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Abstract

This paper is devoted to the sensitivity study of the European option prices according
to the correlation parameters when dealing with the multi-asset Heston model. When the
Feller condition is not fulfilled, the CIR flow regularity is needed to prove the differentia-
bility of the price according to the correlation. In the bidimensional case when the Feller
condition is satisfied, the regularity of the volatility according to the correlation allows
us to establish an asymptotic expression of the derivative of the price with respect to the
correlation. This approximation provides the monotony for the exchange options then
heuristically for spread option prices at short maturities. We also obtain this monotony

for some restrictive choices of the products {n;p;}i=12 and {n;y/1 — p?}izl,g where 7; is
the volatility of the volatility and p; is the asset/volatility correlation coefficient. Then,
we explain how to extend the overall study to options written on more than two assets
and on models that are derived from Heston model, like the double Heston model. We
conclude by a large number of simulations that comfort the theoretical results.

1 Introduction

For a convex payoff, the authors of [1] prove the monotony of the price of a European contract
according to the volatility of the Black & Scholes (B&S) model. In the same fashion, let us
prove the monotony according to the correlation parameter for the bidimensional B&S model

dS! = SloydW}, St =z},

S} = SPoa(pdW} + /1= p2dW?), 53 = 3. M)
Let f be the convex payoff
f(s5) = (a181 + azsy £ K), = max(a;s; + azss = K,0), (ay,as) € R? (2)

and F'(t,x) the price of the studied contract, given under the risk-neutral probability by

F(t,2) = E (£(Sr)| S = 7) = Eya (f(S1))

Associated to the model (1) and to the convex payoff (2), the price function F(t,x) €
C*?((0,T) x R%). This can be justified by the fact that the asset vector Sy has a log-normal
distribution which is sufficient to perform the wanted differentiations. Besides, F'(¢, z) satisfies
the Black & Scholes PDE
OF 1

E(t7$)+§

0*F

0282—F(t x)x1+0282—F(t x) ) 22 4 po1oy———(t,x)x 29 = 0, F(T,2) = f(2)
181‘% ) 1 281’% ) 2 pO1 2633181‘2 ) 14L2 — Y, ) - )
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We suppose now that the misspecified asset vector has the dynamic (1) but with a misspecified
correlation p # p, that is to say

dS, = 8,00dW}, Sy =l
dS; = 5, 0a(pdW} + /1= dW?), S, =13,

We have already seen that F(t,z) € C*? ((0,T) x R2) and using Ito calculus

_ ToF _
F(T, ST) = 0 So +Z/ 8m t St dS E(t,St)dt
7 0

1 ZOF , — (112 L,0*F  — . [=2 P*F , — 12
+ 5/ ( {57 (5 [St] + 0352 (650 [St} + 2010052 (1,5 )stst) dt,
Combining the previous equality with the Black & Scholes PDE we get

E(F(T, 1)) = F(0,5) + (5 — p)E { /0 0109 afj;p 2 (t,?t)ﬁjﬁfdt} | (3)

To compute the cross derivative, we consider the derivatives of S; with respect to S; = x
(t<T),

L _ St » _ 5t 1 2
@EIST - S_g-’ ax2ST - S_tQ, 833257'1 - amlsT - 0
When the payoff (2) is used then
0*F St St
a$lax2 (t, .CL’) = alagEt’z ((L‘_l T (CLlST —+ CLQST + K)) (4)

where ¢ is the Dirac distribution that can be justified thanks to the log-normal distribution g

1 2
of (S , ST):
1 T2

82F a9
a 8 (ta 1}) = - 1a111v1+a212v22iKaU1 [1)11)29(1)1, 02)] dvldUZ
L10T2 1 Jr2
ay
= _QZ_ 1a1:c11)1+a2x2U22:|:K8v2 [Uleg(Uh 'UQ)] dvldUQ~
2 JR?
+

From equality (4), alagﬁ(t, x) is clearly positive and the price is monotonous with respect
to p. The direction of the latter monotony depends on the sign of the product a;as. As an
analogue of the implied volatility, thanks to the uniqueness of p one can define it as the implied
correlation obtained from the market calibration of two assets that has the bidimensional
B&S dynamics. As we will see in section 3, this notion of implied correlation is difficult to
prove theoretically when using more complex models, like the Heston model.

In this paper, the assumed bidimensional version of the Heston model presumes the fol-

lowing dynamic for the couples asset/volatility (S&, vk)i—1.2

T 1 T
St = 1 exp (/ Vvldw! — 5/ uslds) , (5)
t t

T T
SZ = zyexp (/ N (,OdVVsl + 11— p2dW82> - %/ l/fds) : (6)
t t
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vh =y +my [F (00— vh)ds +m [T \/vldBL,
BSl = plel + V I p%/—stl7
V2 = o+ kg [ (0 — v2)ds + s [ \/12dBY,

B = py (pWsl +4/1- /JQWf) +/1— W2,

where (W1, W?2, wt, WQ) is a four-dimensional Brownian motion (these four Brownian motions
are independent).

We point out that the model specified by the previous SDEs does not include all the
bidimensional Heston models. Indeed, the choice of this correlation structure is justified from
a practitioner’s point of view because it allows to calibrate simply each asset to the one-
dimensional put and call options, then add a correlation parameter p that can be calibrated
from a spread option. Thus, the overall model will reproduce the prices of vanilla options
and spread options. Although this model was already considered by various authors (see for
example [2]) and widely used by practitioners, one of its drawbacks comes from constraining
the correlation, between the Brownian motions of the two volatilities, to be equal to pp1ps.

Using the results of Bessel flow regularity in [3], we study in section 2 the regularity of
the CIR flow related to the SDEs (7) and (8) then the volatility regularity with respect to
the correlation of the Brownian motions. In section 3, we prove the differentiability of the
price according to the correlation when the Feller condition is not fulfilled and we study
some restrictive cases for which the price is monotonous with respect to the correlation. The
derivative of v? according to p is needed to establish in section 4 an asymptotic expression
of the derivative of the price that works well for maturities 7" < 0.3. In sections 3 and 4,
we present also the basic ideas that allow to generalize our results to the multi-asset Heston
and to models that are derived from Heston model, like the double Heston model. Thanks to
a parallel implementation on the GPU Nvidia 480GTX, section 5 shows several tests of the
error of our asymptotic approximation and it provides various Monte Carlo simulations that
illustrate the monotony.

(8)

2 CIR flow regularity and volatility regularity with re-
spect to the correlation

For a fixed ¢t > 0 and for s > ¢, ' and v? share the same common CIR SDE given by
dvy = k(0 — vs)ds + 1/ (rdWsl FVIz r?dwj) L w=y, rel-11], (9)

where here the Brownian motions W' and W? are independent but are not the same as the

ones used in the previous section. However, it is quite clear that studying the flow of v in (9)

is equivalent to studying the flow of v! and v? in (7) and (8). Moreover, the differentiability

results of 2 with respect to p are similar to the differentiability results of v with respect to .
In this section, we use either the Feller condition

(A0) y >0, 2k0>n%
or the following weaker assumption

(A1) y >0, 4k >’



Introducing the process (0,00) 3 y +— 79(y) defined by

1o(y) = inf {s > t,vs(y) = 0}, (10)

we refer for example to [4] for the proof of the finiteness of 75(y) once (AO0) is not satisfied,
which means for a fixed y > 0 we have P (15(y) < o0) = 1.
The result of this section is summarized in the following theorem

Theorem 2.1 Let v be a CIR process driven by the SDE (9). Under the assumption (AO0),
both applications (0,00) 2 y — vs and (—1,1) D r — v, are C*. When (A0) is not fulfilled
but (A1) is satisfied, (—1,1) > r — vg remains continuous and there exists a modification v
of v such that (0,00) 3 y — s is C* in probability sense. Moreover, the first derivative 0,v
coincides with v := Oyv on [t, 79(y)[ and the former derivative vanishes on [1o(y), oo|.
Besides, when either (A0) is fulfilled or (A1) is satisfied with 0 <t < s < 19(y) then

G (S D[ e

for these same assumptions and taking t = 0, O0,v satisfies the following SDE

s oyv,
ov, = —kK / Oy vydu + / = (rdW)E 4+ V1 — r2dW?
; T, 2,/—( )

S r )
+ o aw?t — dWQ)
n/o W( v W

that can be solved by a variation of constants method, to obtain

(o [50 (= =)
Oy = iy (AW — ——aw? ) ), 13
ve= (n/ v L (13)

where in the latter equality, v is the flow derivative at t =0 (replace t by 0 in (11)).

