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Abstract

We give necessary and sufficient conditions to characterize the con-
vergence in distribution of a sequence of arbitrary random variables to
a probability distribution which is the invariant measure of a diffusion
process. This class of target distributions includes the most known
continuous probability distributions. Precisely speaking, we character-
ize the convergence in total variation to target distributions which are
not Gaussian or Gamma distributed, in terms of the Malliavin calculus
and of the coefficients of the associated diffusion process. We also prove
that, among the distributions whose associated squared diffusion coef-
ficient is a polynomial of second degree (with some restrictions on its
coefficients), the only possible limits of sequences of multiple integrals
are the Gaussian and the Gamma laws.
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1 Introduction

In the seminal paper [14], Nualart and Peccati discovered a surprising cen-
tral limit theorem (called The Fourth Moment Theorem) for sequences of
multiple stochastic integrals in a Wiener chaos of a fixed order. This result
says that the convergence in distribution of such a sequence of random vari-
ables to the standard normal law is actually equivalent to the convergence
of only the sequence of their fourth moments. A multidimensional version
of this result has been given in [15]. Since the publication of these two
pathbreaking papers, many improvements and developments on this theme
have been considered. Among them is the work [13], giving a new proof
only based on Malliavin calculus and the use of integration by parts on the
Wiener space.

Another pathbreaking paper is the work [7] by Nourdin and Peccati in
which the authors bring together Stein’s method with Malliavin calculus
and obtain useful estimates for the distance between the law of an arbitrary
random variable and the Gaussian distribution in terms of the Malliavin
calculus. It turns out that Stein’s method and Malliavin calculus fit together
admirably well, and that their interaction has led to some remarkable new
results involving central and non-central limit theorems for functionals of
infinite-dimensional Gaussian fields. We refer to the recent monographs [6]
for an overview of the existing literature and to [17] for various applications
of the Stein’s method and Malliavin calculus to limit theorems and statistics.

There is also a version of the Fourth Moment Theorem having the
Gamma distribution as the target distribution (see [9]). The convergence of
a sequence of multiple stochastic integrals toward a Gamma distribution is
characterized by the convergence of the sequences of the third and fourth
moments; alternatively, one can also characterize the convergence to the
Gamma law in terms of the Malliavin derivatives.

In the paper [5] we obtained bounds between the distance of an arbitrary
random variable and target distributions which are invariant measures of dif-
fusions processes. This class contains the most common continuous proba-
bility distributions, including the Gaussian, Gamma, Beta, Pareto, uniform,
Student or log-normal distributions, among others. See also [1], [4] for other
attempts to extend the theory to more general target distribution via Malli-
avin calculus. Now, our purpose is to give necessary and sufficient conditions
for the convergence of a sequence of random variables (regular enough in
the Malliavin sense) to such target distributions. We obtain several results
based on the Malliavin derivatives of the sequence and of the diffusion co-
efficients associated to the target distribution. Precisely speaking, we prove



the equivalence between the convergence in total variation of random vari-
ables under a suitable condition and the convergence of a value consisting
of the diffusion coefficients and the Malliavin derivatives. The value is as-
sociated to the so-called Stein factor, and the result also characterizes the
convergence of the Stein factor. Several situations when this theory can be
applied (meaning that the diffusion coefficients have an explicit expression)
are presented. Then we treat the case of the convergence in law of special
sequences of random variables that belong to a Wiener chaos of fixed order
and we characterize their convergence to target distributions that are differ-
ent from the Gaussian and Gamma laws. For example, we obtain necessary
and sufficient conditions in the case when the limit is a product normal dis-
tribution (the product of two independent normal random variables) or the
sum of a normal and an independent random variable.

We will also focus our analysis on the particular case when the squared
diffusion coefficient is a polynomial of (at most) second degree. Several
common probability laws are contained in this class. In this situation the
necessary and sufficient conditions for the convergence of a sequence of mul-
tiple integrals to the target distribution can be analyzed in details. We
actually show that, among the distributions whose associated squared dif-
fusion coefficient is a polynomial of second degree with some restrictions on
its coefficients, the only possible limits of sequences of multiple integrals are
the Gaussian and the Gamma laws. In particular, we show that a sequence
of multiple Wiener-It6 integrals cannot converge toward a beta or uniform
distribution. We retrieve the standard Fourth Moment Theorem (Theorem
2.2) and its version for the Gamma law as particular cases.

We organized our paper as follows. Section 2 contains some preliminaries
on the Malliavin calculus. In Section 3 we recall and extend several results in
[5] concerning the characterization of the random variables whose probability
distribution is the invariant measure of a diffusion process. In Section 4 we
give necessary and sufficient conditions for the convergence of a sequence of
random variables (regular enough in the Malliavin sense), while Section 5
and 6 treat the convergence in distribution of sequence of multiple stochastic
integrals.

2 Preliminary: Wiener-Chaos and Malliavin deriva-
tives

Here we describe the elements from stochastic analysis that we will need in
the paper. Consider H a real separable Hilbert space and (W (h),h € H)



an isonormal Gaussian process on a probability space (€2, A, P), which is a
centered Gaussian family of random variables such that E [W ()W (¢)] =
(p, V). Denote by I,, the multiple stochastic integral with respect to B (see
[12]). This mapping I,, is actually an isometry between the Hilbert space
H®"(symmetric tensor product) equipped with the scaled norm ﬁH || gen
and the Wiener chaos of order n which is defined as the closed linear span
of the random variables H, (W (h)) where h € H,||h||g = 1 and H,, is the
Hermite polynomial of degree n € N

o) = L (2) 2 (o (-2)). rem

The isometry of multiple integrals can be written as follows: for m, n positive

integers,

E(Ii(f)In(9) = n{f,3)pen ifm=n,
E(In(f)lm(g)) = 0 ifm#n. (2'1)

It also holds that )
In(f) =1, (f)

where f denotes the symmetrization of f defined by the formula f (T1,...,2pn) =
1
n! ZO’ESn f(xo(l)’ cee axo(n))'

We recall that any square integrable random variable which is measurable
with respect to the o-algebra generated by W can be expanded into an
orthogonal sum of multiple stochastic integrals

F=> I(f) (2.2)
n=0

where f,, € H®™ are (uniquely determined) symmetric functions and Io(fo) =

Let L be the Ornstein-Uhlenbeck operator

LF = — Z nI,(fy)

n>0

if Fis given by (2.2) and it is such that Y27 ) n®n!| ful3e. < oo.

For p > 1 and a € R we introduce the Sobolev-Watanabe space D®? as



the closure of the set of polynomial random variables with respect to the
norm
[Fllap = I = L)> Fll e (o)

where I represents the identity. We denote by D the Malliavin derivative op-
erator that acts on smooth functions of the form F = g(W(hy),...,W(hy,))
(g is a smooth function with compact support and h; € H)

DF = Z o oo, W(hp)h.

The operator D is continuous from D%? into D %P (H) .
We will intensively use the product formula for multiple integrals. It is
well-known that for f € H®™ and g € H®™

I(Phale) = S (D) (7 ) tmnatrog @3

r T
r=0

where f ®, g means the r-contraction of f and g (see e.g. Section 1.1.2 in
12]).

We recall the expression of the third and fourth moment of a random
variable in a fixed Wiener chaos. These formulas play an important role in
our proofs.

Lemma 2.1. Let F = I,,(f) withn € N and f € H®". Then

3
E[Fg] [((/'2)) ] <f f®n/2f>1{n is even} (24)

n—1 2 2
BIFY = 3E[F2]2+3n2<p—1>!(;j) p (1) o2 ndpsl?

= 3E[I, +n'22 C? [If @ FI? + Co o | f o £

Proof. We refer to [9], proof of Theorem 1.2 for the first two relations and
o [6], formula (5.2.6) for the last equality. O

The Fourth Moment Theorem states as follows.

