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MULTI-LEVEL STOCHASTIC APPROXIMATION ALGORITHMS

N. FRIKHA!

Abstract. This paper studies multi-level stochastic approximation algorithms. Our aim is to extend
the scope of the multilevel Monte Carlo method recently introduced by Giles [Gil08D] to the framework
of stochastic optimization by means of stochastic approximation algorithm. We first introduce and
study a two-level method, also referred as statistical Romberg stochastic approximation algorithm.
Then, its extension to multi-level is proposed. We prove a central limit theorem for both methods and
describe the possible optimal choices of step size sequence. Numerical results confirm the theoretical
analysis and show a significant reduction in the initial computational cost.

1991 Mathematics Subject Classification. 60F05, 62K12, 65C05, 60H35.

August 6, 2014.

1. INTRODUCTION

In this paper we propose and analyze a multi-level paradigm for stochastic optimization problem by means
of stochastic approximation schemes. The multi-level Monte Carlo method introduced by Heinrich [Hei01] and
popularized in numerical probability by [Keb05] and [Gil08D] allows to significantly increase the computational
efficiency of the expectation of an R-valued non-simulatable random variable Y that can only be strongly
approximated by a sequence (Y),,>1 of easily simulatable random variables (all defined on the same probability
space) as the bias parameter n goes to infinity with a weak error or bias E[Y] — E[Y"] of order n™%, a > 0.
Let us be more specific. In this context, the standard Monte Carlo method uses the statistical estimator
M~1x Zj\i1 Y™J where the (Y"’j)je[[l,M]] are M independent copies of Y. Given the order of the weak error,
a natural question is to find the optimal choice of the sample size M to achieve a global error. If the weak error
is of order n~® then for a total error of order n= (« € [1/2,1]), the minimal computation necessary for the
standard Monte Carlo algorithm is obtained for M = n2, see [DG95]. So, if the computational cost required
to simulate one sample of U™ is of order n then the optimal computational cost of the Monte Carlo method is
Crc = C x n?**1 for a positive constant C' > 0.

In order to reduce the complexity of the computation, the principle of the multi-level Monte Carlo method
introduced by Giles [GilO8D] as a generalization of Kebaier’s approach [Keb05] consists in using the telescopic
sum

EY™ ] =E[y]+Y Ey™ -y" |,
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2 N. FRIKHA

where m € N*\ {1} satisfies m’ = n. For each level ¢ € {1, -- , L} the numerical computation of E[Ym[ —Ymefl]
is achieved by the standard Monte Carlo method with N, independent samples of (Y’”F1 , le). An important

point is that the random sample Y™ and Y™ are perfectly correlated. Then the expectation E[Y™] is
approximated by the following multi-level estimator

1 o Lo e . -
LSyt LS syt
No =1 = e =1

where for each level £, (me,j)je[[LNe]] is a sequence of i.i.d. random variables with the same law as ym’,

Based on an analysis of the variance, Giles [Gil08b] proposed an optimal choice for the sequence (Ny)i1<o<r,
which minimizes the total complexity of the algorithm. More recently, Ben Alaya and Kebaier [AK12] proposed
a different analysis to obtain the optimal choice of the parameters relying on a Lindeberg Feller central limit
theorem (CLT) for the multi-level Monte Carlo algorithm. To obtain a global error of order n~%, both approaches
allow to achieve a complexity of order n?*(logn)? if the L?(IP) strong approximation rate E|U™ — U|?] of U by
U™ is of order 1/n. Hence, the multi-level Monte Carlo method is significantly more effective than the crude
Monte Carlo and the statistical Romberg methods. Originally introduced for the computation of expectations
involving stochastic differential equation (SDE), it has been widely applied to various problems of numerical
probability, see Giles [Gil08al, Dereich [Der1l], Giles, Higham and Mao [GHM09] among others. We refer the
interested reader to the webpage: http://people.maths.ox.ac.uk/gilesm/mlmc_community.html

In the present paper, we are interested in broadening the scope of the multi-level Monte Carlo method to
the framework of stochastic approximation (SA) algorithm. Introduced by Robbins and Monro [RM51], these
recursive simulation based algorithms appear as effective and widely used procedures to solve inverse problems.
To be more specific, their aim is to find a zero of a continuous function h : R* — R? which is unknown to the
experimenter but can only be estimated through experiments. Successfully and widely investigated from both a
theoretical and applied point of view since this seminal work, such procedures are now commonly used in various
contexts such as convex optimization since minimizing a function amounts to finding a zero of its gradient. In
the general Robbins-Monro procedure, the function h writes h(#) := E[H (0, U)] where H : R x R? — R? and
U is an R%-valued random vector. To estimate the zero of h, they proposed the algorithm

Opi1 = 0p — Y1 H (0, UPTY), p>0 (1.1)

where (UP),>1 is an i.i.d. sequence of copies of U defined on a probability space (2, F,P), 6y is independent of
the innovation of the algorithm with E|fy|* < +00 and v = (v,)p>1 i a sequence of non-negative deterministic
and decreasing steps satisfying the assumption

D =400, and Y 42 < +oo. (1.2)

p>1 p>1

When the function h is the gradient of a convex potential, the recursive procedure () is a stochastic gradient
algorithm. Indeed, replacing H (6,, UP™!) by h(6,) in () leads to the usual deterministic descent gradient
procedure. When h(f) = k(0) — ¢, 6 € R, where k is a monotone function, say increasing, which writes
kE(0) =E[K(0,U)], K : R x R? — R being a Borel function and ¢ a given desired level, then setting H = K — ¢,
the recursive procedure (LI]) aims to compute the value 6 such that k(6) = .

As in the case of the Monte Carlo method described above, the random vector U is not directly simulatable
(at a reasonable cost) but can only be approximated by another sequence of easily simulatable random vectors
((U™)P)p>1, which strongly approximates U as n — 400 with a standard weak discretization error (or bias)
E[f(U)] — E[f(U™)] of order n=® for a specific class of functions f € C. The computational cost required to
simulate one sample of U™ is of order n that is Cost(U™) = K x n for some positive constant K. One standard
situation corresponds to the case of a discretization of an SDE by means of an Euler-Maruyama scheme with n
time steps.
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Some typical applications are the computations of the implied volatility or the implied correlation which both
boil down to finding the zero of a function which writes as an expectation. Computing the Value-at-Risk and
the Conditional Value-at-Risk of a financial portfolio when the dynamics of the underlying assets are given by
an SDE also appears as an inverse problem for which a SA scheme may be devised, see e.g. [BFP09a[BFP09H].
The risk minimization of a financial portfolio by means of SA has been investigated in [BEPI0[Fril4]. For
more applications and a complete overview in the theory of stochastic approximation, the reader may refer
to [Duf96], [KY03| and [BMP90].

The important point here is that the function h is generally neither known nor computable (at least at
reasonable cost) and since the random variable U cannot be simulated, estimating 8* using the recursive scheme
(L) is not possible. Therefore, two steps are needed to compute 6*:

- the first step consists in approximating the zero 6* of h by the zero 6*™ of h™ defined by h™(0) := E[H(0,U™)],
0 € R, Tt induces an implicit weak error which writes

Ep(n) :=0" —0"".

Let us note that %" appears as a proxy of 8* and one would naturally expect that %" — 6* as the bias
parameter n tends to infinity.
- the second step consists in approximating 0™ by M € N* steps of the following SA scheme

Oy =00 — v H(O), (U™)PT), pe[0,M—1], (1.3)

where ((U™)P)peq,mq is an ii.d. sequence of random variables with the same law as U™, 6 is independent
of the innovation of the algorithm with sup,~, E[|07]?*] < 400 and v = (7,)p>1 is a sequence of non-negative
deterministic and decreasing steps satisfying (L2). This induces a statistical error which writes

Es(n, M,~) := 6" — 0}.

The global error between 6*, the quantity to estimate, and its implementable approximation 67}, can be
decomposed as follows:

s M.2) = 0 — 0% 4% g,
= Ep(n) + Es(n, M, ).

The first step of our analysis consists in investigating the behavior of the implicit weak error Ep(n). Under
mild assumptions on the functions h and h™, namely the local uniform convergence of (h"),>1 towards h and
a mean reverting assumption of h and h"™, we prove that lim,, Ep(n) = 0. We next show that under additional
assumption, namely the local uniform convergence of (Dh™),,>1 towards Dh and the non-singularity of Dh(6*),
the rate of convergence of the standard weak error h™(6) — h(f), for a fixed § € RY, transfers to the implicit
weak error Ep(n) = 0% — ™.

Regarding the statistical error Es(n, M,~y) := 6*™ — 0%, it is well-known that under standard assumptions,
i.e. a mean reverting assumption on A" and a growth control of the L?(IP)-norm of the noise of the algorithm,
the Robbins-Monro theorem guarantees that limy; Eg(n, M,~) = 0 for each fixed n € N*| see Theorem
below. Moreover, under mild technical conditions, a CLT holds at rate v~1/2 (M), that is, for each fixed n € N*,
y~Y2(M)Es(n, M,~) converges in distribution to a normally distributed random variable with mean zero and
finite covariance matrix, see Theorem 2.4] below. The reader may also refer to [FMI2|[FF13] for some recent
developments on non-asymptotic deviation bounds for the statistical error. In particular if we set v(p) = vo/p,
Yo > 0, p > 1, the weak convergence rate is VM provided that 2Re(Amin)yo > 1 where A, denotes the
eigenvalue of Dh(6*) with the smallest real part. However, this local condition on the Jacobian matrix of h at
the equilibrium is difficult to handle in practical situation.
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To circumvent such a difficulty, it is fairly well-known that the key idea is to carefully smooth the trajectories
of a converging SA algorithm by averaging according to the Ruppert € Polyak averaging principle, see e.g.
[Rup91,[PJ92]. Tt consists in devising the original SA algorithm ([3]) with a slow decreasing step and to

simultaneously compute the empirical mean (6)),>1 (which a.s. converges to 6*") of the sequence (6} ),>0 by
setting
go_ O80T+ 40 1

B P b1 = o7 B = 6). (1.4)

The statistical error now writes Eg(n, M,v) := " — %, and under mild assumptions a CLT holds at rate
v/M without any stringent condition on 7.

Given the order of the implicit weak error and a step sequence ~ satisfying (L2) a natural question is to
find the optimal balance between the value of n and the number M of steps in (L3 in order to achieve a
given global error. This problem was originally investigated in [DG95] for the standard Monte Carlo method.
The error between 6* and the approximation 6}, writes 03, — 0* = 03, — 0*™ 4+ 0*" — 0* suggesting to select
M = 47 1(1/n?*), where v~! is the inverse function of 7, when the weak error is of order n=. However,
due to the non-linearity of the SA algorithm (L3, the methodology developed in [DG95] does not apply in
our context. The key tool to tackle this question consists in linearizing the dynamic of (91’})1)6[[17 wmq around its
target 6", quantifying the contribution of the non linearities in the space variable 6 and the innovations and
finally exploiting stability arguments from SA schemes. Optimizing with respect to the usual choice of the step
sequence, the minimal computational cost (to achieve an error of order n=%) given by Csa = K xnx~y~1(1/n?®)
is reached by setting v(p) = vo/p, p > 1, provided that the constant -y, satisfies a stringent condition involving
h™, leading to a complexity of order n2**!. Considering the empirical mean sequence (ég)peﬂl_’,n)aﬂ instead of
the crude SA estimate also allows to reach the optimal complexity for free without any condition on 7.

To increase the computational efficiency for the estimation of #* by means of SA algorithm, we investigate
in a second part multi-level SA algorithms. The first one is a two-level method, also referred as the statistical
Romberg SA method. It consists in approximating the unique zero §* of h by 07" = 9’]}2 +0%, —9}}452, B e (0,1).
The couple (9”M2,9”M52) is computed using My independent copies of (U™, U?"). Moreover the random samples

used to obtain 971\1;1 are independent of those used for the computation of ( ’]%42,9’]52). For an implicit weak
error of order n~%, we prove a CLT for the sequence (0%"),>1 through which we are able to optimally set My,
M5 and 8 with respect to n and the step sequence . The intuitive idea is that when n is large, (92)106[[07 Ma]

and (GSB )peo,M,] are close to the SA scheme (6,),cp0,,] devised with the innovation variables (UP),>1 so
8

that the correction term writes 0}, — 6, — (0}, — 0ar,). Then we quantify the two main contributions in

this decomposition, namely the one due to the non linearity in the space variables (025,93,910)176[[0) M,) and
the one due to the non linearity in the innovation variables (U"BJ”,U P UP)p>1. Under mild smoothness
assumption on the function H, the weak rate of convergence is ruled by the non linearity in the innovation
variables for which we use the weak convergence of the normalized error n?(U™ — U), p € (0,1/2]. The optimal
choice of the step sequence is again v, = 7o/p, p > 1 and induces a complexity for the procedure given
by Csa.sr = K x n2t1/ 040 provided that - satisfies again a condition involving k" which is difficult to

handle in practice. By considering the empirical mean sequence 0" = 0_’;;3 + 5’;44 - é}\i, where (Hgﬁ )pe[[O, Ms]
and (0}, 025 )pefo,M,] are respectively the empirical means of the sequences (025 )pefo,ms] and (6, 025 )pel0,Md]
devised with the same slow decreasing step sequence, this optimal complexity is reached for free by setting
My =n2>, My = n20=1/(40) without any condition on .

Moreover, we generalize this approach to the case of multi-level SA method. In the spirit of [GilO8D] for
Monte Carlo path simulation, the multi-level SA scheme estimates 6*™ by computing the quantity O™ =
031, j—Zlel ’A’Z - ﬁjl where for every ¢, the couple (9%2, 1]\%71) is obtained using M/, independent copies of

—1
(U™ ,U™). Here again to establish a CLT for this estimator (in the spirit of [AK12] for the Monte Carlo path
simulation), our analysis follows the lines of the methodology developed so far. The optimal computational cost
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to achieve an accuracy of order 1/n is reached by setting My = v~ 1(1/n?), My = v~ (m*log(m)/(n?log(n)(m—
1)), £=1,---, L in the case p = 1/2. Once again the step sequence v(p) = vo/p, p > 1, is optimal among the
usual choices of step sequence and it induces a complexity for the procedure given by Csavr, = K xn?(log(n))?.
We thus recover the rates as in the multi-level Monte Carlo path simulation for SDE obtained in [GilO8D]
and [AKT2].