0,1y = 0, (12)

Note that (12) is only valid before time 79(y). Therefore, in order to prove the differentia-
bility of the price with respect to the correlation under (A1), we need additional work. This
will be the main goal of section 3, in which we use the infinitesimal generator and the regu-
larity of the flow. Unfortunately, the latter trick does not allow us to establish an asymptotic
approximation and the only thing that we were able to do is to show that the asymptotic
approximation, established when (AO0) is fulfilled, works well numerically even for cases when
only (A1) is satisfied.

Proof of Theorem 2.1:
We subdivide this proof into three steps

Stepl: Proving the regularity of the flow.

The solution of (9) is locally differentiable with respect to y, this means that we can differen-
tiate with respect to y up to the time 74(y) which is the upper limit of Tln/n(y) =inf{s > t:
v" < 1/n}, such that v” is the solution of the truncated SDE associated to (9) with v} =y
(we refer to [5] for more details). For s € [t, 7o(y)[, we get

. _ - 8. 1 - 2 2
v =1 K)/t Vudu—i—n/t 2\/_<TdW +v1 rdW) (14)

By a change of variable using the logarithmic function, we obtain the solution of (14) for
s < 1o(y)

SrdWl4V1—r2dw? 1, [° du
s = exp [ —r(s —t u w_ [ 2 1
; exp( (s )+”/t N o /t 4%) (15)



Moreover, by another change of variable X; = In (e”(s_t)ys), this time on the v SDE, using Ito
calculus we get

. /S rdW} 4+ V1 — r2di? Yu k(s—t) 1 . 0 /S du
X = — eX — — - _
P\T t 2/vy Yy P 2 2 2 ) ), v )’

which combined with (15) provides (11) for s < 79(y).
According to [3] (Proof of theorem 1.3), when ¢ €]1, 2[ the bessel flow (0, 00) 3 x — O(x, s),
that satisfies (16) driven by the Brownian motion f

S — s
O(z,5) = 2+ B + 21/t @(i“u), O(z,t) =z, (16)

has a modification that admits a continuous derivative in probability sense that vanishes when
s > 1o(y). Consequently, one can use the same modification for the CIR flow because they are
both related by the following equalities

vy = exp [—k(s — t)] ©3 (\/g, Z—H(e“(s_t) - 1)) , 0= 477—/29 (17)

To prove (17), we use Ito calculus on Z; = exp [k(s — t)] vs and we employ the time change
1 4Ks
ls=—In{— ) +1toget
n

K

Z, —y—l——s—t —1—2/ \ 2y, dBy.
Us

Finally, defining ©(,/y, s) = \/Zi,, we obtain (16) with z = /3.
Step2: Proving the continuity of v with respect to r.

We define two Brownian motions B, = rW2++/1 — r2W2 and B, = FW1++/1 — 72W2 thanks
to which we set

dvs = k(0 — vs)ds + ny/VdBs, 1y =1y,
B (18)
dvs = k(0 — Us)ds +n\/TdBs, To=1y

and we will prove that lim;_,, 7y = v, a.s.
Let a,, be a positive decreasing sequence defined by a,, = a,_1¢™", that satisfies

an—1 d
/ . (19)

T

Afterwards, we set ¢, € C2°(R) a mollifier function with support equal to [ay, a,,—1] such that
2

0 < ¢n(z) <y — and (19) allows to have [, ¢,(x)dz = 1. Thanks to ¢,, we define an
nx

approximation
|| y
wnle) = [y [ ono)a: (20)

of the function absolute value | - |. Indeed

|lz| = |J»‘\ dy (fo Gn(2)dz + fyoo (bn(z)dz>
= + I 'x' dy [ ¢n(2)dz

bt



thus, |z| > 1, (x) and because fyoo On(2) < 1p,a,_11(Y), then || —an—1 <(y ¥p(2). In addition,
for |x| > a, (otherwise the first and the second derivative are equal to zero),

Y (x) = Sgn(x) [\ ¢(2)dz with [0)(2)] (e Loan_(|2]) &
" _ 2
W) = bu(la]) € [07 m] |

Applying Ito calculus to ¢, (Ay), with Ay = U5 — v, we obtain

wd) = [Tunan g [uagde)

:_,{/w WA du 4 Ly + = /@b” d{A),,

where Ly = fo W (AL)d(M, + N,) is a square integrable martingale, because of the inequality
(* % x) and that both M and N are two square integrable martingales (we refer the reader to
6]) with

M= [ Vi~ B, No=n [ - )b,

Employing Doob’s L?-inequality on L} = SUPg<,<s Ls and (* x ) provide

B((L) < AB(L) =4F (J{1)(A)d (M + N),) o)
< AE(f5 Loan g(AL)d (M + N),).
Besides
d(A,A),=d(M+N,M+N), < 2d (M, M), +2d(N,N), (22)

= 20° (vud (B — B), + (/U — \/vu)?du) .

Using both inequalities (x%) and (x * x)
S 1 S
AL < any + n/ Ayldu + L* + 5/ W (Au)d (M + N, M+ N, .
0 0

Denoting the supremum X, = supgc,<, |A,| and using the inequality (a + b + ¢ + d)?
4(a® + b* + & + d?*) we get

s 2
X82§4a721_1+4(l-€/ Xudu> +4(L)? (/ YI(A)d (M + N, M+N)) :
0

afterwards, we take the expectation and we use (21) and Cauchy-Schwarz inequality for the
first integral term (s < T)

E[X? <4a? | + ATR?E [ [ X2du)
+ 16E [[; 1p.an_(|Au)d (M + N), ]

+ B[(Jyena)d+N),)’]



then (22), (x) and (v/7, — \/7)? < [y — 1| provide
E[X? <4a® |, + AR*TE [ [ X 2du]
+ 16n*E [[; vud (B — B>u + 15 Lo (1AG]) [ Av|du]

16774 s 2
+ 5 E<S+/O 1[an’an71](|A | ’A ’d<B B> > ,

n

by continuing the computations, we obtain

F[X% <d4a? [(1+4sn*) + 45°TE {/ Xidu]
0

+ 16n'E V vud (B — B>u}

0
1604 S Uy — 2
+ ZE(3+/ ”—d<B—B>) .
n o Qn u

Let us take a sequence B = B* of Brownian motions that converges a.s. to B, once we
apply Gronwall lemma

E[X?] < a(n, k)T (23)

with

s 2
aln, k) = 4a2 (14 4sn*) + 16n*s/n* + (16n*/n*)E (/ —d(B* - B>u)
0

+ 16n*E ( / vud (B* — B>u) :
0

16n*
To conclude, we take n such that 4a2 (14 4sn*) + 772 i

1 4 S 2 S
k such that ~00 (/ % q(B* - B) ) +16n'E (/ v,d(B* — B) ) < ¢/2. The latter
0 On “ 0 “

n2

fact is possible because v, admits moments of all orders (see the reference [6]). Finally, we

complete the proof of the continuity by using Fatou lemma on the left side of inequality (23).
Step3: Proving the differentiability of v with respect to r.

