm starts
and stops with success.

(i) if there exists div(u;) C E such that div(u;) N X is Hironaka-permissible,
choose one and blow up X along this one,

(i) if the center 2’ € X’ of our valuation is not w-near x: success,

(iii) if 2’ € X’ w-near x, and e(z’) < 2: success,

(iv) if 2’ € X’ w-near z, and é(2’) = 3 and there exists div(u;) C E’ such
that div(u;) N X’ is Hironaka-permissible, go to (i),

(v) else failure.

Proposition 4.2. A combinatoric point is good.

Clear by definition and by 4.1

4.2 An extra assumption on the singular locus.

The following extra assumption (E)’ is used along the proof of the projection
theorem 4.4 below in [24]. It is used only as a shortcut in order to ensure
that certain exceptional curves on X are Hironaka-permissible and can be
blown up in order to reduce w(x) (permissible curves of the third kind). Such
blowing up centers are not used in [13]. The authors do not know if such
blowing ups are relevant in dimension n > 4.

Definition 4.4. We say that (S, h, F) satisfies condition (E)’ if it satisfies
condition (E) and if for x € n~!(mg), we have:
((z) > (p.p,2) = n" ' (E) = Sing, X"

As stated after definition 2.11, we have in any case Sing,X C n~'(E)
whenever (S, h, F) satisfies condition (E). If s € SpecS, then (Ss, hs, Ey)
obviously satisfies condition (E)” if (S, h, E) does.
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Proposition 4.3. Let 7 : X' — X be a permissible blowing up (of the first
or second kind) at x € n='(mg). If (S, h, E) satisfies condition (E)’, then,
with notations as in proposition 2.7, (S',h', E') satisfies again (E)’ for every
s € o l(s).

Proof. It (m(x),w(x)) < (p,p— 1), this reduces to proposition 2.13. Assume
that m(z) = p, w(x) > p. By proposition 3.5(i)(iv), there exists an adapted

r.s.p. (uy,...,ul,) of S') E' :==div(u} ---u,,) and we have

H(z') = u,"V" P H(z),

where y € SpecS is the generic point of the blowing up center ) C X,
W =n(Y) =V({u;}jes) and I(W)S" = (u}). It is sufficient to prove that:

ordg) H(z'") = €(y) — p + ordw H(z) > p. (4.4)

By definition 3.1 and proposition 3.3, we have €¢(y) > w(x) > p. On the other

hand, proposition 2.3(ii) and definition 2.10 give:
ordo H(x)=pd; >p, 1<j<e
since ' (E) C Sing,X. Since W C E, Jp # () and (4.4) follows from:
ordw H(z) =p Z d; > p.
Jj€JE
4.3 The projection theorem.

The following projection theorem is proved in [24] by extending the methods
of [21].

Theorem 4.4. [2/] Assume that m(z) = p, w(z) > 0 and that (S, h, E)
satisfies assumption (E)’. Then x is good.

5 Reduction to the projection theorem.

In this chapter and the following one, we deduce theorems 1.1 and 1.3 from
theorem 4.4. All results are extensions of [20] and [23]. The proofs are
based on the following three characteristic free results which can be found
respectively in [2] theorem 3, a special case of [19] theorem 0.3 (with B = ()
and [20] proposition 4.2:
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Proposition 5.1. (Abhyankar) Let (R, m) and (R, m') be reqular two-dimen-
sitonal local domains with a common quotient field and such that

RCR, m'NR=m.
Then R’ is an iterated quadratic transform of R.

Proposition 5.2. (Cossart-Jannsen-Saito) Let S be a regular Noetherian
wrreducible scheme of dimension three which is excellent and X — S be a
reduced subscheme.

There s a composition of blowing ups along integral regular subschemes
o: S — 8§ such that the strict transform X' — S' of X has normal
crossings with the reduced exceptional divisor E of 0. Moreover o restricts
to an isomorphism

7 X'\o'(SingX) ~ X\SingX.

Proposition 5.3. (Cossart-Piltant) Let S be a regular Noetherian irreducible
scheme of dimension three which is excellent and T C Og be a nonzero ideal
sheaf. There exists a finite composition of blowing ups

S=:50)—S8(1) «— - —S8(r)
with the following properties:

(i) for each j, 0 <j<r—1,8(j+1) is obtained by blowing up a reqular
integral subscheme Y(j) C S(j) with

Y(j) € {s; € S(j) : IOs(j),s, is not locally principal}.

(ii) TOsy is locally principal.

Proof. The assumption “X/k is quasi-projective” is not used in the proof of
[20] proposition 4.2. The equicharacteristic assumption is used only via the
power series expansions used for defining £ and the characteristic polygon
“A(E;uq,us;y) prepared” on pp.1061-1062 of ibid.. But this is also charac-
teristic free by [22] theorem IIL.3.
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5.1 Reduction to local uniformization.

In this section, we deduce theorem 1.1 from its local uniformization form (*)
below. Let A be a field (resp. an excellent discrete valuation ring) and L be
a function field of dimension at most three (resp. of dimension at most two)
over A. We assume that the following holds:

(*) for every valuation ring V, A C V C L, L = QF(V), there exists a
finitely generated A-algebra B,

ACBCV, QF(B)=L

such that Bp is regular, where P := my N B.

Assume that (*) holds. We prove that theorem 1.1 holds after a series of
reductions. Note that it can be assumed that X’ is proper over C' by [47]. If
X\SingX is quasi-projective, it can be assumed w.l.o.g. that X is projective
by taking a Chow cover.

Step 1: it can be assumed that X is irreducible. Let Xj,..., X. be the
finitely many pairwise distinct irreducible components of X. We blow up
consecutively all scheme theoretic intersections X; N &}, ¢ # j, where &
denotes the strict transform of A}, in the blown up scheme (vid. proof of [20]
theorem 3.3). Note that /A\f/'z N ;(; maps to &; N X; C SingX’. This constructs
a projective and birational morphism

T ﬁzﬁ—m)(
i=1

isomorphic above SingX’. The theorem holds for X if it holds for each /'E-,
1<i<e.

Resolution of singularities is known if dim& < 2 [45], so we may assume
that X is irreducible and dimX = 3. At this point, the image of the structure
morphism s : X — (' is either a closed point Speck or C'.

In the former case, this is done in [20] proposition 4.8. The assumption
“Z [k is quasi-projective” in [20] proposition 4.8 is not used in the proof. We
may assume now that s(X) = C.

Step 2: it can be assumed furthermore that X and C' are normal. Since C'is
excellent, the respective normalizations X and C' of X and C' are finite [31]

116



corollary 7.7.3. We may therefore assume that X = X, then C' = C by the
universal property of normalization.

Step 3: construction of a projective birational morphism 7 : X — X with
X regular. To achieve this, it can be assumed that X itself is projective by
taking a Chow cover. The following rephrases [20] proposition 4.7, using the
characteristic free proposition 5.3.

Proposition 5.4. Let X and Z be two projective models of L and T :
Z--- — X be the birational correspondence and F C Z be its fundamen-
tal locus. There exists a composition of blowing ups with reqular centers
w: 2" — Z such that

(i) ™ is an isomorphism away from F;
(i) mo T is a morphism above F\SingZ.

The quasi-compactness of the Riemann-Zariski space of valuations of L
dominating an (unspecified) local ring of C' follows from [61] theorem 40 on
p-113 and Noetherianity of C. Regularity is an open property for projective
models of L because C is excellent. As indicated in [58] on p.539, Zariski’s
patching theorem only requires propositions 5.1 and 5.4 (here in our charac-
teristic free context) in order to deduce step 3 from (*). This proves (i) of
theorem 1.1 with 7 projective.

Step 4: achieving (ii). Let 7 be as in step 3, F C X be the fundamental
locus of 7!, We define

Fo := Zariski closure in X' of F\SingX.

Since X is normal by step 2, F; has dimension at most one. Applying the
techniques of [16] (see also [49] section 6), there exists a commutative diagram

é

X <
!

— M

X <& z

such that e (resp. €) is a composition of blowing ups with regular centers
mapping to SingX (resp. to 7! (SingX')) and the following holds, where F;
denotes the strict transform of Fy in Z:

(i) Fj is disjoint from SingZ;
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(ii) F3 is a union of connected components of the fundamental locus of
T Z2—- 2.

By (ii), there exists a nonempty Zariski open set U C Z with F; C U such
that U and U := (7)1 (Z\F}) glue together to a proper model X’ of L.

By (i), it can be assumed that U NSingZ = (), hence X” is regular. Every
exceptional point for 7 : X’ — X maps to SingX’ by construction. Hence 7
satisfies (i) and (ii) of theorem 1.1.

Note that X’ is projective if X is projective, which can be assumed if
X\SingX is quasi-projective as explained in the beginning of the proof.

Finally (iii) of theorem 1.1 is achieved by applying proposition 5.2 to the
the embedding 7~1(SingXx'),eq = X’. This concludes the proof.

5.2 Reduction to cyclic coverings.

In this section, we reduce the local uniformization form (*) of the previous
section to theorem 1.3. We may assume here that char(V/my) = p > 0, the
equicharacteristic zero version of theorem 1.1 being known.