The paper is organized as follows. In the next section we state our main results and list the assumptions.
Section [ is devoted to the proofs. In Section Ml numerical results are presented to confirm the theoretical
analysis. Finally, Section [Hlis devoted to technical results which are useful throughout the paper.

2. MAIN RESULTS

In the present paper, we make no attempt to provide an exhaustive discussion related to convergence results
of SA schemes. We refer the interested readers to [Duf96], [KY03] and [BMP90] among others for developments
and a more complete overview in SA theory. In the next section, we first recall some basic facts concerning
stable convergence (following the notations of [JP98]) and list classical results of SA theory.

2.1. Preliminaries
For a sequence of E-valued (E being a Polish space) random variables (X,,),>1 defined on a probability space
(Q, F,P), we say that (X,,),>1 converges in law stably to X defined on an extension (2, F,P) of (Q2, F,P) and

write X, “2%Y X if for all bounded random variable U defined on (2, F,P) and for all h : E — R bounded
continuous, one has

E[Uh(X,)] = E[UA(X)], n — +o0.

This convergence is obviously stronger than convergence in law that we denote by “=". Stable convergence
was introduced in [Rén63] and notably investigated in [AETS|]. The following lemma is a basic result on stable
convergence that will be useful throughout the paper. We refer to [JP98|, Lemma 2.1 for a proof. Here, E
and F' will denote two Polish spaces. We consider a sequence (X,,),>1 of E-valued random variable defined on

(Q,F).

Lemma 2.1. Let (Y,,)n>1 be a sequence of F-valued random variable defined on (2, F) satisfying

Y, v

where Y is defined on (0, F). If X, LYY X where X is defined on an extension of (Q, F) then, we have

(X, Y) 2% (X, Y).

Let us note that this result remains valid when Y, =Y, for alln > 1

We illustrate this notion by the Euler-Maruyama discretization scheme of a diffusion process X solution of
an SDE. The following results will be useful in the sequel in order to illustrate multi-level SA methods. We first
introduce some notations, namely for z € R4

bi(z) ou(z) - og()
ba(

8
~
Q
[ V)
—_
—
8
~
Q
[ &)
L
—
8
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and dY; = (dt dW} - -- thql)T where b: RY — R?, o : R? — RY x RY". Here as below u” denotes the transpose
of the vector u. The dynamic of X will be written in the compact form

t
Vi e [0,T], X :x—i-/ F(X,)dYs
0

with its Euler-Maruyama scheme with time step A =T/n

t
Xp =t [ FOX, )Y
0

We introduce the following smoothness assumption on the coefficients:

(HS) The coefficients b, o are uniformly Lipschitz continuous.
(HD) The coefficients b, o satisfy (HS) and are continuously differentiable.

The following result is due to [JP98], Theorem 3.2 p.276 and Theorem 5.5, p.293.
Theorem 2.1. Assume that (HD) holds. Then, the process V" := X" — X satisfies

n tabl
UTV"SéyV, as n — 4oo

the process V being defined by Vo =0 and

q+1 ¢ q'+1

Vi =" 3R (VEaY? = Y (X dzy (2:5)

j=1 k=1 (=1

where f,;” is the kth partial derivative of f and

Wi g) € [2d +1] % [2.4 + 1], ZF = / o™ (X, )0 (X.)dBM
0

s

viel,¢d +1], ZzY¥ =0,
Vie[l,¢d +1],Z2% =0,

where B is a standard (¢')?-dimensional Brownian motion defined on an extension (Q, F, (Fi)i>0, P) of (Q, F, (Fi)i>0, P)
and independent of W.

We will also use the following result which is due to , Theorem 4.
Theorem 2.2. Let m € N*\{1}. Assume that (HD) holds. Then, we have

mt stably

14 £—1
— (X" - X™ — V. l .
(m—l)T( ) , as £ — +o0

We now turn our attention to SA. There are various theorems that guarantee the a.s. and/or LP convergence
of SA algorithms. We provide below a general result in order to derive the a.s. convergence of such procedures.
It is also known as Robbins-Monro Theorem and covers most situations (see the remark below).

Theorem 2.3 (Robbins-Monro Theorem). Let H : R? x R? — R a Borel function and U a RY-valued random
vector with law p. Define
Vo € RY, h(9) = E[H(0,U)),
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and denote by 0* the (unique) solution to h(0) = 0. Suppose that h is a continuous function that satisfies the
mean-reverting assumption

VO € R0 #£ 6%, (0 — 0%, h(0)) > 0. (2.6)
Let v = (%)le be a sequence of gain parameters satisfying (L2). Suppose that

Vo € RY E|H(O,U)?> < C(+|0—6%%) (2.7)

Let (Up)p>1 be an i.i.d. sequence of random vectors with common law p and 6y a random vector independent
of (Up)p>1 satisfying E|6o|*> < +oo. Then, the recursive procedure defined by

9p+1 = op - ”YerlH(opv Up+1)7 p=>0 (2-8)

satisfies
0, =5 0%, as p — +oo.

Let us point out that the Robbins-Monro theorem also covers the framework of stochastic gradient algorithm.
Indeed, if the function h is the gradient of a convex potential L, namely h = VL where L € C*(R% R, ), that
satisfies: VL is Lipschitz, |[VL]> < C(1 + L) and lim|g_, 4 L(#) = +o0 then, Argmin L is non-empty and
according to the following standard lemma 6 +— %|6‘ — 0%|? is a Lyapunov function so that the sequence (6,,),>1
defined by ([Z38) converges a.s. to 6*.

Lemma 2.2. Let L € CY(R%, R) be a convex function, then
V0,0’ € RY, (VL(O) — VL(#'),0 —0') > 0.
Moreover, if Argmin L is non-empty, then one has
V6 € R\ Argmin L, V0* € Argmin L, (VL(6),0 — 6*) > 0.

Now, we provide a result on the weak rate of convergence of SA algorithm. In standard situations, it
is well-known that a stochastic algorithm (6,),>1 converges to its target at a rate =y, 12 We also refer to
[EM12|[EF13] for some recent developments on non-asymptotic deviation bounds. More precisely, the sequence
(v L 2(9p — 0*))p>1 converges in distribution to some normal distribution with a covariance matrix based
on E[H(0*,U)H(6*,U)T] where U is the noise of the algorithm. The following result is due to [Pel98] (see
also [Duf96], p.161 Theorem 4.II1.5) and has the advantage to be local, in the sense that a CLT holds on the
set of convergence of the algorithm to an equilibrium which makes possible a straightforward application to
multi-target algorithms.

Theorem 2.4. Let 6* € {h =0}. Suppose that h is twice continuously differentiable in a neighborhood of 6*
and that Dh(0*) is a stable d x d matriz, i.e. all its eigenvalues have strictly positive real parts. Assume that
the function H satisfies the following regularity and growth control property

0 —E[H(@O,U)H(O,U)"] is continuous on RY 3 >0st 0—E [|H(0,U)|**<] s locally bounded on R

Assume that the noise of the algorithm is not degenerated at the equilibrium, that is T'(6*) := E [H(0*,U)H (0*,U)"]
18 a positive definite deterministic matriz.
The step sequence of the procedure (Z8) is given by y, = v(p), p > 1, where 7 is a positive function defined
on [0, +oo[ decreasing to zero. We assume that v satisfies one of the following assumptions:
o 7 varies regularly with exponent (—a), a € [0,1), that is, for any x > 0, limy_ 4 o0 Y(tz)/y(t) = 2% In
this case, set ¢ = 0.
o fort>1,v(t) = v/t and o satisfies 2Re(Amin)yo > 1, where Apin denotes the eigenvalue of Dh(6*)
with the lowest real part. In this case, set ¢ =1/(27p).
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Then, on the event {0, — 0*}, one has
Y(p) T2 (0, — 07) = N (0, %)
where X% := [ exp (—s(Dh(0*) — CI)) ' T(0%) exp (—s(Dh(0%) — CI,)) ds.
Remark 2.1. In SA theory it is also said that —Dh(0%) is a Hurwitz matriz, that is all its eigenvalue has strictly
negative real part. The assumption on the step sequence (vyn)n>1 1S quite general and includes polynomial step

sequences. In practical situation, the above theorem is often applied to the usual gain v, = v(p) = yop~*, with
1/2 < a <1, which notably satisfies (L2).

Hence we clearly see that the optimal weak rate of convergence is achieved by choosing v, = ~/p with
2Re(Amin)yo > 1. However the main drawback with this choice is that the constraint on 7 is difficult to handle
in practical implementation. Moreover it is well-known that in this case the asymptotic covariance matrix is
not optimal, see e.g. [Duf96] or [BMP90] among others.

As mentioned in the introduction, a solution consists in devising the original SA algorithm (28] with a slow
decreasing step v = (7p)p>1, where 7 varies regularly with exponent (—a), @ € (1/2,1) and to simultaneously
compute the empirical mean (6,),>1 of the sequence (6,),>0 by setting

_ Op+61+---+06 pu 1 _
0, = P—0, 1———(0,.1—0,). 2.9
D p+1 p—1 p+1(p1 P) ( )

The following result states the weak rate of convergence for the sequence (6,),>1. In particular, it shows that
the optimal weak rate of convergence and the optimal asymptotic covariance matrix can be obtained without
any condition on 7g. For a proof, the reader may refer to [Duf96], p.169.

Theorem 2.5. Let 0% € {h =0}. Suppose that h is twice continuously differentiable in a neighborhood of 6*
and that Dh(0*) is a stable dx d matriz, i.e. all its eigenvalues have positive real parts. Assume that the function
H satisfies the following reqularity and growth control property

0— E[H(6,U)H (0, U)T} is continuous on RY, 3b >0 s.t.  — E [|H (8, U)|2+b} is locally bounded on R®.

Assume that the noise of the algorithm is not degenerated at the equilibrium, that is T'(6*) := E [H(0*,U)H (0*,U)"]
s a positive definite deterministic matriz.

The step sequence of the procedure [2.8)) is given by v, = v(p), p > 1, where v varies regularly with exponent
(—a), a € (1/2,1). Then, on the event {0, — 0*}, one has

VD (0, — 0%) = N (0, DR(6*)~'T(6*)(Dh(6*)~")T).

2.2. Main assumptions

We list here the required assumptions in our framework to derive our asymptotic results and make some
remarks.

(HWR1) There exists p € (0,1/2],
nP(U™ = U) “Lably V., as n— 400

where V is an R%-valued random variable eventually defined on an extension (€2, F, ]f”) of (2, F,P).
(HWR2) There exists p € (0,1/2],

m‘ZP(Um/Z — Umlfl) LMY ym s 0 oo

where V'™ is an R%valued random variable eventually defined on an extension (Q, F,P) of (Q, F,P).
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(HSR) There exists § > 0,

supE [|n? (U™ — U)|2+5] < 4o00.
n>1

(HR) There exists b € (0, 1],

sup E[|H(0,U") — H(",U")[’]

nEN*,(0,0)€(R4)2 0 — 0|2

< +00.

(HDH) For all § € RY, P(U ¢ D) = 0 with Dy g := {z € R? : z+— H(0,x) is differentiable at x}.

(HLH) For all (6,60',2) € (R")? x RY, |H(0,2) — H(#',x)| < C(1+ |2|")|§ — ¢'|, for some C,r > 0.

(HI) There exists 6 > 0 such that for all R > 0, we have supyg.gj<p, nen-} E[[H (0, U™)|**%] < 4o00. The
sequence (6 — E[H(0,U")H(0,U™)"]),>1 converges locally uniformly towards 6 — E[H (0, U)H (0,U)"]. The
function 6§ — E[H(0,U)H(0,U)7] is continuous and E[H (6*,U)H (0*,U)T] is a positive deterministic matrix.

(HMR) There exists A > 0 such that ¥n > 1

VO € RY (0 — 6" h™(0)) > |6 — 0" %

We will denote A, the lowest real part of the eigenvalues of Dh(6*). We will assume that the step sequence
is given by v, = v(p), p > 1, where v is a positive function defined on [0, +oo[ decreasing to zero and satisfying
one of the following assumptions:

(HS1) ~ varies regularly with exponent (—a), a € [0, 1), that is, for any x > 0, lim;_ oo y(tx)/7(t) = 277
(HS2) for t > 1, v(t) = vo/t and v satisfies 2y > 1.

Remark 2.2. Assumption (HR) is trivially satisfied when 0 — H(0,x) is Hoélder-continuous with modulus
having polynomial growth in x. However, it is also satisfied when H is less regular. For instance, it holds for
H(0,2) = 11,<¢y under the additional assumption that U™ has a bounded density (uniformly in n).

Remark 2.3. Assumption (HMR) already appears in and [BMPI0], see also [FM12] and in

another context. It allows to control the L*-norm E[|6} — 6*"|2] with respect to the step v(p) uniformly in n, see
Lemmal52 in Section[l As discussed in [KY03], Chapter 10, Section 5, if one considers the projected version
of the algorithm (L3) on a bounded conver set D (for instance an hyperrectangle L | [a;, b;]) containing 6*™,
Vn > 1, as very often happens from a practical point of view, this assumption can be localized on D, that is it
holds on D instead of R%. In this case, a sufficient condition is infpe p nen+ Amin ((DR™(0) + DR™(6)T)/2) > 0,
where A\pmin(A) denotes the lowest eigenvalue of the matriz A.