< €/2 then, for a fixed n, we choose

Taking € €]0, y[, we define 7.(y), T.(y) and 7.(y) as

T(y) =inf{s > 0:v,(y) =€}, Te(y) =inf{s > 0:V,(y) = ¢}, 7(y) = 7(y) ANTc(y), (24)

We introduce the stochastic processes Ay = (s — v,)/(F — r) and Ay that satisfy the
following SDEs

\/ ,/— B,— B
dAs = —kAyds+n——"dB,+n\/vd <—S>
rTr—T
A, B._py 0Tl
= Agd dB, + ny/vad | —=———2
- SJH?\/ Vs +77V(7"—7")

A,
dAy = —kAyds + n—————=dB,, Ao =1,
VUs + /Vs
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which provides, by a variation of constants technique Agpz (y)= Cspz () Asnz. (y) With

SATe(y) d? 772 sATe(y) du
AS 7 =€ —K(s A\ %6 + - / P ——— 25

and

SATe(y) ) SATe(y)
o= [ BE(BTE) - [ st (BT, @

T—r VU + V) T—r
where
EZ_BU:WJ—k\/l_Fi_\/l_TZWf
T—r T—T @)
— B-B 1—72— /172
and <B,_ >:<F+\/1—F2\/ T_ v T)u
=1 /. T—r

Now, we are going to take the limit as 7 — r in equality (25). For this task, we use the
continuity result established in Step2, the lower bounds {7y }ucsaz.(y) = €, {Vutucsary) = €
and applying the dominated convergence theorem for the deterministic integral

*dB, n du )
11}—I>I1A Licz.(y) = exp <_“S + 77/0 SN 5/0 4Vu> Licri(y) = Vslscr(y):-
In the limit above, the proof of the convergence of the stochastlc term comes from the equality

SATe(y SATe(y) dWl SATe(y dWQ
=7 + V1 _2/ and from the Doob’s L!-
\/V_u + \/_ 0 VPut NEN

maxnnal inequality for the convergence of each term of thls sum.
As for (26), let us first prove that the second term vanishes. Indeed, using (27), we have

— B-B 1 -7 — /172
1im<B,_ >:lim<7+ el =V T)u:O. (28)

=T r—r =T r—r

Thus
sATe(y) o
lim Conz. ) = lim ; A, d( T >
SATe(y) 1 —72 — /1 — 2 sATe(y)
—lim / (AP N kit A / I g2
—r | o A, 1—r2 r—r 0 Ay
with W+ = (W1 - %W). The limit of ( iy + ¥ S ) is null, consequently
-
sATe(y)
lim Cyrz () = lim Wy (Wu1 - ;me)
T 7 Jo Au V1 —r2
and thanks to the independence of ¥ and W+ = W' — %WQ (fact that can be seen
-
directly form (14)), we have
SATe(y) 1 SAT(Y) 7y
lim/ v AWt = lim dej
r—r 0 Au VS/\Te(y) r—r 0 Au

8



Once more, we employ Doob’s inequality on M7 = sup

/s/\i(y) Ds/\?c ()7 /l/u[l'/u - Au] dWJ_
i u

0<s<T VuAu
and for A > 0
1 o 1 . SN 2 - () Vullu — Au]2d
T > < - <
(Mr=2) < 5 S /0 2N "
1 TD2 (yVurd ) [Puni () — Burcei))?
< EE ( / 2 2 du
0 UATe(Y) " TuATe(y)

I [ Vunz (y) ] 2
S — FE Vunt. LT 1 du
)\2 0 ( NATe(y) Au/\?e(y)

Thus, one can choose a sequence 74 that tends to r such that: ZP(M}’C > \) < oo and
k>1
Borel-Cantelli Lemma allows us to conclude for the a.s. convergence

sATe(y) U r
. _ V' u 1 2
%13% CS/\;e(y) = 77/0 ; (qu —deu) .

Vu
U u *
1—1r2 )

Finally, we have for s < 15(y)

e—07r—7r

0,vs = limlim A, = nr, /
0

B
T
s
|
3

Dy,

3 Sensitivity using the infinitesimal generator

The presentation of this part is subdivided into two subparts: In section 3.1, we reuse the same
operations performed in the introduction (section 1) but with stochastic volatility models. We
also present the result of the formal computations to show the key tools that allow to extend
the proven results obtained in section 3.2 for the bidimensional Heston model. Thus the last
part of section 3.1 can be skipped for a first reading.

3.1 A general framework for stochastic volatility models

In this part, we suppose that the real price of the asset vector given by the market has the
following multidimensional stochastic volatility dynamic

S} = Si\/vidzi, Sy =,

dv; = bi(t,v})dt + o,(t,v})dZ;, vy =y, )

where (Z},..., 2%, Z} ... Z9) is a vector of correlated Brownian motions.
Let f be a payoff of a multidimensional European contract on the considered asset vector,
the price F'(t,x,y) of this contract is given by

F(t,a,y) = E (f(51)

Si= 2,00 = y) = Euny ((S1)).



Thus F(t,z,y) satisfies the Black & Scholes PDE

oF
8ttxy +Z/ ta:y Zazl (t, =, y)Ty(t, 2, y) =0,
F(T,.’L’,y)—f( )7

with z; = x; if i < d and z; = y;_4 if i > d and I'(¢, z,y) has the following expression

L(t,z,y) = (Pt /05) 1 ciyea (P03 (695)) 1 e
) Y /! Y
(pijxiv yio; (1, yj)) 1<i,j<d (pijai(tv yi)o,(t, yj))1§i,j§d

with R is the 2d x 2d correlation matrix of the vector (Z},...,Z¢, Z}, ..., Z%) of standard

Brownian motions
/
R= ( f) pp,, ) . (30)

We suppose now that the misspecified price of the asset vector has the dynamic (29) but with
R # R and different volatility of the volatility parameters &; # o;, that is to say

dgjt = gi\/v_idzf, §10 = xé:

, , s , . 31
dv, = bi(t,v,)dt + ;(t, 7,)dZ;, Ty = y. (31)

Using formally Ito calculus

- LyToF, - i [TOF
F(T,Sr,vr) = F(O,So,u0)+2/0 %(t,st,vt)dstnt/o E(t,St,vt)dt

+ Z/ t St,Vt d_l Z/ azzazj t St,?t)fij(t,gt,ﬁt)dt,

where z; = x; if i < d and 2 = y;_q if i > d and the matrix I'(¢,z,y) has the following
expression

T t,x,y) = _ _ = o —_
( ) ((pijximgj<t7yj))1§i,jgd (pgjai(tvyi)aj(tvyj)%gi,jgd

and R is the 2d x 2d correlation matrix of the vector (Z}, ..., Z%, Z}, ..., Z%) of standard Brow-

nian motions
— _/ -l
R= ( % §/ ) . (33)

Taking the expectation of the previous equality and using the localization for the local mar-
tingale term

E<F(T7§T75T>> - (O SO7V0 + E{Z/ 82 aZ t Stayt) Z](t7§t7ﬁt)dt}
7;]7 ¢ J

Tor _ Tor, _ _ _
+ E{/O E(tu St7Vt>dt+;/0 a_yl(t7 Stayt)bi(t7 Vt>dt}7

10



where z; = z; if ¢ < d and z; = y;_4 if i > d. Combining the previous equality with the Black
& Scholes PDE we get

T2d

_ _ PF -
E(F(T7 STayT)) (0 SOaVO + E{/ 1 |: ] _FZJ)M} (ta Stayt)dt} :

When 7; = 0; and the misspecified SDE (31) is different from (29) only through a different
correlation matrix R, then the difference (I' — I')(¢, z,y) is given by the expression

L,j=

(C=T)(t,z,y) = Q(t,z,y) (R = R) Q(t,x,y), with

Qt,z,y) = ( (0ii /%) 11 0 )

0 (0i—j0i(t ¥i)1<ijen

(34)

and using the trace operator tr
T
E(F(T7 §T7ﬁT)) - F(07 So, VO) = %E {/ tr [Q (E o R) QaQF} (tvﬁtavt)dt} : (35)
0

We give now the result of the formal computation of the matrix z>—=— a 0%, L (t,z,y), with z; = 2;
ifi <dand z; =y;_qifi > d. An example of the mathematical justlﬁcatlons of the derivatives
used and the permutation between the differentiation operator and the expectation depend
on the model chosen and can be found in the section 3. 2 for the bidimensional Heston model.