(2.5)



Theorem 2.2. ([14] and [13]) Fiz n € N. Consider a sequence (Fy, =
I.(fx))ken of square integrable random wvariables in the n-th Wiener chaos.
Assume that

lim E[F¢] = li 2on = L. 2.6
Jim E[F] =l fi 7o (2.6)
Then, the following statements are equivalent.

(i) The sequence of random variables (Fy, = I,(fx))k>1 converges to the
standard normal law in distribution as k — oco.

(ii) limg_oo E[F] = 3.
(iil) limg o0 || fx @1 fk”H@Q("*l) =0forl=1,2,...,n—1.
(iv) ||DFx||% converges ton in L*() as k — oo.

We consider the general version of this theorem below.

3 General versions of Stein’s method and Stein’s
bound

In order to discuss the general version of the Fourth Moment Theorem, we
review Stein’s method and Stein’s bound obtained in [5] with small exten-
sion. Let us briefly recall the context in [5]. Let S be the interval (I, u)
(—o0 <1 < u < 00) and p be a probability measure on S with a density
function p which is continuous, strictly positive on S, and admits finite vari-
ance. Consider a continuous function b on S such that there exists k € (I, u)
such that b(x) > 0 for z € (I, k) and b(x) < 0 for = € (k,u), b € L' (u), bp is
bounded on S and

/z “b(@)p(a)da = 0.
Define
a(e) o= 2I PPy
: o

Then, the stochastic differential equation:

res. (3.1)

dXt = b(Xt)dt + a(Xt)th, t Z 0

has a unique Markovian weak solution, ergodic with invariant density p. See
Theorem 2.4 in [2].

Based on this fact, it is possible to define a so-called Stein’s equation for
a given function f € L'(u). In Section 3 of [5], we have considered only the



case that f € Cy(S) (the set of continuous functions on S vanishing at the

boundary of S). However, it is easy to see that the argument is valid even
if f € L'(u), as follows.

For f € L'(p), let my := [} f(x)u(dz) and define gy by, for every x € S,
_ o 2 v -
(@) = s /l (£) = mp)p(e)dy. (32

Then, by Proposition 1 in Section 3.2 of [5] we have

gf(x):/leeXp (—/j ib;))dz) dy, x€S8.

T

The function g¢(z) := [, gr(y)dy satisfies that f —my = Agy (A is the
generator of the diffusion (X;);>0) p-almost everywhere, and

1

f(z) = Elf(X)] = 5a(2)g}(2) + b()gs(z), p-ae x (3.3)

where X is a random variable with its law p. The equation (3.3) is a
generalized version of Stein’s equation.

Remark 3.1. (i) If f € L*(u) N C(S) (where C(S) denotes the class of
continuous functions on S), (3.3) holds for all z € S.

(ii) Since g has the density function p, (3.3) follows almost everywhere
with respect to the Lebesgue measure.

Similarly to the original Stein’s equation, (3.3) characterizes the distri-
bution of X as follows. This result will play a crucial role in the proofs of
the main results in the next sections.

Theorem 3.2. Assume that [ga(x)u(de) < oo. LetY be a S-valued ran-
dom variable such that E[|b(Y)|] < co. Then, the distribution of Y coincides
with p if and only if

E %a(Y)h’(Y)er(Y)h(Y) —0 (3.4)

for every h € C1(S) such that E[|b(Y)h(Y)]] < co and E[|a(Y)R'(Y)]] < co.

Proof. Assume that the distribution of Y is p. Let h € CL(S) such that
E[b(Y)R(Y)|] < oo and E[ja(Y)W (Y)]] < oo, and




Here, note that ap € C1(S) follows by the definition of a. Since

%[a(w)p(w)h(w)] = [a(2)p(2)]'h(z) + a(z)p(x)h ()

— 2b(a)p(a)h(x) + a(z)p(@)H (),

we have
9 a(a)p()h(a)

/ | (@)la(dz) = / £
< [ pan@p)is + 5 [ ot @)lds

= E[[b(X)n(X)][] + E[( I (X)])-

Hence, f € L'(p). Define gy as in (3.2). Then, we have h = gy by explicit
calculation. Therefore, in view of (3.3), we obtain (3.4) in the case that h
is bounded. The case that h is not bounded is obtained by approximation.

Next we show that the distribution of Y is p if (3.4) holds. Let f €
Ck(S), where Ck(S) is the total set of continuous functions on S with
compact support. Since f(xz) = 0 for z sufficiently near to u, there exists
v’ € (I,u) such that

/lx[f(y) —mylp(y)dy = my (1 - /lx p(y)dy> = my /:p(y)dy, z € [u,u)

where my = [/ f(z)p(z)dz. On the other hand, for sufficiently small € > 0
the assumption on b implies that there exists u” € (I,u) such that

dx

u

b(z) < —e and / b(y)p(y)dy < 0

xT

for x € [u”,u). Let @ := max{u/,u”}. Hence, by (3.1) we have for x € [, u)
2

@) = s /l (Fy) — mp)p(y)dy

- !mf!f p y)dy \mf\f p y)dy

T vwpw)dy] [ bw)p(y)dy]
il

£
Similarly, there exists [ € (I,u) such that

@l <™ pea

e



These estimates and the continuity and positivity of a(x)p(x) in S imply that
the function gy defined by (3.2) is bounded and satisfies E[|b(Y)g;(Y)|] < oc.
The finiteness of E[|a(Y)g}(Y)|] is obtained from (3.3). By (3.3) and (3.4)
we have

1 - -
E[f(Y)] - E[f(X)] = E |5a(Y)g;(Y) + b(Y)gs (V)| = 0.
Since this equality holds for any f € Ck(S), X and Y have the same distri-
bution. O

An alternative characterization of the random variables Y with distribu-
tion p has been Theorem 2 in Section 3.2 of [5]. It involves operators from
Malliavin calculus and a conditional expectation given the o-field generated
by Y. The same conditional expectation will appear in the statement of the
main result in the next section.

Theorem 3.3. Consider a random variable Y € DY? with its values on S
which satisfies that b(Y) € L?(2). Then, Y has probability distribution p if
and only if E[b(Y)] =0 and
1
E §a(Y) + (D(=L) (Y, DY>H‘ Y} = 0.

Stein’s bounds below for the distance between the law of an arbitrary
random variable and the measure p are based on the Stein equation (3.3)
and the bounds of g; and g} are obtained in Section 3.2 of [5]. Now we state
the result in [5] for later use.

Assumption 3.4. (i) If u < oo, assume that there exists v € (I,u)
such that b is non-decreasing and Lipschitz continuous on [u',u) and
liminf, ,, a(x)/(u—x) > 0. If u = co, assume that there exists u’ €
(I,u) such that b is non-decreasing on [u',u) and liminf,_,, a(x) > 0.

(ii) If | > —oo, assume that there exists I' € (l,u) such that b is non-
increasing and Lipschitz continuous on (I,1'] and liminf, ;a(z)/(x —
1) > 0. Ifl = —oc0, assume that there exists I' € (I,u) such that b is
non-decreasing on (1,I'] and liminf,_,; a(z) > 0.

Theorem 3.5. (i) Let d be the Fortet-Mourier distance. Assume that
there exist I',u' € (l,u) such that b is non-increasing on (1,1') and
(u',u). Then we have for S-valued random variable Y € D2

d(L(Y), 1) < CE [E H%a(y) + (D(=L) " {b(Y) — EDp(Y)]} ,DY>H‘ Y] H

9



+ CIE[b(Y)]],

where C' is a positive constant independent of Y and L(Y) is the law
of Y.

(ii) Let d be the Kolmogorov distance or the total variation distance. Under
Assumption 3.4, we have for S-valued random variable Y € DY?

d(L(Y), 1) < CE HE [%am +(D(=L) {b(Y) — E[p(Y)]} ,DY>H‘ Y] H

+CEDPM)]],

where C' is a positive constant independent of Y and L(Y) is the law
of Y.