We also want to point out that if it is satisfied then one has A\, > A. Indeed, writing h"™(0) = fol Dh™(t0 +
(1 —1)0*")(0 — 6*™)dt, for all 0 € R, we clearly have

Dh™(t0 + (1 — )0*™) + Dh"(t0 + (1 — t)6*™)T
2

1

(6 - 6", h"(6)) — / 0o,
0

> A0 — 60"

(0 — 0*™))dt

Using the local uniform convergence of (Dh™),>1 and the convergence of (0%™),>1 toward 6*, by passing to the
limit n — 400 in the above inequality, we obtain

Dh(t0 + (1 — 1)0*) + Dh(t0 + (1 — 1)6*)T
2

1
V€ K, / 0 — 0%, (0 —6%))dt > Ao — 6%
0

where K is a compact set such that 0* + u,, € K, u,, being the eigenvector associated to the eigenvalue of
DR(6*) with the lowest real part. Hence, selecting = 0* + cu,, in the previous inequality and passing to the
limit € — 0, we get Ay, > .
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Remark 2.4. Assumptions (HWR1), (HWRZ2) and (HSR) allow to establish a CLT for the multi-level SA
estimators presented in sections 2.3 and[Z.8. They include the case of the value at time T of an SDE, namely
U = Xr approzimated by its continuous Euler-Maruyama scheme U™ = X} with n steps. Under (HD) one
has p = 1/2. Moreover, U may depend on the whole path of an SDE. For instance, one may have U = L the
local time at level 0 of a one-dimensional continuous and adapted diffusion process and the approrimations may
be given by

]
Un = ;f (unX%,\/ﬁ(X% —X%)) .

Then under some assumptions on the function f and the coefficients b, o, the weak and strong rate of
convergence is p = 1/4, see [Jac98] for more details. Let us note that we do not know what happens when
p > 1/2 which includes the case of higher order schemes for discretization schemes of SDE.

2.3. On the implicit weak error

As already observed the approximation of 6* solution of h(0) = E[H(0,U)] = 0 is affected by two errors: the
implicit discretization error and the statistical error. Our first results concern the convergence of 6" toward
f* and its convergence rate as n — +00.

Theorem 2.6. For all n € N*, assume that h and h'™ satisfy the mean reverting assumption [2.6) of Theorem
223 Moreover, suppose that (h™),>1 converges locally uniformly towards h. Then, one has

0" = 0* as n — +oo.

Moreover, suppose that h and h™, n > 1, are continuously differentiable and that Dh(0*) is non-singular.
Assume that (DR™),>1 converges locally uniformly to Dh. If there exists o € R* such that

Vo € RY, lim n*(h"(0) — h(0)) = E(h,a, 0),

li
n—-+oo
then, one has
hIJIrl n*(0*" —0*) = —=Dh™1(6")E(h, o, 07).
n—-+oo

2.4. On the optimal tradeoff between the implicit error and the statistical error

Given the order of the implicit weak error, a natural question is to find the optimal balance between the
value of n in the approximation of U and the number M of steps in (I3)) for the computation of %™ in order
to achieve a given global error €.

Theorem 2.7. Suppose that the assumptions of Theorem[Z.8 are satisfied and that h satisfies the assumptions
of Theorem [24) Assume that (HR), (HI) and (HMR) hold and that h™ is twice continuously differentiable
with DR™ Lipschitz continuous uniformly in n. If (HS1) or (HS2) is satisfied then one has

1 (6211 ey — 07) = =D (67)E (b, 0,67) + N (0,57),

where
¥ = / exp (—s(Dh(0%) — (1)  E[H(6*, UYH(6*,U) | exp (—s(Dh(6%) — (I,)) ds (2.10)
0
with ¢ =0 f (HS1) holds and { = 1/2vy if (HS2) holds.
Lemma 2.3. Let 6 > 0. Under the assumptions of Theorem[2.7, one has

n® (9::(1/”2&) - 9*"”5) = N(0,X%), n— +o0.
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Proof of Theorem [2.7, We decompose the error as follows:
O r(aymrey =07 = 0a(yymaey — 07" + 077 =07
and analyze each term of the above sum. By Lemma 2.3 we have
n® (9:71(1/”’2«” — 9*’”) — N(O, E*)
and using Theorem [2.6] we also obtain
n*(0*" — 0*) — —Dh~ 1 (0*)E(h, a, 67).

O

The result of Theorem 2.7 could be construed as follows. For a total error of order 1/n®, it is necessary to
achieve at least M = vy~ 1(1/n*) steps of the SA scheme defined by (3)). Hence, in this case the complexity
(or computational cost) of the algorithm is given by

Csa(y) = C xnx vy 1(1/n?*), (2.11)

where C'is some positive constant. We now investigate the impact of the step sequence (7, )n>1 on the complexity
by considering the two following basic step sequences:

e if we choose v(p) = 70/p with 2\yg > 1, then Cg4 = C x n2o+1L,

e if we choose ¥(p) = 70/p”, 3 < p <1 then Cg4 = C x n2e/ptl

Hence we clearly see that the minimal complexity is achieved by choosing v, = vo/p with 2Ayy > 1. In

this latter case, we see that the computational cost is similar to the one achieved by the classical Monte Carlo
algorithm for the computation of E,[f(X7)]. However the main drawback with this choice of step sequence
comes from the constraint on . Next result shows that the optimal complexity can be reached for free through
the smoothing of the procedure (L3)) according to the Ruppert & Polyak averaging principle.

Theorem 2.8. Suppose that the assumptions of Theorem[2.0 are satisfied and that h satisfies the assumptions
of Theorem [24 Assume that (HR), (HI) and (HMR) hold and that h™ is twice continuously differentiable
with DR™ Lipschitz continuous uniformly in n. Define the empirical mean sequence @})@1 of the sequence
(07 )p>1 by setting

3

b P =01~ oy (B = 8)

g O + 07 +---+ 06, 7
where the step sequence v = (Vp)p>1 satisfies (HS1) with a € (1/2,1). Then, one has
n® (Oae — 0%) => —Dh™1(0*)E(h, ,0%) + N (0, Dh(6*) "E[H (0%, U)H (6*,U)"|(Dh(6*)~ 1)),
Lemma 2.4. Let 0 > 0. Under the assumptions of Theorem[Z.8, one has
ne (’Q;L - 9*x"‘5) — N (0, DR(0*) " E[H(0*, U)H (0", U)"|(Dh(6") 1)), n — +oc.
Proof of Theorem[2.8 Similarly to the proof of Theorem 2.7 we decompose the error as follows:
0o — 0F = 030 — 0F" 4 0% — 7.
Applying successively Theorem and Lemma 2.4] we obtain

n® (0720 — %) = —Dh™1(0%)E(h, a0, 07) + N (0,57).
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O

The result of Theorem shows that for a total error of order 1/n®, it is necessary to achieve at least
M = n?* steps of the SA scheme defined by ([[.3) with step sequence satisfying (HS1) and to simultaneously
compute its empirical mean, which represents a negligible part of the total cost. As a consequence, we see that
in this case the complexity of the algorithm is given by

Csa-rp (”y) =Cx n2ett

Therefore, the optimal complexity is reached for free without any condition on 7y thanks to the Ruppert &
Polyak averaging principle.

2.5. The statistical Romberg stochastic approximation method

In this section we present a two-level SA scheme that will be also referred as the statistical Romberg SA
method which allows to minimize the complexity of the SA algorithm (6}),c[0,4-1(1/n2+)] for the numerical
computation of 6* solution to h(8) = E[H(0,U)] = 0. It is clearly apparent that

o = 0" gt — g B e (0,1),

The statistical Romberg SA scheme independently estimates each of the solutions appearing on the right-
hand side in a way that minimizes the computational complexity. Let O”MBI be an estimator of 6*™ using M1

independent samples of U™’ and O, — H”Mi be an estimator of g*" — §*n” using My independent copies of

(U "ﬁ, U™). Using the above decomposition, we estimate 8* by the quantity
@sr o enﬂ + on. — 977,5
n — VM Mo My -

It is important to point out here that the couple (9”M2,6‘”M52) is computed using i.i.d. copies of (U"B, U"), the
random variables U™ and U™ being perfectly correlated. Moreover, the random variables used to obtain H”MBI
are independent to those used for the computation of (9’;42,9’;2).

We also establish a central limit theorem for the statistical Romberg based empirical sequence according to
the Ruppert & Polyak averaging principle. It consists in estimating 6* by

~ — 8 = B
sr __ pn n n
05" =0, + 08, — Ohsys

where (égﬁ )pelo, 5] and (ég, égﬁ )pefo,m,] are respectively the empirical means of the sequences (Ogﬁ )pe[0,Ms]
and (0, Hgﬁ )pefo,m,] devised with the same slow decreasing step, that is a step sequence (v(p))p,>1 where

varies regularly with exponent (—a), a € (1/2,1).

Theorem 2.9. Suppose that h and h™ satisfy the assumptions of Theorem [2.8 with o € (p V 2pS3,1] and that
h satisfies the assumptions of Theorem [24) Assume that (HWR1), (HSR), (HD), (HMR), (HDH) and
(HLH) hold and that h™ are twice continuously differentiable in a neighborhood of 0*, with Dh™ Lipschitz-
continuous uniformly in n satisfying:

Vo € RY, n?||Dh™(0) — Dh(0)|| — 0, asn — +ooc.

Suppose that E [(DH(0*,U)V)(DH(0*,U)V)"] is a positive definite matriz. Assume that the step sequence
is given by v, = v(p), p > 1, where v is a positive function defined on [0, +o00[ decreasing to zero, satisfying one
of the following assumptions:

o v waries regularly with exponent (—a), a € (1/2,1), that is, for any x > 0, im0 y(tx)/y(t) = 7.
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o fort>1, v(t) =0/t and yo satisfies Ay > o/ (2 — 2pf3).
Then, for My = v~ 1(1/n*) and My = v~1(1/(n?*~2°P)), one has

n(©5" — 0*) = Dh™*(0")E(h, o, 0*) + N(0,5%), n — +oo
with
o= /0 N (e‘S(Dh(‘g*)‘“d))T (E [H(6", U)H (6", U)"]
+E [(DIH(H*, U)WV —B[D,H(6",U)V]) (D.H (O, U)V — E[D,H(6", U)V])T} e~ (DR(O)=C1) g

Lemma 2.5. Let (8))p>0 be the procedure defined for p > 0 by
Opr1 = 0p = Ypr1 H (6, (U)PFY) (2.12)

where (U™)P, (U)P)p>1 is an i.i.d sequence of random variables with the same law as (U™, U), (vp)p>1 is the step

sequence of the procedure (9;5 Jp=>0 and (0]'),>0 and by is independent of the innovation satisfying E|6o|* < +oc.
Under the assumptions of Theorem [2.9, one has

« nB * nB * *
" (arlu/(n?a%)) = Oy 1(1/(nzaey) — (077 —0 )) = N(0,06%), n— +oo,
with

o0 * T . ~ ~ T *
o ;:/ (e—S<Dh<9 >—<fd>) E [(DwH(e*,U)V —E[DIH(H*,U)V]) (DEH(H*,U)V—IE[DIH(G*,U)V]) ]e—swhw )=¢la) g
0
and .
n® (9:,1(1/(712&,3)) — ov—l(l/(nmx—ﬁ)) — (9*,77, — 9*)) — 0, n — +oo.
Proof of Theorem [Z0. We first write the following decomposition

sr * nP *,nP n nB *n x,nP *,m *
O — 0" = 0011 ynzey = 07" 001 (1 nza—20m) = 1 (1 pmza—2pmy — (077 =67 ) 67" — 6

For the last term of the above sum, we use Theorem to directly deduce
n* (0" — 0*) = —Dh~ 1 (6*)E(h, a, %), as n — +oo.

For the first term, from Lemma 23] it follows

n(027 1 pzey — 0°") = N(0,T%),

with T := [ exp (—s(Dh(6") — CI) E[H (0, U)H (6%, U)T) exp (—s(Dh(0*) — CIy)) ds. We decompose the
5 s
)

last remaining term, namely 92,1(1/112&,295) — 9:,1(1/n2a,2pﬂ) — (6™ —0*™") as follows

n n? *,1 *nP n *,1 *
011 mze209) = Onaaymaazns) = (077 = 077 ) = O34 pmaasony = Oy ymoamaen) = (077 = 07)
TLB *.nB *
— (9771(1/712&72‘75) - 0771(1/712&—2;;[3) - (0 ! - 0 ))

and use Lemma to conclude the proof. O
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Theorem 2.10. Suppose that h and h™ satisfy the assumptions of Theorem[Z8 (with o € (pV 2pf,1]) and that
h satisfies the assumptions of Theorem [2] Assume that the step sequence v = (vp)p>1 satisfies (HS1) with

a€(1/2,1) and a > 5%V 28 Suppose that (HWR1), (HSR), (HD), (HMR), (HDH) and (HLH)

hold and that h™ is twice continuously differentiable in a neighborhood of 6%, with Dh™ Lipschitz-continuous
uniformly in n satisfying:

V0 € RY, no—@=eBa| Dh(g) — DR (0)|| — 0, as n — +oo. (2.13)

Suppose that E [(DIH(H*,U)V —E[D,H(0*, U)V])(D H(6*,U)V —E[D,H (0, U)W))T| is a positive defi-

nite matriz. Then, for M3 = n?* and My = n*>*~2P8 one has
n (0% — 0%) = Dh=Y(0")E(h, o, 0%) + N(0,5), n — +o0,
where
%= Dh(0*) "(E[H(0*, U)H(0*,U)"]
+E [(DzH(t?*, U)WV — E[D, H (6", U)V]) (DIH(G*, U)W — E[D, H (6", U)V])T] )(Dh(0*)HT .

Lemma 2.6. Let (0,)p>1 be the empirical mean sequence associated to (0,),>1 defined by (ZI2). Under the
assumptions of Theorem [Z10, one has

no (é;;fa,m — Gppazes — (07— 9*)) — N(0,6%)

_ - - - T
with ©* = Dh(*)"'E {(DIH(H*, U)WV — E[D,H (6", U)V]) (DzH(G*, U)WV —E[D,H (6", U)V]) } (Dh(6%)~1)T

and

TLO‘ (éz2a—2p5 — 9n2a—2p5 _ (9*,71 _ 9*)) L 0.

Proof of Theorem[2Z.10. We decompose the error as follows
OF — 0% = 070 — 0" 4+ 0"y — 0"y — (0% — 0577) 6" — 6.

For the first term, from Lemma 24 it follows that

na(é:;fa — 9*7"‘*) = N(0, Dh(0*)'E [H(0*,U)H (6*,U)"| (Dh(6*)~")T).