The different terms of the Hessian matrix of the price -2-2—(¢, z,y), are given by

82 82
aii,l‘jF(t7 x’ y) = Et,ﬂc,y(ai,ij(ST)ariS%’aij%)v (36)
agi-,ij(t? xZ, y) = Et,x,y(as%,sg- f(ST)ayzS%ay]S%) + Et,x,y<asif(ST)ajiS%éi—j)’ (37)
ai,ij(ta xz, y) Et T y( f(ST)aaczSZ a ]S%> + Et,x,y(asif(ST)azhyiS%(si—j) (38)

with the notation

f(s) = f(s1,52,...,8q) and Os,,,f(s) = 0f(s) = 01(s) = Os, f(S1, e Siy evey Sd).- (39)

0544 0s;

If the function f is convex, M;; = {Etmy(ﬁz f(ST)asz%aziS%)}' L with 2z =, if ¢ < d
?/7‘7

and z; = y;_q if ¢ > d, is clearly a positive matrix. Consequently, if f is convex, we can rewrite
the Hessian matrix of the price as a sum of a positive matrix M and a matrix N such that

82;;;(15,3:,34) = M(t,x,y) + N(t,z,y), zi=x;if i <d and z;=y;_qif i > d
with
{ Mij(t, ,y) = By (02, f(Sr)0:,540-,57), (40)
Nij(t,2,y) = (6i—j—a + 0i—j + dimjia) Erey (0, f (S1)0Z, ., S7)

where ¢ represents the Kronecker delta.
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Let us now focus on models based on the Heston model like the multidimensional Heston
model (dimension> 2) and the multidimensional double Heston model. The choice of these
models is largely due to the fact that the results established in section 3.2 for the bidimensional
Heston model can be easily extended to these models. However, the extension to a larger
class of models is conceivable but will request other techniques to overcome some theoretical
problems. For example, the assumption (A1) (in section 2) is an important point in the proofs
given in sections 3.2 and 4.

As already mentioned, the correlation structure chosen for the bidimensional Heston model
does not include all the configurations. The extension models considered here will have the
same kind of correlation structure used for the bidimensional Heston model in (5), (6), (7)
and (8), that is to say, we correlate each pair of stocks (S&, S%) independently by a coefficient
pi; and we propagate this correlation on the volatilities (%, 1/%) thanks to p; and p; which are
known from the one-dimensional calibration.

The idea here is first to check that trace [(Q(t, Sy, i) ARQ(t, Si, 1)) N] = 0. A sufficient
condition is to have a matrix AR orthogonal to the matrix O;; = (6;—j—q+%i—;j +0i—j+a)1<ij<2d
in the sense of the bilinear symmetric form ®(A, B) = trace(AB). This condition is fulfilled
by all symmetric matrices that have zeros on the diagonal of the four blocks

0 x ... x x 0 x .. x x
x 0 x .. x x 0 x .. X
X x 0 X X x 0 X
X X x 0 %X X x 0
AR = 0 x x x 0 x X X (41)
x 0 X x x 0 X X
X .. X 0 x x .. x 0 x
X X .. X 0 x x .. x 0

Regarding the multi-asset Heston model, as it will be done for the two-dimensional case,
if we fix the correlation between each asset and its volatility we easily obtain a matrix AR
similar to (41). Consequently, if the misspecified asset vector S differs only from the market
asset S by p;;, the difference quotient (35) becomes

E(f(S1) = E(f(S7)) _ .
Api;

T ) —1 . “ e . .
{551 rmiE s, [0, 55008 Sht gt iy (a2
0

where of 7 and o ;- have similar values as o ; and o} given later in (48).
The same idea can be used for multi-asset models based on the double Heston model,
indeed each stock ¢ has the following dynamic

asi = Si (Vvilazit + JvPdzE), Si=ab,

dvj = (0} — i)t + i ATAZE, v = i

A = K5 (05 — )t + i VPAZE, U = i,
a(2",2%), = d(Z"7%) =0, d(2"Z") = pudt, d(Z%72) = padt.
t t t
Because of the decorrelation of (Z', Z') and (Z%, Z%), if (pi1, pin) are already known using
the one-dimensional calibration for each stock i, we obtain a matrix AR similar to (41) which

allows to have a difference quotient analogous to (42).

12



3.2 Differentiability of the price and studying some specific cases

We suppose that the misspecified price of the asset vector is also given by (5), (6), (7) and (8)
but with different inter-asset correlation p, that is to say, the only misspecified parameter is
the inter-asset correlation. Thus, the difference (I' — I')(¢, x, y) is given as in (34) with

01 0 p

- = 1 0 P1 0
R=n={p=r) 0 p1 0 pipe

p2 0 pip2 O

and
i 0 0 0
0  22y/52 0 0 r = (1, 12)
t?'aj? - ) .
Qtz.y) 0 0 gm0 v = (30, )
0 0 0 N2+/Y2

The matrix N given in (40) is orthogonal to R — R by the trace operator and thus it is
also orthogonal to (I' = I'). In fact

N 0 pDy 0 p2p1 D1

N(R — R) . p2D2 0 p1,02D2 0
p—p 0 D 0 p2Di

D, 0 p1D5 0

—

Wlth D1 = Etxy (851f(ST) 1 y151> Dll = Etxy (aslf(ST) [ T1,91
Bty (as2f(ST) 2, y252) and Dy = B, (852f(ST) [( *2 y252 + p28§2 y252 )D
Consequently, tr [N(I' — I')(¢,z,y)] = 0 and, with this model, (35) is reduced to

Sh+ 2, 5H]), Ds =

Yy1,y1

E(F(TagTavT)) - F(()?SO:VO) = %E {/Ttrr [(f_ F)M} (t7§t7vt)dt} ) (43)

where M given in (40).

Although we do get rid of the matrix N, we cannot obtain the uniqueness of p from
(43). Indeed, even though we are happy that only the positive matrix M (positive when
the payoff f is convex) remains in (43), the trace of the difference (I' — I') is equal to zero
which makes difficult the conclusion on the positivity of E(F(T, Sz, 7)) — F(0, Sy, vp). This
is why, in Proposition 3.2, we study only specific cases. The following proposition provides
the difference quotient of the price according to p, here Ap =p — p.

