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Modélisation Mathématique et Analyse Numérique

MATHEMATICAL AND NUMERICAL MODELLING OF PIEZOELECTRIC
SENSORS

S. IMPERIALE! AND P. JoLy?

Abstract. The present work aims at proposing a rigorous analysis of the mathematical and numerical
modelling of ultrasonic piezoelectric sensors. This includes the well-posedness of the final model,
the rigorous justification of the underlying approximation and the design and analysis of numerical
methods. More precisely, we first justify mathematically the classical quasi-static approximation that
reduces the electric unknowns to a scalar electric potential. We next justify the reduction of the
computation of this electric potential to the piezoelectric domains only. Particular attention is devoted
to the different boundary conditions used to model the emission and reception regimes of the sensor.
Finally, an energy preserving finite element / finite difference numerical scheme is developed; its stability
is analyzed and numerical results are presented.

Résumé. ..
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INTRODUCTION

The present work has been achieved in the framework of a collaboration between the laboratory LIST of
CEA Saclay and the Project Team POEMS which is common to INRIA, ENSTA and CNRS (UMR 7231),
and motivated by an important application : non destructive testing by ultra-sound. The laboratory LIST is
specialized in various aspects of non destructive testing, from both experimental and theoretical aspects, which
includes numerical simulation which has now become a fundamental tool to understand and analyze the result
of a non destructive testing experiment. The propagation of ultra-sonic elastic waves is often used to investigate
the presence of defects in any manufactured item. In particular it is used for detecting defects (we mean a local
heterogeneity, a geometrical imperfection, a crack, ...) inside metallic objects. As a fundamental and illustrative
industrial application, we can cite the inspection of nuclear reactors.

Of course, to construct a reliable and efficient simulation tool in ultra-sonic non destructive testing, it is
important to master the numerical simulation of elastic waves, for instance efficient discretization techniques
for solving elastodynamic equations in a very general context : heterogeneous, anisotropic elastic (possibly
viscoelastic) media. Nowadays, there are many satisfactory highly accurate numerical methods for the resolution
of elastodynamic equations. In particular, at Project POEMS, we have intensively developed the technique

Keywords and phrases: Piezoelectricity, quasi-static approximation, ultrasonic sensors
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of spectral finite elements (with Gauss-Lobatto numerical integration) on general quadrilateral (in 2D) or
hexahedral (in 3D) meshes (see [1,2]). These methods offer very good performance in terms of accuracy as well
as computational efficiency and we have “naturally chosen” to use this method as the basic numerical tool for
the “purely elastic part” of the modelling problem. It is important also to be able to deal with unbounded
propagation media : of course, real objects are not unbounded but very often, one uses ultra-sound to investigate
locally such a structure, namely in a domain which is small with respect to the size of the object which can
then be seen as unbounded at this scale. Even though some important questions remain open from this point
of view, in particular the treatment of some anisotropic media, the technique of perfectly matched layers offers
a very satisfactory solution in most realistic applications.

A more challenging issue, which is more precisely the object of the present paper, is the mathematical and
numerical modeling of the generation of ultra-sound, which is done by using special devices called piezoelectric
transducers or sensors. These transducers are (partly) made of piezo-electric materials, namely elastic materials
which have the astonishing property of “transforming” elastic waves (via the internal deformations they induce)
into electromagnetic fields and related electric currents (the electric currents are the quantities that can be
controlled and / or recorded), and reciprocally. As a consequence, such devices are used both for the generation
of ultra-sound via an electric generator (this is the emission process) and for the recording of the electric currents
associated to the “echos” i.e. the elastic waves reflected into the elastic medium, in particular by the possible
defects. In more detail, piezoelectric sensors incorporate a periodic array of piezoelectric bars embedded in an
elastic matrix and are in contact with the object under investigation. In the emission process, the piezoelectric
bars can be energized (electrically) more or less independently from one another, which allows some flexibility
in the nature of the wave that is sent in the elastic medium.

The numerical simulation of such devices is not a trivial issue. The first difficulty is the intrinsic complexity of
the mathematical model that describes the behavior of piezoelectric models. The equations of piezoelectricity
couple the equations of elastodynamics with Maxwell’s equations. In the time dependent regime, an immediate
and obvious difficulty is linked to the fact that the propagation velocity of elastic waves is by several orders of
magnitude smaller than the speed of light which induces in the same model the co-existence of very different time
and space scales that are almost impossible to tackle via a pure numerical approach. That is why a simplified
(with respect to the numerical approximation) approximate model is required : this is the so-called quasi-static
piezoelectric model, that is presented in many books of physics or publications (see [3-5]), very often with an
argument which is difficult to understand for a mathematician. In this model, the electromagnetic unknowns
(originally the electric and magnetic fields) are reduced to a scalar electric potential which is coupled to the
displacement field in a mixed elliptic - hyperbolic system of equations in which the speed of light is considered
as infinite.

Many engineers have proposed numerical approaches to the numerical modeling of piezoelectric sensors ( [6-9]
and more particularly [10] which is more in the spirit of the present work). However, we did not find in the
literature of applied mathematics any serious work (including the well-posedness of the final model, the rigorous
justification of the underlying approximation and the design and analysis of numerical methods) in this direction
for time dependent problem (see [11] for a mathematical analysis of general frequency dependent piezoelectric
problems or [12] for the analysis of non-linear time dependent problems). The present work aims at proposing,
at least partly, such an approach. To be more precise, the emphasis will be put on the following points which
covers both mathematical modeling and numerical approximations issues:

e We justify rigorously the quasi-static approximation with error estimates. This is the topic of section 2.

e In section 3.1 we justify the fact that the effective computations of the electric potential, a priori defined
in the whole space, can be reduced to the piezoelectric domain, by exploiting the strong contrast of
dielectric permittivity between the piezoelectric domain and the elastic medium.
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e In section 3.2 we propose a modelling of the emission and reception processes via appropriate (non local)
boundary conditions along the (very thin) electrodes attached to the piezoelectric sensors and establish
the well-posedness of the fully coupled problem.

e In section 4 we present a space and time discretization procedure that is compatible with the use of
spectral finite elements and whose stability is guaranteed theoretically.

e We present in section 5 numerical computations corresponding to “realistic” situations.

1. PRELIMINARY NOTATION.

First we recap the notation used in [13] chap. 3, for writing the equations of elastodynamics and additional
ones needed for the equations of piezoelectricity. The euclidean scalar product in R? will be denoted

3
u-szuivi Y(u,v) € R® x R3. (1)
i=1

A second order tensor is a linear mapping from R? into itself, e = (g;;) € L(R3). In L(R?), we define the scalar
product

3
oie= Y oiey, V(o) € LR?) x L(R?). (2)
i,j=1
In the following, we shall use for simplicity the same notation |-| for denoting the norms associated to both inner
products (1) and (2). In principle the context in which this notation will be used will eliminate any ambiguity.

The space of linear mappings from £(R3) into itself is denoted £2(R?). Any element of £?(R3) is associated to
a fourth order tensor C = (C;jx;) such that

3
(Ce)ij = Y Cijricn-
k=1

To write the equations of piezoelectricity, we must introduce the space E(R3, L(R3)) of linear mappings from

R? into £(R3) that transform vectors into second order tensors. They are associated with three indices tensors
d = (dy;;) such that

3
(du)” = Z dkij UL -

k=1
The tranpose of d, with respect to the inner products (1) and (2), namely d7, is the element of £(L(R?),R?)
(i. e. it transforms second order tensors into vectors) defined by

3
(dTE)k = Z d;”‘j Eij-
3,j=1

Also we shall use the notation div u for the scalar divergence of a vector field defined in R? into R and the
notation dive for the vectorial divergence of a tensor field o : £L(R?) — R3. Let us recall that

(dive); = div(ey),

if o; denotes the ™ Tine vector of o.
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2. PIEZOELECTRICITY AND THE QUASI-STATIC APPROXIMATION

2.1. The equations of piezoelectricity

2.1.1. The full equations

Even though this will not always be mentioned explicitly, all the unknowns in our model are functions of the
position variable z = (21, 72, x3) € R? and the time ¢ > 0. In what follows, the piezoelectric material is supposed
to occupy a bounded domain Qg C R? (S for solid). Therefore, all the “elastic unknowns” (displacements,
deformations, stresses) will be defined for z € g only while the “electric unknowns” (magnetic and electric
fields) will be defined in the whole space.

As already mentioned, the equations of piezoelectricity result from a coupling with linear Maxwell’s equations
and linear elastodynamic equations. We start with the classical Maxwell linear equations

u%HJerE:m, %D*VXH:], reR3 t>0. (3)

Here the vector-valued unknowns are the magnetic field H, the electric displacement D and the electric field
E. The data u = u(z) € L(R?) is the (tensor) magnetic permeability of the medium, which is a measurable
function of x that satisfies the usual symmetry, boundedness and uniform coercivity properties (with 0 < p_ <
i < +00):

a.e. x € R® pii(w) = pji(z), and p |ul* < p(@)u-u < pglul?, YueR3. (4)

For the sake of generality, we have included volume sources, namely the vector fields 53 = j(z,t) (an imposed
electric current density) and m = m(z,t) (an imposed magnetic current density) .
The propagation of elastic waves obey the fundamental law of continuum mechanics, namely

2
—u—dive=f, ze€R3 t>0, b)
P o ! (5)
where the vector valued unknown u represents the displacement of solid particles and the tensor valued unknown

o represents the stress tensor at each point of the solid body. Let us recall that this tensor is symmetric
a.e. x €R® oz, t) = 0y(x,t), 1<4,5<3, t>0. (6)

The data p = p(z) is the density of the material. It is a real valued measurable function satisfying:

a. e. ¥ € Qg, 0 < po < plx) < pp < +oo. (7)

The vector field f = f(x,t) is a (given) volumic density of sources.