For the last term using Theorem 2.6 we have n®(6*" — 0*) — —Dh~(0*)E(h, a, 0*). We now focus on the

last remaining term, namely 6%, ,,, — §Z§a,2pﬂ — (0" — 9*=”ﬁ). We decompose it as follows

- .8 B, = - .8 - s
622&72p5 - 622&72p5 - (6‘*’7I -0 ) = 622&72p5 — Op2a-208 — (9*’71 - 9*) - (6‘22(}72;)5 — 020208 — (9*’71

=)
where (6,),>1 is the empirical mean sequence associated to (6,),>1 and use Lemma[Z8lto conclude the proof. [

2.6. The multi-level stochastic approximation method

As mentioned in the introduction the multi-level SA method uses L + 1 stochastic schemes with a sequence
of bias parameter (me)gemm], for a fixed integer m > 2, that satisfies m’ = n and estimates #* by computing
the quantity

L
ml _ pl m? mt=1
677, _0M0+Z(M[_ My .
/=1
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It is important to point out here that for each level ¢ the couple (9“]\}[2,9%271) is computed using i.i.d. copies

of (Umefl,U m[). Moreover the random variables U™ ' and U™ use two different bias parameter but are
perfectly correlated. Moreover, for two different levels, the SA schemes are based on independent samples.

Theorem 2.11. Suppose that h and hm[, L=0,---,L, satisfy the assumptions of Theorem [2.8. Assume that
(HWR2), (HSR), (HD), (HMR), (HDH) and (HLH) hold and that h" is twice continuously differen-
tiable in a neighborhood of 0, with DR™ Lipschitz-continuous uniformly in n. Suppose that E[(D,H(0*,U)V —
E[D,H(0*,U)V])(D,H(0*,U)V — E[D,H(0*,U)V])T] is a positive definite matriz. Assume that the step se-
quence is given by v, = v(p), p > 1, where 7 is a positive function defined on [0,+occ[ decreasing to zero,
satisfying one of the following assumptions:
e 7 varies regularly with exponent (—a), a € (1/2,1), that is, for any x > 0, limy_, oo y(tx) /7 (t) = 272
o fort>1, v(t) =/t and vo satisfies Ay > 1.
Suppose that p satisfies one of the following assumptions:

o if p€(0,1/2), then assume that o > 2p, Ayo > af (a0 — 2p) (if ¥(t) = Yo /t) and

38 > p, V0 € R, supn®||Dh™(0) — Dh(9)| < +oo.

n>1

In this case we set My = v~ 1(1/n?*) and M; = ”y*l(me(H;p) (m#

= 1)/(n**(n
1,---,L.
e if p=1/2, then assume that o = 1, 96”@ =0y, {=1,---, L, with E[|§|?] < +o0 and

38 >1/2, V0 € R, supn®||Dh™(0) — Dh(0)| < +oc.
n>1

In this case we set Mo =y~ 1(1/n?) and M; = v~ 1(m*log(m)/(n?log(n)(m —1))), £ =1,--- , L.

Then one has

)

n®(O@m™ — 9*) = —Dh71(0")E(h,1,0") + N(0,5%), n — 400
with
o'} . T
OF /O (efs(Dh(G )7§Id)) (E [H(@*, Ul)H(Q*, Ul)T]

+E [(DIH(H*, UV — E[D,H (6", U)V]) ( DLH(0", UV — E[D,H (6", U)V])T} e~ s(DR(O7)=CL4) g

Proof. We first write the following decomposition

L
@?l _ = 9’171(1/”2) _ 9*,1 + Z ( 7]@2 _ ﬁi’l _ (9*,771[ _ 9*,m£71)) + " — p*
=1
For the last term of the above sum, we use Theorem to directly deduce
n* (0" —0*) = —Dh~ 1 (0*)E(h, 1,0%), as n — +oo.

For the first term, the standard CLT (theorem 2.4]) for stochastic approximation leads to

N (0} 1 ey — 071 = N(0,T7),
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with I'* := [ exp (—s(Dh(6*) — CI))'E [H(0*,UH(0*,U")T] exp (—s(Dh(6*) — (I4)) ds. To deal with the

last remaining term, namely n® Ele (9;{}2 - 9“]\};71 — (o — 9**’”[71)) we will need the following lemma. [

Lemma 2.7. Under the assumptions of Theorem [2.9, one has

L
n 3 (68, 0 = @ = 67)) = (0,09, n s oo,
=1

with
o0 . - - - T
o* ::/ (=5 (PRE)—CL))T [(DwH(e*,U)vm —IE[DJCH(H*,U)V’”]) (DEH(H*,U)V’” —E[DIH(H*,U)V’”]) ]
0
% ¢—S(Dh(0")=CLa) g (2.14)

Remark 2.5. The previous result shows that a CLT for the multi-level stochastic approximation estimator of
0* holds if the standard weak error (and thus the implicit weak error), is of order 1/n® and the strong rate
error is of order 1/n? with o > p or « = 1 and p = 1/2. Due to the non-linearity of the procedures, which
leads to annoying remainder terms in the Taylor’s expansions, those results do not seem to easily extend to a
weak discretization error of order 1/n® with « < 1 and p = 1/2 or a faster strong convergence rate p > 1/2.
Moreover, for the same reason this result does not seem to extend to the empirical sequence associated to the
multi-level estimator according to the Ruppert € Polyak averaging principle.

2.7. Complexity Analysis

The result of Theorem can be interpreted as follows. For a total error of order 1/n®, it is necessary to
set My = v~1(1/n%) steps of a stochastic algorithm with time step n® and My = y~1(1/(n?*=2r%)) steps of
two stochastic algorithms with time step n and n” using the same Brownian motion, the samples used for the
first M, steps being independent of those used for the second scheme. Hence, the complexity of the statistical
Romberg stochastic approximation method is given by

Csresa(y) = O x (ny~H(1/n®®) + (n+n")y 7 (1/ (n?*727))) (2.15)

under the constraint: o > 2p8 V p. Consequently, concerning the impact of the step sequence (7yy,)n>1 on the
complexity of the procedure we have the two following cases:
e If we choose v(p) = o/p then simple computations show that 5* = 1/(1 + 2p) is the optimal choice
leading to a complexity
CSR—SA('Y) _ Cv/n2oz-|-1/(l—i-2p)7

under the constraint Ayp > (1 + 2p)/(2a(1 + 2p) — 2p) and a > 2p/(1 + 2p). Let us note that this

computational cost is similar to the one achieved by the statistical Romberg Monte Carlo method for

the computation of E,[f(X7)].
e If we choose v(p) = 7o /p%, % < a < 1 then the computational cost is given by

2 _ B

Csrosa(y) = C'(nsFF 4 nE oty
which is minimized for 8* = a/(2p + a) leading to an optimal complexity
Csrosa(y) = C'n's Tosa,

under the constraint o > 2pa/(a + 2p) V p. Observe that this complexity decreases with respect to a
and that it is minimal for ¢ — 1 leading to the optimal computational cost obtained in the previous
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case. Let us also point out that contrary to the case v(p) = vo/p, p > 1 there is no constraint on the
choice of vy. Moreover, such condition is difficult to handle in practical implementation so that a blind
choice has often to be made.

The CLT proved in Theorem 210 shows that for a total error of order 1/n®, it is necessary to set M; = n2<,
M, = n?*=2¢8 and to simultaneously compute its empirical mean, which represents a negligible part of the total
cost. Both stochastic approximation algorithm are devised with a step 7 satisfying (HS1) with a € (1/2,1)

and a > m V aogl:pg). It is plain to see that 8* = 1/(1 + 2p) is the optimal choice leading to a complexity

given by

Csrorp(7) = C x n2°‘+1/(1+2p),

provided that a > 5920 and 9 € R, n®~ (= 1%)* | Dh(g) — DR (9)]| = 0 as n — +o0 (note

that when a — 1 this condition is the same as in Theorem 29]). For instance, if &« = 1 and p = 1/2, then this
condition writes a > 2/3 and n'~1%||Dh(f) — Dh? (0)]] = 0 and a should be selected sufficiently close to 1
according to the weak discretization error of the Jacobian matrix of h. Therefore, the optimal complexity is
reached for free without any condition on = thanks to the Ruppert & Polyak averaging principle. Let us also
note that ought we do not intend to develop this point, it is possible to prove that averaging allows to achieve
the optimal asymptotic covariance matrix as for standard SA algorithms.

Finally, concerning the CLT provided in Theorem [Z11] shows that in order to obtain an error of order 1/n®,
1-2p (d-2p)

one has to set My = v~ 1(1/n?*) and M, = 7_1(17"/%(7%7 —1)/(n**(n—= —1))), if p € (0,1/2) or
My = v~ 1(1/n?) and M; = vy~ 1(m’log(m)/(n?log(n)(m — 1))) if p = 1/2, £ = 1,---, L. In both cases the
complexity of the multi-level SA method is given by

L
Cursa(y) = C x (7‘1(1/712“) + 2 Me(m* + m“)) : (2.16)
=1
As for the Statistical Romberg SA method, we distinguish the two following cases:
e If v(p) = vo/p then the optimal complexity is given by

(1—2p)
2

n2(n -1 L (142p)
Cursa(y) =C (nm + %1) S omm o 4+ m ) | = 0(nPon! ),
moz = —1

if p € (0,1/2) under the constraint Ayy > a(a — 2p) and

m? —
CyvrLsa(y)=C (n2 +n?(log n)2m> = O(n*(log(n))?),

if p = 1/2 under the constraint Ayy > 1. These computational costs are similar to those achieved by
the multi-level Monte Carlo method for the computation of E,[f(X7r)], see [GilO8D] and [AKI2]. As
discussed in [Gil08D], this complexity attains a minimum near m = 7.

e If we choose v(p) = vo/p%, % < a < 1 then simple computations show that the computational cost is
given by

L
a (142p) o 1-
Cnr-sa(y) =C (712‘1 +ne (7 —1)s E m~a f(mt+ m€_1)> = (9(7127711 azp),
=1
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if p€(0,1/2) and
L

2 2 1 +1 _p(l_ 2 1
Cnvr-sa(y) = C x ”“+"“(10g”)“( . Z ‘@) = O(ne (logn)=)
(logm —

if p = 1/2. Observe that once again these computational costs decrease with respect to a and that they
are minimal for a — 1 leading to the optimal computational cost obtained in the previous case. In this
last case, the optimal choice for the parameter m depends on the value of a.

Remark 2.6. The value of My in Theorem [2.11] seems arbitrary and is asymptotically suboptimal. Indeed
choosing Mo = ' (1/(n?**n!=2¢)) for p € (0,1/2) and My = v~ 1(1/(n%log(n))) for p = 1/2 does not change
the asymptotic computational complexity and simplifies the asymptotic covariance matriz ¥*. One easily proves
that n® (9}\/[0 — 01 converges to 0 in probability so that X* now writes

o= /00 (e*S@h("*)*Ud))T E [(DIH(H*, U)WV —E[D,H (6", U)V]) (DxH(o*, U)W —E[D,H (6", U)V])T]
0

x e~ S(Ph(O")=Cla) gg.

3. PROOFS OF MAIN RESULTS

3.1. Proof of Theorem

We first prove that %™ — 6*, n — +o00. Let € > 0. The mean-reverting assumption (2.6]) and the continuity
of u — (u, h(6* + eu)) on the (compact) set Sy := {u € R%, Ju| = 1} yields

n:= inf (u, h(0" + eu)) > 0.

u€Sq

The local uniform convergence of (h™),,>1 implies
In, € N*, Vn >n,, 0€ B(0*,¢) = |n"(0)—h(0)| <n/2.
Then, using the following decomposition
(0—0%,h"(0)) =(0—0",h(0)) + (8 —0",h"(0) — h(0))
one has for 0 = 0* + eu, u € Sy,

e{u, A" (0" + eu))
—e(u, h"™ (0" — eu))

(eu, h(0" + eu)) —en/2 > en —en/2 = en/2

>
> (—eu, h(0" —eu)) —en/2 > en —en/2 = en/2

so that, (u,h"(0* + eu)) > 0 and (u, h™(0* — eu)) < 0 which combined with the intermediate value theorem
applied to the continuous function x +— (u, h(0* + xu)) on the interval [—e, €] yields:

(u, A" (0" + Zu)) =0

for some T = Z(u) €] — €, €[. Now we set u = 0* — 0" /|0* — "] as soon as it is possible (otherwise the proof
is complete). Hence, there exists x* €] — ¢, €] such that

g* — g N . . 9 — g*mn -
<|9*—9*vn|’h (9 e |9*—9*1n|)>‘0
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so that multiplying the previous equality by z* + |6* — 6*"| we get

z* x*
9*,77, 1 9* _ 9*,11 _ 9*,11 hn 9*,77, 1 9* _ 9*,11 — .
(7 + (e 1) 0 (0 (e +1) )=

Consequently, by the very definition of 6" we deduce that «* = —|0* — 0*"| and finally |#* — 6*"| < € for
n > n,. Hence, we conclude that %™ — 6*. We now derive a convergence rate. A Taylor expansion yields for
alln >1

h(6F) = hM(0°™) + (/01 Dh" (A" + (1 — A)G*)dA) (0 —6°m).

Combining the local uniform convergence of (Dh™),>1 to Dh, the convergence of (0*"),>1 to 0* and the

non-singularity of Dh(6*), one clearly gets that for n large enough fol Dh™(A0*™ + (1 — X\)0*)d is non singular

and that .

1
</ Dh™ (A" 4 (1 — A)H*)dA) — Dh™(0%), n — +oo0.
0
Consequently, recalling that h(6*) = 0 and A™(6*™) = 0, it is plain to see

1 —1
n® (0" — %) = — </0 Dh" (A" + (1 — A)H*)d/\) n®(h™(0%) — h(0%)) — —Dh™ (07)E(h, a, 0%).

3.2. Proof of Lemma [2.3]

We define for all p > 1, AM?” := h"" (027 )~ H (07" 1, (U™ )P) = B[H(O2 1, (U™ )P)|Fpa] = H(O72 1, (U™ )P).