We remark that Assumption 3.4 is designed for the estimate of the Kol-
mogorov distance or the total variation distance, while the estimate of the
Fortet-Mourier distance is obtained under a simple assumption. This dif-
ference of the assumptions comes from the estimate of g}. We also remark
that the cases that p has the normal distribution and p has the Gamma
distribution satisfy the Assumption 3.4 under suitable choices of a and b.
See Section 3.2 of [5] for the details.

The Fourth Moment Theorem tells us that the Stein’s bound is sharp
for multiple integrals in the case of Gaussian law, meaning that a sequence
of multiple stochastic integrals convergences to a Gaussian distribution if
and only if the right-hand side of the Stein’s bound vanishes. The purpose
of the last three sections of our paper is to give a necessary and sufficient
condition for sequences of random variables to converge to a measure p as
described above.

4 Necessary and sufficient conditions for the con-
vergence to the invariant measure of a diffusion

The purpose of this section is to provide necessary and sufficient conditions
for the convergence of the sequence (F),)men to the invariant measure of a
diffusion p (as described in Section 3). We aim to give such a characteri-
zation in terms of the squared diffusion coefficient a and of the Malliavin
derivatives of Fj,,. The main result in [5] (see also Section 3) implies that
a sufficient condition for the convergence in distribution of (F,)men in a
certain class to p is that E [§a(F,) — (DFp, D(—L) " {Fp — b(F)}) | Fn]

10



converges in L'(Q) to zero as m — oo and E[b(F,,)] converges to zero as
m — oco. But it will follow from the results presented below in this section
that this condition is sometimes too strong and it is not a necessary condi-
tion for the convergence of (F,;)m,>1 in distribution to p. Actually, we will
consider the convergence in total variation which is strictly stronger than the
convergence in distribution. Recall that the total variation distance between
the law of two random variables X and Y is defined by

drv (£(X). £(Y)) = sup [P(X € 4) — P(Y € 4)|

where the supremum is taken over all Borel sets A C R. We also have (see
e.g. Appendix C in [6])

dry (L(X), L(Y)) = %St;p E [n(X)] - E[h(Y)]|

where the supremum is considered over all Borel measurable functions h
with ||h||cc < 1. Let us start with the following result which is connected
with Theorem 3.3.

Set S = (I,u), u, X, p, b a and k as in Section 3. Recall that [¢ [b(z)|u(dz) <

0o. We assume that [ a(z)u(dz) < co. Denote the Lebesgue measure on R
by dz. Additionally we CODSlder the function ¢ on S given by
1

¢(z) = al(z) + (k] + [2])[b(z)]
where k is an element in S which appeared in the assumption of b.

Theorem 4.1. Let Y be an S-valued random wvariable in DY2 and as-
sume that the distribution of Y is absolutely continuous with respect to the
Lebesgue measure. Then, for every p > 1 we have

2
<{1+ @+ E[pb(Y)]+E[p(X)PNE[Y — k] + E[p(Y)"] + E [¢(X)"]}
X dry (L(Y), p) =P,

E HE [la(Y) + (D(=L)"H{b(Y) — E[b(Y)]}, DY>H‘ Y] H

Proof. First we show that for M > 0

La(Y) +(D(~L)" {b(Y)—E[b(Y)]},Dm‘Ym

( E[lY — k) drv(£(Y), 1) (4.1)
[ (Y);0(Y) > M] + E[p(X); ¢(X) > M]
+EHY k] E[o(Y)] (V)] > M] + E[[b(X)]; [b(X)] > M]).

11



Let h € L*(S,dx) (the space of essentially bounded functions on S with
respect to dz). For x € S define

1

fila) = ga(o)hlz) + b(o) [ hiw)dy.

We remark that the existence of the density function of X implies |h(X)| <
||h]|co almost surely. Since E[ja(X)h(X)|] < oo and

d

Theorem 3.2 implies E|[f,(X)] = 0. Hence, by integration by parts formula,
we have

E[fn(Y)] — E[fa(X)]

r Y
_E éa(Y)h(YH—b(Y) /k h(y)dy}

X
b(X)/k h(y)dyH < [[Plloo B [[6(X) X[] + [K[[[ ]| oo E [[D(X)]]

< 00,

- Y Y

=B | a(w) + 007) BB [ s + BB [ i
_ Y

=B [y + [ponytom) - mo )] [ ]
| k

FER(Y)E [ / i h(y)dy]

Y
— 8 [y )+ (DL 00) BB )0 [ ) |

+EBY)E [ /k i h(y)dy] k

= [10) (Jar) + (DL 00) - B0, DY), )]
+EBY)E [/ky h(y)dy] :

Since the duality between the L'(S, dz) and the L (S, dz) yiclds
E HE Ba(Y) +(D(=L)" {p(Y) — E[b(Y)]} 7DY>H‘ Y] H

= sup
IAllco<1




we obtain

B |
< s (B = BIO) + BBOIE]Y - 4.

E [%“(Y) DD THY) ~ERM)]} DY>H' Y] H (4.2)

Now we consider the estimate of f,. For x € S, it holds that

| fn(z)] <

ba) [ )| + patolnte)
< Wil (k] + Jab(a)| + Sa(a) (@)

Since the existence of the density function of X and Y implies |h(X)| <
|h|lse and |R(Y)| < ||h|ls almost surely, we have

301 < Il { (81 4 1XDBCOT + 50(X) | = 6 C0),

0] < Wil { O]+ VDB + 5a() = i)
almost surely. Hence,
B[] - Blf(X)]
< [BIfu(Y):0(Y) < M)~ B[£(X):0(X) < M|
B ):6(Y) > M) - B[fy(X):0(X) > M]
< lblloc M (£(Y), )
+ e B6(¥):6(Y) > M+ B[9(X):6(X) > M)).

This inequality and (4.2) yield

d
< Mdry(£(Y), 1) + E[¢(Y); 6(Y) > M] + E [p(X); ¢(X) > M]
+IEDPX)E[Y — k).

B [%am +{(D(=L) {o(Y) ~ Bp(V)]} ’DY>H‘ Y] H
(4.3)

Since E[b(X)] = 0, we have

[E D)

13



From this inequality and (4.3) we obtain (4.1).
It is easy to see

E[¢(Y);o(Y) > M] < MUPE[p(Y)?;6(Y) > M|
< MUPE[p(Y)?].

Similarly we have

E[b(Y )
E[[b(X)]; [b(X))

=
=
—

~

Hence, (4.1) implies
E HE [%Q(Y) (D=L {b(Y) — E[p(Y)]} ,DY)H‘ Y] H
< (M +E[Y —k))drv(L(Y), 1)

+MITPE[PY)P + pXOPIE[Y — k] +E[6(Y)” + ¢(X)7)).

Letting M = dpv(L(Y), )"/P and using the fact that dpyv(L£(Y),pn) < 1,

we obtain the desired estimate.

Theorems 3.5 and 4.1 give a necessary and sufficient condition of the

convergence of in total variation.

Theorem 4.2. Suppose Assumption 3.4. Let F,, be a sequence of S-valued
random variables in D2 and assume that the distribution of F,, is absolutely
continuous with respect to the Lebesque measure for m € N. Assume that

there exists € > 0 such that

B [|X[] + E [[5(O]] + B [6(X)+] < o0

sup (B[|Fn ]| + B [[b(Fn)] "] + E [o(Fn)" ) < o0.

Then, the following statements are equivalent.

14



(i) The distribution of F,, converges to the distribution of X in total vari-
ation.