Proposition 3.1 We consider the model specified by (5), (6), (7) and (8), we make also the
assumption (A1). Then, the flow derivatives

0,8t =S, . = /s % dWw} — 1/S vldu (45)
Yi1*'s t,s? t,s ] 2\/]/_& u 9 ] u )

89285 5271557 fYts_/
t

; \/_ <de1 12 dWZ) /t " 2du. (46)
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where the CIR flow derivative U is either given in (11) or replaced by its modification that
vanishes once the volatility reaches zero.
Using these expressions the difference quotient (35) becomes

E(f(St)) — ZE
(f( T))Ap _ {/S S V72 E 5,7 [8521 s2f<ST)Sjl“Sq2“Oé%,TOé?,Ti| dt} (47)

with S = (S*, 5 ), 7= (" 7%), oy and of  provided by the equalities

1 1+ ! 1+ ( Ve L /T Ld )
Oy = MmpeiVer = mpe1 s " & vsas |,
) ) ¢ 2 /Vsl 2 ¢
2 2 T VSQ 1 2 2 1 r )
ar =1+ mpyir =1+ 1m2p2 N (deS +v1i-p dWs) —g [ Vs .
t s t

Proof of Proposition 3.1:
The difference (T — T')(¢, z, y) is equal to

0 112 0 N2P221

T1T2 0 1N1P1%2 0
Apy/
PV 0 M1P1%2 0 TN201P2

T2 P21 0 mmn2p1P2 0

with x = (21, 25) and y = (y1,¥2). Using this expression of (I' — I')(, z,y), the expression of
M given in (40) and the value of the derivatives (44), (45) and (46) we get

r [(F — F)M] (t,z,y)
SN

where the value of v and 42 are given in (45) and (46).

= By (02, 5,/ (S0)S1SE (1 +mprvir) (L4 nepaviz)] (49)

Based on the assumptions (A1) (section 2) and
(Az) |p| < 17 |p1| < ]-a |p2| < 1

the following theorem gives a sense to the differentiation 02, f(Sr) in (47) and it is based on

the fact that the system of SDEs (7), (8), (5) and (6) driven by A; {(W', W', W2, W?) with

pr V1= pi 0 0
T I Y A A
1 0 0 0 ’

p 0 V1=p? 0
can be rewritten thanks to the Brownian motion vector (3', 32, 3%, 3%) by setting the equality
AL (WEWE W2 W?) = Cy (B 57, 8%, 6*) with

1 0 0 0
pp1p2 N1 — p*pips 0 0
C, = o1 pp2(1-p?) V1=p1y/1-p%p 0 ,
/1020203 V1= prfﬂ%
pa(1=p2p?) p(1=p3)/1-p} \/1-p*/1-p}

P V1020308 \1=p20203\/1-p203  \/1-p%0}
this also implies that
(WL WL W) = ATICL (Y B B0, BY). (50)

14



Theorem 3.1 We suppose that the couples asset/volatility (Sk,vk)i—12 have the dynamic
given by (5), (6), (7) and (8). We also assume (A1), (A2) and f(s) = max(a;s1+azso—K,0)
with ay,ay € (R*)2. For a square integrable random variable X, the conditional expectation

Etayp s (02, f(S7)S1S7X) = Eigy (8?1 S2f(ST)S:1rS%X‘(51,52)t§ng> is equal to the two

following values
a K — ay,S? K — 35252 K — ay5?
Et,w,y761762 |:x_j572" < 2 T) gl< == I_Z) h (#7572“)] (51)

|Cl1| a1y
and
K —a, S} K — a5+ S} K —a,S}
E,, Sk, T TIZL) | Sk, ————L 52
t,2,y,61 /32[ ( |a2| )92< Qa2 T T> as ) ( )
with
h (81, 82) = Et,x,y,ﬁl,ﬁg (X‘Sr}w = 51, 572« = SQ)
and
1 uy (v1) ~ug(v2) 2
exXp <_2(1_ﬁ‘2)[ o1 —p oo :| )
gi(vy|ve) = 1y,505 53
1( 1| 2) \/ﬁvlalm 1>0 ( )
2
-
go(v2|v1) = 1yy>0- 54
2( 2‘ 1) \/%’Uga'zm 2>0 ( )
where

R Y e
up (v) :ln(v)—l—%ftTyslds—pl ftT \/V_gdﬂsl pr2 12p21)2ft \/_dﬂ
up(v) = n(v) + 3 [, v2ds — ppr [, \/V2dB} — \/(—f V2R,

/(=) (=rd) _J"frivids.

N N ML

The proof of this theorem is provided in the appendix.

Remark 3.1 1) According to section 2 (equality (11)), for i =1,2 and p > 1, ik or their
modifications (once we reach 1o(y), we replace them by their modifications that vanish)

oo\ T1/2
are LP random variables and this is also the case for ( j;T y;d:;) thanks to the results

developed in [6]. Thus ofpoi, € L*(Q) and Theorem 3.1 tells us that the equality
(49), expressed formally thanks to some elements of the matriz M (see (40)), is equal
to By yy(Mizypp,) where Ny, oy 5, 5, 1 almost surely equal to both (51) and (52) with

1 2 1 2
h(s1,52) = Etay,6,6 <%T%,T‘ST = 51,57 = 52> ;

which provides the sense of our previous use of the Dirac distribution without justification for
the model specified by (5), (6), (7) and (8).
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2) The permutations of the differentiation and the expectation, that were done in the pre-
vious sections, are justified by the fact that for:

X € {1, Uit VU ir N i ir ) either the expression:
;_iS% (Kfags%)h <Kfa25%75%) gl<Kfa2.S'% ‘ﬁ)

la1] a1 a1y z2

a1 o1 [ K—a1Sk 1 K—a15% K—a1 S
or x—QST< h{Sr, 92

laz] az a2x2

1
ST
xr1

> can be dominated according to v =

(1,22) and y = (y1,v2) by an L'-bounded random variable. Indeed, taking for ex-
ample the first expression, we have first to get rid of S2 by a change of probability (S2
is a positive martingale and not only a local martingale, we refer the reader to [7] and

[8]), afterwards, (Kﬁa25%> can be simplified with denominator of g1, finally, h can be

z1|a1]
easily dominated using the previous remark.

3) The assumption (A2) is necessary to have the two expressions (51) and (52). Indeed,
for instance if |p1| = 1, |p2] < 1 and |p| < 1 then the expression (52) still can be used
but (51) cannot.

4) Although Theorem 3.1 considers that f(s) = max(a;s; +asse — K, 0) with a;,as € (R*)?,
the result for f(s) = max(ays; + agsy + K, 0) with a1, ay € (R*)? can be easily derived in
the same way. When dealing with f(s) = max(ays1+ assy — K,0), ay and ay can be both
positive and, subsequently, the result of Theorem 3.1 can be applied on contracts beyond
the spread options.

Now that we give a sense to all the formal expressions established previously, we provide
the monotony result for some values of the products {n;p;}i=12 and {n;\/1 — p?}iz12.

Proposition 3.2 We suppose that the couples asset/volatility (Sk, Vi)i=12 have the dynamic
gwen by (5), (6), (7) and (8). Assuming (A1), (A2) and a European option that has f(s) =
max(a1s1 + assy £ K,0) as payoff, then the price is differentiable according to p and if:

cl) {nipitiz12 =0 or
¢2) mp1 =0, n2n/1 — p3 =0 and 2ky — m2p2 > 0 or

c3) mapa =0, mr/1—p? =0 and 251 — mp1 > 0,

then the price is monotonous with respect to p. For these three cases, the price increases with
respect to p if ajas > 0 and decreases if ajas < 0. Moreover, the prices of the one-dimensional
calls and puts (ayay = 0) do not depend on p.

Remark 3.2 e This result does not include the case {n;/1 — p?}izl’g = 0 because, as we
pointed out previously in Remark 3.1 3), one should have, at least, |p1| # 1 or |pa| # 1
to be able to use (51) or (52).

e Fven though these choices are restrictive, in some cases, practitioners can found them-
selves using this kind of assumptions on the parameters. We refer the reader for example

to [9].

e Because the price is continuous according to n; and p; (because V' is continuous according
to these parameters and the payoff is continuous with respect to V'), we can replace the
zeros in this proposition by “small values”. However, we preferred not to announce this
more general result because its proof is heavier and it does mot help to clarify all the
situations for which we have the monotony.
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e From a numerical point of view, remark also that the condition (A1): 4r;0; > n?
generally sufficient to have n; < 2. Indeed, 0; represents the long term volatility and zt

1s generally smaller than 0.4, also the mean reversion coefficient k; used in applications
can be considered smaller than 3. Subsequently, n;|p;| <1 or nin/1 — p? <1 s true.