Applying lower dimensional results [45], it can also be assumed that L
has dimension three (resp. dimension two) over A when A is a field (resp. an
excellent discrete valuation ring). Moreover, there exists a finitely generated
algebra B as in (*) of dimension at most two except if my N A = m4 and the
residue extension V/my|A/my is algebraic. Again by [45], it can be assumed
that

my NA=ma, V/my|A/my, is algebraic.

Finally, we may assume that V' has rank one applying [48] theorem 1.1
(valid in all dimensions) or using the dimension three techniques in [20]
proposition 5.1.

If Ais a field, (*) follows from theorem 1.3 by [20] theorem 8.1. As-
sume now that (A, ma, k) is a discrete valuation ring. In particular, we have
chark = char(V/my) = p > 0. We will prove that the equal characteristic
techniques of [20] extend to this situation. The proof of [20] theorem 8.1 ex-
tends without change when charA = p using propositions 5.2 and 5.3 instead
of [20] propositions 4.1 and 4.2 respectively. We thus assume that charA = 0.
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Let V' be a valuation ring as in (*). Assuming theorem 1.3, we will
construct B C V, QF(B) = QF(V) = L such that B, np is regular. Pick
a transcendence basis (x1,x2) of L over QF(A) with z1,29 € V. The ring
Alxy, 25| is a polynomial ring over A, hence is regular. Let Ly be the quotient
field of A[x1, 1), so the field extension L|Ly is algebraic. Let L|Ly be a Galois
closure. There exists a diagram of fields

L C L' ¢ " C L

1 T (5.1)
Ly € Li C L

given by ramification theory of valuations [61] section 12 as in the proof
of [20] theorem 8.1. The left-hand side (resp. middle) inclusions in this
diagram are unramified (resp. totally ramified Abelian of order prime to p).
The extension L"|Lj is a tower of ramified Galois extensions of degree p. In
order to connect ramification theory of valuations and ramification theory of
A-algebras essentially of finite type, we state the mixed characteristic version
of [20] theorem 7.2. For ramification theory of local rings, we refer to [3] (see
also [20] section 2 for a quick summary of the required notions and notations).

Definition 5.1. A normal model of V|A is a finitely generated A-algebra B,
AC BCV, QF(B) = L such that Bp is normal, where P := my N B.

Let L'|L be a finite Galois extension and V' be a valuation ring such that
QF (V') =L"and V"N L = V. We define a model B’ of V’|A by taking the
localization of the integral closure B of B in L’ at the prime my» N B.

Note that B’ is actually a normal model because A, hence B, is excellent.
Also note that if B’ is a normal model of V’|A, then B'N L = B'®F15) ig 5
normal model of V'|A since L'|L is finite Galois and A excellent.

Proposition 5.5. Let L'|L be a finite Galois extension and V' be a valuation
ring such that QF (V') =L and V' NL =1V.

There exists a normal local model By of V|A such that for any normal
model B of V|A with By C B, the following holds:

(1) G*(V'|V) = G*(B'|B) and G'(V'|V) = GY(B'|B);
(2) the normal model B := B'“" V') of V| A satisfies

B"/mpr = B /mp,
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where B is the inertia ring of B' over B, i.e. B! = BEEB) - More-
over the representation

p: G'(V'|V)/G"(V'|V) — GL(mpr/m%,), g+ (T — h.x)
15 fauthful.

We now prove that theorem 1.3 implies (*). To emphasize the depen-
dence on V', we say that (V') holds if (*) holds for a particular V. Given an
extension V of V to L, we denote by V}, Vi, Vi Ve, V" the respective valua-
tion rings L° NV, LiNV,L'NV,LyNV,L" NV. The strategy is to prove
successively that (xVy), (xVy), (xV7), (xV?), (¥V) hold. Note that (xV;) holds
by construction.

Firstly, (V) holds follows immediately from proposition 5.5 (1) as in [20]
corollary 7.3. Then (xV{') holds because Lj|L{ is a tower of ramified Galois
extensions of prime degree [ # p: the proof relies on proposition 5.5(1) and
the Perron algorithm as in [20] proposition 6.3. This is characteristic free.

To prove that (*V") holds, we may assume that L"|L{ is a single Galois
extension of degree p. Since charl = 0, any such extension is obtained by
taking a p-root of some element f € Vy .

Since (V7)) holds, there exists a normal model S of V| A which is regular.
Applying proposition 5.3, it can be assumed furthermore that f € S. We let
h:= X? — f € S[X], so the pair (S, h) satisfies the assumptions of theorem
1.3(i). This theorem then states that (x1/") holds.

Proving that (xV*), then (xV') hold are easy adaptations of [20] lemma
9.2 and proposition 9.1 respectively. The former one is characteristic free
while the latter one relies on proposition 5.5 (2). This concludes the proof.

5.3 Normal crossings divisors conditions.

In this section, we reduce theorem 1.3 to theorem 4.4. In other terms, it is
assumed that assumption (G) is satisfied and we must achieve conditions
(E) and (E)’ in order to apply theorems 2.23 and 4.4. This is proved in
proposition 5.7 below. Theorem 1.3 is then an immediate consequence of
theorem 2.23, theorem 4.4 and [23] Main Theorem 1.3. Theorem 5.15 proves
that the multiplicity of X can be made smaller than p independently of the
given valuation p (see introduction).
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Assumption (G) is not required in an important part of this step and we
prove a more general version for arbitrary multiplicity.

Lemma 5.6. Let S, h € S[X] (2.1) and n : X — SpecS be given. Assume
that dim.S = 3 and that h is reduced. There exists a composition of Hironaka-
permissible blowing ups (2.16) w.r.t. E=0:
X= <L X
l l
SpecS < &
such that 7(Sing,,X’) C =1 (mg).

Proof. This statement means that there exists a diagram

X=X & ox & oy =X
| ! l (5.2)
SpecS =18, & § L& 0 28 =8

where each morphism 7;, 0 < i <n — 1, is the blowing up along a Hironaka-
permissible center ); C X; w.r.t. the reduced exceptional divisor E; of 7() :
X; — X. It can be assumed that dim(Sing,,X) > 1.

Let y; € &; denote the generic point of such a Hironaka-permissible center
Y, C X; wr.t. E;. We define:

A; = {y € Sing,, &; : dim Oy, , = dim Oy () = 1},
0 = max{d(y),y € A;}, Ny :=t{y € A;: (y) = 9}
Let ¢ > 0. We claim that

{(5i+laNi+1) = (05 N;) if dimoXﬂr(”(yi)

. . 5.3
(Oi1, Niyr) < (6, V;) if dim Oy 0 (y,) (5:3)

v

2;
1.

Namely, this is an obvious consequence of the definition if dim Oy ra)(,,) > 2.
If dim Oy )y, = 1, let y € Xy with mi(y) = y;. We have
(m(y),d(y)) < (m(y:),0(y:) — 1)

by proposition 2.6 applied for n = 1 and the claim follows
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Pick y € A; with §(y) = §; and denote Y := {y} C X;. By proposition
5.2, there exists a composition of blowing ups Xy — A& with regular centers
contained in the successive strict transforms of ) such that 7, ()) has normal
crossings with Fy, where )’ denotes the strict transform of ) in X;. Then
V' itself and each blowing up center in X;; — X; are Hironaka-permissible
w.r.t. By because m(y) = p.

We have (§;, Ny) = (d;, V;) by (5.3). Taking as blowing up center Yy :=
Y’ also gives (041, Niry1) < (d;, V;) by (5.3). Since A; is a finite set and
0; € %N , there exists an index i; > 7 such that A;, = () and this is preserved
by further Hironaka-permissible blowing ups w.r.t. £ = ().

Since A;, = (), we are done unless 7()(Sing,, X;,) = C, where C has pure
dimension one. Let C' C SpecS be an irreducible component of 7(C) and s
be its generic point. Note that the stalk (AX;)s at s of the S-scheme X; is
embedded in the regular scheme of dimension three SpecSs[X] for i = 0 and
in an iterated blowing up along regular centers of the former for ¢ > 1. By
proposition 5.2, there exists a composition of Hironaka-permissible blowing
ups X! — (X;,)s w.r.t. (E;)s such that Sing,, X! = 0.

Let Vs C (AX;,)s be a Hironaka-permissible center and ) C &, be its
Zariski closure, so in particular we have ) C Sing, X;,. Since A;, = 0,
Y is either (1) a curve mapping onto C, or (2) a surface mapping to some
irreducible component of Ej, .

In situation (1), there exists a composition of blowing ups along closed
points Xy — A&, such that n; () has normal crossings with Ej , where )’
denotes the strict transform of J in & .

In situation (2), ) itself is Hironaka-permissible w.r.t. E; and we let
iy =1

In both situations, we may blow up Xy along )’ and iterate: this pro-
duces an index iy > i; and a composition of Hironaka-permissible blowing
ups &;, — &;, wr.t. FEj; such that n7'(s) N 70 (Sing,, X;,) = 0. Applying
this construction to the finitely many irreducible components of 7(C) proves
the lemma.

Proposition 5.7. Let X' satisfy the conclusion of lemma 5.6 and E' C S’
be the reduced exceptional divisor of . Let D C SpecS be a reduced divisor.

There ezists a composition of Hironaka-permissible blowing ups (2.16)
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w.r.t. E':

X' L/ X"
! !
S’ (U_/ S

such that the strict transform D" of D is empty at each point of " (Sing,,,X"),
where n" : X" — 8" is the projection.

