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On the homogeneity at infinity of
the stationary probability for an affine random walk.
by Y. Guivarc’h, E. Le Page

Abstract
We consider an affine random walk on R. We assume the existence of a stationary proba-
bility ¥ on R and we describe the shape at infinity of v, if ¥ has unbounded support. We
discuss the connections of the result with geometrical or probabilistic problems.

I - Introduction

Let G be the affine group of the line. For g € G, x € R, we write gz = a(g)x + b(g) with

a(g) € R*,b(g) € R Let 4 be a probability on G. We denote by P the Markov operator on
R defined by Py(z) = [ ¢(gz)p(dg) where ¢ is a bounded Borel function. Our hypothesis
H, is stated below and we observe that H,(1) and H,(2) imply that P has a unique
stationary probability v (see [16]) ; if H,(4) is also valid, then suppr is unbounded. Here
we are interested in the ”shape at infinity” of v ; we will show that for some a > 0, the
quantities [t|“v[t,00) and [t|*v(—o0,t] have limits at infinity, we discuss their positivity
and we illustrate the possible uses of this result by two corollaries in two different contexts.
This ”homogeneity at infinity” of v plays an essential role in extreme value theory (see
[19]), for random variables associated with the Markov chain X with kernel P on R. Also,
for random walk in a random medium on Z (see [21]) the slow diffusion property is closely
related to this homogeneity (see [6], [17]). Furthermore the construction of v given here
provides a natural construction of a large class of heavy tailed measures which generates
”anomalous” random walks on the additive group R. This class of measures appears now
to be of great interest from the physical point of view (see [2]). In the geometrical context
of excursions of geodesic flows on manifolds of negative curvature the "logarithm law” is
well known (see [22], [18]), and we will discuss analogous properties for the Markov chain
XE.
We assume that p satisfies the following set of conditions H),.

Hy,(1) « [ (Ienla(g)ll + [(€n]b(g)]]))p(dg) < oo.

H,(2) : For some o > 0 [ |a(g)|*p(dg) = 1.

H,(3) : [ la(g)|*tnla(g)|u(dg) < oo, [ [b(g)|*n(dg) < oo.

H M(4) The elements of suppu have no common fixed point in R.

H,(5) : The set {{nla(g)| ; g € suppp} generates a dense subgroup of R.

Then we have the

Theorem 1
Assume that p satisfies H,,. Then
1) There exists cx > 0, c— > 0 such that lim |[¢[*v(t,00) = ¢4, lim [t|*v(—00,t) = c_.
t—00 t——o00
Moreover ¢ = c4 +c_ > 0.
2) If u{g € G ; a(g) <0} >0, then c; =c_ > 0.



3) If u{g € G ; a(g) > 0} =1, then cy > 0 (resp c— > 0) if and only if the action of suppu
on R has no invariant half-line of the form | — oo, k|, (resp [k, o0]) .

4) If u{g € G ; a(g) < 0} > 0, then suppr = R. Otherwise the set suppv is a half-line if
and only if suppu preserves a half-line of the same form.

We denote by P the product probability u®N on Q@ = GV, where N is the set of positive
integers. For w € Q, we write gr = (a(gx),b(gr)) = (ag,br). Then X7 satisfies the
stochastic recursion :

Xy =a, X7 | +by, X§=1x.
The Markov chain X on R will be called ”affine random walk”. It is well known that, for
the existence and uniqueness of the stationary measure v, it is sufficient to assume H, (1)

o
and [ ¢nla(g)|u(dg) < 0 ; then X converges in law to R = Zal ...ak—1b; and the law
1
of Ris v. Also if [(|a(g)]® + |b(g9)|?)u(dg) < oo for some 8 > 0, then [ |z|[fdv(z) < occ.
We observe that R can be interpreted as the sum of a "random geometric series”, hence
its interest for collective risk theory ([19]).
The validity of 1) and 2) was proved in [10], [16] ; in particular implicit expression for ¢y, c_
were given in [10] and the relation ¢4 + c— > 0 was obtained. Here we restrict our study
to 3) and 4), a result which is new under hypothesis H,. A different proof was sketched
in [12], where a survey of the multidimensional situation was also given. We observe that
the main difficulty of the proof occurs when suppp do not preserve a half line and a(g) > 0
p—a.e ; in this case we have ¢y > 0,c_ > 0. If suppu has compact support a short complex
analytic proof of this fact, depending of a Lemma of E. Landau, well known in analytic
number theory, is given in [11] (see also [5]).
We recall that Fréchet’s law with parameter v is the probability ®) on R, given by
®2(0,t) = e " where v > 0, a > 0. This family of laws is one of the three fami-
lies of max-infinitely divisible laws of extreme value theory ([9], [19]). The following is
shown in [14].