(i) lim E Hla(Fm) +E [(D(~L) " {b(Fn) —E[b(Fm)]},DFmH!Fm]H =

m—00 2
0 and lim E[b(F,,)] =0.
m—0o0

Proof. The implication of (i) to (ii) follows from Theorem 4.1, the uniform
integrability of {b(F,,,)} and E[b(X)] = 0. The converse implication follows
from Theorem 3.5. U

Remark 4.3. e Our Theorem 4.2 is related to the result stated in Theo-
rem 3.2 in [1]. In this reference, a criterium involving the conditional
expectation for the convergence towards a linear combination of chi
squared random variable is given.

o [f the random variables F,, from Theorem 4.2 belong to a Wiener chaos
of fixed orde and the limit distribution is not trivial, then the conver-
gence in total variation is equivalent to the convergence in distribution

(see [8]).
e The result in Theorem 4.2 indicates that the condition

%a(Fm)—E [(DFy, D(—=L) ™ (b(Fr) — E[b(F)])) | Fin] —m 0 in L)

18 sometimes maybe stronger than the convergence in law.

From now on, for simplicity, we additionally assume that E[X] = [¢zu(dr) =
0 and b(z) = —z. In this case, k = 0 € S and ¢(z) == 2a(x) + |z|>.

Corollary 4.4. Suppose Assumption 3.4. Let F,, be a sequence of S-valued
random variables in D2 and assume that the distribution of F,, is absolutely
continuous with respect to the Lebesgue measure for m € N. Assume that
there exists € > 0 such that

L 1
E |[za(X)'™ + |X|2+€} < oo, sup E [—Q(Fm)He +|Fp 2| < .
2 meN 2

Then, the following statements are equivalent.

(i) The distributions of F,, converges to the distribution of X in total
variation.
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(i) lim E Hla(Fm) -E [<D(—L)—1Fm,DFm>H{Fm]H =0

m—00 2
and lim E[F,]=0.
m—00
Remark 4.5. The conditional expectation

E [(D(-L)"'F,DF)y| F]

is called the Stein factor associated with the random variable F', and Corol-
lary 4.4 implies that the convergence of the distributions in total variation
is characterized by the Stein factor. Recently, the Stein factor and the ap-
plications are studied as a hot topic, and many results have been obtained

(see [10] for details).

We continue the consideration of the necessary and sufficient conditions
of the convergence in distributions. We additionally assume |, S a(x)?u(dr) <
00.

Proposition 4.6. Consider a sequence (Fp,)m>1 of S-valued random vari-
ables in DY, which satisfies that there exists € > 0 satisfying

sup E [a(F},)*Te + |F, '] < . (4.4)
m

Suppose that the distribution of Fy, converges to i as m — oo Then the con-
dition that $a(Fy,) — (DF,,, D(—L) " F,,) i converges to 0 in L?(Q) as m —
00 is equivalent to the condition that +E[a(F,)*] —E[(DF,,, D(—L) 1 F,,)%]
converges to 0 as m — 0.

Proof. Since distribution of F},, converges to p, by Theorem 3.2 we have

m—0o0

1
lim B | ga(Fu)l (Fn) = Fnh(F) | =0

for h € C*(S) such that sup,, E [|h(Fy,)[*" + |/ (F,)|**¢] < co. On the
other hand,

E [th(Fm)] =E [h(Fm)(éD)(_L)ilFm] =E [h/(Fm)<DFma D(_L)ilFm>H] .

Hence, we have

lim E [(%a(Fm) — (DFm,D(—L)—lFm>H> h’(Fm)} =0

m—o0
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for h € C(S) such that sup,, E [|h(F,)|*T + |V (Fn)[*T¢] < co. We have
assumed (4.4). Hence, we can choose h € C1(S) such that h/(x) = a(x).
Thus, we obtain

lim (%E [a(Fn)?] —E [a(Fm)<DFm,D(—L)—1Fm>H]> =0. (4.5)

m—o0

On the other hand,

1 2
E <§a(F ) —(DFEy,, D(— H> ]
= B{(DFy, D(~L)" Fn)}] — {Ela(Fn)?
1 _
+5E [a(Fn)?] — E [a(Ep)(DEy, D(~=L) ' Fp)p] .
Hence, applying (4.5), we obtain the required equivalence. U

The necessary and sufficient condition in Theorem 4.2 for the conver-
gence of the sequence (F),),>1 to the distribution p in total variation is
that the sequence

B[ 5aF) + (DL ((F) ~ BB} D) |
converges to zero in L'(Q) as m — oco. Due to the appearance of the
conditional expectation, this condition is sometimes hard to be checked.
Therefore, we give below in Theorem 4.7 an alternative result which does
not involve the conditional expectation.

Theorem 4.7. Assume that there exists a random variable G € DY such
that the distribution of G is equal to u and (DG, D(—L)~'G) y is measurable
with respect to the o-field generated by G. Consider a sequence (Fp,)m>1 of
S-valued random variables in DY* such that E[F,,] = 0 and (4.4) is satisfied.
Then, the following statements are equivalent.

(i) The vector valued random variable (F,, (DF,,, D(—=L)"'F,)y) con-
verges to (G,(DG,D(—L)~ G> ) in distribution as m — oo, and
{a(Fn)?} and (DF,,, D(—L)" F,,)% are uniformly integrable.

(il) 2a(Fn) — (DFy, D(—L) " E,)u converges to 0 in L*(Q) as m — oc.
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Proof. Assume (ii). By Theorem 3.5 F, converges to G in distribution.
Since (DG, D(—L)~'G) g is measurable with respect to the o-field generated
by G, by Theorem 3.3 we obtain
1
a(G) = (DG, D(-L)'G)y (4.6)
almost surely. Hence, by the convergence of F},, to G in distribution and
(ii), we have for hy, hy € Cy(R)

lim sup ‘E [h1(Fp)ha ((DFp, D(—L)_lFm>H)]

m—r00

~E [h(G)hy (DG, D(—L) ™' G)r)]|
<t ()| 2o ()|
E [hmFm) {hQ (%a(FM) = 2 ((DFn, D(=L)F, ’”>H)H ‘

+ lim sup

m—0o0

=0.

Thus, (i) is obtained.
Assume (i). Noting that (4.6) holds, by the assumption (i) we have

lim GE[awm)?] —E [(DF,,, D(—L)‘lFmﬁ{])

m—o0

_ iE[a(G)ﬂ —E[(DG,D(-L)"'G)4] = 0.

Thus, by Proposition 4.6, (ii) is obtained. O

Remark 4.8. If we suppose the assumptions in both Corollary 4.4 and The-
orem 4.7, then the equivalent conditions in Corollary 4.4 and Theorem 4.7
will be also equivalent. This fact perhaps implies that generally the conver-
gence of distributions to the invariant measures of diffusion processes would
be complicated, while the fourth moment theorems with respect to Gaussian
distributions and Gamma distributions are simple.

In order to apply the above result, we need to know how to compute the
squared diffusion coefficient for a given law and to check the measurability
of (DG, D(—L)~'G)y with respect to G.

Proposition 4.9. (i) Let ' = cW (h) where c € R and h € H such that
\h|lzr = 1. Then,
(D(~L)'F,DF)y = c*.
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In particular, (D(—L)"'F, DF) g is measurable with respect to the o-
field generated by F'.

(ii) Let F = ¢(W(h)?> — 1) where ¢ € R and h € H such that ||h|g = 1.
Then,
(D(—L)"Y(F — E[F]), DF)y = 2cF + 2¢2.

In particular, (D(—L)"'F, DF)y is measurable with respect to the o-
field generated by F'.

(iii) Let F = e where ¢ € R and h € H such that |||y = 1. Then,
1 2 2
(D(-~L)"Y(F — E[F]),DF)y = czF/ FreTU=")dy,
0

In particular, (D(—L)~'(F — E[F]), DF)y is measurable with respect
to the o-field generated by F.