Proof. Let P :=1(D) C S. The problem is to find a sequence (5.2) which
monomialize P, i.e. such that P, := POg, is a monomial with components
at normal crossings with F,.

Let us write P, := H;(Q); where H; is a monomial whose components are
components of F;. At the beginning, H = Hy = 1. The strategy is to get
P,=H,, Q, =1 at the end.

We consider the idealistic exponents (h, m) and (@, b) living in SpecS[Z],
where b =ord,,,(Q)). We make a descending induction on b: the case b =0
means that we get the conclusion of 5.7. Each pair of blowing ups ;, o; is
locally centered at some Y; and 7(Y;) respectively, and is Hironaka-permissible
for h (resp. Q;) w.r.t. E;.

Let Py =: H;i110Q);+1 where (Q; 11 is the strict transform of ;. This means
that (Q;41,0) is the transform of (Q;,b). When ord,,, (Qi+1) < b, we have
strictly improved and we go on with the new idealistic exponent (Q;41,0),
with 0" :=ord,,,, (Qit+1). To define a sequence of o; is a consequence of [19]
Theorem 0.3 (Canonical embedded resolution with boundary), the problem
is the sequence of 7;, i.e. to define the pair (o, ;).

To avoid cumbersome notations, from now on, z;, .S;, &X;,etc.; are denoted
by z,S, X,etc. and x;,1,Sii1, Xip1,etc.ip1 by 2/,5, X' ete. Let us define
VDir(z, D) as VDir(h) + VDir(Q). This is a vector space of codimension
7(z, D) in the Zariski’s tangent space of X at x. Of course, 7(x, D) > 2.

Lemma 5.8. Let m be the blowing up along Y which is permissible for both
(h,m) and (Q,b). Let ' € 7w '(x) be such that m(z') = m(z) = m and
ord, Q)" = b. Then a’ is on Proj(S/IDir(z, D)). In particular, ' is on the
strict transform of div(Z).

Proof. By proposition 2.15 and remark 2.3, we have Dir(F') = Max(F') except
if p =2 and

F = XNZ%+ XNUP + MUZ + M U2)%, [ (M, A\g) k] =4 (5.4)
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up to a linear change of variables, A # 0, a > 1. By 4.1, z is good. Since
m(x") = m(x), we have

o' = V(UL + \NUZ UZ + NUZ, 72 + M \U2)

on '~ (x) = Proj(k[Z, Uy, Us, Us] /(F)).
Since ord,/ Q" = b, the initial of @) cannot verify (5.4) (only the last three
variables occur). Therefore

2’ € Proj(S/IDir(h)) N Proj(S/IDir(Q)) = Proj(S/IDir(z, D)).

Let us come back to the proof of proposition 5.7. We discuss according
to the value of 7(z, D).

When 7(x, D) = 4, the blowing-up centered at x makes b strictly drop.

When 7(z, D) = 2 or 3, then, if we blow up along z, then 7(z’, D") >
7(z, D). In case 7(x,D) = 3, we make only blowing ups at closed points.
Either for some n, (m(xy),0rd,, (Qn)) <iex (m,b), then we stop at this n;
or we have equality for n > 0. Then, 7(x,,D,) = 3, n > 0, by an usual
argument, the x, are all on the strict transform of a curve C, which, for
n >> 0 is permissible for both (h,m) and (@,b) and n(C,) is transverse
to E,. Then at step n in (5.2), we blow up along C,. By lemma 5.8,
(m(xn+1)70rdwn+1 (Qns1)) <tex (M, 0).

When 7(x, D) = 2, we can choose Z, u3 such that

VDir(Q) =< Us >, VDir(h) =< Z > mod(Us).

Remark 5.1. If there is a component Y of dimension 2 in Sing(h, m)NSing(Q, b),
then, we can choose the parameters so that I(Y) = (Z,u3). Then @ €
(z,u3)’, i.e. @ = uf, up to multiplication by an invertible. Then, if Y has
normal crossing with E, we blow up along Y: 7 is the blowing up along Y
and o is the identity. In fact in S, we just add n(Y) = div(uz) to E and we
get b= 0.

We also note that (h,m) N (Q,b) = (hQ,m+b). In other words, we have

Sing(h, m) N Sing(Q, b) = Sing(hQ, m + b)

and permissible centers are the same for (h@Q), m + b) and for (h, m) N (Q,b).

Then we apply those techniques from [19] 10, 11, 12. More precisely,
if for some ng the number b just strictly drops, we call “old components”
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the components of E,, at x,, which are components of H and, for n >
no, at x,,n > ng with b(x,) = b(x,,), the strict transforms of this old
components. The first step is to reach the case where x,, is not on the strict
transform of this old components: the invariant is (m, b, o(x)) where o(x) is
the number of these old components. In the language of idealistic exponents,
we desingularize (hQQo, mbo(z)) where Qo is the equation of the reduced
divisor whose components are the old ones. Then we look at the directrix
of hQQo. When its codimension denoted by 7(hQQo) is 3 or 4, we play
the same game that above with 7(z, D) = 3 or 4. We reach the case where
T(hQQo) = 2. This means that either Qo = 1 (no old component) or there
is one old component which is tangent to Q.

Then we look at the characteristic polyhedron A(hQQo, z, us, u1,us) as

in [19] Section 7.
e Case A(hQQo, z, us, uy, up) = . This is equivalent to hQQq € (2, uz)™"®),
i.e. this is equivalent to dim(Sing(hQQo, mbo(z)) = 2. So QQo = u?bo(x),
call Y := V(z,u3), in fact, at step ng, as b(z9) = b(z), Q was a b(xg) power
and, if at x there is one old component, it is a factor of (): this is impossible,
therefore o(x) = 0.

So, at x, F is a union of components which are exceptional divisors of
the blowing ups o,, n > ng. By [19]Theorem 8.3, they are transverse to
ug: Y is permissible for (hQQo, mbo(z)) and transverse to E. We apply the
first statement of remark 5.1.

e Case where dim(Sing(hQQo, mbo(x)) < 1. Then, we apply [19] Theorem
5.28 which gives the result if chark(xz) > 3. This hypothesis p # 2 is used
just to get Dir(F') = Max(F') at each step, but we showed above in lemma
5.8, that the only case where Dir(F') # Max(F') stops after blowing up the
closed point .

Proposition 5.9. Assume furthermore that charS/mg = p > 0 and (S, h, E)
satisfies condition (G). Take

D :=div(pDiscx (h)I(E)) .

Let X" satisfy the conclusion of proposition 5.7 and E" := o/ " (E') C S”,
then we have (G) (E) at x” .

Proof. Indeed, E” is the exceptional divisor of ¢’ and the centers of the
blowing ups in 5.8 project on n(z): the residual characteristic at the generic
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points of the exceptional components of ¢’ is p, so E”U (strict transform
of)p C div(p). By 5.7, in S”, the strict transforms of div(p) and of Discx(h)
at n(z”) are empty.

Proposition 5.10. Assume furthermore that charS/mg =p > 0 and (S, h, E)
satisfies condition (G), (E).

There ezists a composition of Hironaka-permissible blowing ups (2.16)
w.r.t. B':

X = L )E-
| o
S// L S

such that for every s € f](Singp/'\;), X; satisfies conditions (G) and (E)’.

Proof. To begin with, X7, satisfies conditions (G) and (E) at each s” €
1" (Sing,X"). By proposition 2.3(i), we may assume

6(x)
Let us define the triple (a(1), a(2),a(3)) € N? as follows:

v
—

(5.5)

H = u?(l)ug(mug(?’), E C div(ujusug), div(u;)) C E, 1 <i<e,

and a(i—1) < a(i), 1 <i<e. Wedefine N(z) or N for short as the number
of components div(u;) of E with a(i) minimal, i.e. a(i) = a(1).

We may assume that (w(x),x(z)) > (p,2). We will prove that, after
performing a sequence of permissible blowing ups, we can reach the case

a(l) > p.

Lemma 5.11. With the notations of proposition 5.10, we blow up the origin
x. Let x' be a point w-near x (i.e. w(x') = w(x). Then:
(i) with obvious notations,

(a(l)v a(2), a(3)7 _N(x)) <lex (a(l)/a a(2),7 a(3)/’ —N(:L‘/)), (56)
(a(1), =N(2)) <iea (a(1)', =N (2")),

(i) (a(1), —N(z)) = (a(1), —=N(z')), implies that z’ is on the strict transform
of div(uy).
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Proof. Let us blow up the origin, let 2’ be a point w-near x.
First chart: 2’ € SpecS| X', uq, uj, u}], where

(X’,ul,u’z,ug) = (X/U1,U1,U2/u1,u3/ul).

s ra@ra@) e =p, s a2 a3 et ug remark that the
e( ) = p implies €(z) = w(x) = p, a(2) = a(3) = 0, so,
= div(uy). So, if 2’ is w-near x, VDir(z) C< Uy, U3 >
which contradicts the hypotheses of 5.10. So

)+

We have H(z2') =
equality a(2) + a(3)
by (5.5), a(1) > 0: E
this implies k(z) = 2,

a(l

If N(z) = 3, ie.

a(l a(2) = a(3), then, a(l
N(z') < 3 and (a(1),
(1

a(2) +a(3) +e(z) —p > a(l). (5.8)
a(1)" implies that
)

)
a(2),a(3)) < (()() If N(z) = 2, ie.