Recalling that ((U"(i )P)p>1 is a sequence of i.i.d. random variables we have that (AM;}S )p>1 is a sequence of

martingale increments w.r.t. the natural filtration F := (F, := 0(6‘{}6, (U"S)l, e ,(U"S)p);p > 1). From the
dynamic ([L3)), one clearly gets for p > 0

g #,n’ nd #,n’ n® px,n® nd %,n’ n® n®
ngrl — 0" = 9;0 - 0" - ’7P+1Dh (6 ’ )(9;0 - " ) +7p+1AMp+1 + ’7P+1Cp

with C;‘S .= Dh™’ (9*’"6)(6‘;}(i - 9*”6) — (926). Moreover, since DA™ is Lipschitz-continuous (uniformly in

n) by Taylor’s formula one gets C;}é = (’)(|9$6 — g’ |?). Hence, by a simple induction, we obtain

8 5 & 5 " & " 5 & 5 & 5
On =0 =08 = 0" )+ Y 1w AME + > 3l (G214 (DR(BY) = DR (07" )) (02, — 6°"))
k=1 k=1
(3.17)

where Iy ,, := H;z:k (I4 — v; Dh(6%)), with the convention that I, 41, = I;. We now investigate the asymptotic
behavior of each term in the above decomposition. Actually in step 1 and step 2 we will prove that the first
and third terms in the right-hand side of above equality converges in probability to zero at a faster rate than
n~%. We will then prove in step 3 that the second term satisfies a CLT at rate n®.
Step 1: study of the sequence {no‘Hl_’Tl(l/nza)(Hgé — 9**”5),71 >0

First, since —Dh(6*) is a Hurwitz matrix, VA € [0, \,,), there exists C' > 0 such that for any k < n,
[Tk nll < CTI—r(1 = Ayy) < Cexp(=A Y27, 7). We refer to [Dufdf] and [BMP90] for more details. Hence,
one has for all n € (0, \,,)

(/02

s 3k ns T «
nE[L y-1(1/n2a) (0 — 0" )| < C(Sgr;EI%IJr Dnexp [ =(Am =) Y.
n= k=1
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Selecting 1 such that 2(A,, — 7)v0 > 2(A — n)y0 > 1 under (HS2) and any n € (0, \,,) under (HS1), we
derive the convergence to zero of the right hand side of the last but one inequality.

Step 2: study of the sequence {no‘ Z'y /) VeIl 1,71 (1 /2 (Cﬁil + (Dh(0*) — D™ (9*’"6))(6‘2{1 - 9*’"6)) > 0}
We focus on the last term of (BI7). Using Lemma [5.2] we get

2 5 5 5 5
E|> " Ml 10 (G, + (DR(0%) = DR™ (07") (0, = 0"")
k=1

* n‘; *ns
<CZHHanH(%+73/2||Dh(9 ) = DR (6°")|),
k=1

so that by Lemma [5.1] (see also remark 2.3)), the local uniform convergence of (Dh™),>1 and the continuity of
Dh at 6*, we derive

y7H(1/n?)

: « né * né * TL5 né * TL5
lim sup n“E E YViellgg 1,1 (1/n2e) (Groy + (DR(%) — DR™ (6% ) (05—, — 0" ))| = 0.
" k=1

Step 3: study of the sequence {no‘ Z;ll(l/"m) ”Yka+17,Y—1(1/n2a)AM£67n > O}
We use the following decomposition

S e n AME =3 s (R (0F) — B (057 ) — (H (07, (U™ ¥+ — H(@""", (U™)E+1)))
k=1

- s * 77,6 * ns 77/6
3 g (B (0°7°) — H (B, (U )FH))
k=1
=R, + M,

Now, using that E [H(eg“, (Uﬂ“)k+1)|f4 = 17 (07°), E {H(ﬁ*’"é, (U"“)k+1)|fk} = h"°(9*") and (HR),
we have

n

E|Ru? < 3 v Tsnn PRI — 077 ] < 3742 Mg
k=1 k=1

where we used Lemma [5.2] and Jensen’s inequality for the last inequality. Moreover, according to Lemma [5.1]

we have
(1 /nP)

lim sup n>® Z 7£+a|\ﬂk+17771(1/n2a)”2 =
" k=1
2
so that, n® Sy el (07 (03) = b7 (0°°°) = (H(0", (U"")+1) = (0=, (U )+1)) o,

To conclude we prove that the sequence {vfl/z(n)Mn, n > O}, satisfies a CLT. In order to do this we
apply standard results on CLT for martingale arrays. More precisely, we will apply Theorem 3.2 and Corollary
3.1, p.58 in [HHS0O] so that we need to prove that the conditional Lindeberg assumption is satisfied, that is
lim, S0 B[y 2 () llg 10 (B (657" )= H(6*, (U™ )k+1))|P] = 0, for some p > 2 and that the conditional
variance (Sp)n>1 defined by

S = ) Z Bl B [(R(077") = H(0"", (U )MH) (0 (07"") = H(0™"", (U™ )T, s
k=1
1 n
=50 DR/ L CNET Y LT
k=1
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with '), := E[H(@*V"(s, U”é)(H(G*V"(S, U”é))T], since h"’ (9*7"5) = 0, satisfies S,, &% ¥* as n — +oo. We also
set T* := E[H(0*,U))(H(6*,U))7T].
By (HI), it holds for some R > 0 such that ¥n > 1, 6" € B(0, R)

2446

*77, *ns ’ﬂé n -
ZEH LT (0°7) = HE™ @) <0 sup  BHEO, UM Ejf“‘nnkmnm
{0:10|<R,neN+}

By Lemma Bl we have limsup,, v~ '+%/2(n) So7_, 4240|4121 < limsup, v%/%(n) = 0, so that the
conditional Lindeberg condition, see [HHS0], Corollary 3.1, is satisfied. Now we focus on the conditional
variance. By the local uniform convergence of (0 — E[H(@,U”é)(H(G,U”é))T])nZO, the continuity of 6 —
E[H(0,U)(H(9,U))"] at * and since 0*"° — 0%, we have T',, — I'*, so that from Lemma 5.} it follows that

lim sup

Z”Yknkﬂn n F)Hk+1n < limsup ||T,, = T|| = 0.

Hence we see that lim,, S, = lim, ﬁ YA | PR by Hgﬂ ,, if this latter limit exists. Let us note that
¥* given by (2.I0) is the (unique) matrix A solution to the Lyapunov equation:

I — (Dh(6%) - (Ia)A — A(Dh(8%) — (Io)" =

We aim at proving that S,, =% ¥*. In order to do this, we define

n+1
1
Apyr = ———— Ay, DFTIL
+1 7(n+ 1) ;% k+1, k+1,n

which can be written in the following recursive form

An+1 - 'YnJrlF* + n (Id - 7n+1Dh(9*))An(Id - 7n+1Dh(0*))T

Tn+1
= A, + (T = Dh(0")A,, — Ay Dh(0*)") + (Vi1 — V)T 4 Ynynr1 DR(0F) A, D(6*)T
+ Tn — Yn+1 A,

Tn+1

= 2(Yn+0(7n) and Yp1—n =
O(~2). Consequently, introducing Z,, = A,, — ¥*, simple computations from the previous equality yield

Under the assumptions made on the step sequence (v, )n>1, we have %771"“

Zpi1 = Zn — n (DR(0) = (1) Zn, + Zn(DA(0%) — (La)") + YnYn+1DR(0*) Z, Dh(6%)T

+ (7%7_ 71”1 - 2<%Id) Zpy + Y Y41 DR(0) S D(0*)T + (Y1 — ) T* + (% % Id) ok
n—+ n+

Let us note that by the very definition of ( and assumptions (HS1), (HS2), the matrix Dh(6*) — (I, is stable,
so that taking the norm in the previous equality, there exists A > 0 such that

HZn-i-l” <=My + 0(’771))HZnH + 0(’771)

for n > ngp, no large enough. By a simple induction, it holds for n > N > ng

1Znll < CllZn || exp(=Asn.n) + Cexp(—Asnn) Y exp(Asn i)k lex]
k=N
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where e, = o(1) and we set sy, := > p_x Tk From the assumption (L2)), it follows that for N > ng

limsup || Z,|| < C sup ||ek]]
n k>N

and passing to the limit as N goes to infinity it clearly yields limsup,, ||Z,| = 0. Hence, S,, <% ©* and the
proof is complete.

3.3. Proof of Lemma 2.4]

We freely use the notations and the intermediate results of the proof of Lemma Using (BI7) in its
recursive form, for any p > 0 and for n large enough, it holds
s s 1 s 5 5

*,m n #,m° ) — n n® (px,n’ n® (px,n’\\—1 n°
O — 0" = ———(Dh™ (0~ ) "M Oy — 0 ) + (DR (07" ) TTAML + (DR (077) 71

p

Tp+1

Hence, using an Abel’s transform we derive

1 S s s (DR (gt
a_e*n — en _9*,71 — en
n2 n20¢ +1 ];) k n20¢ +1 Z ’Yk 1 /H-l )
(D™ (6%1°)) 1 &~ R
- AM - e
+ n2a 11 kzo k+1 + n2a 11 ];Ck

)

(DR (o)) (9:;%1—9*’”“ op —e*vn‘s)_(mn‘?(e*»“))l"z(
1

5 S5
_ 67’7. _ 9*771
n?e +1 Vn2e 41 M n2e +1 Tk ”Yk+1> e )

(Dhn o*n n? Dhn‘s(o*,n‘s))fl o
+ n20¢ + 1 Z AMk+1 n2a +1 Z Ck

We now study each term of the above decomposition.
o 9”2& g 9"679’“”6
. n +1 _
Step 1: study of the sequence {n20‘+1 < e 0 - > ,n > 0}

For the first term, by Lemma [5.2] it follows

E noc 6n20¢+1 _ 9* n 967,‘5 _ 9*,77,5
n2a +1 Yn2e 41 Y1

1/ n2a’yn2a+1 ne n>1

1
<C (* + —(SupE|90| + 1))

1 1
<Ol — ) 0,
VALS PETNET L

since by (HS1) one has nvy, — 0, n — +o0.
« 2a
Step 2: study of the sequence {n%ﬂ > ory (L — 1 ) (97,;6 - 9*’"6),n > O}

Tk Ye+1

Similarly for the second term, we have

20
n® 1 1 nd wn? o 1 ~1/2 on® end

Yk Ve+1 ”Yk+1

1
—) — 0, n— 4o0.
Ye+1  Vk

£
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where we used Lemma [5.2] for the last inequality and assumption (HS1) with a < 1.
o 2a
Step 3: study of the sequence {n%ﬂ ZZ:O AM,?j_l,n >0

As in the proof of Lemma 2.3 we decompose this sequence as follows

n20¢ n20¢
n% nd - n nS  an® né *)na nd nd k+1 *)na nd kt1
e DL AMIL = g D (WO — WO — (H (G, (U ) = H(g L (U))
k=0 k=1
2a
ne < 5 s s 5

(%Y — H(9*™ Un" k+1

+n2a+1;< (67") = H(0™™, (U™)*+)
=R, + M,

For the sequence (R,),>1 we use (HR) to write
C n2a C n2a
S S S 5
BIRA? < oo STBIHEE () ) — He U = 08T
k=0 k=1

owing to Cesaro’s Lemma. We now prove a CLT for the sequence (M,),>1 by applying Theorem 3.2 and
Corollary 3.1, p.58 in [HHRQ]. Since #*™" — 6* and by (HI) it holds for some R > 0

n « 240

n

C
el <—( sup E|H(O,U™)|*™°) =0, n— +4o0,

s *ns *77,6 77,6
(W (@) = (e O )| <
0:10|<R, neN*

2c

k=0

so that the conditional Lindeberg condition is satisfisfied, see [HHS80] Corollary 3.1. Now, we focus on the
conditional variance. For convenience, we set

2a

n2o¢ < n® /g ,n’ %0’ n’ k+1 n® /g ,n’ *.n’ nd k+1\\T
SnZZWZEk[(h (0" ) = H(g™™ , (U™ )" ) (h™ (00" ) — H(e™" , (U™ )"))"]
k=1
7’L20‘ e .m0 nd «n’ n’
= G L B U e )
k=1
n4a * 'n,é 'n,é * 'n,é 'n,é
= W]E[H(H UMY (H O, UM)T,

so that we clearly have S,, — E[H (6*,U)(H (0*,U))"] by the local uniform convergence of (¢ — E[H (6, U™)(H(0,U™))])n>1,
the continuity of  — E[H(0,U)(H(0,U))"] at 6* and the convergence of (9*’"6)7121 towards 6*. Therefore,
since (DR™ (6*7°))~1 — (Dh(6*))~!, we conclude that

n2a

(DR™ (e*xn“))—l% ST AME, = N(0,Dh(0") EL[H (6%, U)H(6",U)T|(Dh(6")~1)7).

n2a
k=0
o 2a
Step 4: study of the sequence {n%_kl > oheo C,’f,n > O}

Now, observe that by Lemma [5.2] the last term is bounded in L!'-norm by

2a

n® o s C <
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since v satisfies (HS1) with a < 1.

3.4. Proof of Lemma

We will just prove the first assertion of the Lemma. The second one will readily follow. When the exact
value of a constant is not important we may repeat the same symbol for constants that may change from one
line to next. We come back to the decomposition used in the proof of Lemma We consequently use the
same notations. Let us note that the procedure (6,),>0 a.s. converges to 6* and satisfies a CLT according to
Theorem Z4]

From the dynamics of (025 )p>0 and (0,),>0 we write for p > 0

b1 — 07" =0, — 07" — DR (07 )(917 = 0°") + At AMpL + YpaGp
Opy1 — 0" =0p — 0" — Yp1 DR(07)(6p — 07) + Yp+1 AMpi1 + Vp416p,

with AM, 1 = h(0,) = H (6, (U)P*1), p > 0, and ¢ = DI (0=7") (03" — 07" ) —hn" (62°), ¢, = Dh(07) (6,
0*) — h(6,). Since Dh™ and Dh are Lipschitz-continuous, by Taylor’s formula one gets Qgﬁ = (9(|6‘;}ﬁ — g’ 1)
and ¢, = O(|6, — 0*|?). Therefore, defining zgﬂ = GZB -0, — (6‘*>"ﬁ —6%), p > 0, with z{}ﬁ =0*— 0" bya
simple induction argument one has

n n
B B B B
o =Mz + > Wl nANY + Y %llip1 . ARy
k=1 k=1

+ > Wllisrn (Giy = G + (DR(87) = DR (6" ) (6, = 67"")) (3.18)
k=1

where T, := [[}_; (Ia — 7, Dh(0%)), with the convention that II,11, = I4, and AN,?B = pn’ (0*) — h(0*) —
(0%, (U )*0) = H (07, UM), ARY = W7 (0") = B (0%) — (H(OF, (U™)+1) = H(0, (U™")*+)) +
H (0, U — H(0*, UMY — (h(6x) — h(6%)) for k > 1. We will now investigate the asymptotic behavior of
each term in the above decomposition. We will see that the second term which represents the non-linearity in
the innovation variables (U "B, U) provides the announced weak rate of convergence.