Corollary 2
For x € R we denote
M7 = sup{|X}|; 1 <k <n}, {M}=sup{X}F; 1<k<n}
Then the sequence n~*MZ(resp n™ ;. M2) converges in P-law to @< with 0 < § < 1 (resp
&0 with 0 < 0, < 1, if ¢y > 0).

Closely related properties have been intensively studied in the context of extreme value
theory (see [19]). The positive number 6 is the so-called extremal index of the stochastic
process X2 : its inverse 0! gives a measure of the clustering of the exceptionally large
values of the process. If the random variables X were i.i.d. with law v, one would have
0 =1 (see [9]). If a(g) > 0, b(g) > 0 for g € suppu, the above corollary is proved in [15].
It is also known (see [13]) that, under hypothesis H,, the normalized Birkhoff sum of X7



converges in law to a stable law of index « if @ < 2. As mentioned in ([3], remark 4.8),
this convergence is a consequence of extreme value properties of X7, at least for o < 1.
The analysis of random walk in a random medium on Z developed in [6] is closely related
to such properties for the sojourn time of the particle at a site in Z, instead of its hitting
time as in [17], where Birkhoff sums as above played a dominant role.

The following logarithm law is an easy consequence of Corollary 2.

Corollary 3

For any = € R, we have the following P — a.e convergences :
In|X* nt(XE
lim sup n| X =—, limsupuz—ifc+>0.

The so-called ”logarithm law” for excursions of geodesic flow around the cusps on hyperbolic
manifolds was proved in [22] and extended to more general situations in [18]. It was
observed in [20] that in case of the modular surface, it is a simple consequence of Fréchet’s
law for geodesic flow which follows from already known extreme value properties of the
continuous fraction expansion of a number z uniformly distributed on [0, 1] (see [8]).

IT - Calculation of invariant measures on R in a special case

The Lie algebra of G is generated by the vector fields X = a%, = %. We consider
the convolution semi-group of probability measures on G with infinitesimal generator D =
X2 +Y? - (B4 1)X. This operator is elliptic and we denote by p!(t > 0) the associated
semi-group of probability measures.

We have [In a(g)p'(dg) = —t(8 + 1) in particular [¢n a(g)p(dg) is negative if § > —1,
hence p' has a stationary probability » on R in this case. We consider more generally,
for any 3, the action of p! and X,Y, D on positive measures of the form v = f(z)dx on
the line. We denote by X*,Y™*, D* the operators adjoint to X,Y, D. Then the extremal
solutions of the equation D*f =0 (f > 0) are described by the

Proposition 1
With the above notations, the equation D*f = 0 has the following normalized extremal
solutions :
B>—1: f(z) = (1+2?)~(1+8/2)
B<—1: fi(z) =1+ 82 [T (14 ¢2)5/2at,
and f_(z) = (1+22)~(U+8/2) [°0(1 4 ¢2)/24¢,
If 8> —1, then [ f(z)dz < co. If 8 < —1 then [ f(z)dz = [ f4(z)dz = [_ f(z)dz = co.