To complete equations (3) and (5), we need to make precise the constitutive laws that govern the behavior of the
material by expressing how the electric displacement D and the stress tensor ¢ are related to the displacement
field u and the electric field E. In the context of linear piezoelectricity, we have

D=¢E+d'e(u), o=Ce(u)—-dE, t>0, (8)

where, under the usual assumption of small deformations, e(u) = (eij(u)) is the linearized deformation tensor
defined by

1/ 0 0
. — 4 < .9 <3,
e”(u) 2( xiuj+ xjul), 1<4,5<3



TITLE WILL BE SET BY THE PUBLISHER 5

In (8), C = C(z) = (Cyju(z)) ( respectively d = d(z) = (dg;;(z)) ) is a function with values in £2(R?) (
respectively in E(R37 E(R3)) ) called the elasticity tensor (respectively the piezoelectric tensor). By convention

C(x)=0 and d(z)=0, ifz¢Qs.

The elasticity tensor C = C(x) satisfies the usual symmetry, boundedness and uniform coercivity properties
(with 0 < C_ < C4 < +00):

a.e. 2 €Qg, Ci(r) = Cjiri(r) = Crij(xr) and C_ |g]*> < C(z)e-e < Cy [e]?, Vee L(R?). (9)

The piezoelectric tensor d(x) satisfies the following symmetry properties (that ensure the symmetry of the stress
tensor o):

a. e. z € Qg, dyij(x) = dgji(z). (10)
Finally € = e(z) € L(R?) is the dielectric permittivity of the medium, which is a measurable function of = that
satisfies the usual symmetry, boundedness and uniform coercivity properties (with 0 < e_ < €4 < +00):

a.e. 2 € R?, €;(7) = €ji(2) and e Ju? < e(@)u-u < ey |ul?, VueR (11)

Eliminating D and o in function of E and u using (8), one finally derive the equations of piezoelectricity as a
system of partial differential equations in (F, H,u):

u%H—i—VXE:m, reR3, t>0,
egE—VxH—ngTe(u):j zeR3 t>0 (12)
ot ot ’ ’ ’

2

p@u—div Ce(u)+divdE=f, 2€Qg, t>0.

Of course, to get a well defined initial boundary value problem, (12) must be completed with initial conditions

E(z,0) = E°z), H(z,0)=Hx), z€cR® wu(x,0)=u’), %u(x,O) =ul(z), =€, (13)
and by a boundary condition on 0 g relative to the displacement field u, for instance the free boundary condition
(the most usual one)

oc-n:=(Ce(u)— (dE)) -n=0, z¢€dg, (14)
where n denotes the unit normal vector to 0Q2g, outgoing with respect to Qg.

Remark 2.1. For more generality, we could consider a non zero right hand side in (14), which would correspond
to an imposed surfacic force density. One could also consider that one part of 0Qg is clamped, that is to say
that, along one part of 0Ng, (14) would be replaced by the Dirichlet condition u = 0.

The mathematical theory of the initial boundary value problem (12,13,14) is rather straightforward. First, it
is not difficult to check that, thanks to assumptions (4,7,9,10,11), this system is of hyperbolic nature. Next,
one can easily derive a (formal) energy identity satisfied by any (smooth enough) solution of (12). Defining the
total energy as the sum of the electromagnetic energy and the mechanical energy

E(t) = Ea(t) + Eme(t), (15)

1

Ea(t) = %/R (e|E|2+u|H\2) dz, Eme(t) = 5/9 <p|%u|2+C6(u):e(u)> dz, (16)
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one easily derive by the usual technique (the details are left to the reader) the energy identity

d 0
el - ‘E CH 2 1
dtg(t) /]R3 (7-E+m-H)dx+ st atudaﬂ, (17)

which leads, via Gronwall’s lemma, to a priori estimates that constitute the basis of the existence and uniqueness
theory, namely

M < 5(0)3+/0t</RS|65](',3)|2+M;m('75)|2dx+/ P ds ) as ()

Qg

More precisely, the problem (12,13,14) can easily be put in the framework of Hille-Yosida’s theory and this is a
simple exercise on the use of this theory to obtain the following theorem:

Theorem 2.1. Assume that the initial data have the following regqularity
(Eo, Ho) € H(rot,R*) x H(rot,R®) (ug,u1) € H'(Qs)* x H'(Qs)?, (19)

div Ce(ug) — div dEy € L*(Qs)?, (20)

and that the source terms satisfy
me CORSAEY), je CORYLXRP), [ e R L2(Qs)) (21)
Then the problem (12,18,14) admits a unique strong solution (E, H,u) satisfying
E € CY(RT; L2(R?)3) N CO(RT; H(rot,R?)),
H e CY{RT; L2(R?)3) N CY(R*; H(rot,R?)), (22)
u € C*(RT; L%(Qs)?) NCHRT; HY(Qs)3).

2.2. The quasi-static piezoelectric equations and their mathematical justification

2.2.1. Quasi-static piezoelectric equations

If one tries to solve numerically the problem (12), one has to deal with two wave propagation phenomena with
completely different velocities. Indeed the full piezoelectric equations couple an electromagnetic propagation
(> 10% m/s) with an elastodynamic propagation (< 10* m/s ). To handle this problem physicists have
introduced the quasi static approximation ( [3,4]). It consists to consider that the electric field derives from a
scalar electric potential ¢, namely that

E=—-Vep. (23)
Substituting such an equality in the last two equations of (12) gives

0 9 .r B 3
EEVQD—FVXH—&d e(u)=—y, xR t>0,

2

pwufdiv Ce(u) —divdVe=f, z€Qg, t>0.

We can eliminate the magnetic field (which does not appear in the second equation) by taking the divergence
of the first equation. After integration in time, setting

J(z,t) = —/0 J(x,s) ds
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we obtain the quasi-static piezoelectric model, as it can be found in many book of physics,

div (e Vo) —div (A" e(u)) =div (J + e Ey —d" e(ug)), z€R?, ¢>0,
82 (24)
p@u—div Ce(u) — div dVyp = f, r€Ng, t>0.

which can be seen as the coupling between an elliptic equation for the electric potential (the first equation in
(24), u contributing to the source term) with an hyperbolic system for the displacement field u (the second
equation in (24), ¢ contributing to the source term).

To complete (24), we only need initial conditions for the displacement field:

u(w,0) = wp(x),  o-u(z,0) = ui(x) (25)

and the free boundary condition which becomes (cf. (14) and (23) )
(Ce(u) — (AVy) )n=0 z € I0s. (26)

The existence and uniqueness theory of (24, 25, 26) is again rather straightforward. We simply need to work
in the functional framework adapted to the electrostatic part of the problem, i.e. to the resolution of the
(generalized) Laplace equation in R3.

That is why we introduce the Beppo-Levi space
Y

WHR?) = { € Hjoo(R?) /| ———— € L*(R?), Vy € L*(R®)’}, (27)
(1 +[f?)*
equipped with its natural Hilbert space norm,
91y = [ WP g + [ 190 ds (28)
WHED ™ Jos 14 |2f? R3

and the associated quotient space (introduced to take into account that the electric potential is only defined up

to an additive constant)
W = WHR?)/R. (29)

Thanks to Hardy’s inequality, we can equip W with the following (adapted) Hilbert space norm

[0lRy i= [ (e96.V0) da. (30)
-
Theorem 2.2. Assuming that
(uo,u1) € H' (Qg)3 x L?(Qg)3, Ey € L*(R?)3
and
feCHRY L2 (Qs)?), g€ CORY; LA(R%)?)
the problem (24, 25, 26) admits a unique strong solution (¢, u) such that

o € CHRT; W(R3?)/R) ue C?*(RT; L*(Qs)?) NCH(RT; H' (Q5)?) (31)
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Proof. We give the main steps of the proof (the details will be left to the reader) which we find instructive to
analyze qualitatively the piezoelectric effects (see the paragraph which follows this proof) and motivates the

numerical method that we shall propose later.

We first give a weak form (or variational formulation) of (24, 25, 26). Let us set V.= H!(Qg)? and introduce
the continuous bilinear form defined on V x W by

b(v, ) := / e(u) : dVy dz = / dTe(u) -V dz, ¥V (v,9) €V xW. (32)
Qg Qs
We also define the positive symmetric and continuous bilinear form in V
a(u,v) = Ce(u):e(w)de, V(u,v)€eV xV. (33)
R3
Finally, we consider the (weighted) L? inner product in H := L?(Qs)? C V (with H dense in V)

(u,v)H:/ pu-vdx, V(u,v)eHxH.
R3

Solving amounts to find v : R™ — V and ¢ : RT — W such that

(0():¥) g — blu(t), ) = (L(t),¥), VyeWw,

%(u(t),v)H + a(u(t),v) + b(v, o(t)) = (F(t),v), VoveV, (34)
du

u(0) = uyg, E(O) = uy,

where L(t) and F'(t) are linear forms on W and V respectively, defined by
(L(t),v) :/ (J@t)+€eEy—d" e(ug)) - Vo da, Vip €W, (F(t),y) = ft)-vde, YveV.
R3 Qs

Next, we eliminate ¢ to get an evolution equation for u only. To do so, we use Riesz’ theorem to introduce the
operator B € £L(W,V) and L(t) € V such that

b(v,9) == (Bo,P)w V¥ (0,9) € VX W, (L(t),¥) = (L(t), ), VieW.