Step 1: study of the sequence no‘lefl(l/(nmfzpﬁ))z{fﬁ,n > 0}
Under the assumptions on the step sequence ~, one has for all n € (0, \,,)

a n’ a n s,nf *
PO [Ty 10 zesoy 28 1] < T 10ty | (o] + sup LG + 167" — 6))

T/ (220

< Cnexp | —(Am — 1) > | =0,
k=1

by selecting 7 s.t. (A, —17)70 > (A = )70 > a/(2a — 2pB) if v(p) = v0/p, p > 1.
Step 2: study of the sequence

—1 n2a72p5 n * nﬁ * nﬁ ’ﬂﬁ * nﬁ
IS vl D W13 a2y (Gy = Gor + (DR(O%) = DR (07" )03, = 677)) ,n > 0}
By Lemma [5.2] one has

E

k=1 k=1

- nB * ’n,ﬁ *’ﬂﬁ nB *’ﬂﬁ - * nﬁ *nﬂ
S w1 (G = Geor + (DR(O7) = DR (07" ) (077, — 0""))| < C D [ Wasrall(0F + 22 DRO*) — DR™ (6*)])),
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so that by Lemma[5.1] we easily derive that (if y(p) = ~0/p recall that Ayo > o/ (2a—2p83)) >, Vi ks1.0] =
o(y2/(2a=208) (n)) and (recall that Ay > a/(2a — 2pB) > 1/2) o1, 73/2||H;€+1,n|| = O(y'/2(n)) so that

S VI C )

lim sup n® > Vel g4 1,711/ (n2e 208y | = 0.
" k=1

Moreover, since D™ is Lipschitz-continuous (uniformly in n) we clearly have

n

3/2 * n? /px,nf - 3/2 * n® [k *,nP *
> sl DRE7) = DR (") < D0 23 2 Tern | (IDR(O7) = DA™ (67)]] + 16" — 67))
k=1 k=1
which combined with n??||Dh(6*) — Dh"”(6*)|| — 0 and n?8|6*"” — *| — 0 (recall that o > p) imply that
—1 2a—2p
lim sup,, n® Ezzl(l/(" gl 72/2||Hk+1yvfl(l/(n2a72pﬁ))H | Dh(6%) — DR’ (6*"")|| = 0. Hence, we conclude that

—1 n20¢72p5
Y/ ) .

RS Wl e eeey (G4 = Geon + (DREY) = DR ()01, - 077)) 0.
k=1

Step 3: study of the sequence {no‘ Z;;(l/(nzaizpﬁ)) '7ka+1),),—1(1/(n2a72p5))ARZﬁ,n > O}

Regarding the third term of (3I8), namely >, _, Wka+17nARZﬁ, we decompose it as follows
D Tt nARE = Tlyr (B (0F) = B (0%) — (H(OF , (U™ )*) — H(6",(U")¥1)))
k=1 k=1
3 Wl (H (O, USF) — HB",UY) — ((6y) — h(6%)))

k=1
=A,+ B,

Now, using that {H(ag‘*, (UnYE+1) = H (6%, (U™)kH )‘ ;r,c} =’ (07") — n” (%) and (HLH) it follows
that

E[Anf? < O3 oM nl (IO — 07" 2 + 107" —07[7)

k=1
n n 8
< OO MlMrnl* + Y ilTr,nl*l07" = 67%)
k=1 k=1
= AL + A2

From Lemma B we get S 1_; 73| Mer1al? = o(ya™/®*7*7) and 31 2 Mg nll? = O(v,). Conse-
quently, we derive limsup,, n2O‘A#,1(1/(n2a72p5)) = 0 and limsup,, n2°‘Ai,1(1/(n2a72pB)) = (. Similarly using

2
(HLH) and Lemma [5.2] we derive n®B. 11 /(n20-208)) ®0asn - +00 so that

3711 (n2e=200)) L
n Z ”)/knk_;’_ly,y—l(1/(n2a—2p[-}))ARZ — 0, n — 4o0.
k=1
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Step 4: study of the sequence {no‘ Z;;(l/(nzaizpﬁ)) '7ka+17,),—1(1/(n20¢72p5))AN}?B,n > O}

- a—2pf
We now prove a CLT for the sequence {no‘ Ezzz(l/(ﬁ )

’Yk]:[k;_;’_l’,yfl(1/(n2a72p5))AN]?B7 n > 0} It holds
YN/ (P00

[e% n?
S BRIl 1z AN
k=1

245 5(2+8
<sup sup E nPﬁAN,?

n>1ke[1,n]

71/ (nPm2ePY)
« n(2+8)(a—ppB) Z ’7]3+5an+1,»fl(1/(n2°¢*2ﬂﬂ))H2+6'
k=1

By Lemma [} we have the following bound: S°p_, 72| Igq1,0 2+ = o(y2H+(e=p8)/(2a=205) (n)) which
implies
NI/ (22 20P))
lim sup n(2+6)(a7pﬁ) Z F)/lz-i_(sHHk—i-l,’y*l(l/(n?"‘*zﬂﬁ)) ||2+5 =0.
" k=1
Moreover simple computations lead

2+48

B[S AN [ <m0 (07) = o) + B [ H(O",U™) = H8*,U))**).

For the first term in the above inequality we have sup, >, [n*? (h"ﬂ (0*) — h(0))]?T % < +o0 & a > p. For
the second term, using assumptions (HLH) and (HSR) we get sup,,~; E {(nPB|H(9*, U"B) — H(O*,U)))*T| <
+00. Hence we conclude that

512406
sup sup E np'BAN,? < 400,

n>1ke[1,n]

so that the conditional Lindeberg condition holds. Now, we focus on the conditional variance. We set
S V()
Sn = n2 Z ’ygnk+177—1(1/(n2a—2p5))Ek[ANk (ANk )T]H£+1,y*1(l/(n2ﬂ*295))7 and V =U" —-U.
k=1
(3.19)
A Taylor’s expansion yields

PP (H(e*, Uy — H(0", U)) = DLHO, V™ + (0", U, v ety

with (0, U, V”B) 25 0. From the tightness of (nPﬁV”B)nzl, we get (0%, U, V”B)nPﬁV”B L5 0 5o that using
Theorem [2.1] and Lemma 2.T] yield

nPs (H(o*, Uy — H(o*, U)) — D, H(0*,U)V.
Moreover, from assumptions (HLH) and (HSR) it follows that

supE [|n? (H(0",U™") = H(0", U))[***] < +o0,

n>1
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which combined with (HIDH) imply
E [npﬁ (H(e*, Uy — Hp, U))} S E[D.H (6", U)V]
E [npﬁ (H(Q*,U”B) - H(9*,U)) (npﬁ (H(Q*,U”B) - H(@*,U)))T] SE [(DIH(H*,U)V) (DIH(H*,U)V)T} .
Hence, we have
r, >0 :=E& [(DEH(G‘*, U)W — E[D, H (6", U)V]) (DIH(H*, U)W — E[D, H (6", U)V])T}

where for n > 1 we set
T, = n2PEL AN (ANT)T].
Consequently, using the following decomposition

R - i 1 &
) 741 TS N | PR o) D AT WU, + ) D il = T,
k=1 k=1 k=1

with

lim sup

il 1,0 (D =TI, L, || < Climsup [T, — T =0,

which is a consequence of Lemma IBIL we clearly see that lim,, S,, = lim,, ﬁ Shey ”y,%HkJanF*HgHm if this
latter limit exists. Let us note that ©* is the (unique) matrix A solution to the Lyapunov equation:

D" — (Dh(6") — CIa)A — A(Dh(6") — C1)" = 0.

Following the lines of the proof of Lemma 23] step 3, we have S, <% ©*. We leave the computational details
to the reader.

3.5. Proof of Lemma

We will just prove the first assertion. The second one will readily follow. We use C' to denote a constant that

may change from one line to the next. Using the notations of Lemma 2.5 the sequence (Egﬁ )pef[0,n2e—208] CAN
be decomposed as follows:

n20¢72p5

znﬂ _ 1 Z Znﬂ
n2a—2p3 nza_gpﬁ +1 ~ k

8 n2o—2p8

B
1 2028 2y 1 1 1 B
_ )\ —1 n PP+l 20 ) _ *\\—-1_ - - n
(DRE ) ( 71) (DR N ™ —espr T kZ ( )zk

Yn2a—206 41 1 Yk Vk+1
1 n2a—2p8
*\\—1
+ (RO N g kZ:O (ANJ}, + ARPL)
1 n20¢72p5
*\\ — n? * n? *,nP n? *,nP
+ (Dh(6%)) 1m ;0 (G — G+ (Dh(O") — DR™ (6% )0 — 6" )).

Our aim is to study the contribution of each term in this decomposition.
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Z"B B

. n® n20—2pB41 zg > .
Step 1: study of the sequence T ST (%2&20“1 o ) ,n>0p:

Using Proposition [5.1] clearly yields

« nB n
T et - A B |+ Bl )+ g (1107 =07,
We evaluate each term appearing in the right hand side of the last but one inequality. First we clearly have
1 C
(n®=2P8 ), 20208 11 |Nn2a 208| < \/ P ) — 0, asn — 400,
and
! — 0, as n — +o0.

E|Tn2a 20| < =28

e e——
From these computations we get

B B
n® 2 o208 2> LY (P
nt AL 0 —(>)O, as n — +00.
n2a—2pB +1

n2a=20641 7

n?* =208 [ 1 n? )
Step 2: study of the sequence {m Ek 1 (% — %H) S O}.

We use the decomposition of Proposition 5.1 to derive

2a—2pB

o n20¢72p5 1 1 o n 1 1

n nb n nf nB
—— — - z <——F5—7— g - — + |7 .
n2a—2p8 4 1 I; <'7k '7k+1) k n20—2p8 4 1 it ('Yk—i-l '7k> (I [+ 17 D)

Then taking the expectation in the previous inequality and using that p < 1 we deduce

e T N e o T
n2e—2e8 41 ; (%+1 - %) Bl 1< ne=p ; <%+1 %) e =0
For the second term, we have
n2a—208

2a—2p8

n® " 1 C 1 1
E|7 — —— )y >0,
2 ( %) S e X ("ml %) "

2a—2pf 1
n +
k=1 Nk k=1

since a > 2pf which in turn implies

n2o—2p8
ne 1 1 s L'(P)
P E— — - 2y — 0
n2e—F +1 ; (”Yk ’Yk+1) y
20208 3 " nB [ nx.nf nB P
Step 3: study of the sequence {m Sorey (¢ =G+ (DR(6%) — DR™ (6™7)) (67 — 6™ )),n > O}:
Now we focus on the last term. We firstly note that thanks to Lemma [5.2] we clearly have

n2o—2p8

2a—2p8
n“ B C
n2a—2pB + lE Z (Ck - Ck) = noa—2p8 kzo Tk = 0

k=0
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since a > a/(2a — 2pf). Now since Dh"” is Lipschitz-continuous uniformly in n we easily get

n20¢72p5 n20¢72p5
n® « nB /px.nB nB *,nP c * nB (% * #,nP 2
T TR l;) (Dh(67) — DR™ (07" ) (O — 67" )| < — =55 (1DR(67)=DR™ (97)[|+]6"—6""" 1) 2 Vi

and recalling that no‘_(o‘_pﬂ)“HDh(ﬁ*)—Dh"ﬁ (0)|| — 0 and a > a(1—B)/(a—pB) which implies n®~(@=rA)a|g* —
9*’"5| — 0 we deduce

n20¢72p5
ne « 1B pemBan fgnf wnfy LN(P)
oy kz_% (Dh(6) = Dh™ (8" ))(0F —6""") — 0.

2a—2pB

Step 4: study of the sequence {nm,"fiﬂ“ Sro (AN,?fl + ARZL), n > O}:

Similarly to the proof of Lemma 2.7 we decompose the sequence {ﬁiﬁﬂ EZQ:TZPB ARZB,TL > 1} as
follows
o n2a—2p8 o n2a—2p8
n B n B anP . - P
T 2 A = gy 2 WD) RO~ (HEE, @ — HE 0 )
- n2e—8
n k+1y * k4+1y _ o *
Fmmrry L (O — HE U — (4060) (0
= A, + By.

From the Cauchy-Schwarz inequality and Lemma [5.2] it easily follows

n2e—208 2
E|An| + E|By| < Flw S | o
k=0
since a > a/(2ac — 2pB) > pB/(av — pB) so that
N n20—208
n2a+p5+1 kZ:O AR 250, n— +o0.

2a—2pfB

We now prove a CLT for the sequence {nz@,"figﬂ EZ:O AN,?B, n> O}. We first note

n2e—208 246
SR AN < Elnfany’ L oy
—_— sup su n —_— n 00
k—0 n20¢72pﬁ +1 k - nthl) ke[[OI?nﬂ y naéipﬁé
51246
where we used assumptions (HLH) and (HSR) to derive that sup,>; supyep ) E ‘npﬂAN,? < +o0.

Therefore the conditional Lindeberg condition is satisfied. Then we examine the conditional variance. Recall
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that (see the the proof of Lemma [Z7]) we have
2 PEANE (ANE)T) = n¥PE | (H(0°,U™) = H(0",U) = (0" (6") = h(6")))
x(H(E",U™") = H(",U) = (" (0") = h(6))" |

) [(DmH(e*, U)WV — E[D, H (6", U)V]) (DmH(H*, U)WV — E[D, H (6", U)V])T] ,

so that if we set

S GamrrE D BHANY ANV
n2a72p5 p 5 s s
= R [ U — HE,U) — (0 67) = BN, U - HEU) - (00— )]

we clearly get
S, — E (D H(6*,U)V) (D H(6*,U)V)" .
This completes the proof.