Proof of Proposition 3.2:
According to (47), the domination remark 3.1.2) of the term under the double integral and
the continuity of (—1,1) 3 r — v, announced in Theorem 2.1 (here r = p), we have

T
O,E(f(5) =t £ { [SIS\oA2E 5,0 [0, (50181 S50k o

p—p

_ E{ / lim §}S; /U P2E, 5 [02 . f(ST)s;smTagT]dt} (55)

0o PP
= ] [SSI s 08,0 (508 S0l i}
0

This then prove the differentiability of the price according to p when only (A1) is fulfilled.
Using formally the derivative 97, ,, f(s) = a1a2e(a15'+a25°+K) (e is the Dirac distribution)

n (47), it is sufficient to prove the positivity of «j . If 7;p; = 0 then o] , = 1 which is

sufficient to prove c1). Also if n1p; = 0 and 1751/1 — p3 = 0 then a;, = 1 and thanks to (11),

T
aiT =3+ (%1 — %) / 'ds and provided that 2ky — 19py > 0, afyT > (0 which proves c2)
t

and the proof of ¢3) is analogous.

4 Asymptotic approximation for short maturities

In this section, we remain working with the model specified by (5), (6), (7) and (8), we will
establish, for short maturities, an asymptotic approximation of the derivative of the price with
respect to p. For the sake of simplicity, we consider the option that has the following payoff

f(31732> = (31 - 82)+.

However, the general result for the payoff of the exchange option f(s1,s2) = (a181 — ass2)+,
with (a1, as) € (R%)?, is given in Theorem 4.1 and a numerically good approximation for the
spread options is given in (68). Provided that we can commute the derivative with respect
to p and the expectation, and that the expression under the expectation is differentiable with
respect to p (see the proof of Theorem 4.1, Step2), the derivative of the price with respect to
p is given by

0
5, F (1= 52).) = ~F (3,513 (56)

where 1 represents the indicator function. Provided that we can differentiate S? and v? with
respect to the correlation p (when the assumption (A0Q) of the section 2 is fulfilled)

T

T
+ S%( 8\/_ <de1+\/ dW2 ——/ 81/2(13).

(57)
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Replacing the value of 9,5% in (56), we get

| T
5B (ST —5%)+) = L <1s;>s%5% <§/ apVSQdS))

T

- E <1S%>S%S% \/_ ( AW +/1— dW2)> (58)

O )

According to various works like the one presented in [7] and [8], we know that S% is a real
positive martingale and not only a local martingale. This allows us to define a new probability
dp* S%
dP — SZ S2

two independent Brownian motions related to VV1 and W? by

dZ}! = dW} — py/vidt,

dz? = dW? — /1 — p2\/vidt.

Also, under the probability P?, the value of S* and S? are given by

St = x1 exp (fOT VVidZE + pfOT Vvivids — %fOT Vslds) :
S7 = xgexp <f0T V2 (de; + /1 - p2dZ§> +1 fOT V$2d8> :

By this change of probability and using (58), we obtain

E (8,25%15%25%) — S2E? (151 - / V2 (dzl mdﬁ))
< dZ' +/1— dZQ>)

measure P? whose density is given by —— Under this new probability, Z! and Z? are

(59)

+ S E? (15%252

\/_

For short maturities and under the assumption

22

(A3) 3IC € R* suchthat In ( > = C\/T—I—O(\/T), (a1, a2) € (Ri)za

a1y
we will see in the proof of Theorem 4.1 that the second term of (59) can be neglected because it
tends to zero with respect to T faster than the first one. Also, in Theorem 4.1, the asymptotic

derivative of the price with respect to p is established thanks to the following lemma obtained
by Ito isometry.

Lemma 4.1 On R?, we define a Brownian motion W; and [0,00) > t — H; € L*(R?) an
adapted random process such that l}ﬂ)lE (HHt — H0||2) =0, where || - || is the Euclidean norm.

Then
2
lim — E ( > =0.
t—0 ¢t

/H -dWy— Hy - W,
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Theorem 4.1 We suppose that the couples asset/volatility (Sk,vh)i—12 have the dynamic
given by (5), (6), (7) and (8). We also make the assumptions (A0), (A2) and (A3). For
short maturities, the derivative with respect to p of a European option that has f(s1,s2) =
(a151 — a282)4, with (a1, a2) € (R%)? as payoff can be asymptotically approzimated by

9 12 _ Tvyvg 1o ’
8pE ((a1 Sy — a257) ) 70 aztz\| — = exp | —3 7 +o(VT) (60)

with A = v§ + v3 — 2p\/v¢v¢ and the constant C' comes from (A3).

From Theorem 4.1 and because a, > 0, it is clear that the price of an exchange option is
decreasing according to p for short maturities.
Proof of Theorem 4.1:
We divide the proof of this theorem into two steps: In the first step, we detail the computations
of (60). In the second step, we show that the commutation of the derivative with respect to
p and the expectation in (56) is correct.

Stepl:
The use of the constants a; and a is not restrictive because they can be included in the spot
prices S§ = z; and S = x5. Defining the triplet of random variables (L%, L2, L3) by

1 7 p I
L} :—/\/ﬂ Az} — —=——dz? |, L2 :—/\/ylel,
T ﬁ 0 t ( t \/1—7p2 t T \/T 0 t t

I In(sz/sy) 1 (7 vl 4 v?
3 _ 2 1 — 972 0/*°0) 1,2 _ Ut t
L3 = \/T/o Vv <det V1=p dZt> =7 7 | (p viv; . )dt,

as T'— 0, Lemma 4.1 and the assumption (A3) allows us to have the convergence in proba-
bility of (LY, L2, L3.) to (L}, L, L3) with

Lé = \/173 (Gl - \/%ﬁ(%) ) L% = \/:301
L= /13 (061 = V1= 2Go) + C.

where GG; and G5 are two independent standard Normal random variables and C'is the constant
of the assumption (A3).

Moreover the first term of (59) is equal to Sg\/TEQ (LlTlLQTzL%> and thanks to both facts

1 [T
P*(Lg=L}) =0 and E*((L})?) = E? (?/ yfdt) < 00,
0
we obtain the convergence
E? (LlTlL%zL?%> —0 E? <L51L32L3> :

Let us compute E£? <L(1)1L32L8>7

£ () = (0~ )
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. 2 —
with A=la - \/%(pGl + /1 — p?Gs) > ol

By the decomposition of G into two independent standard Normal random variables G and

G-

G, = pé +4/1 - ,02@, with
~ ~ 62
GZpGl—f-\/l—pQGg, G:\/l—p2 (Gl_\/lp7G2) ( )

and A becomes

A= {CA; > g(é)}, with g(u) = (Vi — pv/ro)u (63)

i-A
E2(1A <G1—\/£7G2>> = E2<E2

o)
1—p?
= _1 2 L h ue™"2du
— 1—p2E (\/%/g(é) d ) (64)
_ L (exp {_[9(5)]2})
V1= V2 2

By finishing the calculation of the expectation and multiplying it by S3\/TvZ, we obtain the
expression given in (60).