The first equation of (34) gives simply
©(t) = Bu(t) + L(¥).
that we can substitute into the second equation of (34) to see that w is solution of the evolution problem

2
d—z(u(t), v)H +a* (u(t), v) = (F(t),v) — b(v, L(t)), ViyeW,
dt ] (35)
u(0) = uo, E(O) = uy.

where a* (-, -) is the symmetric positive (even coercive thanks to Korn’s inequality) and continuous bilinear form
defined on V by
a”*(u,v) = a(u,v) + (Bu,Bv)y, V(u,v) €V xXV. (36)
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We have now put our problem in a classical abstract framework. we can for instance apply Hille-Yosida’s theory
by introducing the positive unbounded selfadjoint operator A* in H defined by

D(A*) = {u €V /3 C(u) > 0 such that |a* (u,v)| < C(u) [[v]la, Yove V},
Vue D(A*), A*u€ H is defined by (A*u,v)g = a* (u, v), YoveV.

then (34) is equivalent to the abstract evolution equation in H:

d*u N du
7l +A*u=g(t), u(0)=u, E(O) = uq,

where g(t) € C1(RT; H) (we omit the details). Then, the existence and uniqueness result is a direct consequence
of Hille-Yosida’s theorem, after checking that

D(A*) = {u € H'(Qs)? / div (Ce(u) + dVp(u)) € L*(2s)?, (Ce(u) — (dVep(u)) )n=0, z€ 895},
where o(u) € W1(R3)/R is defined as the unique solution of the generalized Laplace problem
div (eVep(u)) = div (d"e(u)) +div (J +eEy —d" e(ug)) =z € R®. (37)
O
Looking at (35) and (36), we see that, if one reduces the problem to the displacement field u, passing from the
pure elastic case to the piezoelectric amounts essentially to replace the classical elastic stiffness bilinear form
a(u,v) by the augmented stiffness bilinear form a*(u, v), the electric effects being represented by the additional
term (Bu, Bv)y. Note however that this term is a non local one since the operator B can be reinterpreted as

Bu = ¢(u) where o(u) € WHR?)/R is the unique solution of (37). (38)

As a consequence, the solutions of (24) propagate with infinite propagation velocity, which reflects the fact that
the speed of light has been considered as infinite in Maxwell’s equations.

As for the full model, there is a natural energy associated to (24)

IR S o .
Egs(t) = 3 /R3 €2Vl dx + 3 /Qs (p|au\ + Ce(u): e(u)) dx, (39)
that satisfies the identity
d 0
e == [ svotrs [ f S (40)

which leads to the a priori estimate

et < e+ [ ([l s [ oo ) as (a1
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2.2.2. Non-dimensionalization of the equations and formal derivation of the quasi-static model

In this section we are going to show how one can formally derive (34) from (12) without invoking physical
intuition. For this, it is useful to work with dimensionless unknowns, dimensionless variables and dimensionless
coefficients. That is why we introduce reference time and length scales L and T, to be fixed later, and rewrite
the unknowns (E, H,u) of (12) as

E(xat)*E Er(fvf)v H(xat)*H HT(L’T)’ u(xat)*Lur(LaT)v (42)

where the subscript r refers to non-dimensionalized (or relative) quantities. We have used the length L to
non-dimensionalize the displacement field u. The scalar quantities E* > 0 and H* > 0, used to scale F and H,
are respectively homogeneous to an electric and magnetic field : they will be fixed later.

We shall also work with relative coefficients. For the electric unknowns we shall write, as usual,

x €T

6(3}) = €0 67"(5)7 /J(m) = Mo ,UJT(E)’ (43)

where €p and pg are respectively the electric permittivity and the magnetic permeability in the vacuum and e,
and p, are the (dimensionless) relative electric permittivity and the magnetic permeability. Let us recall that
the speed of light is defined by

[MES

Co = (60 ,U())_ . (44)

For the elastic unknowns, it is useful to introduce, for each = € Qg and unit vector v (|v| = 1) the (strictly
positive) eigenvalues {\;(z,v),j = 1,2,3} of the tensor C(z) v so that the quantities

represent (locally) the velocities of elastic plane waves, more precisely, these are the phase velocities of the plane
waves that would propagate in the direction v in a homogeneous medium whose density and elasticity tensor
would be equal to p(z) and C(z). We then set

py = sup p(z), Vi= sup sup max Vj(a,v) (45)
z€Qs z€Qs |v|=1 155<3

and we scale p and C as follows:

x x
p(x) = P+ pr(f)a C(Z‘) = P+ V—E CT(E) (46)
so that the relative density p, and elasticity tensor C, are dimensionless quantities.
It remains to non-dimensionalize the piezoelectric tensor d(z), which can be done as follows:
T 3
d(z) = dy d,.(L), where d; = sup (|d(ac)Td(x)\2> . (47)
L €N
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Next, we deduce from (12) the equations satisfied by the dimensionless fields (E,, H,, u,) (for simplicity, we
still denote = and ¢ the scaled space and time variables and Qg = {z/L,z € Qg})

0 V+T \/EoE* Co
.—H, —_ - — E.=m. R3
ittt [T [ [ 7= reRL =0
0 V+T \/,Uon* Co d+ 0 T
r =B — | —— — H, —d r) = Jrs Rga t )
€r o { 7 ] [ &g | |V, V x H, + o E | ot re(ur) =9r x€ >0 (48)
0? VET? T2d, E* .
oy — i =2 divd, B, = 0 .
Pr 8t2ur [ I :|le C,e(u,) + [ 2. :|le d.E,. = f,, reNg, t>0

where m,., 7. and f,. are scaled dimensionless source terms whose explicit expression is not needed for our
purpose.

In (48), the reader will check easily that each coefficient between brackets is dimensionless. Let us now make
the important choice of the length and time scales L and T. As it is natural, we choose L as the characteristic
size of the bounded domain Qg and T as the typical time for an elastic wave to travel along the distance L,

which corresponds to
ViT
L=V, T (:»%: ). (49)
This is where we express that we want to observe the physical phenomenon at a time scale that correspond to

the propagation of elastic waves.

Less important is the choice of E* and H* (which simply correspond to a choice of unit to compute the electric
field and magnetic field) which we adopt for simplifying as far as possible the equations (48). More precisely,
we choose E* and H* in such a way that (we symmetrize in particular the coupling terms)

T2d, E*  d,
Veo Vo' and =g P = oo (50)

We can then rewrite (48) with two additional dimensionless coefficients

dy Vi
=——— and /= — << 1. 51
! Vieop Co (51)
as follows
MT%HT—i—(‘S*leET:mT zeR3, t>0,
9 1 9 .7 3
e,.aE,« —0 " VxH,+~ adr e(ur) =3, z€R3 >0, (52)

2 ~
Prwur—diVCTe(uT)—&—'ydivdrET:fr x€g, t>0.

Remark 2.2. In contrast to §, which is less than 1074, one can check that 7y is of the order of unity. Indeed,
typical realistic values for the parameters dy, Vi and py are (see [3,4]):

dy ~10 C/m?. py ~ 7500 kg/m?, V| ~ 4500 m/s

which gives v ~ 8. since €y = 1/(367r 109)
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It is then easy to see how to obtain (24) formally. Rewriting the first equation of (12) as
V< B = 0 (my - o ),
ot
then, assuming that B%HT remains bounded (see remark 2.3), then in the limit § — 0
V x E, =0,
i. e. there exists a scalar potential ¢, such that
E.=—-Vo,.

Then, we can proceed as at the beginning of this section to derive the quasistatic equations (24).

(53)

Remark 2.3. We shall see in the next section that obtaining such a bound will be subject to appropriate

assumptions on the data of the problem, in particular the initial conditions.

2.3. Rigorous justification of the quasistatic model

In this section, we consider § as a varying parameter tending to 0 and wish to study the behavior of the solution

(B3, HY ud) of

T T

0
uraH,‘fM—leEi:mr T €R3, t>0,
9 5 s 5 9 v 5 3
EraEr_fs VXHr—i-’y&dTe(ur):jT reR, t>0,

2

9 .
Perfn—divC,«e(uf)—l-*ydivdrEg:fr z€Qg, t>0,

with initial conditions

E)(2,0) = E(z), H)(z,0)=H](z), z€eR’ u)(z,0)=u(z), %ﬁmmzﬁm,xdk

and the free boundary condition
(C, e(ud) — (d,E?) Jn=0 on s,
that we want to compare to the solution (¢, u,) of the corresponding limit problem
div (e,Vep,) —vdiv (df e(u,)) = div (J, + eEY —ydle(u))), z€R3, t>0,

0? N
Pr @l = div C,e(u,) —vdiv d,. Vo, = f., reQg, t>0,

with the initial conditions
UT(Ia 0) = ug(gj)’

and the free boundary condition

aur(z,()) = u}n(x), T € (AZS,
(CT e(uy) — (d. Vo) ) n=0 zc¢c 8@5.

In (57), we have set

Jr(z,t) = —/0 gr(z, 8) ds.

(54)
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At first glance, one would expect that

(B2,u)) —  (=Ver,u,) when § — 0. (60)

(] T

This is what happens under certain conditions that correspond to well prepared data.

Well prepared data. In this paragraph, we explain the conditions on the data of the problem that we shall
assume in order to justify rigorously the quasistatic-model. Some of these assumptions are of pure technical
nature (in particular those that refer to the smoothness of the initial data and source terms). Other assumptions
are more fundamental. In particular, to obtain (60), we need to start, for the electromagnetic unknowns, from
an electrostatic state, which corresponds to

B = -, e WIRH)/R, (61)

which ensures that, at time t = 0, V x E3(-,0) = 0. Moreover, for reasons that will clearly appear in the
convergence proof (see remark 2.4), we shall also need that the initial magnetic field satisfies the magnetostatic
condition:

V x HY = 0. (62)

To be in the framework of the existence result for strong solutions, we simply need that:

(UO ul) € H1<§S)3 X Hl(ﬁs)37 (]Tamra fr) € Clooc<R+;L2<R3)3>' (63>

T T

0
In fact, we shall need also that En V x EJ(-,0) = 0 which imposes that

V x mp(-,0) =0, V x [6;1 <]T(-,O) 4y d, e(ul) )} -0 (64)

Finally, the other assumptions are made in order to ensure a sufficient regularity of the solution of (54). More
precisely, we shall assume that

(s, fr) € Wind (R L2(R?)?) - (C CL(RT; L2(R?)?)),

loc
prt [div (Cre(ud) —7d, V) + £,(,0) | € B (@Qs)?, (65)
div [Cre(ul) + 92 dT 6 dre(ul) = yd? 6715,(-,0)] € L2(Qs)°.