3.6. Proof of Lemma 2.7

We come back to the decomposition used in the proof of Lemma2.3l We consequently use the same notations.
We will not go into all computational details. We deal with the case p € (0,1/2). The case p = 1/2 can be
handled in a similar fashion.

We first write for p > 0

m *.m[ m[ * me me *.m[ me *.m[ me me
oy — 07 = 0 — 6™ — o, DR (0O — 07 i A 4 71 G

p+1 —0*™'|2), p > 0. Therefore, defining
£—1

), p >0, with z§ = 90 - 90 (19*"”/Z — 6™ ), by a simple induction

with AMml - hm @) — H(or", (X )Pt and ¢ = 0o,
4 £—1

=g — o — (g — g

P
argument one has

M, M,
Zhg, = v, 26 + Z Vellgt1,00, AN + Z YVellgt1,00, ARY,
k=1 k=1
ME * mz * me mz * mz
+ > lleran, (Ghoy = G4+ (DR(6) = DI (67" ) (6, — 07
k=1

—(Dh(e*) = D™ @) o — o) (3.20)

where Iy, , := [}, (I — 7; Dh(6*)), with the convention that 1,11, = Iy, and AN := B (0%)—hm T (07) —
(H(O", (U ) F) — H(", (U )F)), ARL = ™ (07" = b (67) = (H (07", (U™ )+ = H (07, (U™)*+)) +
HO " (om e H (o, (U™ R = (hm (0 ) =" (6%)) for k > 0. We follow the same method-
ology developed so far and quantify the contribution of each term. Once again the weak rate of convergence
will be ruled by the second term which involves the non-linearity in the innovation variable (U ’”hl, U me), for
which we prove a CLT.
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Step 1: study of {no‘ S Mg, 28,m > O}
Under the assumptions on the step sequence v, for all n € (0,\;,) we have [[II1 ar,] < exp(—(Am —

M XM ) = Cmt ST O /(20252 An=m0) §f y(p) = ~o/p or [|TTiar|| = O(Y(Me)) otherwise.

Therefore, if y(p) = 70/p we select n > 0 such that vo(A,, — 1) > «/(a — 2p) then one has

an MeZO

=1

C é()‘m_n)'y C
< Cn® ; 1T,z || < P Om—mo(2at 2 )—a Zm 07T < 30m —mo(a—2p) - —0

as n — +oo. Otherwise one has

L
« II 0
n 1,M¢ %0
=1

L
< C’nO‘Z’y(Mg) <C —i — 0.
— n

Step 2: study of {no‘ EeL:1 Zi\iﬁl Yillgt,n, (Choy — ﬁj) ,n > O}
By Lemma [(5.2], one has

L My L M,
En®> Y e, (G — <On > AIMeraan, |l
(=1 k=1 (=1 k=1

However, by Lemma [5.1] (if v(p) = o /p recall that A, 70 > 1) we easily derive lim sup,, ﬁ S Vi g1 ,n | <
1, so that

L M, L
n* Y > AilMesr, | < Cn® Y (M) =0, n— +oo.

=1 k=1 =1
« L ME * me * m[ m[ * me
Step 3: study of {n SE L SMe T, ((Dh(o ) — Dh™ (0575 )) (07| — 0% )) > o}
and {n® ({2, S0 Tl (DR(8) = DR (07 )0 = 0+ 7)) o > 0}

By Lemma [52] and since Dh™" is a Lipschitz function uniformly in m we clearly have

L Mg L MZ
« 3/2 * me * m[ me * m[ « 3/2
E{n® >N 2 P hsran, (DRO) — D™ (0 ) (07, — 0" <033 42 Wil
/=1 k=1 /=1 k=1

x (||Dh(6*) — DR™ (6%)|| + 6™ — 67)])

L
< Cn® 3" 42 (My)(| DR(67) — DI™ (67)] + |0°™ —

{=1

which combined with sup, >, n? | Dh(§*) — Dh™(6*)|| < 400 with 3 > p and sup,,>; n®|6*" — 6*| < 4oc imply
that

My

L L
o mt s nse.m® m? s.m? C (1+2p) —la —
En® YN yllierar, (D) — DA™ (0™ ) (07, — 0°™)| < —p > om0 (m ™ +m~F)

(=1 k=1 n 4 _

< C(nP + np*ﬁ)

L)
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LY(P
so that n® S8, S0 34Tl 4 ar, (DR(6%) — DR (6% )) (02, — ") )
deduce n* Sy S0, Ty ar, (DR(8°) = DI (00 )y (g, — om0
Step 4: study of {no‘ Zngl Z,iw:el ”kakJrLMeARi, n > O}

Using the Cauchy-Schwarz inequality we deduce

0. By similar arguments, we easily

0.

L M, 2 L /M, , , ) 1/2
B33 il ARY| <003 (z M PR, (0™ — 18", (0 >k+1>|2)
=1 k=1 /=1 k=1
L M, 1/2
£— 0— /—
o (sznnm,mﬁmmeﬁ LT — H et (U™ 1>k+l>|2>
/=1 k=1
L M, 1/2
cony (z wzmm,MenQ)
/=1 k=1

where we used (HLH) and Lemma 52l Now from Lemma B and simple computations it follows

L /M, 1/2 .
> <Z vfsleMen?) < Cn® S A(Me) =0, n— +o0.

=1 \k=1 =1
Therefore, we conclude that

L M,

nZZ%H;@H M,ZAR,C O n — 4o00.
=1 k=1

Step 5: study of {no‘ ZeL:1 Zi\iﬁl Yellg 1,01, ANS, > O}
We now prove a CLT for the sequence {no‘ Ele Equ\iel Yiellg 1,01, ANS, n > O}. By Burkholder’s inequality

and elementary computations, it holds

L M, 249 M, 1+46/2
SB[ nll AN < on@Hey g <Z%|Hk+1 e FIANY )
=1 k=1 =1 k=1
L M,
< CnTON (N "2 Mg, [17)272 Z'YE—MHHIH—I a, PFPEI AN P
(=1 k=1 k=1

Using (HLH) and (HSR) we have sup,s, E(m?|H (6", U™) — H(0*,U)|)2*® < +o0 so that
K
E|AN{*H <

= mt@2p+pd)’

Moreover, by Lemma 5.1} we have

lim sup(1/7*+ (n Zv}f* IMit1nl* <1 and Timsup(1/53(n) 3 31k 1all” < 1.
" k=1 k=1
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Consequently we deduce

L M, 246 L c o
o 4 (2+40) 1+36/2 —L(2p+pd) 2p(1436/2)—2p—pd __
;E ;n Yillgy1, 00, AN, <Cn ;7 (M¢y)m < n2a6n = 5ap)
which in turn implies
I M, 246
ZE Zno"ykﬂkJrLM[AN,f — 0, n— 400
=1 k=1

so that the conditional Lindeberg condition is satisfied. Now, we focus on the conditional variance. We set

My,
14 £—
Se =0y APy B [ANSAND Ty, and UC=U™ — U™ (3.21)
k=1

Observe that by the very definition of M, one has

eUt20) M,

1 1—2p m
St = —(m 7 =)= > 7ilkr1,a, Bk [ANG(ANY) I
¢ 7(M,é)( )anzp_lkz::l”Yk k1,0 Ex[AN (AN )" [T g g,

A Taylor’s expansion yields
1 £—1

HO U™ — HO, U™ ") = D H(0", U)U" + (0, U, U™ —U)U™ —U)+ (0", U,U™ " —
with ((6*, U, U™ —U), (0%, U, U™ " ~U)) 25 0as £ — +oo. From the tightness of the sequences (mPt (U™ —
U))es1 and (mP (U™ " = U))gs1, we get

£—1

mP! (w(e*, UU™ — U™ —U) + 0, U™ — oo™ - U)) 250, - +oo.

Therefore using Theorem 2T and Lemma 2] yield

mpf (H(9*7 Umff) . H(e*, Umlffl)) — DIH(H*, U)Vm

Moreover, from assumption (HLH) and (HRH) it follows that

L (246
’ < +00,

supE ’mpl(H(H*, Umy — HE, U™ )
>1

which combined with (HDH) imply
mP E[H (0%, U™ ) — H(0*, U™ )] — E[D,H (6", U)V™]
m2 BI(H (0%, U™) — H(0*, U™ ) (H(0*,U™) = HO,U™ )] = E[(DH(6",U)V"™) (D H (O, U)V™)"]

as { — 4o00. Hence, we have

m2Ty 5T :=E [(DIH(H*, U)YW™ — E[D,H (6", U)Vm]) (DwH(H*, U)YV™ — B[D,H (6", U)Vm]) }
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where for ¢ > 1
Ty = E,[ANL(ANS)T]
=E[(H(0*,U™) — H(*, U™

1 1 14

D(HG*, U™ ) — H(*, U™ )T = (™ (07) — k™ (07)) (h™ (6%) — k™"

Consequently, using the following decomposition

]Wz ME
1 2pt 2 T 1 2 r
—m*P v, Hk+1,M I'yIl = —F— Y HkJrl,M ru
V(Mf) ; k ¢ k+1,M, W(MZ) ; k 12 k+1,M,
1 &
+ Y A1, (M — T) TIE
"Y(Ml) ,; k + [ ( ) k+1,M,
with
M,
limsup ——— ZW}%HHLM@ (mQ”"Fg -17) H;%FH.MZ < Climsup ||m2pérl -’ =0,
o V(M) ||i= ' ¢
o Tl . 1 1 P .2 «T(T
which is a consequence of Lemmal[5.1] we clearly see that T Tm lim, Sy = limp— 4 oo 1] Yoo Vil o0 W1,
mt T (S ) ’

if this latter limit exists. The matrix ©* defined by ([2I4) is the (unique) matrix A solution to the Lyapunov
equation:
' — (Dh(6*) — CI4)A — A(Dh(6%) — CIg)T = 0.
1-2p
Following the lines of the proof of step 3, Lemma 2.3] we have S, e(lﬁ’;p) = 1_;12)2 2% 0% as £ — +oo. We
m 2 m- 2 —1
leave the computational details to the reader. Finally, from Cesaro’s Lemma it follows that

I 1-2p 1 L ( 1-2p 1)
m- 2z — n 2z - A-2p) gq.s,
> Si={—=—|D_[s =B e
Y4 (n12p 1 ) ( fmeu;?p) (ml;;P _ 1)) m n—4o0o0

{=1

4. NUMERICAL RESULTS
In this section we illustrate the results obtained in Section

4.1. Computation of quantiles of a one dimensional diffusion process

We first consider the problem of the computation of a quantile at level [ € (0, 1) of a one dimensional diffusion
process. This quantity, also referred as the Value-at-Risk at level [ in the practice of risk management, is the
lowest amount not exceeded by X7 with probability [, namely

q(X7) :=inf {0 :P(Xp <0) >1}.
To illustrate the results of sections 2.3l and 24l we consider a simple geometric Brownian motion
t t
Xe=z —|—/ rXsds—i—/ o X dWs, t€[0,T] (4.22)
0 0
for which the quantile is explicitly known at any level [. Hence we have p = 1/2. The distribution function of

X1 being increasing, ¢;(Xr) is the unique solution of the equation h(f) = E,[H(0, X7)] = 0 with H(f,z) =
1;.<py — I. A simple computation shows that

@(X7) = zoexp((r — o?/2)T + U\/T¢7l(l))
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where ¢ is the distribution function of the standard normal distribution N'(0,1). We associate to the SDE (&22)
its Euler like scheme X" = (X{")¢c(o,7] with time step A = T'/n. We use the following values for the parameters:
x =100, r =0.05, c = 0.4, T =1, I =0.7. The reference Black-Scholes quantile is ¢g7(X7) = 119.69.

Remark 4.1. Let us note that whenl is close to 0 or 1 (usually less than 0.05 or more than 0.95) the convergence
of the considered SA algorithm is slow and chaotic. This is mainly due to the fact that the procedure obtains
few significant samples to update the estimate in this rare event situation. One solution is to combine it with a
variance reduction algorithm such as an adaptive importance sampling procedure that will generate more samples

in the area of interest, see e.g. [BFP09d) and [BFP09).

In order to illustrate the result of Theorem [2.6] we plot in Figure[Ilthe behaviors of nh™(6*) and n(6*™ — 6*)
for n = 100,---,500. Actually, h"(6*) is approximated by its Monte Carlo estimator and 6*" is estimated by
67,, both estimators being computed with M = 10® samples. The variance of the Monte Carlo estimator ranges
from 2102.4 for n = 100 to 53012.5 for n = 500. We set vy, = vo/p with v9 = 200. We clearly see that nh™(8*)
and n(0*™ — 0*) are stable with respect to n. The histogram of Fig [ illustrates Theorem 271 The distribution
of n(@ﬁy‘,l(l/ng) — 6%), obtained with n = 100 and N = 1000 samples, is close to a normal distribution.

Convergence of n.'(8) Convergence of n.(8""-6%)
0 T T T T T T

14t

-0.021

-0.04r

-0.06

n.h"@"

-0.08

-0.1f

-0.121

-0.14} 1 ar

L L L L L L L L L L L L L L

100 150 200 250 300 350 400 450 500 100 150 200 250 300 350 400 450 500
discretization size n discretization size n

FIGURE 1. On the left: Weak discretization error n — nh™(6*). On the right: Implicit dis-
cretization error n — n(0*™ — 6*), n = 100, - - - , 500.