(iv) Let F = e Zimt W) yheren € N, ¢ € (—00,1/2) and by, ha, ... hy €
H such that |hg|lg = 1 for k = 1,2,...,n, and (hx,h))g = 0 for
k,l=1,2,...,n. Then,

1)2
D(—L)" (F—E[F)), DF)y — dcF(log F) | — 00
— — , = 4cF(lo —dv.
(D) (F ~B{F), DF)y = deFlog F) | s

In particular, (D(—L)~Y(F — E[F)), DF)y is measurable with respect
to the o-field generated by F.

(v) Let F = W(h)" — E[W(h)"] where n € N and h € H such that
\h|lzr = 1. Then,

(D(—-L)™'F,DF)y

9 L(n—-1)/2]
_n (n=1DI21 =D n e
2 ; (2l)!(n—1—2Z)!ﬁ<2‘l’l+1> |F +E[W(h)"]] .

where | (n—1)/2] is the largest integer which is no larger than (n—1)/2.
In particular, (D(—L)~'F, DF)y is measurable with respect to the o-
field generated by F'.

Proof. When F is given as in (i), E[F] =0 and

(D(~L)"'F,DF)y = A(DW (h),DW (h))g = 2.
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Hence, (i) holds.
When F is given as in (ii), E[F] = 0 and

(D(~L)™F, DF)u = 5 (DW(R)? ~ 1), DW()* ~ 1)
= 2¢*W (h)? = 2¢F + 2¢2.

Hence, (ii) holds.

Next we show the case that F' is given as in (iii). In this case, we
use the following formula proved in [11]: if Y = f(N) — E[f(N)] where
[ € C}(R™;R) with bounded derivatives and N = (N, ..., N,,) is a Gaussian
vector with zero mean and covariance matrix K = (K ;); j=1,.n then

(D(~L)"(Y —E[Y]), DY)y

< = of of  _ (4.7)
:/ e "duE’ Z Koo (N) g (67N 4+ V1 — 2
0 2,7=1 J
Here N’ denotes an independent copy of N, and N and N’ are defined
on a product probability space (2 x ', F @ F, P x P') and E’ denotes the
expectation with respect to the probability measure P’.

By (4.7), we have
(D(=L)"Y(F — E[F]), DF)
= /OO e “duE' [CQeCW(h)eC(f“W(hHV 1—6*2“W’(h))}
0

1
_ 2eW(h) / LW () [60\/1—v2w'(h)} o
0

1
:c2F/ Fres(1=v) gy,
0

Hence, (iii) holds.

Next we show the case that F' is given as in (iv). In this case, we use
Lemma 1 in Section 4 of [5]. The statement of the lemma is as follows. Let
Z be a random variable with the standard normal distribution, K > —%,
C eRand ae€ (0,1). Then,

2
E {B_K(C+\/1_Tﬂz)z} _ 1 6,% (48)
V1+2K(1 —a?)
2
E [(C +/1- a2Z> e‘“oﬂl_ﬁzf} = ¢ o TTRR( )
(1+2K(1—a2))?
(4.9)
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It is sufficient to show the case that ¢ # 0. By (4.7), we have

(D(=L)"'(F — E[F]), DF)y

:/ e “duE' ZQCW(hi)ecZ?:IW(hj)Q
0

i=1
x 2¢(e )+ V1 — e 2uW/ (h;))e Zi=1 (e Whs)+v 16_2“W'(hj))2]
= 4c? /OO e “du Z W(hi)eCZ?ZI W (h;)? H E’ [ec(e_“W(hj)Jrv 1—6*2“W/(hj))2}
0 i=1 jséz’
S B [(€ W () + VT e B (et O+ T 0
1 n
_ Cz/ do ST W () e Sis W h)? B [ oW (h))+VI=0 W' (h)))?
0 Z Q@ [Te - |
= J#
xE’[ hi) + /1 — 2W (h))e )+\/1vW(h))}

Applying (4.8) and (4.9) to this equation, we obtain

(D(~L)"'(F — E[F]),DF)y
cv?W (h;)? )

tL eXp<1 2¢(1-07)
- 02/ dv> W )e€ Zi=1 Why)? ||
0 i—1 (h) V1—=2c(1

cv?W(h;)?

X

(1 —2¢(1— 1)2))%
cw? " W(h;)?
1 Vexp ( 1275;(1171)(2)3) >
d

— 4¢2 W (h;)? CZn_1W(hj)2/ _
‘ <Zzl (i) | = 0 (1—20(1—1}2))5+1 !

2
vt
pF 1—2c(1—v2)

1
= 4cF(log F ——dw.
(log )/0 (1 2¢(1—02))3+!

Hence, (iv) holds.
Finally we show (v). By (4.7) we have

(DF,D(—-L)"'F)y

= [ e (W (e - Vimemww) "]
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= n2W(h)"? /01 dyE' [(yW(h) + MW’(h))n_l} .

where W/(h) denotes an independent copy of W (h), and W (h) and W’'(h)
are defined on a product of abstract Wiener spaces (2 x Q, H ® H, P x P’)
and E’ denotes the expectation with respect to the Gaussian measure P’.
Hence,

(DF,D(-L) " 'F)g
— 2 /dyz n—l—]) (yW (h) "IJE’[(\/—W )}

- n — : — . 1
—n? Z ((2l)| (QEQi — ;3')" W(h)2n7272l /0 yn7172l(1 - y2)ldy

=0
where we regard (—1)!! = 1. Noting that the beta function 5(a,b) for a,b > 0
satisfies

1
Bla,b) = / (1 — )P dt
0
1
— 2/ 52a71(1 _ 52)b71d8’
0

we obtain
(DF,D(—L)"'F)y
5 [(n—1)/2]
n (n — 1)1(20 — D!
T2 2 20! (n —1 = 21)!

=0

5 (— . 1) |F + E [W (h)"][>2 D/

O

Now we give several common probability distributions as examples.

Example 4.10. (Gaussian and Gamma) Let F' = ¢W (h) where ¢ € R and
h € H such that ||h||g = 1. Then, E[F] = 0. By (i) of Proposition 4.9, we
have (D(—L)~'F, DF)p is measurable with respect to the o-field generated

by F', and we have
1

5(1(:6) =c% zeR

Let FF = ¢(W(h)? — 1) where ¢ € R and h € H such that |||y = 1.
Then, E[F] = 0. By (ii) of Proposition 4.9, we have (D(—L)"'F, DF)y is
measurable with respect to the o-field generated by F', and

1
5@(1‘) =22z +1), z>-1
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Example 4.11. (Log-normal) Let F = eV (") where ¢ € R\ {0} and h € H
such that ||h||g = 1. By (iii) of Proposition 4.9, we have (D(—L)"'(F —
E[F]), DF)p is measurable with respect to the o-field generated by F', and

1 L, &
ia(x) = ch/ 2e T dy, x> 0.
0

Example 4.12. (Ezponential of the sum of Gaussian squares) Let F =
e Zi=t W) where n € N, ¢ € (—00,1/2) \ {0} and hi,hg,... hy € H
such that ||hg|lg = 1 for &k = 1,2,....,n, and (hg,h))g = 0 for k,I =
1,2,...,n. By (iv) of Proposition 4.9, we have (D(—L)"Y(F — E[F]), DF)y
is measurable with respect to the o-field generated by F and

02

v 1-2c(1-v2)
~ 1dv
1—2¢(1 —v2))2t

1 1
5@(3:) = 4cx(log x)/o (

for z belonging to the support of the law (that depends on the choice of ¢).
This case includes the uniform distribution U[0,1] (by taking for example
n=2and c= —%), the centered Pareto distribution (if we consider n = 2
and ¢ = i we obtain a centered Pareto distribution with parameter 2) or
the centered beta distribution (by taking ¢ = —1, n = 2 we have a random
variable with centered beta law with parameters % and 1). We refer to [5]

for a review on these probability distributions.
Example 4.13. (Power of Gaussian) Consider the random variable
G = W(h)" —E[W(h)"]

where h € H such that ||h]|z = 1 and n € N. By (v) of Proposition 4.9, we
have (D(—L)~'(F — E[F]), DF)y is measurable with respect to the o-field
generated by F and