These additional assumptions ensure (this is a classical result that we shall admit here) that the solution has
the additional regularity

Wb e CHRTL2(@)Y) N CP R H' (Qs)), (BL HY) € C2(RY; L2(R)) 0 C'(RY; H(rot: ). (66)

In fact the key tool in the analysis is an appropriate Helmholtz decomposition of vector fields in R3. This is a
trivial adaptation of classical results (see [14]):

Proposition 2.1. Any vector field F € L*(R?)? admits a unique decomposition as

F=F-vVy, W' (R®/R, FelL*R%? div(eF)=0. (67)



14 TITLE WILL BE SET BY THE PUBLISHER

The function 1 is called the scalar potential associated with F' and F the divergence free part (or rotational part)
of F, which is usually associated, in electromagnetism, to a vector potential ( [14,15]). Moreover the linear map
F s (F, V) is continuous from L?(R3)3 into L?(R3)3 x W(R3)/R

According to proposition 2.1, we can decompose E? as (the time regularity of E;E and ¢? is inherited from the
one of E?)

ES = ES -V, ¢ e CHRT;WYR?)/R), E2eCHRY;LAR®)?®), div (¢,E2) =0. (68)

Thanks to theorem 2.1 and 2.2 we know that solutions of problem (54) and (57) exists and are unique, a more
precise version of (60) is

(—Vgoﬁ,uf,Ef) —  (=Vor,u.,0) when § — 0. (69)

We can now state our main theorem

Theorem 2.3. Let (ES, H?, ul) be the solution of the problem (54) with initial conditions satisfying (61), (63),
(64) with source terms satisfying (63), (64), (65) and let (Vo,,u,) be the solution of the limit problem (57)
with the same initial condition and sources then there exists a function My(t) > 0 € C°(RY), depending only
on (v, €, firy dyy Cry pry 00,0 ul, 9, my, fir) such that Vt > 0

168 — @) Ollw + 11 =)0y + e — ) (1) < M), (70)

where we use €, for the norm on W. Moreover there also exists Mi(t) > 0 € C°(RT) depending on the same
parameters as Mo(t) such that Vt > 0

1B 2 ) < M (D). (1)
Proof. Let us first indicate the main ideas of the proof

(1) One first establishes that (@5 — @, ul — u,) satisfies a “quasistatic piezoelectric problem” where E?
plays the role of the (only) source term.
(2) From standard energy analysis for the quasistatic problem, one estimates ¢’ — ¢, and u — u,, in

appropriate norms, with respect to Ef .
(3) From standard energy analysis for the original problem, one obtains, using a Poincaré-Friedrichs in-
equality, the desired a priori estimates for E,‘f as a function of 4.

Step 1. We take the divergence of the second equation of (54) and integrate the result in time between 0 and
t. Next, using (68), we see that (¢?,u’) satisfies:

div (eTVgoi) — ~div (dTTe(uﬁ)) =div (J; + eE) —ydfe(ul)), z€R? >0,

&’ 4 N ~ (72)
Pr gzt — div Cre(u®) —ydiv d, Vel = f. — div d, ES, r€Qg, t>0,
as well as the boundary condition
(Crewd) — (d,Vg’))n=—(d,E2))n € dQs. (73)
By subtracting (72) and (57), we see that (¢ — ¢, ul — u,) satisfies
div (,V(¢2 — ¢r)) —vdiv (d¥e(u —u,)) =0, zeR3 t>0,
02 R (74)

Pr @(uf —u,) — div Cre(u® — u,) —vdiv d, V() — ) = —=div d, E’, z€Qg, t>0,
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with the boundary condition (by subtracting (73) and (59))
(Cre(wd —u) — (A, V(gd —¢,))n=—(d,E)n =€ g
and zero initial data

ﬁ(uﬁ —u,)(2,0) =0, z¢eQ,.

(uf = u)(w,0) = o

Step 2. Introducing the energy

s _1/ 3 5 2 1/ 9,5 2 5 5
Ent) =3 [ ¥Vl — o ot g | (pr 57 (w2 =) 2+ €y e(uf =) s eful —uy)) da

we obtain easily from (74) and (75) the identity
5‘5 (t) —/ d,E? ge(u‘s — uy) dz.
dt 7o 6, ot T
We integrate (78) in time between 0 and ¢ to obtain, after integration by parts on the right hand side

t
Sés(t):—/ d, QE‘S e(ul — u,) dxds+/ d, E? :e(ud —u,) da.
q 0 8t Qs

15

(78)

(79)

In what follows, C will be the generic notation for a positive constant which depend only on the upper and
lower bounds relative to €, ¢, pr, C; and d,. but do not depend on §. As usual, the value of C' may vary from

one line to the other.
From the properties of d,. and C,., we deduce that

|d,ES :e(ul —u,)| < C|EY|Cye(us —u,) : e(us —u,)|2,

d B e(ud —u,)| < C’\%Ef\\Ce(uf,fur):e(uifu,«)ﬁ,

7

which implies, thanks to Cauchy-Schwarz inequality, that

‘[ d, E) : e(ul — uy) dm‘ < CIE ) 2y E5(1)2,
Qs

‘// e(u® — u,) dz ds

which, combined to (79) and Young’s inequality, leads to the a priori estimate

<c/ 12 B8y €)' ds

t
~ 0 ~ 1
&) < € (IE 12,0, + /OuaEfc,smLz@s) Ea.(s) ds ).
Finally Gronwall’s lemma yields

~5 t o ~5
< c(||ET(.,t)||L2(@S)+/ 2 B2, 5) g, ds ).

1

™

£qs()

Step 3. Notice that

(81)



16 TITLE WILL BE SET BY THE PUBLISHER

0 0 0
o 6 0N . g é 5
i) o= (2 g, Lt (52)
satisfies the same problem (54) as (E2, H?,u®) with source terms
ag 0 0
(]T‘?mrvfr) . (atjr’vat T?&f’r‘) (83)

with d-independent zero initial data (this is where we need well prepared initial data), using (61) and (62), we
denote

EX(-,0) = ' (vdre(u!) + 50(-,0)) = EY,
H(-,0) = gt ma (-, 0) = HY,
(84)
w)(-,0) = uy = iy,
0 @(+,0) = p, t (div[Cre(ul) — vd, V¢?] ) =l

at
Remark 2.4. If (61) and (62) did not hold, an additional term would appear in the right hand side of each of

the first two equations of (84), namely 61V x H? and =1V x EY. Since these terms are proportional to 1/§
we need them to be 0 in order to get uniform estimates. This explains (61) and (62).

Therefore, introducing the “first order” energy

. 1 1 a . . .
E9(t) = 5/IR (|er EO2 + |pk B2 ) dx+§/ﬂ (pr|&ui|2+cre(uf) : e(ui)) dz (85)
3 s

and according to (18), we have

m\»—A
—~

0.

D
s

E(1)7 < £4(t)?,
where by definition

t , . 1
€+<t>%:=é<o>%+/0 (/RS|e-%jr<-,s>\2+w;fmr<-,s>|2dx+/ﬂ o )P da ) ds (87

and
5(0) = 1/ <|E§E?|2 + |/,L7%H79|2> dx + 1/ (pr |u1 2+ C re(t ) : 6(’&2)) dx.
2 R3 2 QS

Next we remark that, from the first equation of (54)

0 5L
IV x BICDllas) < €8 (5B + Ime(Dllas) ) < €6 (E50)F + lImy (LBl es) ).
to deduce that

IV % EX(- )| p2sy < C'0 (S’+(t)% + ||mr(.,t)\|L2(Rs)). (88)

Next we use a Poincaré-Friedrichs like inequality. Let us introduce the Hilbert space

W, (R?) = {v e L*(R*)?/ € L*(R?)® such that V x v € L*(R*)® and V - ¢,v = 0},

v
V1t [z
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equipped with the norm

2 N I 2
I91Rr., 201 = | *+ 19 % olEetey

The following result is proved in appendix:

17

Theorem 2.4. Assume that €, is constant outside the ball centered at zero and radius R (for some R > 0).

Then, there exists a constant C' > 0 such that :

v

VUEWLE), |l < CIIV Xl

As a direct consequence of theorem 2.4, we deduce that, since (AZS is bounded, there exists a constant C (@s) >0

such that

Vo e W (), ollegs, < C@s) IV x vlliaqs),

Applying this inequality to Ef (-,t), which belongs to W, (R?) and satisfies V x Ef =V x E?, we deduce from

(88) that
- .
120 oy < €8 (E6@®)F + (- Dllzaes) ),
which gives the value for M (t) in estimate (71)

Mi(t) = C (£ + e 0)llz2es) ).