To conclude that the derivative with respect to p is asymptotically given by (60), it is
sufficient to prove that the second term of (59) divided by +/T vanishes as T tends to zero.
By Cauchy-Schwarz inequality

2 ]_SF}ZS’%/O' 26\/1/_ ( dWl + \/ dW2>

with Iy = 1E2 (fo 64V§) ds) Thanks to a conditioning with respect to B? and using Ito

The computation of this expectation provides

< Ir\|E? <15;zs%> (65)

1
R )
VT

isometry, we get

1 L E2[(0,v2)°] B
Iy = —E? L d
! T (/ 4 )
n\ [°dr (66)
— — 0 -
st 0 () [ < L
4T(1 - p?) 8(1 - p?)

Step2: The commutation of the derivative with respect to p and the expectation in (56)
remains to be proven. When taking |p| < 1 — e with 0 < € < 1, we can dominate the square
of the random variables in the expectations E? of (59) by integrable random variables. The
latter fact can be easily seen for the first term and regarding the second term, one should use
the inequalities (65) and (66) to obtain it.
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Remark 4.1 1) First, we point out that assumption (A0) is necessary to have the differ-

2)

3)

4)

entiability of v* according to p in the strong sense which was needed in Theorem 4.1.
However, it is sufficient to have 4905 > n3 to use the boundedness of (66) in Stepl and
Step2 of the previous proof. Also because of the differentiability of the price according to
p (see proposition 3.2), we conjecture the validity of the asymptotic approzimation when
the assumption (A0) is replaced by (A1).

Rewriting the asymptotic approzimation (60) without the constant C' of the assumption

(A3), we get
2
Tuiv? In (z—ff>
VO]/O eXp . 11

1
2T 2 VT ’

—Q2X2

with A = v} + 13 — 2p\/vg2. Although this approzimation works well for T < 0.2, we
find out numerically that the expression

2

Tvig 1| (22?) VTA
oo exp [ —= —/ 4 (67)
27\ 2 T\ 2

—A2T2

allows us to have good results even when T' = 0.3. The term @ comes from the finite

1 2
variation process \/%7 fOT<,0 vivg — %) dt in the expression of L3 in (61).

As we will see in section 5.1, the expression (67) provides a good estimation of the
derivative with respect to p for exchange options with maturities T < 0.3. For short
maturity, using the following approximations

E((a1 St — a2+ K) ) ~05%E ((als} - agg%)Jr) +0.5% F ((alg} - aQS%)+>

with S} = (%1/21)S7, 5% = (T2/2)SF and &' =z, + %, =1y — %

and applying (67) on these approzimations, we obtain another good estimation of the
derivative of the spread options with respect to p, given by

2
—asTy [Tvivd 1 [ln (ayT2/aix1) N VT
p

2 omx P |7 TN 2

2
| T02%s Tvivd b 1 lln(aﬂz/mfl) n VTA

9 oma P | TY TN 2

with X = v§ + V3 — 2p\/Vi1d.

Finally, for short maturities we point out that using models based on Heston like the two-
dimensional double Heston model and driving the same computations as the one done in
this section, one can also obtain an approximation of the derivative of the price of an
exchange option with respect to p.

21



5 Numerical results

From a practitioner’s point of view, it is interesting to figure out the interval of maturities
for which the approximation (68) (or (67)) is acceptable and to estimate, thanks to a Monte
Carlo simulation, the value of the errors produced by this approximation. In addition to
that, because the monotony result is established for some values of 7;, p; and /1 — p?, it is
important to show, at least numerically, that the practical values of these parameters ensure
the monotony.

When using Monte Carlo, in order to check the monotony of the price according to p,
one has to decrease significantly the variance of the simulations by using as many trajectories
as possible. The latter fact is even more true for the approximation of the derivative with
respect to p using Monte Carlo. In all the implemented simulations we make sure that the
obtained results are, at least, ten times bigger than the error induced by the 95% confidence
intervall. To reach this high accuracy Monte Carlo simulation in an acceptable execution
time, we simulated M = 2?2 trajectories on an Nvidia 480 GTX GPU (Graphics Processing
Unit).

The reader may have noticed that the correlation structure, used in (5), (6), (7) and (8),
does not allow the model to be affine. Consequently, we cannot use, for instance, the Alfonsi
discretization scheme [10] for the Monte Carlo simulations. Nevertheless, for the volatilities,
we implement the Milstein scheme because it is known to provide good results. Indeed, as
already mentioned in [9], when the assumption 4xs6, > 13 is fulfilled, by setting

2 2
Vip,, = <\/V—tk+ g\/AtG> + k(0 — vy ) At — %At, At =ty —t, G ~N(0,1)

then v, ., > 0 when »;, = 0 which reduces considerably the cases when vy, < 0. If the
simulation provides v4,,, < 0, then it is sufficient to set v, ,, = 0 (for more details on the
choice of discretization schemes, we refer the reader to [11]). Besides, the assets are simulated
by an Euler scheme and the discretization time 6t = 0.01. Consequently, in both sections 5.1
& 5.2, the parameters of the performed simulations fulfill the assumption (A1).

5.1 Results for short maturities

This section is exclusively dedicated to testing the asymptotical derivative (68) thanks to a
Monte Carlo simulation. We will consider spread options with maturities 7" = 0.1,0.2,0.3.
We take the correlations p; € {—0.85,—0.8, ...,0.8,0.85} such that Ap = p;+1 — p; = 0.05 and
we approach the derivative of the price with respect to p by the expression

F(pit1) — F(pi)

9F(p) = = (69)

where F'(p;+1) and F(p;) are the prices obtained by Monte Carlo. The resulted error between
(68) and (69) will be quantified in percentage:

Expression(68) — Expression(69)

Error Percentage = 100 (70)

Expression(69)

We point out that the assumption |p| < 1, in Theorem 4.1, plays an important role in
the precision of the approximation (69). In addition, because simulating M = 222 trajectories

IThe difference F(p;+1) — F(p;) defined in (69) is at least, ten times bigger than the error induced by the
95% confidence interval.
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with a discretization time step 6t = 0.01 is already time consuming, we have chosen to restrict
ourselves to the values p; € {—0.85,—0.8,...,0.8,0.85}. Besides, after a large number of
simulations, we have decided to present only the most important numerical results related to
the precision of the expression (68). For example, after a large set of simulations, we concluded
that p; and ps do not intervene a lot in the accuracy of the approximation (68) and we took
for all figures p; = po = —0.5 that is also a reasonable choice in practice.

We first study the impact of the model parameters on the error. This allows us to derive
the "worst” cases for which the error is big. We then examine the error behavior of the
approximation (68) as a function of the maturity.

5.1.1 The parameters that deteriorate the most the asymptotic approximation

According to Figure 1, ; and 1, change barely the error produced by (68). In fact, for short
maturities, using small values of 7); creates bigger errors when the value of p is close to —1,
but the average value of errors remains the same.

According to figures 2, 3 and 4, we notice that the precision of (68) is altered much
more when &; is big and when 6; is very different form . The latter fact can be explained
heuristically by the mean reversion characteristic of the Heston model and because (68) does
not include the action of #; which plays quickly an important role when «; is big.
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5.1.2 The maturities for which the asymptotic approximation can be accepted

Now that we know the model parameters that reduce the most the accuracy of the approxi-
mation (68), we want to study the action of the payoff parameters ai, as, S§ = x1, SF = x5
and the strike K on the precision of the approximation (68). In figures 5, 6, 7 and 8, we
have tested an extreme choice of model parameters in order to be pretty sure that the error
obtained, more or less, dominates the errors gotten with standard market parameters.

From these figures, when the option is In The Money (ITM) or Out of The Money
(OTM), we remark that the error increases quickly when p is close to 1. Although a small
part 2 of the error is due to the approximation (69), the other part tells us that, when 7' = 0.3,
p > 0.8 and the payoff is 20% ITM or OTM, one has to have small values of x; (k; < 1) or
small difference between 6; and v, (0; /v > 1/2), otherwise the approximation (68) is strongly
wrong. When 7" = 0.3, we have found out that the error percentage is always lower than
18% when either x; < 1.5 and 6;/v) > 1/3 or x; < 2 and 0;/v} > 1/2. The maximum error
percentage associated to all these cases is lower than 18% and the average error is lower than
10%.