1
5a(2)

g L(n=1)/2]
_n (n—1DI2 -1 /n o
2 ZZ; (2l)!(n—1—m)!ﬁ(2 ~L1+1) o+ EW R

for = in the support of the law of G. The case that n = 1 and n = 2 are
associated to the standard normal distribution and the centered Gamma
distribution, respectively (see Example 4.10). When n = 3,

1

5@(1‘) = 3|z|? 4+ 6|2[*3, zeR.
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When n = 4,

%a(x) =4z +3)%?+12(x+3), z¢€(-3,0).
Remark 4.14. A concrete example of application of the theory presented
in this section is given in [18] and concerns the convergence of a sequence
of Pareto distributed random variables to the exponential law. Indeed, if we
consider a sequence of random variables (Fy,)p>1 such that each F,, follows
a Pareto distribution with parameter n > 2 then it is well-known that the
sequence (Yy)n>1 given by Y, = (n—1)(F, —1) converges in law, as n — oo,
to the exponential distribution with parameter 1. The rate of convergence
has been estimated in [18] using the techniques presented in this section.

5 Extension of the Fourth Moment Theorem

In this section, we analyze the weak convergence of sequences of random
variables in a Wiener chaos to X ~ u. The purpose of the argument is to
generalize the Fourth Moment Theorem (Theorem 2.2).

Through this section, u is assumed to satisfy the hypothesis in the previ-
ous section. In addition we set b(z) := —z and assume that [ a(z)?u(dz) <
oo and the expectation of the invariant measure equals zero, i.e. [zu(dr) =
E[X] =0.

Let us assume that Fy,, = I,(fmn),m € N is sequence of multiple inte-
grals in the pth Wiener, with f,, € H®? for every m € N. Our result in
Theorem 4.7 says that the joint convergence in distribution as m — oo of
(Fm,%HDFmH%{) to (G, (DG, D(—L)"'G)g), with G ~ u, is equivalent to
the convergence in L*(Q2) of a(F,,) — %HDFmH%{ to zero as m — oo, where
a denotes the squared diffusion coefficient associated to the law p.

The nice results in [14] and [9] show that, in the case when the target
distribution p is Gaussian or (centered) Gamma, then the hypothesis on the
convergence of |DF,,| g (or the conditional expectation in Theorem 4.2)
can be eliminated. Indeed, by assuming that EF2 —,, EG?, the sequence
(EFm)m>1 convergence to 4 (which is Gaussian or Gamma) if and only if the
sequence sa(Fy,) — %HDFMH%{ converges to zero in L?(12).

It is then natural to ask if the same holds for other target distributions.
We will show in the sequel that the answer is in general negative. We will
show that in some special situations, the convergence in law of a sequence
of multiple integrals to a law (different from Gaussian and Gamma) can be
expressed in terms of the convergence of sequence of the fourth moment and
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also in terms of some squared diffusion coefficients associated to the law and
of the Malliavin derivatives.

5.1 Product normal distribution

Let X,Y ~ N(0,1) be two independent random variables (X = I1(h1),Y =
I1(hg) with hy, he € H orthonormal) and consider the random variable

G = XY.

Then G follows the so-called product normal distribution and its density is
given by
falz) = Ko(|z|), ze€R

where K| is the modified Bessel function of the second kind. We remark
that fg(z) diverges at = 0, in particular f¢ is not continuous in R. Hence,
Theorems in Sections 3 and 4 are not applicable in this case.

We will characterize the convergence in distribution (which is equivalent
to the convergence in total variation) of a particular class of sequences of
multiple integrals toward the product normal distribution.

Remark 5.1. Let us recall that, if X,Y are independent multiple integrals,
then (X,DX) and (Y,DY) are independent random wvectors. Moreover,
(DX,DY )y =0. See Lemma 1 in [3].

Theorem 5.2. Suppose (X = Ip(fr))ken and (Yi = I;(gk))ren are two
sequences of multiple integrals in the pth and qth Wiener chaos respectively
such that

lim E[X?] =1 and lim E[Y?] =1.

k—o0 k—o0

Assume that for every k € N, the random variables Xy and Yy are indepen-
dent. Then the following are equivalent:

(i) XYy converges in distribution as k — oo to XY
(i) limpoo E [(XpY5)*] = 9.

(iil) limg oo |f& @r frll po2e-n = 0 and limg_o [|gr @1 gkl ge2-n = 0 for
everyr =1,2,....p—1landl=1,2,...,q— 1.

(iv) limg oo || DXk||% = p and limy_,o0 | DY |5 = q in L?(9).
(v) limg oo E[X}] = 3 and limy,_, o E[Y}}] = 3.

(Vi) Xp —kooo X and Yy — k00 Y in distribution.
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Proof. Note that for every k € N, XYy, = I,,14(fr ® gr). This comes from
the product formula for multiple stochastic integrals (2.3) and the fact that,
for every k > 1, the independence of X} and Y}, is equivalent to fr ®1gx =0
almost everywhere, see [19]. Note that the implication (vi) — (i) is trivial,
and the equivalence between (iii), (iv), (v) and (vi) follows from Theorem
2.2. Hence, it is sufficient to prove

(i) — (i) — (i)

for the first assertion. The implication (i) — (ii) is obvious since XY} is
a multiple integral in the Wiener chaos of order p + ¢ and thus for every
r > 1, sup, E[| X Yk|"] < co. Let us show (ii) — (iii). We use formula (2.5)
for the fourth moment of a multiple integral and we get

E [I,(f)"] = 3E [I.(/)?] + Ry

where, for every f € H®", we denoted

n—1 ' 2
Ryi= Y (s} 11 8 Ssanen + C o 18 Py
r=1 ’ ’
(5.1)
We have, for every k > 1,
E[(Xi)'] = E[X]E[Y/]
— (E[X}?]*+ Ry,)BE V2]’ + Ry,)

with Ry, and R,, defined above by (5.1). Since 3E [le]Q x 3E [Yk2]2 — 9,

we easily get that || fx @y fk || ge2w-r — koo 0 and [|gx @ik || geza- — ko0 0
forevery r=1,..,p—landl=1,..,q — 1. O

Remark 5.3. The convergence of Wiener polynomials whose orders are uni-
formly dominated from above to a non-degenerate distribution in distribution
is equivalent to the convergence in total variation (see Theorem 3.1 in [8]).

5.2 The sum of a standard normal random variable and an
independent random variable

Let Z ~ N(0,1) and let G be a centered random variable with the fourth
moment and is independent of Z. We will characterize the convergence (of a
special class of sequences of multiple stochastic integrals) to the distribution
of the random variable Z+G. See [3] for the case when Z, G are independent
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Gamma distributed random variables. We assume that G has a continuous
density function on R (not necessary strictly positive on R). Below a will
denote the squared diffusion coefficient associated to Z + G.

Proposition 5.4. Let (X = I,(fx))ren be a sequence of random variables
in the pth Wiener chaos such that

lim BE[X?] = 1.

k—o0

Let (Y, = (I4(gx))ken be another sequence of random variables in the qth
Wiener chaos such that Xy and Yy are independent for every k € N and

lim E[Y}] = E[G?] and Jim E[Y] = E[G"].
—00

k—o0
Then the following assertions are equivalent:
(i) X =k Z and Yy, —, G in distribution
(i) Xp + Yy =k Z + G in distribution

If in addition, a satisfies the assumptions in Corollary 4.4, then the following
18 also equivalent.

e 1 1 1
(iii) §G(Xk +Y,) - E EHDYRH% + gHDXkH%{

X + Yk} —5 0 in LY(Q).