Next we repeat the argument with:

. 52 52 52
S 6 0N . é § 5
(B2, H?, 40) = (—at2 E7, 22 HY, 22 uy),

that satisfies the same problem (54) as (E?, H?,u®) with source terms

ry Y

.. 0? 0? 0?
(]ramrvfr) T (ﬁ Jrs wmra ﬁfr)

with d-independent zero initial (thanks to the conditions (64)) defined by

EX(-,0) =€t %JT(-,O) —vyetdl e[pfl f(-,0) = ptdiv (Cre(u”) — v d, Vi) } = kY,
3(,0) = 5t Lo, (,0) 0

T ) T 8t T b M T
uﬁ(? 0) = P;l ( div [Cre(ug) - Vdrvwg] ) = ugv
%ﬂf(.7 0) = p; ! (div[Cre(u}) +v°dl e,  dre(uy) —ydl e ' 50(-,0)] ) =il

Introducing the “second order” energy

i 1 .. .. 1 0
Sipy L 512 512 1 512 N
E%(t) = 5 /RS (er |E2|” + p |HY | ) dz + 3 /QS (pr |atur| + Cre(uy) : e(ur)) dx

(89)

(91)

(92)
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and according to (18), we have

N|=

(1)

N
—~~
Ne
=
~

< g+ (t) 9
where by definition

t 1 . %
Ep =80+ [ ([ 1t aP i CoP dor [ gt CaR ) a9
S

and
.. 1 1. 1. 1
0 = [ (FEP b ) dot 5 [ (oo + Coelil) : @) da.
2 R3 2 ﬁs

With the same technique used to derive (89) we obtain

0 ~ 51 .
|5 B2 agagy < OO0 (Ex@F + i (Dl ). (96)

Finally (81) with (89) and (96) give

1 ¢ 1 .
< 6 [EX) + e (1)l aqes) + / (E50) + Irine (- Ol 2qen) ) ds], (97)

Nl=

£s(1)

estimate (70) can be obtained by noticing that

1

0
1607 = @) (Dllw + 155 (7 = ur) (Bl gy + le(uy = ur) (Bl 2y < C Equ(1)?

and setting
1 t w1 .
My (t) = ClEZ () + [Ime(, )| L2 geo) +/0 (5};(t)+ Hmr(.7t)||Lz(Rs)> ds].
O

Remark 2.5. It is easy to verify from the expression for My(t) that if the source terms (3, m, fr) are compactly
supported in time, My(t) increases at most linearly in time

My(t) < Ct.

The same remark holds for M (t).

3. MODELING OF PIEZOELECTRIC SENSORS

We now assume a particular geometry for the sensors. More precisely we will study the behavior of sensors
made of parallelepipeds bars of piezoelectric material separated by elastic material. The more advanced sensors
technology uses piezoelectric bars made of PZT material (see [4]) with an high electric permittivity whereas the
elastic material has a low permittivity.

The sensor is connected to several electrodes localized on the top (the cathodes) and the bottom (the anode).
For simplicity, these electrodes, which are in practice very thin, will be considered as connected surfaces. Several
electrodes can be placed on the top of the sensor whereas a unique electrode is set on the bottom (see figure 1).
The electrodes are considered as perfect conductors, i. e. we have - x n = Vy x n = 0 which means, that ¢ is
constant in space along each electrode. The anode is grounded at zero potential (¢ = 0).

The section is made of two distinct parts, first we will show how we can use the contrast of permittivities
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Upper electrodes (Cathodes)

.........

l
LT LT LT LT LT LT LT LT 557
LT L7 LT LT LT LT LT LT 557

I Mass electrode (Anode)

FIGURE 1. Typical configurations of piezoelectric sensors. Piezoelectric bars are not necessarily
in contact with two electrodes.

between the piezoelectric bars and the elastic material to reduce the computational domain for the electric
potential (which is a priori defined in the whole space) to the piezoelectric elements. Then, we will present
boundary conditions that can be used on the cathodes to model the different regimes of the sensor (which are
emission or reception regimes) and the corresponding existence and uniqueness theorem that take into account
all the previous modeling considerations.

3.1. Reduction of the computational domain for the electric potential

We consider the problem (24) without electric sources:
div (eVy) —div (d"e(u)) =0, zeR3, >0,
2 (98)
PoEt div Ce(u) —divdVep = f, 2€Qg, t>0.

We do not introduce particular boundary condition for the problem (98) and use the stress free condition (26)
for the displacement variables on the boundary of g and consider a Laplace equation in the whole space R?
for the electric potential. We assume that the piezoelectric elements consist of an open sub-domain Qp C Qg
of the elastic domain, as a consequence, outside 2p the piezoelectric tensor d will be zero

d(:lJ) =0, z¢€Qg \ﬁp

Realistic designs of sensors include piezoelectric bars with high permittivities surrounded by materials with low
permittivities. To be more specific this can be expressed on mathematical terms by

¢ <1, (99)

where ( is the dimensionless quantity defined by ( Sp(e(x)) represents the spectrum of the matrix e(x) ):

+
Cext + — . .
= =8 €, = su max A, €. = inf min A 100
‘ int ext ﬂceR?’{)ﬁp AeSp(e()) e 2eQp AeSp(e(x)) (100)
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We define normalized permittivities €’ , for all x in R?\ Qp and €y for all x in Qp such that

ext
a.e. z € R\ Qp, ey (z) = 6&—3}), a.e z€0p, €,(z)= @
€ext €int

We can rewrite (98) as the coupling between elastic equations on Qg and a transmission problem between p
and R3\ Qp for the electric potential where ¢ restricted to Qp (resp. R3\ Qp) is denoted @iy (resp. Pext):

div (€5t Vepext) = 0, reR3\Qp, t>0,

div (efntV@mt) — (ei_nt)fldiv (dTe(u)) =0, x¢€Qp, t>0, (101)
2

Pomt div Ce(u) — div dV it = f, x € Qg, t >0,

with the following boundary conditions and transmission conditions
(Ce(u) — dVpint) - m=0 z € 9Qg,
Dint = Pext z € 00p, (102)
(€t Vepint — (€5) "' e(w)) - n = ( €4 Vpext 1z € IQp,

The transmission conditions (second and third equation of (102) express physically the continuity of the electric
potential and the normal electric displacement.

We introduce the extension operator Rext defined by

Rext : HY?(Qp) — WYR?\ Qp)

(103)
¢ — (0
where 1 is the unique solution of the exterior Dirichlet problem (see [15] for instance)
div (6 VY) =0, z€R3\Qp, andyp=¢, z€Qp. (104)
We have the continuity property
() VBl @], 1 = Bt (@llwaaoniisy < C Ielraon)
Using Rext we define the (non local) Dirichlet to Neumann (DtN) operator Text by
Toxt : HY?(0Qp) —> H~'/2(00p)

(105)

2 — — €x VERext(p) ‘1

where n is the outward normal of Qp. It is important to remark that Teyt is a positive operator, indeed

( Texe(9), 0 Yoy = / e VRen(9) - VRext() dz > 0. (106)
R‘S\QP
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Using Text, we can reduce the last two equations of (102) to a boundary condition for @iy (for simplicity we
use the same notation for pjye and its trace on 9Qp)
(et Veoint — (e5) " 'd e(u)) - n = —( Text(pint) T € OQp, (107)
Using (107) we can characterize (u, int) as the solution of a problem on g x Qp only, the exterior domain

being hidden in the DtN operator Text. To emphasize the dependence in { of the solution and further study
the limit behavior when ¢ tends to 0, we set (uS, <pi<nt) = (u, pint) which satisfies

div (el Vs ) — div (dTe(u¢)) =0, x€Qp, t>0,
) (108)

,oﬁu< —div Ce(u’) — div dV(pfnt =f x€Qg, t>0,

(Ce(u®) +dVgS ) -n=0 €00y, t>0,
(109)
(Vs — () dTe(ud)) n= —( Texe(9l,) €0 t>0.
As it has already been emphasized (see also Theorem 2.2), (108, 109) define only cpfnt up to an additive constant.

To completely define cpfnt we shall add by convention (which will be useful from the technical point of view)

/ o5 de = 0. (110)

Qp

To get rid of the exterior problem, a natural idea is to neglect the “Text term” in (109), since ¢ is small:
(Efntvsﬂfnt - (Gilt)_ldTe(uC)) ‘n=( Text(‘PiCnt) ~ (efntV‘PiCnt - (ei;t)_ldTe(uc)) n=0

Thus, the problem for the formal limit (u, int) of (uS, goignt) when ¢ tends to 0 consists in coupling (108) with
the boundary conditions

(Ce(u) + dVyint) -n=0 € 0Ng, t>0,
(111)
(€t Voint — (ei;t)_ldTe(u)) n=0 z€dQp t>0.
with the additional condition (deduced from (110))
/ @int do = 0. (112)
Qp

For the rest of the analysis, we need to distinguish two cases.
The case where ()p is a connected domain.

In this case, it is clear that (112) uniquely define (u, pint) (For conciseness, we omit to state a precise existence
and uniqueness result analogous to the one of theorem 2.2 for (uS, gpicnt). We directly state a convergence theorem
with an error estimate.