(2),a a(3 )
a(2) = a(1), then a(1) = a(1)" implies that «’ is on the strict transform of
up: N(2') =1 and (a(1),a(2), a(3 )) < (a(1)’,a(2)’,a(3)). When N(z) =1,
then a(1) < inf{a(2),a(1) + a(2) + a(3) + €(z) = p} < a(1)’,

Second chart: z’ € SpecS[X’, uy, ub, uj|, where

2).a(3
ol

(Xla ullv Uz, Ug) = (X/u27 ul/“?a Uz, US/MZ)-

If z" is not in the first chart, then it is on the Strict transform of V(X, u;). We
have H(z') = u’la(l)ug(l)+a( Jra@rele)=p,, 1@ When a(1) + a(3) + ¢(z) > p,
it is easy to see that we get (i). Moreover 1f N(x) > 2, then N(z') < N(z),
in fact the inequalities are strict in (5.6) and (5.7). Let us remark that the
equality a(1) + a(3) + €(z) = p implies €(z) = w(x) = p, a(1) = a(3) = 0, so,
by (5.5), a(1) = a(3) =0, a(2) > 0: E = div(ujuy), N(z) = 1; as k(x) > 2,
VDir C< Uy, Us >, as 2’ is w-near x, VDir C< U; >. In this last case, (i)
and (ii) follow easily.
When 2’ is the point at infinity, i.e. 2’ is the point with parameters

(X,7 ullv ul27 Ug) = (X/U3, ul/u?n u2/u37 U3)7
then H(z') = u} My, 2@ g Te@+a@+e@)=p pe reader ends the proof.

Lemma 5.12. We assume Y := V (X, uy,u;), i # 1, is a permissible curve
and we blow up along Y .

(i) When'Y is of the second kind, ' is on the strict transform of div(u,)
and we have (5.6) and (5.7) at &', except in the case

E =div(uy), a(l) =0, w(z) =p. (5.9)
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(i)-1 If (VDir(xz) =< Uy+AU, >, div(uius) = E, and either (a(1),a(2)) #
(0,0) or w(x) # p), then: a(1l) < a(l)" or we make a(1) strictly jump by the
blowing up centered at x followed by the blowing up centered at Y’ the strict
transform of Y.

(ii)) When'Y is of the first kind,

(11)-1if < Uy >%# Idir(z), either k(z') = 2 or (a(1), —N(x)) < (a(1), =N (2)).
Furthermore a(1) = a(1)" and x(z') > 3 implies that i = 3, a(2) = a(1),
Idir(z) =< Uz >,div(us) ¢ E. and we have (5.6);

(i)-2 if < Uy >= Idir(x), then a(l) < a(l)’. When a(l) = a(1)’, the
inequality N(z) = 1 < N(2') implies div(w;) ¢ E and w(z) = e€(z) = p =
e(2’), N(2') = 2 and degy; (ing (F} x/u,) = p, where U] = (ing (u1/u;)). When
a(l) =a(l) and N(x) =2,i =2 then N(z') = 1.

In all cases, the equality a(1) = a(1), N(x) < N(z') implies that ' is
on the strict transform of div(uy).

Proof. We first prove (ii)-1.

We have three different cases Idir(z) =< Uy, U; > or (Idir(z) =< Uy +
AU; >, div(uu;) C E, X € k(z)*) or Idir(z) =< U; >.

In the case Idir(x) =< U;, U; >, there is no 2’ w-near z.

In the case Idir(z) =< U; + A\U; >, div(uju;) C E, there is at most
one x’ w-near z, ' is neither on the strict transform of div(u;) nor on
the strict transform of div(u;), let ¢ be the exceptional parameters, H' =
gera@+e@-py 20 5 oL 1 When a(i) + e(z) —p > 0, (a(1), =N (x)) <ies
(a(1)’,—=N(z')). In the extreme case a(i) + e(x) — p = 0, we have €(z) =
p, a(i) =0,i=2,7 =3, a(3) > 0: so E = div(uyugus). By [21] IL.5 page
1896, in,(F,,) = 7U§(3)(U1 + AU2)P, v € k(x)*. Either a(3) # 0 mod(p),
or 7 is not a p-power, as 2’ is rational over z, this leads to w(z’) = p and
k(z') = 2.

In the case Idir(z) =< U; >,div(u;) ¢ E, then, as k(z) > 2, we have
e(r) = 14w(zx). Without loss of generality, we suppose i = 3, ' is the point of
parameters (X', uy, ug, us) = (X/uy, uy, ug, us/uy), H(z') = u‘f(l)Jre(x)_pug(Q),
we get

a(1) = inf{a(2),a(1) + e(x) — p}.

We thus have 5.6 and (a(1), =N (z)) <jex (a(1)’, —N(2)).
In the case Idir(z) =< U; >,div(w;) C E, we suppose a(i) > a(1), else,
we can permute uy,u; and we are in case (ii)-2 with N(z) = 2, and as we
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will see below, (a(1), =N(z)) <ter (a(1)’, —N(z')). Then
a(1)" Zz inf(a(1) + e(x) + a(i) — p, a(2),a(3)),

it is clear that (a(1), =N (x)) <jex (a(1),—N(z')) and that (5.6) is true at

.

Proof of (ii)-2. When €(z) = w(z), we get in,(F), x) = va(x), v € k(x)*.
We make the case where Y = V(X,uy,u3), 2’ is the point of parameters
(X', ul, ug, ug) = (X /us, uy Jug, ug, us/usg), H(z') = u’la(l)ug(Q)u§(1)+a(3)+e(x)_p.
As €(x) > p, we get a(1) = a(1)’; when ¢(z) > p, then N(z') < N(x); when
€(z) = p,a(3) = 0. Then by construction of our triple and because §(z) > 1,
we get div(uz) € E and N(2') > 2 and F, x» = yu}” mod(us, us), this gives
the last assertion. The case Y = V (X, uy,us) is left to the reader.

When ¢(z) = 1+ w(z), we get in,(F,x) = VUDU; 4 G(Ul,in(x)),
v € k(x)*, G homogeneous of degree e(x) = 1+ w(z). Without loss of
generality, we suppose i = 3. z’ is the point of parameters (X', u}, us, uz) =
(X /usz, uy/us, ug, us/uz), ' is on the strict transform of div(u;) and we have
H(z') = u;*Dug@ug VOO We get a(1) = a(1), N(2') <jee N(2)
and (5.6).

Proof of (i). There is a free variable transverse to Y: we give it the index
3: this means i = 2, div(us) ¢ E and

inw(Fp@) - UgG(Ul, UQ) + K(Ul, U2), G % 0,

G homogeneous of degree w(z), K = 0 or K homogeneous of degree 1+w(z).

We have three different cases (Idir(x) =< Uy, U > or Idir(z) =< Uy +
AUs >, div(uqug) C E; X\ € k(x)* or Idir(x) =< U; >, i =1,2).

In the case Idir(x) =< Uy, Uy >, there is no 2’ w-near x.

In the case Idir(z) =< Uy + AUy >, div(wuz) = E, then G = v(U; +
AUy)*@) € k(x)*: 2’ is the point of parameters (X', uy, v, uz) := (X/u1, 1+
Ny /uy, us) where X is a pull back of A in R. Then H(z/) = y{M @+ @=r
it is easy to see that a(1) < a(1)’ except in the exceptional case a(1) = a(2) =
0, w(z) = p.

Then it is successful to blow up the origin: 2’ is a point on the strict trans-
form of V(X u;+Nuy). Either 2’ is the point of parameters (X', u}, ub, u3) :=
(X/usz,uq/us, us/ug, uz), then Y’ the strict transform of Y is permissible of
first kind, by (iii), the blowing up centered at Y’ will give a strict jump
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of a(1) or we reach the case r(z) < 2. Or 2’ is in the first chart, and,
H(z') = u‘f(l)+a(2)+e($)_p = uy, then a(1) =0 < 1 =a(l)".

Case Idir(z) =< Uy >, i.e. G =US™ | 4 € k(z)*: 2’ is the point of pa-
rameters (X', uq, ub, u3) := (X/uy, ug/uy,us), H(x') = uﬁ(l)+a(2)+w($)_pu’2a(2).
Then we have (5.6) and we have (a(1),—N(z)) <. (a(1l),—N(z')) with
strict inequality except in the extreme case a(2) = O,w(zx) = p, E C
div(ujuz) which implies (a(1) = a(2) =0, £ = div(ujuz)) or E = div(uy).

In the subcase F = div(u;), then it is successful to blow up the origin: in
the first chart, a(1)’ = a(1) + €(x) —p = a(1) + 1, there is no w-near point in
the second chart and if the point at infinity z’ is w-near z, then s(2") < 2.

In the case a(l) = a(2) = 0,w(z) = p, E =div(ujus), as a(l) < a(2): wy
and us play symmetric roles. We reach the following case.

Case Idir(z) =< U; >, ie. G = AU, v € k(z)*: 2/ is the point
of parameters (X', u},us,u3) := (X/ug,us/us,us,u3). Then we compute
that H(z') = u*DysWTe@T @2 Then we have (a(1),a(2),a(3)) <ies
(a(1),a(2),a(3)"), N(z') < N(z) except in the case E = div(uy), a(l) =
0, w(z) = p.