Proof. Clearly (i) — (ii). We show that (ii) — (i). We use the relation
E[(X;+Y:)'] = E[X{]+6E[X}|E[Y}]+E[v]
= 3E[X}]+6E [ X} E[Y?] +E Y] + Ry,
~ 3+6E[G’] +E[G'] + Ry,, (5.2)
where we used (2.5) and Ry, given by (5.1). Recall that ~ means that the
sides have the same limit as kK — co. On the other hand, from (ii) we have
E[(X;+Y)'] =+ E[(Z+G)'| =3+6E[G°] +E[G"]. (5.3)
By combining (5.2) and (5.3), we get Ry, — 0 and thus

Ilfx @r frll rozw-r —% 0

for every r = 1,2,...,p — 1. This gives the converges in distribution of X}
to Z as k — oo (see Theorem 2.2), and then we easily get the convergence
in law as k — oo of Y, to G.

Theorem 3.1 in [8] implies that (ii) is equivalent to the convergence of
X+ Y} in total variation. Hence, if we additionally give the assumptions in
Corollary 4.4, we obtain the equivalence between (ii) and (iii) by Corollary
4.4. O
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We apply the above result to the particular case when G follows a cen-
tered chi-squared distribution.

Corollary 5.5. Consider two sequences (Xj)p>1 and (Yy)g>1 as in Propo-
sition 5.4 and assume that the random wvariable G from Proposition 5.4
is a centered Gamma random variable i.e G = W (h)? — 1 where h € H,
|hllzr = 1. Then the following are equivalent:

(i) Xi + Yy =k Z + G in distribution.

(ii)) Xp —r Z and Yy —p G in distribution.
(iii) SIDXkl — 1 and L[| DYyl —2Y, =, 0 in L*(2).
(1v) 1 LIDXB, + 2V — LD, —+¢ 0 in L2(9).

(v) $a(Xy+Ye) =B [LIDXell}, + LDV} | Xi + Vi = 0 in L1(9).

Proof. The points (i) and (v) are equivalent due to Proposition 5.4 by noting
the squared diffusion coefficient a associated with the law Z 4 G satisfies the
assumptions from Corollary 4.4. The fact that (i) is equivalent to (i), (iii),
(iv) follows from Theorem 1.2 in [9] and Remark 5.1. On the other hand,
the explicit expression for a (that can be calculated via (3.1), is pretty
complexe. O

Remark 5.6. Condition (iv) above show that the convergence toward the
sum Z + G of a Gaussian and an independent Gamma distribution can
be characterized (without the appearance of the conditional expectation) in
terms of the diffusion coefficients associated with Z and G.

6 The case when the diffusion coefficient is a poly-
nomial of second degree

Since we are studying the convergence of a sequence of multiple stochastic
integrals, whose expectation is zero, we will assume that the measure p is
centered and the drift coefficient is b(z) = —z. We will also assume that the
diffusion coefficient is a polynomial of second degree expressed as

a(r)=az’+Br+vy, z€8, a,BveR (6.1)

such that a(z) > 0 for every x € S. In this case it is possible to understand
better when the necessary and sufficient condition for the weak convergence
of a sequence of multiple integrals toward the law p is satisfied.
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This class contains the known continuous probability distributions. See
Table 1 in [2]. It contains among others, the normal, Gamma, uniform,
Student, Pareto, inverse Gamma or F distributions. We mention by the
way that, except the first laws listed here, the others cannot be limits in
distribution of a sequence of multiple integrals, because they do not admit
moments of any order. Nevertheless, the class satisfying (6.1) and admitting
moments of any order contains an infinity of probability distributions.

We give below some examples qualified as candidate to be limit in dis-
tribution of sequences of multiple integrals. Note that in Table 1 in [2] the
diffusion coefficient is given for non centered probability distributions. In
order to obtain the diffusion coefficient a of the centered measure from the
diffusion coefficient ag of the non centered measure we apply the following
rule (see Lemma 2.5 in [2])

a(@) = ao(x + BIX))
where X ~ p.

Example 6.1. The normal distribution N(0,7), v > 0. In this case
a(x) = 2.

Example 6.2. The Gamma I'(a,\), a,A\ > 0 law. Here the density is

f(z) = F)&) 29 e " for x > 0 and f(z) =0 otherwise. Also E[X]= % and

the centered Gamma law has

meaning that o« = 0,8 = 3,7 = 3%.

Example 6.3. The uniform U(0,1) distribution. Here the density is
f(z) =191 (z), the mean is E[X] = 3 and U[0,1] — E[U[0, 1]] has squared
diffusion coefficient

Soa:—l,ﬁ:O,fy:%.

Example 6.4. The Beta (a,b) law, a,b > 0. In this case the probability
density function is

f(z) = %W(l ) M (@),
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E[X] = 2% and the centered beta law has

2 ety
a-+b a+b a+b

a(z) = x).

Note that the beta distribution with a = b has the fourth cumulant negative

and therefore it cannot be limit of a sequence of multiple integrals.
Thereforea:—a%rb,ﬁ: 2 b 2 _a

_<4 _b—a — _Y
a+b a+b’ 7= a+b a+ba+b”

The polynomial form of the diffusion coefficient a together with The-
orem 3.2 implies several consequences on the moments of the probability
distribution of X ~ . We will present them in the following useful lemma.
In particular, we give a recurrence formula for the moments of X.

Lemma 6.5. Suppose that a is given by (6.1). Then for every k € R, k > 1
such that E[X?*] < oo one has

2k —1

<1— %2_ 1a> E[X*] = Lz_ LBBLX ) 4 VE[X*2). (6.2)

In particular, if o # 2,

E[X?] = ﬁ (6.3)
ifa#1,2, ; ;
-
E[X?%] = EE[XQ] =i o@E_a) (6.4)
and if o # 2, %, then
3 82 3 B
E[XY] = (;_a :;;W)E[XZ] (2 i(;)ét;)a) (6:5)

Proof. Relation (6.2) is obtained by applying Theorem 3.2 with h(z) =

2?*=1. In particular, for k = 1, since E[X] =0
2 1 1 2
E[X?| =E |;a(X)| = 5 (aE[X?| + SE[X] + )
and thus E[X?] = 52—. By applying successively Proposition 3.2 with
h(z) = 2? (k = 3) and h(z) = 2% (k = 2) we obtain the expressions (6.4)
and (6.5). O
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Lemma 6.6. Assume (6.1) with o # 1,2,3. Fizn > 1 and let {F,, =
I(fm), m > 1} such that

E[F2] = moeo E[X?], E[FL] =00 E[X?Y] and E[F3] =0 E[X?].

(6.6)
Then

3
B| - Jatrr]
- n—1 2 n 2
~ Con!l|fmll+3n > (p-1) ( p—1 > p! ( , ) (20 — 20)![| fn@p fin I
p=lp#3
3 2 5 2 3 3

where >~ means that the two sides have the same limit as m — oo, ¢, is
defined by

(n/2)?
and
3 —4y 332
Co = 20‘[(2—a)(2—3a) - (1—0[)(2—3(1)] (6:9)
Proof. From assumption (6.6) and Theorem 3.2,
43 2 43 2
E | Fj, = Sa(Fn)FS | —m B [ X! = Sa(X)X?| = 0.
Now, by (6.1)
4. 3 2 43 473 2, 3 3
E Fm - §a(Fm)Fm = E[Fm] - §QE[Fm] - §7E[Fm] - §/BE[Fm]

and, on the other hand, using (6.6), (6.5) and (2.5) we get
(1-3a) Eirt) - Somis2)

n—1 2 2
=sElFER 430 (-0t 021 ) o () @ne 2l

p=1

2
3 3(:Z +7)

2 — 3«

B{F}] ~ S7E[F})
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n—1 n—1 2 n 2 ~
= amlrg) +an -0 (21 ) () ) o2l

with Cj given by (6.9). Therefore, the desired relation (6.7) is obtained. O

From the above result we will deduce several restrictions on the prob-
ability distributions that can be limits of sequences of multiple stochastic
integrals. We will discuss separately the cases 5 =0 and g # 0.