To sum up, with |p| < 0.9 and v < 0.5, when

e 7T < 0.1 and the payoff is less than 20% ITM or OTM, the approximation (68) can be
accepted when 6; /v > 1/4 and «; < 3.

e 7T < 0.2 and the payoff is less than 20% ITM or OTM, the approximation (68) can be
accepted when 6;/v4 > 1/4 and k; < 1.5.

e 7 < 0.3 and the payoff is less than 10% ITM or OTM, the approximation (68) can be
accepted when 6;/vi > 1/5 and &; < 3.

e r; < 1.5 and 6;/v) > 1/3 or k; < 2 and 0;/v} > 1/2, the approximation (68) can be
accepted for maturities T' < 0.3 and payoffs less than 20% ITM or OTM.

In Figure 9, we give an example of a standard choice of parameters when 7, and 7, do not
fulfill the Feller assumption, but we remark that we still obtain good numerical results.

5.2 Results for medium and large maturities

We have already seen, in section 3.2, that the monotony of the price according to p is fulfilled
when 7n;, p; or /1 — p? are sufficiently small. As far as p; and /1 — p? are concerned in
our successive simulations, changing the value of p; and py did not change much numerically
the rate of the monotony of the price according to p. Consequently, we took for all figures
p1 = p2 = —0.5. Nevertheless, we noticed that the monotony is much stronger for small values
of m; than when 7; is close to 2v/k;0;. What we call ”Relative Increment %” in these figures is
the quantity defined by

F(pi) — F(pit1)
F(p:) 7

where p; € {—0.9,-0.8,...,0.8,0.9} and F(p;) is the price obtained by Monte Carlo.

We have preferred to simulate the value of (71), instead of the price or its derivative, for
two reasons. The first one is due to the heaviness of the simulation of the derivative of the
price. In fact, for T' > 5, to have a good Monte Carlo approximation of the derivative of the

100 %

(71)

2When simulating M = 226 trajectories and using Ap = 0.005, we found out that the maximum error
attained in Figure 5 is 24% instead of 28%.
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r1 = 22 = 100 and the strike K = 0. a1x1 = asxre = 100.

price according to p, one should simulate M = 224 trajectories and preferably use Ap = 0.05
instead of 0.1. In addition to a maturity 7' > 5 and a discretization ot = 0.01, the simulations
would take an enormous time even on a GPU. The second reason comes from the fact that the
monotony of the price when p > 0.5 is much bigger than for the other values of p. This behavior
makes the curves almost flat when p < —0.5 which deteriorates the monotony information.

Even though figures 10 & 11 are only illustrative, we remarked that for a maturity 7" €
[0,10] all the prices are monotonous. In addition, the speed of this monotony decreases
according to the maturity. Indeed, for maturities 7' > 10 and p < —0.5, the monotony can be
barely seen from prices when simulating less than M = 2% trajectories.

We conclude that, even though the conditions of Proposition 3.2 can be considered as
restrictive, the simulation results strengthen our faith in the global monotony result of the
multidimensional Heston model.

6 Conclusion

In this work, we tried to present, as consistent as possible, the study of the price according
to the correlation. We provided a good approximation of the derivative of the price with
respect to p for short maturities. We also saw theoretically that the monotony is fulfilled for
special choices of the parameters of the model. When compared to the simulation results, the
theoretical ones are a bit frustrating because we remarked numerically the clear monotony
of the price according to p. However, only from the proofs, one can identify the important
difficulties that one can face when dealing with this kind of problem. In contrast to the
simulation heaviness for which the parallel GPU implementation provides serious advantages
that allowed us to have solid numerical study of the monotony of the price.
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Appendix

Proof of Theorem 3.1:
1 Q2
All the computations will be done thanks to the fact that the couple (—T, —T> has a log-
1 X2

normal density conditionally to the Brownian vector (3L, 32 )i<w<r that drives the volatility

SDEs. Indeed, this log-normality can be easily proven by rewriting the couple (W, W?) in
term of (8, 5%) and to (53, 31) as described previously by (50) in which

N pap(1 — pi) V1-piV1-p*p 0
V11— 20103 V1— %0303
1- 2 —pplpm/l—ipf —le 0
410, = V11— 20103 V1—= 020303
pV/1=p" = /1-pV1-p8  1-p3
VI=0008 1= 1= /1— %03
V1—17} —ppa/1 = piv1—p5  —pay/1—p?

0
V1I=00105 1= p*03\/1 = p*pins /1 - pPp3
Sl 2
If we denote by g(vy, v9) the log-normal density of (—T, —T> conditionally to (8L, 82 )i<w<T,
r1 X2 -

then

1 [U?(vl) N uz(va) 2'5“1(“1)“2(@2)])
1

O'% O'% 0102
g(vi,v2) = =
2mv1v90102+/1 — p

g1(v1|v2) and go(va|vy1), given in (53) and (54), are the conditional densities respectively to
52

St . .
~L =1y and to f = vy. Besides, if we denote

U1 >01v2>0-

Dpr o (s1,52) = 51528 (X|SF = 51,87 = 52, {81, B hicuer )

then, setting v; = s;/i, By .8 (02, f(S7)S1S7X) is equal to

Epay (03, F(S7)®s1 52 (S, ST By 5o be<w<r)

51,52

1
= / 312,1’v2f (1]11)1, ZEQUQ) @51752 (ZElvl, 1’21}2) g(Ul, UQ)d’Uld’UQ
T1T2 JR2
(x) 2 1 Oy, [P (2101, 22v2) g(v1, v2)] dvrdv
— T, 2 ai1x1vitasxove>K Vv ,31752 1V1, L2U2 g 1, U2 1 2
+
() 2L O, [® dvyd
= T ) a1x1v1+a2x2v2> K Uz[ B1,82 ($1U1,$2U2) g('Ul?U?)] V20407
2 R+

If a; > 0, equality (*) provides

Eyayp o (05,5, F(S7)®s1 g2(ST, S7))

B (05} P K — A2X2V9 K — A22V9 d
= — grpz| ———— X2 | g | ———————, V2 Vo.
L1 JRry a1 a1
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Denoting g(vs) fR g(v1, ve)dvy, we obtain

Et,x,y,ﬁl,ﬁg (asl 52f<ST)q),31 ﬂ2<ST7 52 ))

as o <K — ATV ) (K — ATV ) g(v2)
= — prpe | —————, T2 | g | —————,v2 | = —dvy
1 Jr, aq a1x1 g(v2)

K — ayS2 K —ayS%|S
Et7x7y7517/32 (Etxyﬁl 62 { ¢51 62 <#7512—') gl(—2 ) ‘52})
ax a1

as .9 K — agS% K — (IQS’_% Sf% K- CLQS% 2
_ E N w2 A — =\ —=h - '
t,z,y,01,062 (1’1 ST ( aq > gl ( a1xy ) ay ST

If a; < 0, equality (*) provides

Erayp . (050, f(S1)®s1 52(ST, 57))

(05} K — A2T2V9 K — A2X2V2
= —_ (1)51152 —, 22V | | ————, Uy d?]g
i R,

ay a1y

a K — aszov K — asxov g(v
= —= (bﬁIﬁQ (ﬁaxf(@) g < 22 27/02) g( 2>dU2
Ry

T a a1T1 Q(Uz)

a9 K - CLQSZ CLQS2 Sz
= _Et’zvy’ﬁl’52 <Et7$,y751752 [x_lq)ﬁIﬂQ (a—1T>S%> a1 (—

a1 T2
B B a9 g2 K — ayS2 K — 5% 57 h K — a>57 S2
= t,2,y,81,62 T T aq 9 a1, To ai T ‘

The expression (51) comes from a combination of this result with the one obtained when a; > 0.

In the same fashion, using equality (x*) and (54), we obtain (52).
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