Lemma 5.13. With notations as before, we have:

(i) in the case N(z) = 3, we blow up the origin x: then (a(1), N(x)) <jes
(a(1Y, N());

(ii) in the case N(x) = 2, we blow up the origin, the equality (a(1), N(x)) =
(a(1)', N(z")) implies that ' is the point on the strict transform of V (X, uy, us).

Proof. Clear by lemma 5.11.

As a consequence of lemma 5.13, we can reach the case N(x) = 1. Indeed,
in the case N(z) = 2, by 5.13 (ii), after a finite sequence of blowing ups
centered at the points above x on the strict transform of V(uy, us), we reach
the case where (X, uy, ug) is permissible of the first kind, by lemma 5.12 (ii),
if k(") > 3, then N(2') = 1.

The case N(x) =1 is not stable, the stable case is (5.10) below.

Lemma 5.14. With notations as before, we assume
N(x)=1or (N(z) =2, w(z) = e(x) = p and degy, (in,(F,.) = p). (5.10)

We suppose that x is not combinatoric (definition 4.3).
(i) We make a permissible blowing up of the first kind: we blow up either
the origin or V(X,ui,w;) © = 1 or 2 if it is permissible of first kind. Then If
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2’ is w-near x and a(l) = a(l)" and k(z') > 2, 2’ is on the strict transform
of div(uy) and (2',u}) verifies (5.10).

(i) We make a permissible blowing up of the second kind. Then if the
permissible center is mot in the intersection of two components of E, x’ is
w-near x and a(l) = a(1)" and k(z') > 2, ' is on the strict transform of
div(uy) and (2',u}) verifies (5.10).

Let (wo, —a, Ny) be the values of w(z), —a(l), N(zx) at our initial point.
As a consequence, div(ui) has mazimal contact for the condition C defined

C (i) if w(z) = p, any component of dimension 1 of Sing,(X Ndiv(uy) is in
div(u;) C E, i=2,3),

C (ii) (5.10) holds,

C (ui) (w(x), —a(1)) = (wo, —a),

C (i) x is not combinatoric.

Proof. The case N(z) = 1 is a consequence of lemma 5.11. Let us look at
the case N(z) = 2, w(z) = e(x) = p and degy, (in,(F,,)) = p. Note that
VDir(z) € (U, Us).

Case of blowing up centered at the origin.

First chart: 2’ € SpecS| X', uq, uf, u}], where

(X,7U17U/27U,3) = (X/Ulaul,u2/u1,u3/u1).

Then

H(a') = g0 o@Ha@ @, ra@)03) _ ) +a(2)+a®)10(2), 1) _ 200)40()1a1) 1),

When a(1) = a(2) >
(a(1)’, N(z')). When a(1)
0 = a(l). So a(l) = a
div(ug). As VDir(xz) € (Us,Us) and as 2’ is not on the strict transform of
div(uy), Uy + AU; € Idir(z)mod(Us), for some A € k(z)*: 2’ has parameters
(X' up,uy,v := 14 Aug). Note that x(z) # 2 implies div(uz) C E. We
have a(3) # 0 mod(p), else x would be combinatoric, so a(1) +a(2) + a(3) #
0 mod(p), H(«') is not a p*"-power up to multiplication by an invertible. We
get €(2’) = p and V' € Idir(2’) mod(Uy, Uj) which gives k(2") < 2. There is
no ' satisfying the conditions of lemma 5.14 in this chart.

a(2) =0, as §( C; > 1, then a(1) +a(2) +a(3) >

0, a(1) + a(2) + a(3) > a(1), so (a(1), N(z)) <
(1) implies that 2’ is on the strict transform of

Second chart: 2’ € SpecS[X’, u}, us, uj|, where

(X,7U,17U2,U§) = (X/U27U1/U2,U27U3/U2).
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If 2/ is not in the first chart, then

H(2!) = o, 8@y 20 +a@ +a@e@)—pyra®) _ ralh) 2a(1)+a(3),ral1) s a®).
We have u)(z') = 0. As above, when a(1) = a(2) > 0, a(1) + a(2) + a(3) >
a(l) = a(2),so a(l) = a(l), N(z) =2 < N(z') = 1. When a(1) = a(2) =0,
then a(3) > 1, so a(l) + a(2) + a(3) + e(x) —p > 0 = a(2), a(1l) = a(1),
N(z) =2 < N(2') = 1. The reader makes the point at infinity and the cases
of blowing ups centered at V (X, uy,u;) i = 1 or 2 if one is permissible.

Blowing up of the second kind. Then e(z) = 1 + w(x) > p, so N(z) =1,
there is a free variable transverse to the center, without loss of generality, we
suppose it is ug, so the center is V (X, u1, us). The statement is a consequence

of lemma 5.12(3).

End of the proof of proposition 5.10. We start with a point x not combi-
natoric with N(x) = 1, then we make a sequence of blowing ups
There exists a composition of blowing ups centered at closed points

X — T X
! o
S// L S

such that at the center x of our valuation, we have (5.10), there is locally
at most one component C' of dimension 1 in Sing,(X) which is not in two
different components of F, C' is permissible at z of first kind. Then we blow
up along C: we reach the case where conditions C(i)(ii)(iv) are true at z,
then we define (wp,a) = (w(z),a(l)). The proof ends with theorem 6.11
below.

Theorem 5.15. Assume that (S, h, E) satisfies assumption (G). For every
valuation p of L = Tot(S[X]/(h)) centered at x, there exists a finite and
independent composition of local Hironaka-permissible blowing ups (4.2) such
that m(x,) < p.

Proof. By proposition 5.10 it can be assumed that (S, h, F) satisfy both con-
ditions (G) and (E)’. Therefore the theorem follows from theorems 2.23 and
4.4 by descending induction on «(z), {z} := n~*(mg).
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6 Maximal contact

We assume in the whole section that (S, h, E) satisfies conditions (G) and
(E). We complete the proof of proposition 5.10 in this section by proving
theorem 6.11. This theorem is given a much more general form than required

since it will be used repeatedly in [24] in order to prove special cases of
theorem 4.4.

Definition 6.1. We say that div(u;) C £ C &, has “weak maximal contact”
for some condition C if the sequence of blowing ups along the centers x,,.; €
Xnti of p,

Xosom — Xopm1 — .. X1 — Xy, (1)

is such that all the x,,; w-near x,, are on the strict transform of div(u;) C
E C X, and verify C or if for some m > 0, x,,,, is good.

We say that div(u,) C E C &, has “maximal contact” for some condition
C if for any sequence of w-permissible blowing ups

Xn+m — Aptm—-1 — ----Xn—i-l B Xna (2)

all the z,,4; w-near z,, are on the strict transform of div(u;) C £ C X, and
verify C or if for some m > 0, x,,,, is good.

The aim of this section is to prove theorem 6.11 below. The arguments
are quite similar to [21] chapter 4 pages 1957 and following.

First we look at what can be achieved by blowing up closed points. We
make the infinite sequence of blowing ups centered at x; € X;

(X =: Xo,x0) — (X, 1) — -+ — (X, zp) — -+, (6.1)
where z; € X is the center of p.

Proposition 6.1. We suppose that div(uy) has weak mazximal contact for

some condition C, div(uy) C E Cdiv(uius), w(z) = e(x) and Us € Idir(x) mod(Uy, Us),
where Idir(x) is the ideal of the adapted directriz 2.17 then

(1) if u is archimedean, in the sequence 6.1, for some ig, one of the following

15 true:

(i) w<xio) < w(x),

(11) w(z;y) = w(z) and C is not true at x,.

133



(2) if div(uy) has mazimal contact, there exists a sequence of w-permissible
blowing ups

(X =: Xo,z0) «— (X1, x1) — -+ — (X, zp) — -+, (6.2)

such that, for some ig, (i) or (ii) above is true;

(8) by a finite sequence of blowing ups centered at closed points, we reach the
case where (X, uy,ug) is permissible of the first kind with the assumptions
above.

Proof.

We may suppose Us € Idir(z).

We blow up along x, by the assumptions, the only possible w-near point
is the point 2’ of parameters (X /ug,uq/ug, us,us/us) and the assumptions
are true at x’. Then, if we repeat, we make a quadratic sequence along a
formal arc ¢ of ideal (X, uy,us)mod (usz), by 3.8, we get (3).

Then, (1) is an easy consequence of (3).

In case (3), we blow up along V(X,u,us), an w-near point is on the
strict transform of uz and X and by hypothesis of u; also: there is none.

Notation 6.1. We set m(z) the number of components of E going through
x. div(uy). If m(z) = 1, i.e. E = div(uy), we set v := oco. In the case
m(z) = 2, we suppose div(ujus) = E. By definition of maximal contact or
weak maximal contact, after an eventual blowing up centered at the origin,
we may suppose m(z) > 2.
(i) Cases 1 and 2.

e(x) = w(x).

Case 1 is FE = div(ujusg), case 2 is E = div(ujusus).

We suppose that (X, uy,us, u3) are well adapted variables. We look at
the characteristic polyhedron A(h;uy, us, us; X) = A(h;uy, ug, ug; X).