6.1 The case =0

Let us assume that § = 0 in (6.1). This is the case of the Student, uniform
and beta (with parameters a = b) distributions. In this situation, since
EX3 =0 (see (6.4)), the order of the chaos n can be even or odd in principle.

Theorem 6.7. Assume (6.1) with o # 2,% and B =10. Fizxn >1 and let
(B = In(fm)m>1 satisfying (6.6). Then o =0,y >0 and if S = (—00,00),
X follows a centered normal distribution with variance .

Proof. Let us show that Cy > 0. Note that

6ay
(2—a)(2—3a)

Relations (6.3) and (6.5) with 8 = 0 give

Co=—

2

Y 37
7o A B = (2—a)(2 - 3a)

E[X?] =
and this implies in particular
(2—a)(2—-3a) > 0.

On the other hand, from the relation (6.2) with 8 = 0 we notice that

2k —1 2k —1
(1 _ k2 Oé> E[XQk] _ kT’)’E[XQk_Q]

for every k > 1 we notice that «,~ have different parities. Indeed, if o > 0

then for k large enough (1 — 2k2_ 104) becomes negative and thus v < 0. If

a < 0 then (1 — %a) is positive and so v should be positive. So Cy > 0.
Next, since E [F}, — 3a(Fy,)F24] = 0 we have from Lemma 6.6

n—1 2 2
-1 -
GoElrl+3n 30! (071 ) o () o2l b 0

p=1
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and this is not possible unless Cy = 0. In this case, we have a = 0 (from
(6.9)), v > 0 (from (6.3)) and consequently, when S = (—o0,00), X follows
a normal distribution with mean zero and variance . This can be easily
obtained by computing the density of X using Proposition 1 in [5].

O

As a consequence, we notice that several probability distributions cannot
be limits in distribution of sequences of multiple stochastic integrals.

Corollary 6.8. A sequence of random wvariables in a fired Wiener chaos
cannot converge to the uniform distribution.

6.2 The case 5 #0

In this paragraph we study the convergence of a sequence a multiple stochas-
tic integrals to the law of a random variable X ~ p where p is the invari-
ant measure of a diffusion with drift coefficient b(x) = —z (meaning that
E[X] = 0) and diffusion coefficient a given by (6.1) with 5 # 0. This is the
case of the Pareto, Gamma, inverse Gamma and F' distributions.

Fix n > 1. Consider throughout this section that {F,,,m > 1} is a
sequence of random variables expressed as Fy, = I,(f,) with f,, € H®™.
Since the third moment of a multiple Wiener -It6 integral of odd order is
zero, from (6.4) we may assume in this paragraph that n is even.

Let us first deduce some consequences on the convergence in law of F},
to X.

Lemma 6.9. Assume (6.1) with o # 1,2,3. Fizn > 1 and let {F,, =
I,(fm),m > 1} satisfying (6.6). Then

lgbn<fm7fm®n/2fm> = lim 5 anmeQ

m 1 —a«
where ¢, s given by (6.8).
Proof. Condition (6.6) and Proposition 3.2 imply

E [F3 — a(Fn)Fn) —moe E[X? —a(X)X] =0

m

or equivalently
(1 - @)E[F,] — BE[F3] = 0.
But from (2.4) we have
!3

(1-a)E[F}] - BE[FZ] = (1—04)(7;;W<fm,fm®gfm>—6n!\|fm||2
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n!3 - 9

= /2B [(1 — ) {fm, fm®@2 fm) — Ben| fmll ]
and since this converges to zero as m — 0o, we obtain the conclusion. Let
us also mention that the two limits in the statement of the lemma exist due
to Lemma 2.1 and to the convergence of the sequences of the second and
third moments of (Fy,)m>1- O

We will need the following auxiliary lemma.

Lemma 6.10. Let the assumptions stated in Lemma 6.9 prevail. Then for
every c € R

B| - Ja(rr]
~ 2|2 (00— 20— ) 1l = Becntfms fns ) + Lol
~ 2cnn 3cn 0 5 Cl_a m CCn\Jmy Jm % Jm m'Sn/2)m
n—1 n—1 2 n 2
a0 X -0t (020 ) p () @02l
., p p
p=L;p#3
—m—soo 0

where ~ means that the two sides have the same limit as m — oo, ¢,,Cy
are defined by (6.8) and (6.9) respectively.

Proof. Recall the relation (6.7). For every ¢ € R we can write

3 3 3
SPEIFL] = S(1 = ¢)BE[F] + ScBE[Fy)]
and using (6.4) and the convergence of the moments of F,,, to those of

(relation (6.6)),

21— )BR{FY) ~ 201 - s B[x?)
~ S0-as o miE) = 20— os ol 6

By combining (6.7) and (6.11), we obtain (6.10).

The next step is to find ¢ € R such that

2 3 B2\ _ e _
§<CO_§(1_C)1—0¢> = A* and fc = 2A.
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If such ¢ € R exists then the sequence E[F% — 3a(F,,)F2] (which converges
to zero as m — oo due to (3.4)) will have the same limit as ||Acy, fr —
fm®n /2 fml? plus a positive term (this is consequence of (6.10)). The exis-
tence of ¢ € R is equivalent to the existence of a real solution to the second
degree equation

1232 1232
2 2
_ - - = 12
3p%c T ¢ (800 T—a (6.12)
which has the following discriminant

144c 32 2y

A=— . 6.13
2 — 3« [(1—@)2+2—a] (6.13)

2

Since (1?—&)2 + % > 0 (see (6.3)) the sign of A depends on the sign of 5-%-.

Theorem 6.11. Assume (6.1) with o # 1,2,%. Fiz n > 1 and let {F,, =

Li(fm),m > 1} satisfying (6.6). Moreover, let us assume 5%~ < 0 (that
is, « € R\ (0, %]) Then o = 0 and, if S = (—%,00), X follows a centered

(
Gamma law T'(a, \) — E[l'(a, )] where B = 3,v = 3%.

Proof. When a ¢ [0, %), then the discriminant A (6.13) is positive and the
equation (6.12) admits two real solutions (that may coincide). Let us denote
by ¢1,¢0 € R and by A; = 6201', i = 1,2. From (6.10) we deduce that, for
i=1,2

E [F:i - §a<Fm>Fé} ~ Sl || Ascfm — Tl

n—1 2 2
a0 X -0t (220 ) () @ adutl? 0

p=Lp#y b
and consequently

||Aicnfm—fm®n/2fm\| —m 0 and || fn@pfm|| #moec Oforp=1,...,n -1, p# 3
(6.14)

where ¢, is given by (6.8). Relation (6.14) and Lemma 6.9 immediately

imply A; = % for i = 1,2 and consequently the two solutions to (6.12)

must coincide. The discriminant A (6.13) then vanishes and that gives

a = 0. The fact that p is a centered Gamma law follows from (6.1) with

a = 0 and 8 # 0 by computing the density of X in terms of the squared

diffusion coefficient a, see Proposition 1 in [5].

O
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Since in the case of the beta distribution @ = =2 and a,b > 0, we have

a+b
the following corollary.

Corollary 6.12. A sequence of random variables in a fired Wiener chaos
cannot converge to the beta distribution.

Remark 6.13. In the case of the centered Gamma distribution, we obtain
from the proof of Theorem 6.11 : a sequence (Fy, = In(fm)m>1 such that
E[F2] —m—oo 15 converges to the centered Gamma law I'(a, X) — E[['(a, A)]
if and only if the following assertions are satisfied:

o E[F3] =, 2% and E[FL] —,, 22

o [13cnfm — fm®nj2fmll —m O (recall that ¢, is given by (6.8))
o 1F2+ v LDE, |3, converges to zero in L?((2).
When A = % and a = ¥ we retrieve the results in [9], Theorem 1.2.

2 2
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