(Sofnt, UC) — (Soint» U) when C — 0.
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Theorem 3.1. Let (cpgnﬁug) be the solution of the problem (108,109,110) with data
(o, ur) € HY(Qs)? x I2(Qs), [ € CHRY; L2(s)%),
and let (ping, u) be the unique solution of the limit problem (108,111,112) with the same initial condition and

source term, then there exists a function M(t) > 0 € C°(R"), depending only on (€5,d, C,p, ul ul, f,Qp)
such that for any positive t,

1 1o}
| (€5 ¥ 9 = i) O) [ 2y + | 55 =00 oy + 1] €0 = 0)(0) |12,y < €M@, (113)

Proof. By substracting (108) written with (@fnt,uc) and (@int, w) we obtain the following equations

div (eirntV(goiCnt - gpint)) — div (dTe(uC - u)) =0, € Qp, t>0,
. (114)
pﬁ(uC —u) — div Ce(u — u) — div dV((pfnt —oint) =0, z€g, t>0,

with boundary conditions given by subtracting (109) with (111)
(Ce(uC —u) + dv((pfnt - @int)) n=0 r € 0Qg,

(Efntv(wi{nt - @int) - (ei_nt)ildTe(uC - u)) ‘n+¢ Text(@fnt - QOint) =—C Text(‘ﬁint) x € 0Qp.
Let us introduce the energy

1 1 1 0
£ =5 [ 1) Vi — )P ot 3 [ (ol —w) + Celu ) sefuf —)) da
Qp Qs

+¢ < Text(‘Pignt ~ Pint); @icnt ~ Pint) >3QP’ (115)
By standard techniques (note that the first equation of (114) needs to be differentiated in time), we get

d 0
%553(75) =—C < Text (a@int) , ‘Picnt — Pint >3QP

Thus using the trace theorem, Poincaré-Wirtinger’s inequality (cf (112) and (110)) and the positivity of Text
(cf. (106)), we get

0 1
Text (a‘ﬂint) H 553 (t)z.

d
gfut)=CC ’ H-1/2(Qp)

dt ¢~

cg‘

0
Text (a‘ﬁint) H ’V(Wicm - (Pint)‘

H=1/2(Qp) L2(Qp) ~

t
One easily concludes using Gronwall’s lemma and setting M (t) = C/O H Text(%@int)(', S)HHflﬂ(.an)

The decoupling of the limit electric potential between Qp and R?\ Qp does not mean that the exterior electric
potential tends to 0. In fact, the limit exterior potential pext can be recovered by “post-processing” as specified
in the following corollary, whose proof is trivial since gogxt = Rext (cpicnt):

Corollary 3.1.1. Let wegt = Rext(@int) , we have

|| ((pixt - ‘Pemt)(t) ||W1(R3\§p) <C¢ M(t)
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The case where p has several connected components.

We assume that

J
Qp = U Qgg where the Qgg’s are disjoint connected domains. (116)
j=1

In this case, the situation is slightly more difficult. The subtlety comes from the fact that the condition (112)
is no longer sufficient to define completely iyt and the construction of the limit i, of <pi<nt is more involved.
We describe below this construction.

First we define ap?nt as the unique solution of (108, 111) coupled with the J additional constraints

/Qj Ping dz =0, 1<j<J. (117)

P

Next we define e; € H'/2(0Qp) such that
€jlogs, = djx  where dj;, is the Kronecker symbol (118)
and the positive definite J x J capacity matrix T defined as
Tk = ( Text(e)), €k Jonp- (119)

Let ¢ = (c?) € RY with ¢§ := ( Text(e;), p{y Yoo, and ¢ = (c;) € R” defined as

c:=T'c (120)
we finally define the limit ;¢ of goicnt as (ng is the characteristic function of QZD)
J .
Pint = Phat — D €5 Xp- (121)
j=1

It is possible to prove a convergence theorem similar to theorem 3.1. We omit the details of the proof.

It is important to notice that

e The field (u, ap?nt) can be obtained in practice by solving a problem posed in Qg for v and Qp for go?nt.
However, this is not the case for the constants c; which require the evaluation of operator Ti?lt, i. e. the
resolution of exterior problems.

e However, as iyt only differs from gp?nt by constant functions inside each €);, the corresponding electric
fields (the gradients) are the same.

Remark 3.1. As we shall see in the next section, in the presence of electrodes on each Q;D, the difficulty of
“fizing the constants” in each ¥}, is completely removed because a Dirichlet condition for the electric potential
is applied on a non empty part of the boundary of each Q.

3.2. Source modeling

The boundary conditions will enable to model the emission or reception regimes. By the analysis of the previous
section, we have shown that we can decouple the electro-static resolution between the bars, we suppose that
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this remain true in the presence of electrodes (see figure 1) but this can be proven rigorously. We now suppose
that the piezoelectric domain is composed of piezoelectric bars (%:

Np . .
Qp=JQp with QpnQp=0ifi#j
i=1

The boundary of each bar include two surfaces denoted I'¢ and I'¢ (for cathode and anode):
ONp,; =TEUTIUT,  with T¢NTY=TSNTT =T7NT¢ =0, Qb connected, T¢ # 0.
See figure 2 for a description of a standard geometry. Our model reads as

div (6V<p) = div (dTe(u)), x€Qp, t>0,
9 (122)
Papt— div Ce(u) =div dVep, z€Qg, t>0,

with the boundary conditions

(Ce(u) +dVy) - n=0, z€dQs, t>0,

Ng (123)
(Vo —dTe(u)) - n=0, z¢ UI‘;, t>0.
i=1

Boundary conditions are missing for the electric potential, on the cathodes (which corresponds to a particular
I'$) it will be imposed in such a way that it models the different regimes of the sensor whereas the anode (which
corresponds to I'?) is always grounded at zero potential, that is, a reference potential is applied, which will be
fixed to 0 using the Dirichlet condition ¢re = 0.

' i i
"
L]
L]
:
Qs ! QL (oF:
L]
R I S S
o' s @
o P iy
’

FIGURE 2. The geometry of a simple sensor (left). Schematic view of the electrical devices (right).

A particular care must be done when several bars are connected to a same cathode, see remark (3.2). In the
following we consider that each bar is connected to a single cathode.

We are going to use a simplified model for the cathode, one can refer to [17] for a more sophisticated model
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(that will be the subject of future work) or [18,19] for equivalent approaches . The electric charge on the ith
cathode reads

Qi(t) = /Fq(eVga —d%e(u)) -n do, (124)

We consider that each pair of electrodes (one cathode and one anode) are connected to a generator with an
internal resistance (see figure 2). Using Ohms’ law gives

Vi(t) — ore = Ril;(1),

where I;(t) is the electrical current flowing into the piezoelectric bar. As I;(t) = dQ;(t)/dt we finally obtain the
mixed boundary condition

d
pre = Vi(t) — R; %/ (Vo —dTe(u)) -n do.
s
By setting V;(t) = 0, we recover the reception regime, whereas V() is a pulse in the emission regime.

Remark 3.2. In the case where severals bars are connected to the same cathode, it is possible to prove, that
it 1s a good approximation to neglect completely the effect of the electrode on the electric field between the bars
(see figure (3.2)) (this is true only if the permittivities between the bars are small compared to the permittivities
of the bars). However one must not forget that the potential on the electrode must be constant all along that
electrode even if a mathematical modeling reduction has “broken” the electrode into several parts.

Iy ry  If

e re

7

FIGURE 3. Splitting hypothesis. The effect of the electrode is neglected between the bars.

3.3. Existence-uniqueness result and energy identity

The full problem can be written

div (eVy) = div (d"e(uw)), z€Qp, t>0,
52 (125)
Pomt~ div Ce(u) =div dVyp, z€Qg, t>0,

with the stress free conditions on 9Qg
(Ce(u) +dVy) -n=0, z€ds, t>0, (126)

and on the boundary of each bars (0Qp;) we use the set of conditions

@z%(t)—Ri%/ (Vo —dTe(u)) -ndo, ze€l¢ t>0,
v

©=0 el t>0, (127)

1

(Vo —d%e(u)) -n=0 zel?, t>0.
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To complete the problem we need 2 + Np initial conditions. The first two initial conditions concern the
displacement and express that the elastic body is initially at rest

u(z,0) = %u(wﬂ) =0, 2€Qg. (128)

The other conditions express that, on each cathode, the electric charge is:
Q;(0) = / (Vo —dTe(u))(-,0) - ndo=0 (129)
rg

The first step towards the analysis and numerical approximation (see section 4) of the problem (125,126,127)
is to write the associated variational formulation (or weak formulation in space). To do so we introduce the
variational space

X = H'(Qg)?
corresponding to the elastic variable. Looking at the first equation of (127), we see that ¢ is constant on each
I'¢, which suggest to look for the electric variable in the space

Y={¢peH(Qp) | ¥ =00nT{ and ¢jre € Po(I§), 1<i< Ng},
It turns out to be useful to decompose Y as YV = Vy @ Vstat Where
Yo = {dj € Hl(QP) | Y =0on F? UF? l<i< NB}7 ystat = Span{(ph"' a(pNB}

and each ¢; is chosen to be the solution of the electro-static problem

div (eVips) =0, = € Qp, i =0, rEeT?, @i=1, z€ely,
and (130)
;=0 xeQp\ D, eV, -n=0 zcl.
One can remark that if ¢ # j, we have, since ¢; and ¢; have disjoints supports
/ eVy; - Vo, dx = 0. (131)
Qp
Moreover from (130), we also deduce that
/ eV; - Vg dr = / eV, -npgdo =0, Yooy (132)
Qp re
The decomposition Y = Vo ® Vgtat €nables us to write
Np
o(z,t) = po(z,t) + > Ni(t) @i(z), ol 1) in Vo and A(t) € R. (133)
i=1

It is interesting to emphasize that the scalar function \;(t) is related to the electric charge Q;(t) (cf 124) and
the displacement field through the equality (simply substitute (133) into (124))

aw+(

eV, -V, dx) Ai(t) — / dTe(u(t))Vgoi dr =0, (134)
P Qp
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After multiplying by test functions, v and ¢ in X and )y the two equations of (125), we obtain, using the
boundary condition (126) and the last two equations of (127):

2 Np
%p(u(t)m) + a(u(t),v) = —b(gpo(t),v) — Z Ai(t) b, v) Yo € X, (135)
e(po(t), ¥) = b(w,u(t)) ) Vo € Y,
where
plu,v) = / pu - v dz, V(u,v) € X x X, b(p,u) = / dVy :e(u) de, V(p,u) €Y x X,
. “ar (136)
a(u,v) = A Ce(u) : e(v) dz, V(u,v) € X X X, clp, ) = /Q eV -V dr, VY(p,) ey x.