We translate A(h; u1, ug, ug; X) C R3 of —(dy, da, d3) (d; is defined in 2.9),
then we make a stereographic projection of the translated polyhedron from
(w(z)/p,0,0) on the plane x; = 0 where the coordinates in R? are denoted
(21, z9, x3), followed by the homothety of center (0, 0) of ratio ﬁ. Let pr(A)
be the obtained polyhedron.

With notations as above, let us denote
Ay = inf {x5|(wq, x3) € pr(A), Az :=inf {x3|(xq, x3) € pr(A);

B :=inf {x9 + x5 | (22, 23) € pr(A);
C:B—AQ—A3ZO,
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B :=inf {x3 | (Ag,x3) € pr(A).
V(X ur, ug, u3) == 1+ |C] when div(ujugus) = E (case 2),
V(X uy, ug, u3) :=sup{l, [#]} if £ = div(ujus) (case 1).
[3] means the smallest integer greater or equal to .
As all the vertices of the translation A(h;uq,us,us; X) have module >

%, we have

B >1.

B # 0, else if we denote h := X?+ 37  XP7'F,, ord,, (F;) > idy + iw(x) >
1dy, 1 <1 < p, which contradicts the definition of d;. By the same argument,
A; # 00, 1=2,3.
(ii) Case (ii)

e(x) =14 w(x).

Then E = div(ujus), we translate A(h; uy, ug, uz; X) C R? of —(dy, dy, —1/p):
this translated polyhedron of R? may have vertices with negative third coordi-
nate. Then we make a stereographic projection of the translated polyhedron
from (w(x)/p,0,0) on the plane z; = 0, followed by the homothety of center
(0,0) of ratio ﬁ. Let pr(A)s be the obtained polyhedron.

With notations as above, let us denote
Ay = inf {z3|(wq, x3) € pr(A)s, Az :=inf {x3|(xq, x3) € pr(A)s;

Bs :=inf {x3 | (As, x3) € pr(A)s,
v = sup{l, [3]}.

Obviously, these definitions may depend on (uq,us,us), but, except for
B3, not on X, since A(h;uy,ug, us; X) is minimal and A,, B and C, (3, v are
computed by evaluating the minimum of a linear function on some (linear)
projection of this polyhedron. When there is a risk of confusion, we will
make explicit this dependence on (uy, us, ug) by writing A, (uq, us, us), ete...
We also use the notation A,(x), A.(2'), etc... when dealing with a blowing
up e¢: X' — X and 2’ € e”!(z). In this case, we always compute invariants
wrt. B = (e E)eq

Remark 6.1. Theses numbers B, A, can be computed directly from the equa-
tion h.
In cases 1-2, let (a, b) strictly positive real numbers such that

with the convention d3 = 0 when div(uz) ¢ E.
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Then a
B(uy, ug, uz) = Sup{g|v(a,b,b)(h) = p},

the couple (a,b) giving the sup above is said “defining B”. See the analogy
with [21], theorem I.4 equation (3) page 1962. As B > 1, we have a > b.
In cases 1-2-3, let (a, b) strictly positive real numbers such that

afdy + ) 4 by — 1,
b
then

a
AQ(ub Uz, U3) = Sup{g|U(a7b,0)(h/) = p}7

this suitable couple (a,b) is said “defining A,”.
We denote by Ho

Hy = in,, ., (h) = X"+ > XP7'd;, &; €

1<i<p

[Uly U2]7

(1, u2)

where (a,b) “defines Ay”. See the analogy with [21], theorem 1.4 valuation
1 page 1962. We expend the ¢;,1 <7 < p:

=Y Uiy, i) = 7 = Aoj
where § =1+ Ay(d; + w(2)).
As we will see in 6.4, 6.7, after the blowing up of one closed point, we
will get ®; = 0 for 7 # p — 1, p. With this hypothesis, we denote:

®, = Uy Uy @ Us( Z AUF ),
with \; € m A; = 0 or invertible, \; = 0 when Ay ¢ N,
(p—1)d1yr(p—1)d2 (p 1)d S
o, 1 =AU, U, u , A€ (X, u1,u2)

a(j) = pd;, div(u;) C E, by convention, ds = 0 when div(uz) ¢ E. In case
1, we see that § = inf{c(i)/i} when ®,_ =0, 5 =0 when ®,_; # 0.
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By analogy, in case 3, we define § = inf{c(¢)/i|\; # 0} when @, ; =
0, ﬁ—OwhenCI)pl # 0. We have (3 = —Zﬁwhen@p_l # 0, O3 =

mf{c(Z L\ # 0} when ®, ; = 0. In the case ®, ; = 0, let iy such that
By = 22=1 4nd i5 such that 8 = C(Z3 . By definitions, 3 = C(“” < i2) and

2 - 12

By = cliz)=1 5(133 then, in case 3

12 -

O3<B,03<NeN = g<N. (6.3)

In case 2, § = inf{c(i)/i|\; # 0} when ®,_; =0, § =0 when ¢, 4 # 0.
In case 2, let (a,b) strictly positive real numbers such that

CL(dl —|— #) —I— bdg = 1,

then

a
As(uqg, ug, uz) = sup{g|v(a70,b)(h) = p}.
Proposition 6.2. In cases 1,2, let (a,b) defining B, we define Hg by
HB = iny(a’b’b)(h).

Then
HB = X? +(I)p 1X—|—(I) S k(SL’)[X, Ul,UQ,Ug],

with ®,_1 =0 or ®,_1 = —7,— IZHJ 1 ]” b Yo-1,z € k(x), with A, ; €
(p—1)N,1<j<e, and y,_1,7 € S a unit.

This a consequence of 2.14.

Proposition 6.3. In case 3, let (a,b) strictly positive real numbers such that
( ) +bdy =1
p

we define Bs(uy,ug, uz) = sup{%|v(a,b,b)(hugl) =p}.
We define Hgs by

HBg = il’lv(a,b,w(h).
Then
HB3 IXp—f—Xq)p,l—i-(I)p S k'(ZC)[X, Ul,UQ,Ug]. (64)

with @, 1 =0 or &) 1 = =y, 17 [[5-, u;"”l‘j, Y1,z € k(x), with A,_;; €
(p—1)N,1<j<e, and y,_1,z € S a unit.
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This is a consequence of 2.14.
Now we follow [21] chapter 4.

Proposition 6.4. ¢f. [21/1.4 Theorem page 1962 With hypotheses and
notations of 1.2, assume x is in case 1-2. We blow-up x and ' is a closed
point of the first chart w-near to x and condition C is true at x’.

If u4(2") = 0, then x' is in case 1-2 and C(z') < C(x), (2" < B(z),
Ay(2') = B(x) — 1.

From now on, us(x') #0, let d := [k(2') : k(z)], we have

1) <), A < (T2 11 0

and, if x is in case 1,
B(x") < B(x) or C(x) = 0. (2)

If in Hp the term ®,_; # 0, then (5(z') = 0 if 2’ is in case lor 8,
Bs(x') < 0 if 2’ is in case 3.

In the case m(x) < 2, when a(l) +w(x) # 0 mod (p) or a(2) # 0 mod (p)
or x' rational over x, then x’ is in case 1,

If &' is mot rational over x and y(x) > 2, then y(z') < v(x), except in the
following case:

e m(z) < 2, B(x) = 2 then we get B(z') < 2 and, if ¥’ is in case 3,
B3(x") =1, p(a') =1+ ﬁ, a(l)+w(x) =0 mod (p) and iy(x) = 0 mod (p)
(i1 defined below). So B(2') < 1+ %.

Furthermore, at ', for suitable parameters

Hy(a') = X" + Y X"7'@,

1<i<p

¢. =0 fori#p,p—1.

Proof.
Hp =X+ ®, 1 X 4+ ®, € k(z)[X, Uy, Us, Us],
w(z)
o, = UV U3P U O Oy + YT UF O TR (Uy, Us) € k(2)[U, Us, Us).
=1

(6.5)
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with the convention a(3) = 0 when div(uz) ¢ E. Then, if (I>p 1 = 0,
as B(x) # oo, the F; are not all 0, we define i; := sup{z|U1 'F, ¢
(k(z)[Uy, Us, Us))P}. As A(h; uy, ug, us; X) is minimal and B(uy, ug, ug, X) <
o0, 11 does exist.

First we look at the extreme case A = 0: B(z) = 1 and Hp is the J-initial
form. Then either U; + Idir(x) =< Uy, Us, Uz > or < Uy, Uy > or < Uy, Us >
or, up to multiply the variables by an invertible, < U;,U; 4+ U3 >. In the
first case, there is no x’ verifying condition C and w-near to x. In the second
and third case, 2’ is at the origin of an usual chart, there is no preparation
on the variables to do: the reader verifies the assertion. In the last case,
when F = div(ujus), up to a change of local parameters, we may suppose
(Uy +1dir(z)) = (Uy, Us), we apply proposition 6.1. When = div(ujugus), we
get

HB :Xp+U 1)Ua(2 ZUI UQaUS))

with F; = 0 or degy, (F;) =1, j = 2, 3: C(:B) =1, y(x) = 2. 2’ is the point of
parameters (X', u), uy, v) = (X/Us, uy /us, 1 + ug/us), we get

H = X7 4 0 U£a<1>+a<2)+a<3>+w<x)—p“§:) AUED i)
S’ - S
i € m Ai = 0 or invertible, A\;; # 0, ¢(i) =7 or i + 1.
If any c(i) = i, we apply 6.1 at 2/. Else, 2’ is in case 3, we get O3(2') = 1
v(z') = 2. Or 2’ isin case 1, then B(2') = 1nf{1+ oA # 0} <20 9(2") = 2.