Proof
We calculate the action of X,Y on the measure v = fdz as follows.
Since dz is translation-invariant and the action of the one parameter group = — x + b is
by translation we get Y*f = —f'.
Since Xp(x) = x¢/(z), we get also X*f(z) = —(zf(z))". It follows D* f(x) = (z(xf)") +



"+ (B+1)(xf), so that the equation D*f = 0 implies :

w(@f) + f'(z) + (B + 1) (xf) =k,
for a certain constant k, i.e :

(L+22)f + (B +2)(xf) = k.
With u(z) = (1 + 22)~+8/2) we have (1 + z2)u'(z) + (8 + 2)zu(z) = 0, hence the above
differential equation has the solutions : f = u(d + kv) with v(z) = [;(1+ t2)8/2dt and d
is a constant.
For § > —1, we have lim v(z) = oo, hence the condition f > 0 implies & = 0. In

T—00
this case the equation D*f = 0 has only positive extremal solutions of the form f(z) =
d(1 +m2)_(1+5/2). For 8 =0, D is the hyperbolic Laplacian and we recover the Cauchy law

on R with density % H—lxg For 8 > —1, we get a probability law with density proportional

to (14 22)~(1+8/2),
We verify that for g < —1, the equation D*f = 0 has two basic extremal solutions :
_ 2\—(1448/2) (= 218/2

Frlw) = (1+22)OH02) [T (1 +3)52dt,

fo(z) = (1+22)~(+8/2) [20(1 4 ¢2)5/2q¢,
The measure v corresponding to fi has infinite mass and satisfies :

lim [t*"Pr(—00,t) = c— >0

t——o00
At + 0o fi(z) is asymptotic to c,2~! with ¢, > 0. Analogous properties are valid fo f_.
Also, at oo, f(z) is asymptotic to c|z|~!(c > 0) O

Remark
The case 8 > —1 corresponds to the situation of the theorem with oo = 5 + 1.
The case § = —1 corresponds to the (critical) situation of [1], [4]. Then the unique basic

extremal solution behaves at infinity like multiplicative Lebesgue measure on R*.
The situation f < —1, with two extremal solutions, corresponds to a so-called phase
transition in P.D.FE theory, for example in the context of non linear Schroédinger equations.

IIT - Proof of theorem 1
The proofs of 1) and 2) in [10] are based on the first renewal equation in Lemma 1 below.
A delicate point in [10] for the use of the renewal theorem (see [7]) is solved by replacing
“f(t) = e f(t) by a related directly Riemann-integrable function. Here we give only the
proofs of 3) and 4). We will now assume p{g ; a(g) > 0} = 1 and we will only study the
non vanishing of c. To do that we need some preliminary notations and results.
Let T be the stopping time on €2 defined by :

T={n=1;gi92--gn€G1}, T=00if {n>1; giga---gn € G4} = &,
where G4 = {b(g) > 0}.
We denote by i the probability on the additive group R given by f(A) = pu{fna(g) € A}
Moreover we denote by ur the positive measure on R defined by :

pr(A) =P{T' < +o0 ; fn(aras---ar) € A},




where A is a Borel subset of R. We have pup(R) = P(T < 4+00) < 1, and we denote by p7
the nt" convolution power of p7 on the additive group R. Define f by

f(t) =P{R > €'} = v(Je!, +o0]) tER,
and write R,, = % a1ag -+ ag_1bg, Sp = g] n(ag).

k=1 k=1
Then we have the :

Lemma 1
1) For every real t, we have f(t) = i * f(t) + f1(t) = pr * f(t) + h1(t) where :
filt) =P{R — b1 > €'} = P{R > €'}, hi(t) = E{lpcyoqv(Je T (¢! — Ry), €757])}

+
2) For every real t, we have f(t) = Z(])Z,u% x hi(t) = OZC])O w"x f1(t).
n= n=

If p is a bounded measure on R and ¢ is a positive Borel function, we write
pro(t) = [ ot —z)p(dz), tER.
We denote by ®u, the probability measure on G defined by : “u(dg) = a“(g)u(dg).
We define the probability P on GN by °P = *u®N and we write ®E for the corresponding
expectation.
The measure *up on R is defined by “up(A) = *E(14(¢n(ay - - - ar)),
and we write “hy(t) = e hy (t) teR.
Then from lemma 1 we get :

Lemma 2
+
For every real t we have “f(t) = ) g x “hy(t)
n=0

Now we are going to study some properties of T" and ¢n(ajas - --ar) under “P. For that
purpose we consider the new random variables ¢}(i > 1) defined by g} = (a; ', b;a; ). Under
*P, there random variables are i.i.d with law “y’. We have :
InIn—1" 91 = ((araz- - an) ™ Ryla1---an)™"),

hence for 77 = Inf{n ; g9/, 1 - ¢} € G+} we have T' = T. It follows that T' can be
interpreted as the entrance time in Ry =]0, oo[ of the affine random walk on R defined by
@/ starting from 0. We denote by ®Q the Markov kernel of this affine random walk, and
for p € R we write p, = g, 4,1 91D

Lemma 3

1) There exists a unique probability measure ®2/ on R such that *Q(“v') = “v/. The
probability “2/ has no atoms.