Note that, at this stage, the equation on the I'{ has not been used since the trace on I'{ of test functions in Yy
vanish. We need to deduce new equations by taking the ¢;’s as test functions for the first equation of (125).
By differentiating the first equation of (125) in time, multiplying by ¢; and integrating over {2p, we obtain:

9 9 L[
/Qp Evagp -V dx = /QP dTe(au) -V, dx + ; . a(eVgﬁ —d%e(u)) - n y; ds,

where the homogeneous equation of (127) has been used to get ride of the integrals on I'f and I';. Now, using
that ¢; equals 1 on I', has a support embedded in ), and the first equation of (127) we can write

Lo 1
; . 5V —dle(w) np; do = 7, Vi~ o),

which enable us, with (131) and (132), to deduce an ordinary differential equation for each A; (we introduce
the impedance Z; = 1/R; )

d d .
(i ¢5) a/\j(t) + ZjA;(t) = o b(ej,u(t)) + Z;V;(t) 1<j<Np. (137)

that we complete by an initial condition that will replace the initial condition on the electric charge (129) using
(134) and (128)

Aj(0)=0, 1<j<Nz. (138)
The full problem reads:

Find (u, o, A = (X;)) : Rt — X x Yy x RV? such that

2 Np
%p(u(tm) +a(u(t),v) = =b(po(t),v) = Y blgi,v) Ni(t) Vv € X,
i=1 (139)
c(o(t), 1) = b(,u(t)) v € Vo,

d d .
C(@j,(ﬁj)@)\i(t) + Zi)\i(lf) = %b(cpi,u(t)) + ZlV;(t) 1 S (3 S NB,
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completed with initial conditions (128, 138). We easily get an energy identity by choosing as test functions
v = Ju/0t and ¥ = ¢ after differentiating in time the second equation of (139). After summation, we first get

S L (p(outt), Su(t) + alult), u(h) + (o), 2o(1)) = ZA bliiult).

The right hand side above can be replaced using the third equation of (139) multiplied by A;, which finally gives

775 +ZZ>\2 sz

where the energy £(t) is defined as

£(t) = p(pru(t), grul®) + a(u(t), u(t)) + e(olt) +Z (onn 1) N (1),
Using Vi(t)Ai(t) < A2(t) + V2(t)/4, we obtain the inequality —5 < g ZZ V2(t), which leads to the
estimate
AL
sup E(t — 2 140
oo 1 ; ||L ([0,T])" (140)

This estimate is the basic estimate to prove the following existence and uniqueness theorem, based on the
equivalence between (139, 128, 138) and (125, 127, 128, 129) :

Theorem 3.2. Assume that, for all i € {1..,Ng}, one has V;(t) € HF .(R"), then the problem (125, 127, 128,
129) admits a unique solution
ue CMH(RT; L2 (Qs)?) NCF(RT; HY (Q9)?), ¢ € CF(RT; HY(Qp)).
4. NUMERICAL APPROXIMATION

We present a numerical method to handle the problem (125, 127, 128, 129) via its weak formulation (139,
128, 138). The space discretization relies on a standard Galerkin approach. We use in practice the hexahedral
spectral elements (see [1,2] for more details on spectral elements) that provides mass lumping. The time
discretization will be done via a particular second order finite difference scheme constructed in such a way that
the stability of the fully discrete problem is guaranteed, under a CFL condition, through an energy approach.

4.1. Spatial discretization

4.1.1. Semi discrete problem

We introduce some finite-dimensional approximation spaces
X C X, and yojh C o-

In practice we use the high order spectral elements on hexahedral meshes as defined in [1] which provide good
approximation properties (spectral convergence property for instance).

In our presentation, we are going to suppose that the electrostatic functions ¢; are known. This is the case for
instance in the situation where the 2%’s are parallelepipeds, as in figure : ¢; is simply a “1D” linear function
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that goes from 0 on the anode to 1 on the cathode. If this is not the case, these functions need to be precomputed
(which leads to an additional approximation) using again finite elements for instance. The semi-discrete version

of (139) is

Find (Uh7890,h7Ah = (Ai,h)) Rt — X, X yo’h x RVB such that

22 Jr
22Ph (un(t),vn) + an(un(t),vn) = —bu (po,n(t), vr) — Z br(pi,vn) Ai(t)  Yon € Xy,
i=1 (141)
cn(@on(t), Yon) = bn(Von, un(t)) Yo, € Vo,n,
d d .
c(pj, ¢5) P Ain(t)+Zi Min(t) = 7 b (in,un(t)) + Z; Vi(t) 1<i< Np,

The subscript h in the bilinear forms indicate that they can be computed in an approximate way. In practice,
with hexahedral spectral elements, we shall use the Gauss-Lobatto quadrature formulae of appropriate order
(see [2] for more details and theory), that provide in particular mass lumping for the elastic unknowns.

We write the algebraic version of the semi discrete problem by introducing the vectors Uy, (t) and g p(t) as
the vectors associated to the decomposition of u;, and g, in appropriate bases A, and )y respectively (in
practice, these are the standard Lagrange bases).

d2
M= Un + K Up = =B @ = Bggag A,
C @y, = BU, (142)

d d
Cstat 7y An + ZstatAn = BsTtat@Uh + Zstat Vstat

where M, K, C (they depend on h but we dropped the subscript h for simplicity of notation) are square matrices
corresponding respectively to the bilinear forms pp(-,-),an(-,-) and cp(-,-). Cgtat and Zgtat are N x Np
diagonal matrices whose i th element is ¢(p;, ;) and Z; (respectively).

Finally B and Bggat are dim(A3) x dim()p ) and dim(AX},) x Np rectangular matrices associated to the bilinear
form by, (-,-) and Vggat(t) = (Vi(t)) € RVE.

To anticipate the time discretization, we eliminate the vector ®¢ ; which is linked to U, by a static equation.
Note that the matrix C' is positive definite. We get

2

d
Mﬁ Upn+ (K +BC™ ' B") U, = —Bggat An
(143)

d d
Cstat g; An + ZstatAn = Bgtat o Un + Zstat Vstat

We can prove the stability of the semi-discrete scheme through a semi discrete energy relation that we choose
to write in algebraic form. Multiplying (in the sense of inner products) the first equation of (143) by dUj, /dt
and the second equation by Ay, we obtain after summation ( (-,-)s refers to any euclidian scalar product):

d

@Eh(t) + (Zstat Ay M)y = (Zstat Vstat> An) o) (144)
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with
dU;, dUy,

E,(t) = (M =0
n(t) ( dt ' dt

)2 + (K +BC™'BT) Uy, Up), + (CstatAns An),, (145)

4.2. Time discretization

4.2.1. Presentation of the scheme

In what follows, we shall use a constant time step At and for any F'(¢) we shall denote by F™ the approximation
of F(t") with t" = nAt. We look for a second order in time energy preserving scheme, so the natural idea is
to user centered approximation of all time derivatives in a leap frog manner. One objective is, in order to limit
the computational time, to keep explicit the computation of the displacement field, and at the same time, for
robustness, to ensure that the CFL stability condition of the method should not be affected by the modeling of
the electric energization process. This led us to consider the following “implicit” approximation for the A terms
in the two equations of (143)

n+1 n n—1
T o s 22’1 A = A, (146)
We shall prove in the next section that this choice has has no influence on the CFL condition and we shall see
in section 4.2.3 that the effective computation of A} is explicit.

This leads to the full discrete scheme:

Uptt —2up + U ! APt oAR 4+ AR

M A2 + (K + BC?lBT) U = —Bgtat 4 (4) 147
147
An+1 o An—l An+1 + 2An + An—l Un+1 o Un—l B
Cstat W + Zstat . 4h b= Bgoat W + Zstat Vetat (i)
4.2.2. Stability analysis
We use an energy approach. The first equation of the scheme (147) can also be rewritten
At? uptt —oup +upt uptty2up + Ut
(M- =5 (0 +BetpT)) TSI 6 (K4 O pT) S
APt 2A7 + AT
= —Bgtat . 4h . (148)
U7L+1 _gmn—1 _
Multiplying (148) by % and (147) (ii) by Ay (cf 146) gives after summation:
En+1/2 _En—1/2 — ~ N
AL + (Zstat Aj, Ah)2 = (ZstatAiw Vstat)ga (149)
where the discrete energy is defined as
At? urtt —ur urtt —ur
En+1/2 — ( M = K BcleT h h h h )
[ 4 (5 + )] At At 2
Un+1 L yr Un+1 +yr 1 AT L AT AT L AT
K BcleT h h h h ) 7(0 h h h h) . 150
+ (( + ) 2 ’ 9 + 2 stat 9 ’ 2 9 ( )
The identity (149) shows, thanks to the positivity of Zgi,¢ that this discrete energy decays when Vitat = 0

which corresponds the natural losses in the resistors. More generally, by discrete Gronwall’s techniques, one
easily deduces from (149) a priori bounds for the energy which are independent on the discretization parameters
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At and h. The stability analysis is reduced to proving the positivity of the energy which obviously amounts to
ensuring the positivity of the first term of the right hand side of (150). This leads to the CFL sufficient (we
conjecture that it is also necessary) time step restriction

[V

At<2p(M(K+BC'BT)) (151)

where p(A) denotes the spectral radius of any matrix A. Note that, as announced, this stability condition is
independent of Cgtat Or Zgtat, i. €. of the energization process.

4.2.3. The computational algorithm

The practical implementation of the scheme (147) is done in three steps.

To do so we define U&Zl as the solution one would obtain if A} were 0, namely

Ugrt —2up + Ut
At?