Definition 6.2. The general case A # 0, is denoted by (1*) or (2*).

In case (1*) or (2%), the proof is based on the fact that Hg of = gives
Hy, at 2/. Indeed, 2’ is in the chart of origin the point of parameters
(X', uy, uy, uy) == (X/ua, ur /uz, up, us/ur). By hypotheses, X'(2") = uj(2') =
uy(2') = 0. Let (a,b) strictly positive real numbers such that £ > 1 and

w(z) _
a(dy + ’ )+ b(de + ds) =

for any four-uple (o, 3,7,8) € N*, we have X*u{uul = X'/ ul, P00,

With the parameters (X’,ul,u2,u3), the valuation v(a,b,b) becomes (1 +
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V) 0w pr.,0), Where vy 0y is given by

Va0 (X Py Uy = a /B = V(a4 B4y +0),
with (14 ¥/,a" 4+ b',b") proportional to (1,a,b), so ‘g—,, = ¢ — 1, by taking the
sup, we get Ao( X', u}, ub,us) = B(x) — 1. Let h' be the strict transform of
h, we get

Hyy = iny, (W) = X7+ X'®,_ + UV UEOO Dy 0C gy

with
o) = U OusCO Dy ® JFZU1 U POV E (1 W), (6.6)

This ends the proof in the case where ' is the origin of the chart. When
uf(2") # 0, we have to make a translation on X’ to minimize the characteristic

polyhedron, this may just add a p-power to U™t B@-D . (1 4L).
To end the proof, the reader looks at [21]1.4 Theorem.

Corollary 6.5. (/21] I.4.1 Corollary p. 1963) With hypotheses and nota-
tions of 6.4, we blow up x. If x is in case 1 or 2 and if 2’ is a point in the
first chart very near to x on the strict transform of div(uy) with uj(z) # 0,
either ®,_1 # 0 then (z') =

or ®,_1 =0, then f(z') < (1 + %JF“)), where iy, F; are defined just above.

Corollary 6.6. (/21] I.4.2 Corollary) With hypotheses and notations of
6.4, if © is in case 1 or 2, if C(x) =0, Ax(x) < 1 and As(x) < 1, then if the
sequence of blowing ups along the centers x,.; € X,y of 1,

XO — Xn—l—m—l — ....Xn+1 — Xn, (1)

We make the infinite sequence of blowing ups centered at x; € X; 6.1, for
some ig, one of the following is true:

(1) w(w,) <w(z),

(i1) w(z;,) = w(z) and C is not true at x;,.

Definition 6.3. With hypotheses and notations of 1.2, we suppose x is in
case 3. With the notations of 6.2, we expend
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w(x)
©, = Uy U3 + NUs) + Y UL F(Un, Us), AN € k(z),  (6.7)

=1

F; € k(z)[Us, Us] homogeneous of degree iB3.
When A # 0, we say that x is in case 3*.

Proposition 6.7. [21] 1.5 Theorem page 196/.

With hypotheses and notations of 1.2, we suppose x is in case 3. In case
3%, we choose ug such that X' = 0, the reader sees that it modifies neither
H,, nor B3, nor B3. We blow-up x.

Let o’ be a closed point very near to x verifying condition C in the chart
of origin (X' = 2, u} = ol uy = ug,uy = 2) (first chart).
(i) When x is in case 3* and us(z") # 0 and (a1 + w(x) # 0 mod (p) or
a(2) +1#0 mod (p)), &' is in case 1%
(i) If ' is in case 3, then (33(z') < (83(x), the inequality is strict if 1 < 33(x)
and ' is not rational over x.
(i1i) When (3(x) = 1,

(7ii)-a if ©' is not rational over z, then v(x') =1,

(73)-b if «' is rational over x, then B(z') < 2 and, if ¥’ is in case 3 and
v(2") = 2, then 53(2') =1

(71 )-c if ' is rational over x and B(x) <1+ i, then B(x') <1+
(iv) In every case we have

D=

v(@') < (), Ax(2') = B3(z) — L.
Furthermore, at x', for suitable parameters
Hy(2') = X"+ Y X"7'2],
1<i<p
®. =0 fori#p,p—1.

Proof. At 2/, we choose a R.S.P. (X', u},u),v) with (X' = %,u’l = touy =
Ug, Uy = Z—g), v = uf when 2z’ is the origin of the chart, v = u} + o, «
invertible when 2’ is rational over x and not the origin, v = P(u})mod(us)

with P € k(x)[U;] irreducible of degree d > 2 when 2’ is not rational over .
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The last assertion of (iv) is a consequence of 6.2. In Hps,

11
®, = Uy VP YO0 + > U YUy, Uy)),
i=ig>0
¢; = 0 or is not divisible by U, and is homogeneous of degree i + 1 — ¢(i),
c(i) > iAs, ¢ig # 0, it may happen iqg = i;: then there is only one term in
the sum. We have [(z) > %ﬁml) and [3(z) > %ﬁl)_l. As in cases 1,2,
Hps(x) gives Hy(2'), up to an eventual translation on X’ := X /uy. Indeed

Hg(l‘/) — le +,YU{(pfl)LhU/(pfl)((s(:v)*l_i_

U/a(l)U/a Y+a(2)+w(z)+1—p )\U{w (z) /+ Z U{w(x)fiUéi(B?»(w)*l)@(l’ug»

1=1ip>0

(i) (iv) are clear.

In the case i;(B3(x) —1) # 0 mod (p) or w(z) —i; # 0 mod (p), a
translation on X’ cannot spoil U]<® =1 B3®=D g (1 44) and we get

ﬁ(x’) < deg(éil) < 6<x) < 1+ Lﬂ?)(x)J
diq d d

(ii) and (iii) a-c are clear in this case. Note that c(i1) — 1 < 4;05(z) and that
Bs(z’) < —ord (¢i(1,uf)) — 1, this gives (iii)-b in this case.

In the case i1(B3(z) —1) = 0 mod (p) and w(z) —i; = 0 mod (p), a
translation on X’ may add a p-power to U@~ @B3@=Dg. (1 4L), then
we get

deg(@l) deg<¢11) deg(¢i1>
d di; diy

This gives (ii) in the case 1 < (3(z), the case 1 = 53(@ in (ii) is the conse-
quence of (iii)-a whose proof is following.

Proof of (iii). In the case f3(x) = 1, we have deg(¢;,) < 1+1105 = 1414,
so B(z') < % —1—% and (3(2') < 1;7111 When d > 2, we have f(z') < 1
except in the case i; = 1, deg(¢i;) = 2 and d = 2. This gives (iii)-a except
in this very last case.

Case i1 = 1, deg(¢i1) = 2 and d = 2. Either p # 2, then

0

ord, (UFV U e =iy - aU3U1 DVye@pe@=1yey (U, Us)) = 1

iB(2') < +1, B(a) < o Bs(2') < ——=
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at o’ it has order 0, so there is a derivation D € D({z'}) (notations of 2.3 )
such that

Ol"dx/ ((U{a(l) Uéa(1)+a(2)-‘rw(w)-i—l—pU{w(w)—iUéz‘(B3(z)—1))_1

D((U{a(l)Uéa(l)+a(2)+w(m)+1—pU{w(I)—iUéB?)(x)—l)¢1(1 'U,é)) — 0
so ordy (¢;(1,us)) +¢P) < 1, where ¥ € S’. It means (') < 1: this gives
(iii)-a.

When p = 2, there is a derivation D € D({z}) such that
ord, (U U 0T U ) T DU U U T U 60 (U, Us)) < 2
at 2’ it has order < 1, so there is a derivation D’ € D({z'}) such that

Ol"dxl((U{a(l)Uéa(1)+a(2)+w($)+1_pU{w(x)_iUéi(B3(z)_1))_1
DU O e e@ e —pp () =igriB3@ -1y 4 g ) < 1
as p =2, ¢1(1,u})) + P # av?, « invertible. So ord,(¢1(1,uy)) +¥P) < 1:
B(x") <1, this ends the proof of (iii)-a.
End of the proof of (iii) b-c when i, (B3(z) — 1) = 0 mod (p) and w(x) —
iy = 0 mod (p). When 3 < 0, the proof is clear. When deg(¢;,) < iy,

the proof is clear. When deg(¢;,) > i1, let iy such that iy defines G3(x), i.e.
P;, = uZ;AQ(I)/\'u§2ﬁ3(x)+1mod(u;2A2(x)+1,ul), A invertible. We get As(z) +
degl@)l o eli) | Q8O0)T] — B3(y) < Ay(z) + fy(x) = As(x) + 1, then
deg(¢i,) — 1 <y, deg(¢;,) = 1 +4;. Either 1+ 4y # Omod(p), then
a a w(x)—i17re(i1)\— a a a w(x)—1i1 yrc(e .
ord, ((U; (1)U2(2)U1( : UQ( )) 1WUl(l)UQ(Q)U1( : Uz( 1)¢1(U27U3)) =1,
3

v = ug or uz + tnwvertible, by a similar argument as above, we get
0
ordy (=——¢;(1,ub)) = i1,
(i1, ) = s