2) If */(]0, +00] > 0 then 0 < “E(T”") < co.

Now we complete the proof of Theorem 1 using the above Lemmas.
For assertion 3, there are two cases.
First case */(]0, +o00]) > 0.



Then by Lemma 3 and the observation before Lemma 3, “E(T") = “E(7”) < oo, *up(R) = 1.
By Wald’s lemma (see [7]), since 77 < oo P — a.e :

*E{tn(aras - ar) = *E(ln(ar))*E(T)
where “E(¢n(a1)) = E(a{¢n(ay)) is finite and positive, hence “E(St) is finite and positive.
Assume cy = 0, hence tli)ngloo‘f(t) = 0. Then, if we denote by “h;, (L > 0) the function

t — “h1(t)1—r,1)(t), we have using Lemma 2 and Proposition A below : for every L > 0,

O—tglllooz/o TEO prx “hyp(s)ds = R (Tn(ar))"E(T) /_L hi(s)ds,
hence 0 = fRo‘hl(s)dS. Since “hy and hq are non negative we get hy = 0 a.e, hence Lemma
1 implies f(t) =0, dt — a.e.
We conclude that for almost every real s :

f(s) =P(R>¢€") =0,
and so P(R < 0) = 1, hence suppv C] — 00, 0]. It follows that suppu preserves an interval
(—o0,v9) with vy < 0.

Second case *//(]0, +oc]) = 0.
Denote by vg < 0 the upper bound of the support of the probability “2/. Then by the
stationarity property of *»/ we can write that for every n > 1 :

Q]P{gizg;z—l T gllvo <wt=1 1= E(af --- agl{vo-i-RnSal“'anvo})?
which implies that for every integer n > 1, P(R,, < —vg) = 1 since E(a{) = 1. Since R,
converges P — a.e to R we have P(R < —vg) = 1 hence ¢y = 0.
In conclusion we see that ¢y = 0 if and only if the upper bound of suppy is finite i.e if
suppp preserves an interval | — oo, —vg).
In order to show assertion 4 we will distinguish the 2 cases ¢y > 0, c— = 0, ¢y > 0, and
c— > 0. We observe that suppv is invariant under suppp and condition [ ¢n(a(g))du(g) < 0
implies that for some g € (suppp)? we have 0 < a(g) < 1. Also the complement of suppv
is invariant under (suppu)~'. We denote by T}, the closed subsemigroup of G' generated by
supppt, and by A C R the closure of the set of attractive fixed points of the elements of T),.
We observe that T,A C A. Since for any x € A the law of g, - - - g1 is supported by A and
converges to v, we obtain that A D suppr. Since the attractive fixed points of T}, belong
to suppr, we conclude that A = suppr. Then, for any open interval I = [a,b] C R, n < 0,
g™ (I) is an interval of length a"(¢)(b — a) which converges to +00, —oco or R, depending
of the relative positions of I and the fixed point xg of g. If ¢ > 0 and ¢_ = 0, then
from above supppu preserves the interval [7,00[ with 7 = Inf(suppv). Since A = suppr we
can choose g € (suppp)? such that its fixed point x¢ € suppv is arbitrary close to 7, and
in particular 7 < zy < a. If I C]r,00] satisfies v(I) = 0 then v(¢g"(I)) = 0 for n < 0 ;
since the length of the interval ¢"(I) is a™(g)(b — a) and nli}lzloo a"(g) = oo this contradicts
c+ > 0.
If ¢4 >0, c > 0 the same argument is valid for any interval I with v(I) = 0. O
We now give the proofs of the above lemmas.