+ (K +BC'B")Up =0, (152)

which enables us to rewrite (147)(i) as

AT oAT 4 AR

MU = MU — At Bggat 1 (153)
Moreover, eliminating U ;ZH, using a Schur complement, in (147)(ii) leads to
Mo et e Upd -0 .
Cstat — A7 + Zstat 1 = Bstat— oa; T ZstatVstat: (154)

with Zgga¢ defined by
~ At _r 4
Zstat = Zstat + 7BstatM Bgtat-
Therefore (147) is equivalent to (152, 153, 154) and the computational algorithm at time t"*? is
e Prediction. Knowing U;' and U;L‘_l, compute U&Zl, using (152).
e Boundary terms. Compute AZH with Ug;l, U[L‘_l and AZ_l using the equation (154):

e Correction. Compute U™ given by (153)

The first step of the algorithm implies the inversion of the matrix C. In practice we do not store the inverse of
the matrix but at each time step we compute @, such that

caoy, =BTUY,
this enable to recover the value of the electric potential () in the piezoelectric domains (using @7, and A}

in a post-processing process using the decomposition property (133)). We emphasize that the the computation
of Ay, is explicit since Zgat and Cgiqat are positive diagonal matrices.
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5. NUMERICAL RESULTS

Our numerical simulations concern the 2D problem. We look at the configuration described in figure 4. The
physical parameters are given in table 1. We consider a sensor posed on a isotropic homogeneous half-space with
a circular defect (a hole). The sensor is made of twenty piezoelectric bars (Np = 20) separated by a polymer.
We use stress free condition on all the elastic boundaries and a perfectly matched layer is used to bound the
computational domain.

Piezoelectric material 10 mm
Ciii 1110 Criza 154  Cogm 121.0 ‘lm
01212 21.1 14 7.75
dip 127 ds11 -5.4 dosy 151 E E B E E
e 1730 €22 1700 b Live - o
Polymer (isotropic) @2"”"
Ciin 85 Ciiz2 4.3 p 11 : Dreffesi
€11 4 €22 ) E R e L e e L L L P LT TEPELEE : E
half-space (isotropic) Perfectly matched layer
01111 27.15 01122 10.88 14 7.8 T B
TABLE 1. Electric and elastic FIGURE 4. Schematic view of the
properties of the materials. testing configuration.

In table 1, the density p are in kg.m™3, the elastic coefficients C;jx; are in GPa, the piezoelectric coeffi-
cients d;; in C.m~2 and the permittivities ¢;; are given relatively to the permittivity of the vacuum. After
taking into account the symmetry properties of the tensors, the remaining coefficients are zero.

We assume that all piezoelectric bars are connected to one cathode and one anode which are linked to a
distinct generator whose resistance is set to R; = 0.001 €. Each cathode are excited using a source function of
the form Vi(t;7, fo) = [cos (2nfo(t — 7;)) + 1] when ¢ € [r;,1/fo + 7;] and 0 otherwise. We choose for all the
Vi, fo = 4Mhz, the delay 7; (in us) will be set to 0 for all 7 in a first simulation then in a second simulation
the 7; will depends on the position of the piezoelectric bar it refers to. More precisely, we note L; the distance
from the center of the defect to the center of the ith anode and

L,y =max L;, I =argmax L;,

V. will denote the velocity of the pressure wave in the isotropic half-space. We consider that the center of the
anode of each piezoelectric bar behave like point sources and we want to generate pressure waves that start
from each point sources and reach the center of the defect at the same time, this means that

L; L .

— —7=-——17 1<i<Np,

V+ A V+ I >0 > 1VB
setting 77 = 0 enable us to compute all the 7;’s. We recover numerically the potential on the cathodes (given
by )\Zh). Figure 6 represent the potential on the tenth cathode . We clearly see that the focusing effect results
in the best detection of the defect. Figures 7 represents different snapshots of the simulation with and without
delay.
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F1cUrE 5. Top to bottom: snapshots of the absolute value of the displacement at t = 0.26,

0.52, 0.78, 1.04 ps. Zoom on the sensor when the piezoelectric bars are excited without delay
(left) and with delay (right).

without delay
RN with delay
........... without defect

0 0.05 0.1 015 02 025 03 035 04

6 8 10 12 14

FIGURE 6. Value of the potential versus time for V;(t) with 7, = 0 (left) and value of the
potential versus time (in ps) recovered on the tenth electrode (right).
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FIGURE 7. From left to right, top to bottom: snapshots of the absolute value of the displace-
ment at t = 0.52, 1.04, 1.57, 4.71, 5.24, 5.76, 6.81, 8.39, 9.96 us. The electrodes are excited
without delay (upper figures) and with delay (lower figures).
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6. APPENDIX : FRIEDRICHS LIKE INEQUALITY FOR FUNCTIONS IN W, (IR3)

We recall the definition of the Hilbert space

W.(R3) = { € L*(R?)3 such that V x u € L*(R®)® and V - eu = 0},

u
VIt 2]

equipped with the norm

) + ||V X uHLz(R3).

u
u = —_—
lullwes) = | TW\

Theorem 6.1. Let u € W (R3), there exists a constant C > 0 such that :

LQ(RLB

<OV x ullp2(rs),

| ==l
1+ |x[]2 L2 ®s) —

where € is a positive scalar bounded piecewise smooth function of x (the extension of this theorem when e(x) is

a matriz is trivial), constant outside the ball centered in 0 of radius R >0 : By g.

Proof. The idea is quite natural and consists in combining adequately local compactness argumentts for dealing
with the region where the coefficient ¢ varies with the fact that “the div-curl norm” locally coincides with the
H'-norm, which we shall use in the exterior domain where the coefficient € is constant.

In what follows C' will be the generic notation for a positive constant that may vary from one line to the other.
The proof will be done by contradiction, assuming that the result if false, there exist a sequence of function
{un} C W.(R?) such that

1
; IV X un| g2 ms) = e (155)

=1
L2(R3)

voears

14+ |z)?
u,, being bounded in the norm of W, (R3) we have that wu,, converges weakly (up to a subsequence) to a limit u
which fulfills

HV X UHL2(R3) = 0,

since u € [L} (R?)3 we have that u = V¢ where p € H} (R3). As we also have V - eu = 0 we have that ¢ is
solution of the problem

Vo

V14 |x|?

~V-eVp=0, zcR® ¢cH. (R and € L*(R%)3.

or equivalently (r represent the unit vector normal to By or)
-V .-eVp =0, =z¢€ Byar, eVo-r=T(p), x € IByar, (156)
with the Dirichlet to Neumann operator T defined by (see [15] for more details)
T: HY?(0Byaor) +—— H=Y%(0By 2r)
@ — T(p) = (VY 1) 108y 2
where 9 is the solution of

~AYp =0 z€R*\ Boysg, Y =¢, x€0dByz2kr.
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¥ has an explicit expression (again see [15]) up to a constant term

(0, ™) L2(0Bo o) Y1
)= Z Z (0Bo,2r) 11 . (157)

I+1
1=0 m——t )~ |=)

where Y™ denote the spherical harmonic functions on the unit sphere. We can derive from the equation (157)

the expression of T
Z Z 0. Y™ r2(080.0) V)"
=0 m=—I

Multiplying equation (156) by ¢ gives the relation

(GV% VQO)LZ(BO,QR)_ < T(@)v Y >8Bo2r= 0,

we can easily shown that — < T'(p), ¢ >9B,,, 18 positive for all ¢, proving that u = Vo = 0 on By 2r. We now
introduce a smooth truncating function y(x) which equals 1 on By g and 0 on R? \ By ar. We will denote by
O the region By ar \ Bo,r. We have the decomposition

Up = Uy + Wy, With v, = xuy, and w, = (1 — x)un,

we naturally use the triangular inequality to write

L2(R3)

u v w
Tl < |7 * |7
H\/l—&-|x|2‘L2(R3) VT+ xPEezes) /1422

We have to bound v,, and w,, by terms in u,, that must tends to 0. For v, we have

Un
Hm‘ L2(8%) < ||UnHL2(Bo,zR) < O(HV X U7L||L2(Bo,2R) +[V- 6UTL||L2(BO,2R))7 (158)
the second inequality is obtained using Friedrichs like inequality on domain satisfying the restricted cone property
(smooth convex domain like By p satisfies the restricted cone property). This inequality is given by the following
lemma:

Lemma 6.1.1. Let r, € L*(Q)3 be a bounded sequence with V - er, € L*(Q) , V x r, € L*(Q), where
respect the restricted cone property with r x n = 0 on 0S). Then there exist a limit v and a subsequence rp,
such that r,, converges strongly to r in L*(Q)3. Moreover there exists C > 0 such that for all r € L?(Q)3 with
(V-er,V xr)e L%) and r x n =0 on 9Q we have

7l z2() < CUIV -erlle) + IV x rlln2 )

The proof is given in [16], the inequality being a direct consequence of the compactness result. This lemma imply
that v,, converges strongly to a limit v in L?(0)3. The definition v,, = yu,, implies that u, converges strongly
to u in L?(0)3 and so u, converges strongly to 0 in L?(0)3. Replacing v,, in term of u, in the inequality (158)
give

CIV X wnllz2(Bo.2m + V|1 0) 1l 12(0) ) (159)

sl

We now apply similar treatments on w,. We first apply Hardy’s inequality (again see [15]) to obtain

Lz(ﬂ@)

L2(R) S va"||L2(R3) = van||L2(R3><3\BO,R)~ (160)

Wn
vz
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We can decompose Vw,, in a rotational part and a divergence part

||vwnHL2(R3X3\BO,R) = Hv X wnHLQ(RS\Bo,R) + ”V : wnHLz(R\Bo,R) ( )
161
< C(IIV X Wy | L2 (r3\ By ) + IV - €wn||L2(R3\Bo,R)>

The inequality comes from the fact that we introduced the constant € in the norm of the divergence of w,,.
Finally by writing w,, in term of u,, we have

< O(IV % tnll2@\Bo.ms + IVl (03l 2200 ). (162)

W,
|

we can add (159) and (162) to obtain

L2(R3)3

< C(IV X unllp@y + VXl 0y lunll 20 )

| 7=l
1—|—|X|2 L2(R3)3

as ||un|/12(0) tends strongly to 0 with n, we obtain a contradiction. O
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