Ordy(@l(l,ug)) + wp) S 1 +‘Z'12 ﬁg(l’/) S il.
Or, U @y« @=nyelin) ig o p-power there is a derivation D € D({z}),
derivation “w.r.t. to constant” such that

Ordgc((Ula(l)U;@)Uiv(x)fh U;(h))le(Ula(l)U;@)Uiv(x)fil U26(i1)¢i1(U2’ Us))) = 1+iy,

we get
ordy (Do, (1,uy)) = iy,

ordy (¢, (1,uf)) + ¥P) < 1445 Gs(a’) < 5.
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Proposition 6.8. (¢f. [21]1.5.3 Lemma page 1966) With hypotheses and
notations of 1.2, we suppose that x is in case 3, f(x) > 1 and we blow up x.
Assume o' = (X' u), uy, ufy) = (%,%,Z—i,ug) if ' is w-near x and verifies
condition C, then x' is in case 2, A(h';ul, uhy, uy; X') is minimal. We have
(A2(2"), B(2')) = (Az(x), Ao(z) + B5(2) — 1),

As(a) = B3(z) — 1, C(a') < 1+ f3(2')), v(a') < (),
with strict inequality when 3 < y(x). Furthermore
(i) if B3(x) — Ao() > 1, then A(x') < 1(x),
(i) if B3(x) =1, then y(2') < v(x) =2 or y(2") = 1, where 2" is the center
of the valuation p in the blowing up of x’,
(73) if B3(z) — As(x) < 1 and B3(x) # 1 and y(x) = 2, then the following
holds: either (x' is in case 2 and y(x') < y(x)) or (2" is in case 1 and
B(x") < 2) or (" is in case 2 and y(z') < y(x)) or (x" is in case 3 and
B3(x") < 1), where x” is the center of u in the blowing up X" of X' along 2’
and x” 1s w-near x and verifies condition C.

Proof.

As ((z) > 1, in 6.4, we have ®,_; = 0.

We are at the origin of the second chart, there is no translation to do on
X', etc. In the case (3%), the proof runs along the same lines of [21]. When
we have not (3*), then

w(z)

®, =Y U F(Us, Us),

i=1

F; = 0 or homogeneous of degree ¢ + 1 and, for at least one i, F; & k(x)[Us].
At 2/ we are in case 2 with C'(2') < 1. We have Ay(x) = Ay(2’). C(2) =1
iff Ao(x) =0, in this case, f(z’) = fs(x) — 1.

As in [21], we denote by (39, 332) the point of smallest abscissa of the
side of slope -1 of pr(A); (end of Notations ). And, the vertex of smallest
abscissa of pr(A(z')) is (Aa(x), 83(x) + Ai(x) — 1), The vertex of smallest
abscissa is (Aa(x), 33(x) + Ai(z) — 1). We have Az(2') = B3(z) — 1. We get

C(x') < B3(x) + Ax(x) — B3(z) = 83(z) — (B3(z) — Ay(x)) (6.8)
< a3y — Ag(x). (6.9)
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This gives the first assertions of the lemma, (i) and also (ii) when B3(x)—
Ay(z) > 0. Furthermore, C'(2') < 1+ |83(2")] (= v(2') < ~(x)) if B3(z) —
Note that B3(x) = a3y + 332, and 332 > —1: we have a3y < 1+ B3(x),

C(x') < a3y — Ax(z) < B3(z) — As(x),

if B3(z) — As(z) < 0 or (B3(z) — Az(z) = 0 and a3y < 1+ B3(z)), we
get C(z') < 1. So we get C(2') < 1+ [#3(2")]| and we get also (ii) when
B3(z) — As(z) < 0 or (B3(z) — A2(z) = 0 and a3y < 1 + B3(x)).

The reader reads the last lines of the proof of [21]1.5.3 Lemma page
1966.

Proposition 6.9. We suppose that div(uy) has weak contact maximal for a
condition C. We make the infinite sequence of blowing ups centered at x; € X;
6.1

Then for some ig, one of the following is true:
(1) w(z;,) < w(x),
(11) w(z;y) = w(z) and C is not true at x;,,
(11i) w(z,,) = w(x), C is true at x;, and y(x;) =1 fori > iy,
(v) w(xy,) = w(z), C is true at x;, and y(x;,) = v(x;) > 2, @ > ig, then all
the x; are on the strict transform of a curve C included in the locus w > 0
of X and C C div(uy), C is contained in no other exceptional component.

Proof. As a consequence of the preceding lemmas and propositions, if we
reach neither (i) nor (ii) nor (iii), for ¢ >> 0, x;4,, is rational over z;, and in
the first chart for all n € N, this means (iv).

Proposition 6.10. With the hypotheses given above, suppose y(x) = 1 and
that there is no curve C included in the locus w > 0 of X and C C div(u;), C
18 contained in no other exceptional component. There exists a composition
of local w-permissible blowing ups:

(X =: Xp,z0) — (X1, 21) — - — (X, ) — -+, (6.10)

where x; € X; is the center of u, such that for some iy, one of the following
18 true:

(i) w(ziy) < w(z),
(ii) w(z;,) = w(z) and C is not true at x;,.
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Proof.
Suppose

B <1in case 1-2 (resp. f3 < 11in case 3), Ay < 1. (6.11)

Then we apply 6.1, at each step, A, does not increase and strictly drops
when [(z) < 1 (resp. fs(z) < 1). If the point 2’ is at infinity, G(2') =
B(x) + As(x) —1 < 1 (resp. B(a') = Bs3(x) + Az(x) — 1 < 1). If the point 2’
is not rational, then ((z') < 1 or f3(z’) < 1.

So, in the sequence 6.1, Ay(x;41) < Ao(x;), B(xir1) < 1 (resp. f(miq1) <
1) or one of the following is true
(i) w(zip) < w(@),

(i) w(xit1) = w(x) and C is not true at x;,.

As B+ Ay > 1 (resp. (3 + Az > 1), if the sequence 6.1 is infinite and
if we never get (i)(ii) above, then, for some ig, f(x;) = 1, w(z;) = €(x;) for
1 > 19, this means that the x; are all on the strict transform of a curve going
through z;,, by hypothesis, this curve is contained in two components of E,
in fact, this curve is V(X uy, ug), for ¢ large enough, this curve is permissible
of first kind, we blow it up and the reader sees that there is no point w-near
x; on the strict transform of div(uy).

Suppose

B <1 in case 1-2 (resp. 3 < 1 in case 3).. (6.12)

We skip the hypothesis Ay < 1. In case 1 (resp. 3), When Ay > 1,V =
V (X, u,us) is permissible of first kind (resp. second kind): indeed d(z) =
a(l)+a(2)+e(x) > p+1,s0a(l)+a(2)+w(z) > p, V(X, uy, us) is permissible
in Hironaka's sense, the inequality A, > 1 implies that e(Y) = w(z). We blow
up along (X, uy, us), a small computation shows that the couple (3, As) (resp.
(B3, A3)) becomes (3, Ay — 1) (resp. (fs, Az — 1)),

When z is in case 2. Then we make the sequence (6.1), either there is
some iy such that E;, has only two components, then we get (6.11) at i, or
for all 7, E; has three components, then by classical computations, we get
C(z4, = 0 for some ig, i.e. pr(A) has only one vertex. When Ay > 1 and
a(2) + w(z) > p, V(X,u1,uy) is w-permissible of first kind. We blow it up,
then Ao (zi,11) + As(ip+1) = Aal(xs,) + As(xiy) — 1 and pr(A(z;,41)) has only
one vertex. Mutatis mutandis, if A3 > 1 and a(3) + w(x) > p. Either by
such blowing ups, we reach 6.11, or we reach one of the following:

(a) a(l)+a(i)+w(x) < p, i = 2,3: then we apply 6.1, at each step a(2)+a(3)
strictly drops or we get 6.12 in cases 1-3. The reader sees [21] page 1967 1.7.1.
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(b) there exists i = 2,3 with a(1) + a(i) + w(z) <pand A; > 1 and j = 2,3

with a(1) 4+ a(j) + w(z) < p and A; > 1. We make a descending induction

on (sup{Aa,a = 2,3}, sup{a(b),b = 2,3}) for <., see [21] page 1968 1.7.4.
We always reach (6.11).

Theorem 6.11. We suppose that div(uy) has contact mazimal for a condition
C. There exists a composition of local w-permissible blowing ups:

(X =: Xp,x0) — (X1, 21) — - — (X, zp) — -+, (6.13)

where x; € X; is the center of u, such that for some iy, one of the following
18 true:

(i) w(ziy) < w(z),

(7i) w(z,) = w(z) and C is not true at x;,.

Proof.
After a sequence of blowing ups centered at closed points, we may suppose
that
{w > 0} N le(Ul) - Ui;«él,div(ui)cEdiV(ui> (614)

{w >0} Ndiv(ur) \ Uizt div(u)cediv(u,) is of dimension 0 or is a permissible
curve of first kind. In the second case, we blow up along this curve and we
reach the first case 6.14.

Then we make the sequence (6.1), and by the condition (6.14), for some
ip, we get proposition 6.9 (i),(ii) or (iii). In the case (iii), we apply proposition
6.10.
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