Proof of Lemma 1

_l’_
1) Denote R" = foanﬂ ---agbgr1. Under P the law of R, is v and moreover R" is
k=n

independant of the random variables g;(1 <i < n).
The formula R = R, + a; - - - a, R" gives R — by = a1 R, hence :

P{R b > ¢'} =P{R' > clar'} = px f(t),  f(t) = px f(t) + fi(t)
We have also from above

{R>e'} ={Rr +ajaz---a;R" > ¢!, T < oo}

— {RT > et—@n(alaz---aT) T < OO} U{et_gn(alaQ”'aT) < RT < et—@n(alagmaT) T < OO}
Using the fact that T is a stopping time we have

fO)=P{R>e'} =P{R>¢', T < oo} = pup=* f(t) + hi(t)
where hq(t) = E(l{T<oo}1/]et_Z"(“1"'“T) — Ry, et~tnlaran)]
It followsn:

f= 2t e i f
where "1 % f(t) = P{R > e'(a1---any1)"'}. The condition E(¢n(ay)) < 0 implies the
P — a.e convergence of (aj---a,11)" " to 0o, hence li_)m A" % f(t) = 0. The first part of
the formula follows. e

2) From above we deduce that for every integer n and ¢t € R.

F)= B e ha(0) + 1« (0.
m ,u%ﬂ x f1(t) = 0.

We now prove that li)+
There are two cases

Case 1) P(T < 0) < 1
We have

0 < pipttx f(t) < (B(T < 00))"

: n+1 _

hence nh_l)l;o ik f(t) = 0.

Case 2) P(T' < o0) =1
Define the shift 6 on Q by 0(w) = (gi+1(w),7 > 1) where w = (g;(w),i > 1) and consider the
sequence (T}, (w))n>1 of random times defined P — a.e by T,,41 = Tof™", Ty = T. Under P

the sequence of random variables [(T1,S7,), -, (Th+1 — T , St,,1 — S7,)); is i.i.d and the

law of St, is p}. Because E(¢n(a;)) < 0, we have P — a.e li_l)n S, = —oo and moreover
n—oo

lim 7, = oo hence P — a.e, lim S, = —co. We have that

n—00 n—00

N’iIL“—l—l x f(t) =E(f(t - STn+1))7
and tli)m f(t) = 0. So, using Lebesgue’s theorem, we can conclude that li_>m u?rl xf(t)=0

O
Proof of lemma 2

Lemma 2 us a direct consequence of the formula *u% x *h(t) = e * hy(t), Lemma 1
part 2, and the fact that Ay is non negative. O




Proof of lemma 3
The definition of 4" and the condition H,(3) imply [ [¢n(a(g))| *1/(dg) < oo. The strict
convexity of the function ¢n [ a®(g)u(dg)(s > 0) gives [ ¢n(a(g)) *1'(dg) < 0.
It follows [ |¢n|b(g)| i/ (dg) < oco.
As observed above, the existence and uniqueness of “v’ follows.
If z¢ is a fixed point of supp®y’ then for any (a,b) € suppy ;

a lzg+ba~! =xg, ie zo(a —1) =b.
This implies that —x is a fixed point of supppu, which contradicts H,(4). Hence, as it well
known (see [5]), “2/ has no atom.
In order to show “E(T”) < oo we consider the space Q% = R x GZ and the extended
bilateral shift defined by ®6(p,w) = (p1,0w) where p; = ¢} (p) and 6 is the bilateral shift
on G%. We endow Q% with the Markov measure x# associated with the ®Q-invariant
probability ®v/. Clearly % is ®f-invariant and ergodic. Also we consider the fibered
bilateral Markov chain (p,, V,,) on R x R* where V,, = p~!p,(ataz---a,) = p~1(p + Ry).
Let 7 be the first "ladder epoch” of (p,,V;) (see [7]), ie 7 = Inf{n > 1; V, > 1},
hence p~!p, > 0 and 7 = T if p > 0. We observe that the conditions in H x(3) implies

1
[ |pF *V'(dp) < oo for some € > 0, hence lim sup ﬂ€n|pn| < 0. Since “E(¢n(ay)) > 0 the
[n|—o0 1T
ergodic theorem gives lim |V,| = oo, lim |V,| = 0, in particular 7 is finite K — a.e.
n—oo n——oQ