4.2. Computation of the level of an unknown function

We turn our attention to the computation of the level of the function 6 — e "TE(X7 — ), (European call
option) for which the closed-form formula under the dynamic (£22]) is given by

e TE(Xr —0)y = e "Tap(dy (2,0,0)) —e "L Op(d_(2,0,0)), (4.23)

where di(x,y,z) = log(z/y)/(2V/T) + 2v/T /2. Therefore, we first fix a value 6* (the target of our procedure)
and compute the corresponding level | = E(Xp —60*); by ([@23). The values of the parameters z,r, o, T remain
unchanged. We plot in Figure ] the behaviors of nh™(6*) and n(6*™ — 6*) for n = 100,---,500. As in the
previous example, h"(6*) is approximated by its Monte Carlo estimator and 6" is estimated by 607%,, both
estimators being computed with M = 10% samples. The variance of the Monte Carlo estimator ranges from
9.73 x 10° for n = 100 to 9.39 x 107 for n = 500.
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histogram of n. (021, 2, — #°). n = 100

probability

FIGURE 2. Histogram of n(@fyll(l/nQ) — 6%), n =100, with N = 1000 samples.

To compare the three methods to approximate the solution to h(0) = E,[H(0, X1)] = 0 with H(0,z) =
Il — (x — 0)4+ in terms of computational costs, we compute the different estimators, namely 92,1(1 /n2) where
(07)p>1 is given by ([L3), O3 and O for a set of N = 200 values of the target 6* equidistributed on the
interval [90, 110] and for different values of n. For each value n and for each method we compute the complexity
given by (Z1I1)), 2I5) and 2I6) respectively and the root-mean-squared error which is given by

) N 1/2
RMSE = (N > (eF - 9;;)2>

k=1

where O} = 9;‘,1(1 /n2)) O3 or O™ is the considered estimator. For each given n, we provide a couple
(RMSE, Complexity) which is plotted on Figure Let us note that the multi-level SA estimator has been
computed for different values of m (ranging from m = 2 to m = 7) and different values of L. We set v(p) = vo/p,
with 79 = 2, p > 1, so that 8* = 1/2.

Convergence of n.i"(8) Convergence of n.(6""-6")
5 T T T 8 T T T

o )
j) I
= <
< ‘o
< =
=4
_4 . 4
5 L L L L L L L -4 L L L L L L L
100 150 200 250 300 350 400 450 500 100 150 200 250 300 350 400 450 500
discretization size n discretization size n

FIGURE 3. On the left: Weak discretization error n — nh™(0*). On the right: Implicit dis-
cretization error n +— n(6*™ — 6*), n = 100, - - - , 500.
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From a practical point of view, it is of interest to use the information provided at level 1 by the Statistical
Romberg SA estimator and at each level by the multi-level SA estimator. More precisely, the initialization point

of the SA procedures devised to compute the correction terms 6" — 9;/_3 /2 (for the statistical Romberg

~on3/2

SA) and HMZ - G“J\}E (for the Multi-level SA) at level ¢ are fixed to GIQ and to 97 n2 T Ee ! 9m 9]’{}[

respectively. We set 90 =0} =z forall k € {1,---, M} to initialize the procedures. Moreover, by Lemma
B2 the L'(P)-norm of an increment of a SA algorithm is of order \/o/p since E[07, , — 07| < E[|07,, —

o[22 + E[|lg — 6+ 2]Y/2 < C(H,v)\/7(p). Hence, during the first iterations (say M/100 if M denotes
the number of samples of the estlmator) to ensure that the different procedures do not jump too far ahead in

one step, we freeze the value of 91‘){1 (respectively 9p +1) and reset it to the value of the previous step as soon

as |9p+1 - 9‘/_| < K/./p (respectively |9p+1 - 9;” | < K/\/p), for a pre-specified value of K. This is just an
heuristic approach that notably prevents the algorithm from blowing up during the first steps of the procedure.
We select K = 5 in the different procedures. Note anyway that this projection-reinitialization step does not
lead to additional bias but slightly increases the complexity of each procedures. In our numerical examples, we
observe that it only represents around 1-2% of the total complexity.

Now let us interpret Figure [l The curves of the statical romberg SA and the multi-level SA methods are
displaced below the curve of the SA method. Therefore, for a given error, the complexity of both methods
are much lower than the one of the crude SA. The difference in terms of computational cost becomes more
significant as the RMSE is small, which corresponds to large values of n. The difference between the statistical
romberg and the multi-level SA method is not significant for small values of n, i.e. for a RMSE between 1 and
0.1. For a RMSE lower than 5.1072, which corresponds to a number of steps n greater than about 600-700,
we observe that the multi-level SA procedure becomes much more effective than both methods. For a RMSE
fixed around 1 (which corresponds to n = 100 for the SA algorithm and Statiscal Romberg SA), one divides
the complexity by a factor of approximately 5 by using the statistical romberg SA. For a RMSE fixed at 107!,
the computational cost gain is approximately equal to 10 by using either the statistical romberg SA algorithm
or the multi-level SA one. Finally, for a RMSE fixed at 5.5.1072, the complexity gain achieved by using the
multi-level SA procedure instead of the statistical romberg one is approximately equal to 5.

The histograms of Fig [l illustrates Theorems 2.7 2.9 and ZII The distributions of n(67_,, 2y — 6%),

n(©3" — #*) and n(O™ — §*), obtained with n = 4* = 256 and N = 1000 samples, are close to a normal
distribution.

5. TECHNICAL RESULTS

We provide here some useful technical results that are used repeatedly throughout the paper. When the
exact value of a constant is not important we may repeat the same symbol for constants that may change from
one line to next.

Lemma 5.1. Let H be a stable d x d matrixz and denote by A\min its eigenvalue with the lowest real part. Let
(Yn)n>1 be a sequence defined by v, = y(n), n > 1, where v is a positive function defined on [0, 4+oco[ decreasing
to zero and such that ) -, v(n) = +oo. Let a,b > 0. We assume that v satisfies one of the following
assumptions:
o v waries regularly with exponent (—c), ¢ € [0,1), that is for any x > 0, limy_ 400 y(tx)/y(t) = x~°.
o fort>1, v(t) =0/t with bRe(Amin)Y0 > a.
Let (vn)n>1 be a non-negative sequence. Then, for some positive constant C, one has

hmsumn Zw”“vkl\ﬂkﬂ,nllb < Climsup vy,
k=1 "

where Iy, ,, = H?:k (Ig —v;H), with the convention Il,41 , = Iq.
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FIGURE 4. Histograms of n(6,-1(1/n2) — 0*), n(©3" — 6*) and n(©7" — *) (from left to right),
n = 256, with N = 1000 samples.

Proof. First, from the stability of H, for all 0 < A < Re(Anin), there exists a positive constant C' such that for
any k < n, [[Meyr0ll < CTI}_, (1—Xy5). Hence, we have Y27y 7, " “vr | Mga,nll® < C 325 7 one 200 =s0),
n > 1, with s, := ZZ:1 Y- We set 2, 1= 2221 'y,i+“vke_>‘b(5”_sk). It can written in the recursive form

—Abyn 1
Znt+l1 =€ T 20 + 723:1%“, n > 0.

Hence, a simple induction shows that for any n > N, N € N*

n

2n = zN exp(—Ab(s, — sn)) + exp(—Absy,) Z exp(Absk)’ng’uk
E=N-+1

< zyexp(—Ab(s, —sn)) + (sup fuk) exp(—Absy,) Z exp(Absg )ve .
k>N k1

We study now the impact of the step sequence (7,),>1 on the above estimate. We first assume that v, = vo/p
with bRe(Amin)y0 > a. We select A > 0 such that bRe(Amin)Y0 > bA\yo > a. Then, one has s, = vy log(p) +
c1+1p, c1 > 0 and 7, — 0 so that a comparison between the series and the integral yields

" " 1 & 1 C
eXp(_)\bs") Z eXp()\bSk),yk—H = Cnbkyo Z ka—bAyo+1 < na
k=N+1 k=N+1

for some positive constant C' (independent of N) so that we clearly have

lim sup~,, “zn4+1 < C sup vg.
n k>N
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Complexity w.r.t RMSE
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FicUure 5. Complexity with respect to RMSE.

and we conclude by passing to the limit N — +o0.
We now assume that + varies regularly with exponent —c, ¢ € [0,1). Let s(t) = fot ~v(s)ds. We have

exp(~Abs,) 3 exp(Mbsi L] ~ exp(-Abs(m) [ exp(hbs()y" ()
k=N 0

s(n)
~ exp(—Abs(n)) /0 exp(Abt)y* (s~ (t))dt,
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FIGURE 6. Time in second (average time for one sample) with respect to RMSE.

so that for any = such that 0 < z < 1, since t — (s~ 1(t)) is decreasing, we deduce

s(n)

10

s(n) zs(n)
/ exp(Abt)y* (s (t))dt < ~° (571(0))/ exp(Abt)dt + Wa(sfl(xs(n)))/ exp(Abt)dt
0 0 T

s(n)
7 (s~H(0))
Ab

(s~ (xs(n
< exp(Abxs(n)) + W exp(Abs(n)).
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Hence it follows that

exp(—Abs(n))
7(n)

s(n) -1
it 2(s7(0))
/0 (b)) < L0

and since t — y*(s71(t)) varies regular with exponent —ac/(1—c), and lim,,_ 4o 7%(71) exp(—A(1—=x)s(n)) =0,

(s~ (ws(n)))

exp(—Ab(1 — x)s(n)) + Ny n)

xfac/(lfc)

Jimn sup exp(—Abs(n)) -

s(n)
exp(\bt)y* T ()dt <
imsup L) [ expiniey 1)

An argument similar to the previous case concludes the proof.
O

Lemma 5.2. Let (0)),>0 be the procedure defined by (L3) where 0 is independent of the innovation of the
algorithm with sup,~, E|0g* < +oc. Suppose that the assumption of theorem are satisfied and that the
mean-field function h™ satisfies

A >0, Vn € N*, VO € R, (9 — 0% () > MO — 6%, (5.24)

where 0" is the unique zero of h™ satisfying sup,,>q [0*"| < +00. Moreover, we assume that y satisfies one of
the following assumptions:

e 7 varies regularly with exponent (—c), ¢ € [0,1), that is for any x > 0, limy_, 4 o0 y(tz) /7 (t) = 2~ °.
o fort>1, v(t) =0/t with 2Xyo > 1.

Then, for some positive constant C' (independent of p and n) one has:

vp =1, supE[|y — 0" ] + E[|6, — 0"[] < Cy(p).

n>1
Proof. From the dynamic of (6} ),>1, we have

107y — 0572 = (07 — 0772 — 29,1 (07 — 057 B(O0)) + 2y (67 — 077, AMD )

+ v [HO (XEPTHP,
so that taking expectation in the previous equality and using assumptions ([27) and ([E.24]), we easily derive

E[67,, — 677 < (1 - 2x7p41 + C2, 1 )EIO) — 6772 + O,

Now a simple induction argument yields

p
sz _ 9*,n|2 < ]E|93 _ 9*7"|2H17p + ZHkJrLPFYI%
k=1

where we set Il ), := H:;: R(1—=2Xv, + 07]2) for sake of simplicity. Moreover, computations similar to the proof
of Lemma [B.1] imply
vp>1, El, — 6" 1> < Cy(p).

In order to prove the similar bound for the sequence (6,),>1 we first observe that since (6,),>1 converges
a.s. to 0% there exists a compact set K (which depends on w) such that 6, € K, for p > 0. Then, Remark
2.3 shows that a mean reverting assumption is satisfied also for h on K with the same constant A. Finally we
conclude using similar arguments as those used above. 0
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Proposition 5.1. Assume that the assumptions of Theorem [2Z10 are satisfied. Then, for all n € N there exist
two sequences (fiyy ) pefo,n] and (7 )pefo,n] with /g = 05 — 0o — (0% — 6*™) such that

Vpe [0.n], 2 =6y —0"" = (6, —67) = iy + 7

P

and satisfying for all n € N, for all p € [1,n]

sup7p_1/2E|/lg| <Cn™", sup 7, 'E[|77|] < +oo.
p>1 n>1,p>0

Proof. Using [B.I8), we define the two sequences (fi}})pcfo,n] and (7} )pefo,n] by

P

p
A =3 Il yANE + 3 3Tl (DR(6%) — DR (6"") (6, — 0°")
k=1 k=1

+ Z'YkaJrl,n(hn(e*,n) _ h"(e*) _ (I{(e*,n7 (Un)kJrl) _ H(H*, (Un)kJrl)))
k=1

and

p p
=T+ D0 Wl p (s — Geot) + D0 Tl (A7 (6F) — A7 (6°) = (O}, (U")+) = H(o™, (U")*+1)))
k=1 k=1

+ D e (H (06, UM = H(67, UMY — (h(6)) = h(67)))-
k=1

We first focus on the sequence (ﬁ;)pe[[(),n]]' Moreover, by the definition of the sequence (AN})icq1,,] and the
Cauchy-Schwarz inequality we derive

P
E Z Vil 1 p ANy
=1

P
< CEH(O"U") - V2O Ak p]*)2 = O(9,/2n 7).
k=1
Taking the expectation for the third term and following the lines of the proof of Lemma 2.7 we obtain

p p
E|> " wlls1,p(DR(07) = DR (0"™) (051 = 0"")| < C D 7 [Tya,p | (107" = 67| + | DR(6%) — DA™ (67)]])
k=1 k=1

= O(y,/*n7").

Finally we take the square of the L2-norm of the last term and use Lemma [51] to derive

P 2 P
E D ellirp (A" (07") = h™(6%) — (H(0™", (X7)*H) = H(0", (XP) )| <16° = 6" Y AR Ik,
k=1 k=1

= O(,an—2p).

We now prove the bound concerning the sequence (fg)peﬂom]]- Under the assumption on the step sequence
we have

B[ pzg[] < T pl[(1+ 67 = 67"]) = O().
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By Lemma 5.2 we derive

p p
sup B | " eIl p(GFy — Ge-1)| < C Y i1 pll = O(3p)-
k=1

nzl |5

Concerning the second term, following the lines of the proof of Lemma [2.7] we simply take the square of its
L?(P)-norm to derive

p 2 p
sgr;lE > Ik p(R™(0F) = h™(07™) — (H(0F, (X7)*) = HO*™, (XP)F)| < C> Mkl
n= k=1 k=1
=0()

and similarly E ‘22:1 Viellkg1,p ((H(Gk, (X)) — H(0*, (X7)k 1) — (h(6k) — h(@*))) ‘2 = O(”yf)).
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