Since *V/(R4) > 0 we can consider the Markov kernel “@Q, induced by *Q on Ry ; the

normalized restriction *2/_ of ®// to Ry is ®Q -invariant and ergodic. We denote by “Qf
the subset of Q7 defined by the conditions p,, > 0 infinitely often for n = nj > 0 and

n = n_p < 0. Since “V'(R;) > 0, “Qf has positive x#-measure and we denote by mf

the normalized restriction of k% to “Qf ; then /{ﬁ is invariant and ergodic under the

corresponding induced shift *6,. From above we know that klim Vi, = 0, hence the time
—00

#

T4(w) = n_; (j > 0), of the last strict maximum of V,,_, is finite k7 — a.e. We define

k
“Q# = {21118 Vn_, <1} = {74y = 0}. Then we have “/{f (“Q#) > 0 since, by “#-invariance
>

of /ff :
1= mf{ﬂr > —o0}= % /{f{ﬁ_ =-n}< ¥ /if{V_n > sup V,_,}=
n>0 n>0 n_p<—n

Y mﬁ{o >supV,_ } < oo&f(aﬁgé).
n20 E>0

On the other hand, the definition of 7 shows that for w € “Q# , T(w) is the first return
time of %0%(w) to “Q#, so that ?7 is the transformation of “Q# induced by *6 on “Q#.
Then Kac’s theorem (see [23]) implies that 67 is ergodic with respect to the normalized
restriction /1# of mf to “Q# and “E(7) = fT(w)/i#(dw) < 00. Also we denote by “v7
the push forward of /1# to Ry under the map w — po(w). Since the stopped kernel “Q7.
and the map 7 commute with pg, the measure 7 is *Q)7 -invariant, ergodic and absolutely
continuous with respect to “v; with “Eq(7) = “E(T') < oo. O



Remark
A different proof of *E(T") < oo uses the interpretation of T = T” as hitting time of the
open set Ry by the Markov chain with kernel *@Q starting from 0.
Since [a®(g) “p/(dg) < oo, [|°(g)| *1'(dg) < oo for 0 < § < a, the operator defined
by “@ on a space of Holder functions on R (as in [13]) has a spectral gap. This implies
“E(T") < oo. The proof given above extends to the multidimensional case.

IV - Appendix : a weak renewal theorem

Proposition A Let (Z,),>1 a sequence of independant, identically distributed real random
variables on R with law 7. Assume that [ |z|n(dz) < +oco and that v = [ 2n(dz) > 0.
Let 1 a bounded non negative Borel function which is supported on [—a, a].

Then the potential U = E n™ % 1) is a bounded function and we have
1 t
lim = [ Uy(s / p(t)

Proof
Ify, = z Z;, we have : Ut)(s) = z: El(s —X,)].

Because v = [ zn(dz) > 0 the random walk on R with law n is transient and using the

maximum principle we have that sup Uy (s) < +oo.
seR
For € > 0, t > 0 denote

ni(t) = [%Et] =ny, na(t) = [%(1 —e)t] = na,

Unb="S' 0, U= St Ume =St
Then we have

1(t) =} [LUb(s)ds = f’;:fka) - L)

where

L(t) =1 [pUr(s)d 2(t) = § Jp Uni¥o(s

I3(t) = %fR Un21/} S 37 [4 t =1 fR[Q’t] n1 1/1(3) S
We have

I (t) = 22=mtL (04 (s)ds) hence tligloo L(t

0 < I4(t) < (("2++1 sup|Y(s)|) sup [P(Z, <a) —HP’ t—%, <a)l.

sER ni1<n<ng
P
By the law of large numbers we know that P — a.e, 11)111 — =7 > 0, hence :
lim sup (P{E, <a}+P{t—%,<a})=0.
t=+00 ny <n<ng
. Iz(t < Ex

Hence t_l}gloo Li(t)y=0and : 0 < << X [4(s)



Consider now I3(t) and denote for n € N, s > 0: pf = Inf{k >n; |V, —s| <a}.
We use the interpretation of U™y as the expected number of Vlslts to v after time n :
UmMp(x) < (Uy)P{p; < oo} with n[(lfy_E)t] = ng, hence :

I3(t) < |[Uy|P{Z <t + a for some k > w}

Since % converges to v, P — a.e, we get hm I3( = 0.
Since € is arbitrary we get finally : hm I(t / (s O
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